T. Liggett Mathematics 31B Final Exam Solutions December 15, 2004

(15) 1. Define the following:
(a) The series ), a, converges.
Solution: Let s, = > p_, ax be the nth partial sum of the series. Then )", a, converges
if lim,, o s, exists and is finite.
(b) The series ), a, converges absolutely.
Solution: ), a, converges absolutely if ) |a,| converges.
(c) The series ) a, converges conditionally.
Solution: ), a, converges conditionally if it converges, but does not converge abso-
lutely.
(10) 2. State the integral test for convergence of series.
Solution: Suppose f is a positive, continuous decreasing function on [1,00), and let
an = f(n). Then Y a, converges iff [;° f(z)dz converges.
(10) 3. Compute

V2x — 2

) log(z — 1)

(a)
Solution: This is a 0/0 form, so by L’Hospital’s rule,

V2x — 2 i :c—l_l

lim — = .
w2 log(z — 1) log(z — 1) T a5 oz 2

zt — 423+ 8z -5
b li
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Solution: Again by L’Hospital (applied twice),

oozt —4x3 48 -5 . 4x®—1222+8 . 1222 — 24z
lim = lim =lim —— = -2.
z—1 r3 — 3x + 2 z—1 3r2 -3 z—1 6x

(20) 4. For each of the series below, determine whether it converges absolutely, converges
conditionally, or diverges. Explain briefly.

(&) Z = logn

Solution: Diverges, since the summands do not tend to zero.
o0
(—=1)"n!
(b) >
n=1
Solution: Converges absolutely by the comparison test, since

n'<2
n® — n2’



> /nlogn
@ > Vaty

n=1

1/4

Solution: Converges absolutely, by the comparison test. Since logn/n'/* tends to zero,

it is bounded by some constant C'. Therefore,

Vnlogn < Cn3/* < 1
n?+2 T n242 7 nb/4

oo
1
d -
(@ ngl v/n3 + 50
Solution: Diverges by the limit comparison test and the divergence of the harmonic
series, since

lim ——— = 1.

n—oo {/n3 + 50

(e) Z (_1)n2

Solution: Converges conditionally. It converges by the alternating series test, and the
series of absolute values diverges by comparison to the harmonic series, since (logn)2/n
is bounded.

(15) 5. Use the method of cylindrical shells to find the volume generated by rotating
the region bounded by

about the y-axis.
Solution: The volume is

1
/ 2rz(e® — e %) dx = dmwe™?,
0

where the integration is done by integration by parts.
(10) 6. Find the value of ¢ such that the area of the region enclosed by the parabolas
y=1x2—c?and y =c® — 22 is 576.

Solution: We need to choose ¢ > 0 so that

2/ (2 — 2%)dx = 576.

—C

The left side above is (8/3)c3, so ¢ = 6.
(15) 7. Find the volume common to two spheres, each with radius r, if the center of
each sphere lies on the surface of the other sphere.



Solution: Think of the centers of the two spheres as being at the points (0,0,0) and
(r,0,0). For r/2 < & < r, the cross-section corresponding to the value z is a disk with
radius v/r2 — x2. Therefore, the volume is given by

27r/ (r? — ) dx = 5r37/12.
r/2

(10) 8. Evaluate the following integrals:
COs
—d
(2) / 2+ sinx v
Solution: Letting u = sinz,

COS T du
7d = —:]_ 2 :1 2 . ‘
/2+sinx r /2+u n24+ul+C=1Imn(2+sinz)+C

2
/ 23/ 22 + 4dz
0

Solution: There are at least two ways to do this one, each involving two substitutions.
For the first, let = tan @, and then u = sec6:

2 /4 V2 64
/ z3\/22 + ddx = 32/ tan® f sec® 0df = 32/ u?(u? — 1)du = ﬁ(ﬂ +1).
0 0 1

For the second, let u = 22, and then v = u + 4:

2 I 18 4
/ 322 + 4dx = 5/ uvu + 4du = 5/ (v3/2 — 40¥?)dv = ?—5(\/§+ 1).
0 0 4

(15) 9. Find the area of the surface obtained by rotating the curve
9z =y2 +18, 2<z <6,

about the z-axis.
Solution: The area is

3 da:—37r/ Vaz + 1ldx = 497

z—1

2w/m\/

(10) 10. (a) Use properties of the logarithm to expand In \/a (b2 + ¢2).

Solution: . .
Ina(b?+c?) = 3 Ina(d®+c?) = i(lna +In(b” + ¢?)).



(b) Solve the equation 2Ilnz = In2 + In(3z — 4) for z.

Solution: This can be written as Inz? = In(6x — 8). Therefore z? = 6z — 8, or equiva-
lently, z = 2 or z = 4.

(15) 11. (a) Find the radius of convergence and the interval of convergence for each of
the two series

e (_2)n$n

Solution: Use the ratio test:

n+1 n+1
I lim 2=V
n—oo 27|x|?\/n + 1

=2|.’17‘,

so R =1/2. When x = 1/2, the series converges by the alternating series test. When
x = —1/2, the series diverges by the p-test. Therefore, the interval of convergence is

(—1/2,1/2].

Solution: Similarly, R = 1, and the interval of convergence is [3, 5].
(b) A function f is defined by

fl@)=1+2c+22+223 +2* + 225 + 28 +---.

Find the interval of convergence of the series, and find an explicit formula for f(x).
Solution: Rewrite this as

f(:v):(1+x2+$4+---)+2$(1+x2+$4+---):(1+2x)i(:v2)".

n=0
Therefore, the interval of convergence is (—1,1), and

f) =1

—x2

(10) 12. By differentiating the geometric series Y . z™, find the following sums ex-
plicitly:

(a) Z nx™



Solution:

1 d 1 d [ -
* - _ n — n—1
®) (1—-2)2 drl-=x dm(zaj) an ’
n=0 n=0
S0
I
— (1—-2x)?
(b) Z n?z"
n=0
Solution: Differentiate (*) to get
2 — n—2 1 = 2,.n 1 — n
Ao = 2 nn—1a"? =53 n’a"— ) na™.
Using the result of (a), we get
- 1
Y nan = z(1+2)
— (1—2x)3

(15) 13. (a) Find the Taylor series for f(z) = 1/y/x centered at a = 9.
Solution:

1
_ 135 7

f@) =o' f@) =g fe) = goa P f) = o oa

2 22
and in general,
f(n)(x) _ 1-3-5---(2n —1) p—(@n+1)/2.
2”

Therefore, the Taylor series is

oo

N Y Jea

(b) Express the following indefinite integral as an infinite series:
r—1
/ ¢ dz
x
n

et —1 O gn—l >z
/ - dx:/n; w dx:;%Jra

Solution:




(15) 14. Suppose f and g are one-to-one and twice differentiable functions that are
inverses of each other.

(a) Express ¢""(z) in terms of f/(g(x)) and f"(g(x)).

Solution: Start with f(g(xz)) = z. Differentiate both sides to get f'(g(x))g’'(z) = 1.
Differentiate again to get

F(9(@))lg' (@) + f'(9(2))g" (z) = 0.
Solving for ¢"” () and substituting for ¢'(x) gives

oy = L E@T@F ()
7(9(a)) Fla(@)P

provided the denominator is not zero.

(b) Suppose f is decreasing and concave upward. What can you conclude about the
concavity of g7

Solution: If f is decreasing and concave upward, then f’ < 0 and f” > 0. Therefore,
g"” >0, so g is concave upward.

(15) 15. (a) State the root test for convergence of series.

Solution: Suppose

L= lim |a,|'/"
n—0o0
exists. Then:

(a) if L < 1, )" a,, converges absolutely.

(b) if L > 1 (or the limit is infinite), then Y a,, diverges.

(c) if L =1, either convergence or divergence can occur.

(b) Prove the root test for convergence of series.

Solution: (a) Suppose L < 1. Choose M so that L < M < 1. Then there is an N
so that n > N implies |a,|Y/™ < M, and therefore |a,| < M™. It follows that > an
converges absolutely by comparison with the geometric series > M™.

(b) If L > 1, then there is an N so that n > N implies that |a,|'/™ > 1, and
therefore |a,| > 1. It follows that a,, does not converge to zero, and hence that > a,
diverges.

(¢) L =1if a, = 1/n? for any p. Since this series converges if p > 1 and diverges
if p <1, we have examples of both convergence and divergence when L = 1.



