Midterm Examination
Statistics 200C

Ferguson Friday, May 8, 2009

1. Suppose that X7, X, ... are independent Bernoulli random variables with P(X,, =

1) = py, for n =1,2,.... Give necessary and sufficient conditions on the p,, for which is it
true that

(a) X, - 0.

(b) X, % 0.

2. Let Xy, Xa,... be independent Bernoulli random variables with P(X; = 1) = p;,
and let Z, = > (X; — p;). Let B2 = Var(Z,)

(a) Show that if B, — oo, then Z,/B, £, N(0,1), by checking the Lindeberg

conditions.
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(b) Suppose all the p; are equal but depend on n; in particular, assume p; =

Find the limiting distribution of \/n(X,, —1/2).

3. Consider a multinomial distribution with 4 cells, sample size n and probability
vector ((1—p),p(1 —p),p*(1 — p),p?) for some unknown probability p, 0 < p < 1. Let n;
denote the number of observations that fall in cell j.

(a) What is Pearson’s chi-square for testing the hypothesis Hy : p = .67 What is its
asymptotic distribution under this hypothesis?

(b) What is the approximate large sample distribution of this chi-square if the true
value of p is .57

4. Let X1, Xo,... beii.d. Bernoulli with success probability p = P(X; = 1). We wish
to estimate p?.

(a) We may estimate p* by )?721. Find the asymptotic distribution of )?721.

(b) Let Y; = X;X;+1. Since E(Y;) = p?, we may also estimate p* by Y,. Find the

asymptotic distribution of Y.

5. Let Sy = Zjlv zja(R;) be a linear rank statistic. Let N = 3n and let

-1 forj=n+1,...,2n
0 forj=2n+1,...,N.

1 forj=1,....n
o]
and z; =j,forj=1,...,N.
(a) Find E(Sy) and Var(Sy).
(b) Find the asymptotic distribution of Sy .



Solutions to Midterm Examination
Statistics 200C
T. Ferguson Fri. May 8, 2009

1. (a,)XniOifandonlyifpneOasnﬁoo.

(b) From the Borel-Cantelli Lemma, X, <= 0 if and only if >"7° p, < oo, since the
X, are independent.

2. (a) B2 = Var(Z,) = >.{ pj(1 — p;). Since (X; — p;)? <1 for all j,

é ZE[(XJ‘ —0i)°1(X; —p;)* > €By)] < ZE I(1 > 2B2)]
=1(1>e*B2)] — 0

for every € > 0 if B, — oc.

(b) Thus we have Z, /By, = n(Xy — pn)/Bn —— N(0,1). We have p, = (3 — 51=)
and B} = Y7(5 + 5.7)(3 = 557) = n(l — 3)/4 = (n = 1)/4. Since B}/n — 1/4,

we have by Slutsky’s Theorem, /(X — pn) — N(0,1/4). Finally, /n(X, — 1/2) =
V(X —Pn) — (1/2) =5 N(=1/2,1/4).

3. (a) x3 = anzl(ﬁj —pj)?/p;, where p1 = .4, py = .24, p3 = .144, p, = .216, and
p; = n;/n for j = 1,...,4. Under Hy, x3 has asymptotically a chi-square distribution
with 3 degrees of freedom.

(b) If the true value of p is .5, then p; = .5, pa = .25, p3 = .125 and ps = .125. Then
for large n, x% has approximately a noncentral chi-square distribution with 3 degrees of
freedom and noncentrality parameter A, where

5 — .4)? .24 — .25)? 125 — .144)2 125 — .216)2
(542  (24-25P 2 )

A=n ! 24 144 216

4. (a) From the Central Limit Theorem, /n(X, — p) N N(0,p(1 — p)). Then

using Cramér’s Theorem with g(x) = z? and ¢/(z) = 2z, we have \/ﬁ()?i —p?) £,

N(0,g'(p)*p(1 = p)) = N(0,4p°(1 — p)).

(b) The Y; are 1-dependent stationary, with E(Y;) = p?, Var(Y;) = p* — p*, and
Cov(Y;,Y;+1) = p® — p*. Therefore, \/n(Y, —p?) N C(0,0?), where 02 = p? — pt +2p3 —
2pt = p? + 2p3 — 3pt.

5. (a) We have zy = (N+1)/2 and ay = 0, so E(Sy) = 0. We have 02 = (N +1)(N —
1)/12 and 02 = 2n/N = 2/3, so Var(Sy) = (N?/(N — 1))((N + 1)(N — 1)/12)(2/3) =
N?(N +1)/18.



(b) Since max(z; — zy)? = (N — 1)2/4 and max(a; — ay)* = 1, we have

5o 1 (N —1)2/4 L
= — . H
NTN (NN -1)/12 2/3
as N — oo. Therefore,
SN c SN ¢
N(0,1 N £ N(0,1/18
JNIN D8 O1 o ma (0,1/18)



