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Solutions to Exercise Set 6.

12.1. We have z̄N = (N + 1)/2, σ2
z = (N2 − 1)/12 and maxj(zj − z̄N )2 = (N −

1)2/4, as for the Rank-Sum test. We have that the Riemann sums,
∑N

j=1(1/
√

j/N)(1/N)

converge to the integral
∫ 1

0
(1/

√
x)dx = 2, so (1/

√
N)

∑N
1 1/

√
j → 2 or āN ∼ 2/

√
N .

Since
∑N

1 1/j ∼ log(N), we have σ2
a ∼ (log(N)/N − (4/N)) ∼ log(N)/N . We also have

maxj(a(j) − āN )2 → 1. Hence

δn ∼ N
(N − 1)2/4

N(N2 − 1)/12
1

log(N)
∼ 3

log(N)
→ 0

Thus condition (9) is satisfied and (SN −ESN )/
√

Var(SN ) L−→ N (0, 1). Since Var(SN ) =
N2σ2

zσ2
a/(N − 1) ∼ N2 log(N)/12, we have

(SN − Nz̄N āN )√
N2 log(N)/12

L−→ N (0, 1) or
1√

log(N)
(
SN

N
− z̄N āN ) L−→ N (0, 1/12).

Note that z̄N āN ∼
√

N . One can also show that |
∑N

j=1(1/
√

j/N)(1/N) − 2| ≤ 2/
√

N .
This allows us to show that z̄N āN may be replaced by

√
N to conclude

1√
log(N)

(
SN

N
−

√
N ) L−→ N (0, 1/12) or

√
N

log(N)

(
SN

N3/2
− 1

)
L−→ N (0, 1/12)

12.5. (a) Since āN = 0, we have ESN = 0. The variance of SN is (N2/(N − 1))σ2
zσ2

a,
and since σ2

a = (1/N)
∑N

1 a(i)2 = 2n/N , we have Var(SN) = (2nN/(N − 1))σ2
z .

(b) For asymptotic normality of SN , we need

maxj(zj − z̄N )2 max(a(j) − āN )2

Nσ2
zσ2

a

→ 0.

We have maxj(a(j) − āN )2 = 1, and σ2
a = 2n/N . Then the above condition becomes

maxj(zj − z̄N )2

2nσ2
z

→ 0.


