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Solutions to Exercise Set 3.

5.9 (a) Let Zn =
∑n

i=1(Xnj − µnj), where µnj = EXnj . Then the summands have
mean zero, and B2

n = Var(Zn) = Var(Sn). Therefore

Zn

Bn
=

Sn − E(Sn)√
Var(Sn)

L−→ N (0, 1)

provided the Lindeberg condition is satisfied. This is satisfied under the assumption that
Bn → ∞, because

1
B2

n

n∑
j=1

E[(Xn,j − µnj)2I((Xn,j − µnj)2 > ε2B2
n)] = 0

when n is sufficiently large (when Bn > 2A/ε, because |Xnj − µnj | ≤ |Xnj | + |µnj | < 2A
for all n and j).

(b) Write Yn =
∑n

1 Xnj where Xnj is Bernoulli with probability of success pn = 1/
√

n.
Then the |Xnj | are uniformly bounded by 1, and Bn = npn =

√
n → ∞. The conditions

are satisfied and
Yn − npn√
npn(1 − pn)

L−→ N (0, 1). This reduces to 4
√

n(
Yn√
n
− 1) L−→ N (0, 1).

6.2 (a) Let Yi = |Xi|. Then, (Xi, Yi) are i.i.d. with E(Xi, Yi) = (0, τ ). Since EX2 =
2τ 2, we have VarXi = 2τ 2 and VarYi = τ 2. We also have Cov(Xi, Yi) = 0. Therefore,
from the multivariate Central Limit Theorem,

√
n(Xn, (Y n − τ )) L−→ N ((0, 0),

(
2τ 2 0
0 τ 2

)
).

(b) From Theorem 6(a) with f(x, y) = y/x, continuous except on the line x = 0, we
have (Y n − τ )/Xn =

√
n(Y n − τ )/(

√
nXn) L−→ V/U , where U and V are independent

normal random variables with zero means and 2τ 2 and τ 2 respectively. This has a Cauchy
distribution with median zero and scale parameter 1/

√
2 , independent of τ .

7.4 (a) If X has the given geometric distribution, the EX = θ/(1 − θ) and VarX =
θ/(1−θ)2 . If Y = I(X > 0), then EY = θ and VarY = θ(1−θ). Moreover, since XY = X,
we have EXY = EX so that Cov(X,Y ) = θ/(1− θ)− θ2/(1− θ) = θ. Then by the Central
Limit Theorem,

√
n

((
Sn/n

Tn/n

)
−

(
θ/(1 − θ)

θ

))
L−→ N

((
0
0

)
,

( θ
(1−θ)2

θ

θ θ(1 − θ)

))
.

(b) We use Cramér’s Theorem with g(s, t) = (s/t, 1 − t) applied to the vector,
(Sn/n, Tn/n). We have g(EX,EY ) = (1/(1 − θ), 1 − θ). We find

ġ(s, t) =
(

1
t − s

t2

0 −1

)
and ġ(EX,EY ) =

(
1
θ − 1

θ(1−θ)
0 −1

)
.



We conclude that

√
n

((
Sn/Tn

1 − Tn/n

)
−

(
1/(1 − θ)

1 − θ

))
L−→ N

((
0
0

)
, ġVar(X,Y )ġT

)

= N
((

0
0

)
,

( 1
(1−θ)2 0

0 θ(1 − θ)

))
.


