
Solutions to the Exercises of Section 3.5.

3.5.1. (a) f(x|λ) = e−λex log(λ)/x! for x = 0, 1, . . . .

So, k = 1, c(λ) = e−λ , h(x) = 1/x! for x = 0, 1, . . ., π(λ) = log(λ) and t(x) = x . The natural parameter
space is Π = {π :

∑∞
x=0 eπx/x! < ∞} = (−∞,∞).

(b) f(x|θ) =
(

r + x − 1
x

)
exp{x log(θ)}(1− θ)r for x = 0, 1, . . . .

So, k = 1, c(θ) = (1− θ)r , h(x) =
(
r+x−1

x

)
for x = 0, 1, . . ., π(θ) = log(θ), t(x) = x , Π = (−∞, 0).

f(x|θ) = (
√
2πσ)−1 exp{−(x − µ)2/(2σ2)}(c)

= (
√
2πσ)−1 exp{− x2

2σ2
+

xµ

σ2
− µ2

2σ2
}.

So, k = 2, c(θ) = (
√
2πσ)−1 exp{−µ2/(2σ2)} , h(x) ≡ 1, π1(θ) = −1/(2σ2), π2(θ) = µ/σ2 , t1(x) = x2 ,

t2(x) = x , and Π = {(π1, π2) : π1 < 0,−∞ < π2 < ∞} . For a sample of size n , (
∑

Xi,
∑

X2
i ) is sufficient

for θ , and so is (Xn, s2
x).

(d) f(x|α, β) = 1/(Γ(α)βα) exp{−x/β + (α − 1) log(x)}I(0,∞)(x).

So, k = 2, c(α, β) = 1/(Γ(α)βα), h(x) = x−1I(0,∞)(x), π1 = −1/β , t1(x) = x , π2 = α , t2(x) = log(x),
Π = {(π1, π2) : π1 < 0, π2 > 0} .

(e) f(x|α, β) = Γ(α + β)/(Γ(α)Γ(β)) exp{(α − 1) log(x) + (β − 1) log(1− x)}I(0,1)(x).

So, k = 2, c(α, β) = Γ(α + β)/(Γ(α)Γ(β)), h(x) = x−1(1 − x)−1I(0,1)(x), π1 = α , t1(x) = log(x), π2 = β ,
t2(x) = log(1− x), Π = {(π1, π2) : π1 > 0, π2 > 0} .

3.5.2. From (3.55), − log c(π) = log
∫
exp{

∑
πiti(x)} h(x) dx . From Lemma 3, we may pass derivatives

beneath the integral sign and obtain

−∂ log c(π)/∂πk =
∫

tk(x) exp{
∑

πiti(x)} h(x) dx/c(π)−1

= Eπ{tk(X)},

valid at all interior points. Hence, Eπ{tk(X)} exists at all interior points and we can take a second derivative,

−∂2 log c(π)/∂πj∂πk =
∫

tj(x)tk(x) exp{
∑

πiti(x)}h(x) dx c(π)

+
∫

tk exp{
∑

πiti(x)}h(x) dx ∂c(π)/∂πj

= Eπ{tj(X)tk(X)} − Eπ{tk(X)}Eπ{tj(X)}
= Covπ(tj(X), tk(X)).

3.5.3. The joint density of X1, . . . , Xn is

fX(x|π) = c(π)n
n∏
1

h(xi) I(π1 < minxi,maxxi < π2)

where c(π)−1 =
∫ π2

π1
h(x) dx . Let T1 = minXi and T2 = maxXi . Then for π1 < t1 < t2 < π2 ,

P(T1 > t1, T2 ≤ t2|π) = P(all Xi ∈ (t,t2]|π) = c(π)n
(∫ t2

t1

h(x) dx

)n

.



From this we conclude

fT1,T2(t1, t2|π) = − ∂

∂t1

∂

∂t2
P(T1 < t1, T2 ≥ t2|π)

= n(n − 1)c(π)n
(∫ t2

t1

h(x) dx

)n−2

h(t1)h(t2)I(π1 < t1 < t2 < π2)

= c(π)nh0(t)I(π1,∞)(t1)I(−∞,π2)(t2),

where

h0(t) = n(n − 1)
(∫ t2

t1

h(x) dx

)n−2

h(t1)h(t2)I(t1 < t2).
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