T. Liggett Mathematics 31B/4 — Midterm Solutions November 17, 2004

(10) 1. In each case, state whether the integral converges or diverges. No explanation
is needed.
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(a) /1 % dx Converges
oo

(b) /0 ﬁ dr COIIVGI'geS
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(c) / - dz Diverges
1
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(d) / e~ 17l dg Converges
> 1

(e) /0 N dz Converges

15) 2. (a) Use logarithmic differentiation to compute y’ where
( g pute y

)COSZ

y=(lnz

Solution: Iny = coszInln x, so that

/
y__ sinzInlnz + cos T .
Y rlnzx
Therefore,
y' = (Inz)*"” ( —sinzlnlnz + C(isx )
rlnx
(b) Find
d9
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Solution:
d® d® d8
—(2®Inz) = — (2" + 82" Inz) = 8—— (2" Inx),

dx?9 dz8 dz8

since the eighth derivative of 27 is zero. Repeating this a number of times gives

— (18 = =
dac9($ Inz) -



(15) 3. (a) Evaluate

) ( 1+ 22 )
lim arccos | ———
z—00 14+ 222

Solution:

i 1+ 22
S axeeos (55

) = arccos(1/2) = g

(b) Differentiate to show that

sinT'z+coslz

is a constant. What is the value of the constant?

Solution: p
1 1
.1 -1
— | sin” "z +cos x| = — =0
dx ( ) V1i—2?2 V1-2a?

Therefore, sin~! z + cos~! z is constant. The constant is sin™' 0 4+ cos™! 0 = /2.

(15) 4. Integrate:

(a) / (sin z)? (cos z)?dz

Solution: Let u = cosx,du = —sinzdz. Then

3 5 1

1
/(sinx)?’(cosm)2d:ﬂ = —/u2(1 —u?)du = —% + % +C = —3 cos® z + R cos® z + C.

(b) /x\/ 1 — z%dx
Solution: Let u = 22, du = 2zdz, and then u = sin v, du = cos vdv:

1 1 1 1
/:c\/l —zidr = 3 / V1—uldu= 3 /cos2 vdv = 1 /(1+cos(2v))dv =24 sin(2v)+C.
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Therefore,
| N | N
ac\/l—a:‘*d:c:Zsm (ac)—i—zsmvcosv—i—(}’zzsm (a:)—i—za: V1-—azt

(15) 5. Integrate

/:c3—2x2-|—:c+1
zt+ 5224+ 4



Solution:
3 —222 441 _a+br c+dx

4+ 522 + 4 _:c2+1+:c2+4'

Crossmultiplying gives
23 =222 + x4+ 1= (a+bx)(z®+4)+ (c+dz)(z® +1).

Equating coefficients gives 1 = b+ d, -2 =a +c¢,1 = 4b+ d,1 = 4a + c. Solving gives
a=1,b=0,c= —3,d =1. Therefore,

23— 22+ +1 1 xr—3 1 3 x
de = dz = tan" ' z4+= In(z%+4)—= tan~' =+C.
/ o+ 502+ 4 /<x2+1+x2+4) ¢ tan :c-|—2 n(z"+4) g 2+C

(15) 6. (a) Evaluate
(Inz)?

lim
T—00 €T
Solution: By L’Hospital’s rule,
In z)? 21 2
i 227 g 2o 2
T—00 € T—00 €T T—00 I

(b) For what values of a and b is the following statement true?

in 2
lim (Sm x+a+%> —0
T

x—0 373

Solution:

. sin 2% b . sin2x + bz
lim +a+—|=a+ lim ———.
z—0 x3 xr2 z—0 x3

By L’Hospital’s rule, b = —2, since otherwise the limit is 2=co. With this choice,

. sin2x — 2z . 2cos2z —2 . —4sin2x 4
im —=lim —MF=1lim — = ——.
x—0 333 x—0 33:2 x—0 63}' 3

Therefore, a = 4/3.
(15) 7. Find the length of the curve
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Solution:




