Mathematics 275C — Stochastic Processes — T. Liggett

I. The construction problem for continuous time Markov chains

Reference: Part II of
David Freedman, Markov Chains, Holden-Day, 1971.

Suppose that S is a countable set,
Q = the set of all right continuous step functions w : [0,00) — S with finitely many
jumps in any finite time interval, X;(w) = w(t), and
{P*,x € S} are probability measures on ) that satisfy

(i) P*(Xo=z) =1for all x € S, and

(ii) the Markov property

E*(Yo#, | F)=FE*Y as. P”

for all z € S and all bounded measurable Y on §2.
Let pi(z,y) = P*(X: = y) be the corresponding transition probabilities. Then
(i) and (ii) imply

1 > =1, 1l = =1
( ) pt(%y) el 07 zy:pt(%y) ) tlfgpt(xwr) po(.f,l')

and the Chapman-Kolmogorov equation

(2) Pris(@,y) =Y psl(@, 2)pi(2,y).

Theorem 1. Suppose that p(x,y) satisfy (1) and (2). Then

(a) pe(z,z) >0 for allt > 0,z € S.

(b) If pe(z,x) = 1 for some t >0 and x € S, then pi(z,x) =1 for allt > 0 and
that x.

(c) For all x,y € S, pi(x,y) is uniformly continuous in t, and in fact

Ipt(z,y) — ps(z,y)| <1 —pjp_y(z,2).

(d) For every x, the following exists:

€ [0, 0]
t=0

clx) = — %pt(ac, x)

(e) pi(x,x) > e @)t
(f) If ¢(x) < oo, then

d
q(z,y) = %pt(:ﬂ, Y)

t=0
exists and is finite, and then

> alw,y) <0.

Y

(9) If c(x) < oo and Zy q(z,y) = 0, then pi(z,y) is continuously differentiable
in t and satisfies the Kolmogorov backward equation
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3) Smay) = Yl ey,

As we will see shortly, ¢(x) has the interpretation of the parameter of the expo-
nential holding time at x. For this reason, a state x for which ¢(x) = oo is called
instantaneous — the chain spends zero time at x before leaving z. Also ¢(z,y) is
thought of as the rate at which the chain goes from x to y.

We will not prove Theorem 1, since we are primarily interested in the converse
problem: Suppose ¢(z,y) satisfies

4) q(z,y) >0 fory A2 and Z q(z,y) =0 for all x € S.
y

Under what conditions is there a unique solution p;(x,y) satisfying (1), (2) and
(3)?

Before considering this problem, we look at an example due to Blackwell in which
all states are instantaneous.

Example. Let {X;(i),7 =0, 1, ...} be independent Markov chains with state space
{0,1} and transitions 0 — 1 at rate 5(i) and 1 — 0 at rate 6(¢). For this chain,

0%, (i) = 1) = —BW__ (1 _ ~u6(i)+80) B(i)
POXi(i) = 1) = 57 s (1 )g mUR

as can be seen by solving (3). Let’s assume that
B(i)

5 o < 0o,

®) XZ: d(i) + B(1)

let Xt = (Xt(O),Xt(l), ), and

S = {x = (x(0),z(1),...) € {0,1}*: Zx(z) < oo}.

i

By (5) and Borel-Cantelli, P*(X, € S) =1 for all z € S and ¢t > 0. It is not hard
to conclude that p:(z,y) = P*(X; = y) satisfies (1) and (2). Letting 0 = (0,0, ...),
write

) R 8(i) B —+(s)+80)
1—p:(0,0) > 1 E[5(¢)+ﬁ(i)+6(i)+ﬁ(i) o ]

~1-J]i -804 = 1—exp{ —tgﬁ(i)}

=0

as t | 0. It follows that ¢(0) > . 3(i), and therefore that 0 is instantaneous if
>-; B8(1) = co. One can then check that all states are instantaneous in this case,
and that

P (X, €SVt>0)=0.
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From now on, we will assume (4) and set ¢(x) = —q(x,z). Then (3), with
the initial condition pg(z,z) = 1, can be rewritten successively as follows, letting
d(z,y) =1 if z = y and 0 otherwise:

Eoe,y) + el y) = 3 ale iz v),
z#x

d . .
E |:6C(l)tpt (Ia y):| = ec(:c)t ; q(x, Z)pt (27 y)a

t
e“lpy(x,y) :5(:v,y)+/ e q(w, 2)ps(z,y)ds,
0
z#x

and finally

t
(6) pi(x,y) = 8(x,y)e W + / ==Y " q(a, 2)ps(z,y)ds.
0
zF#T

Next, we will try to solve (6) by successive approximations. Note in what follows
that it is very important that g(x,y), x # y, and c¢(z) be nonnegative. Let

(0)

py ) (z,y) = (z, y)e ),

and then recursively

t
" (2, y) = 6, y)e @) 4 / e DN gla, 2)pl™ (2, y)ds.
0
z#x

The following facts are then easily proved by induction:

P (@,y) >0 for all t,z,y,n,
Zptn)(xay) <1 forallt z,n,
Y

(n)

p§"+1)(x’y) Z b (Iay) fOI‘ all taxay7n-

Now define
™

p;(r,y) = lim p; " (z,y).
n—oo

It follows that

pi(x,y) >0 forall t,x,y,

pr(x,y) <1 forallt, x,
y

p; (x,y) satisfies (6), and hence (3).

The problem is that pf may be substochastic, i.e., it may not satisfy equality in
>, iz y) <1



Here is the probabilistic interpretation of pgn)(x, y) and pi(z,y):

pl(t") (xz,y) = P*(X: =y, having made at most n jumps up to time t),

and

p; (x,y) = P*(X; =y, having made finitely many jumps up to time ).

Example. Take S = {0,1,...} and let g(z,z) = —c(z), ¢(x,x + 1) = ¢(z), where
¢(x) > 0. The chain spends an exponential time 7,, with parameter ¢(x) at  before
jumping to z + 1. Therefore,

y—1 Y
pi(z,y) = P<Z7'i <t< Zn) for x < y.
i=x i=x

So, the chain explodes in finite time iff ., 7; < 00 a.s., e, iff Y, 1/¢(i) < oo.
We now have the following result.

Theorem 2. (a) p;(z,y) is the minimal solution to the Kolmogorov backward equa-
tion in the sense that if pi(x,y) is any nonnegative solution of (3), then

pe(z,y) > pi(x,y) for allt,x,y.

(b) If pi(x,y) is stochastic, then it is the unique solution to (1) and (3).

Proof. By induction, any nonnegative solution of (3) satisfies

pt(ma y) Z pin) (1’, y) fOI' an ta x,Y,

and therefore
pe(z,y) > P (z,y).

For the uniqueness statement, sum this inequality on y.

Our next job is to use the previous ideas to construct the Markov chain Xj;.
Before that, we note the fundamental role played by the exponential distribution
in the theory of continuous time Markov chains.

Proposition 1. Suppose X, is a Markov chain on S, and let
T=1inf{t > 0: X; # Xo}.

Then T is exponentially distributed, i.e.,

(7) Pt >t)=e )"

for some 0 < ¢(x) < co.

Proof. By the Markov property, if s < t,

P*(X,=aVuclst]|F)=P(r>t—s) as P
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Multiply both sides of this identity by the indicator of the event {7 > s} and take
expected values. The result is

P?(1 > t) = E°[PX(1 >t —5),7 > s)] = P*(1 >t — s)P*(T > s).
It follows that P*(7 > s) is of the form in (7).

To construct the Markov chain corresponding to the @Q-matrix in (4), let ¢(z) =
—q(z, ), and then define transition probabilities for a discrete time Markov chain
Z,, as follows. If ¢(x) =0, set p(z,z) = 1. If ¢(x) > 0, put

a(z,y) ;
play) =4 Tz
0 ify=ux.

Take an initial distribution 7(z) > 0 for Z,, and then given {Z,,,n = 0,1,...}, let
7n be (conditionally independent) exponentially distributed random variables with
parameters ¢(Z,,). This means that the joint distributions of the Z,,’s and 7,,’s are
given by

P(Zo =20,y Zn = Ty To > 10y eeey T > ) =

m(@o)p(x0,@1) - p(wp—1,xp)e” O e melEn)tn,

(Note that, unconditionally, the 7’s are neither independent nor exponentially

distributed.) Now let
N(t) = { min{n >0:70+---+71, >t} if Y, 7 >t
00 if >, <t
and Xy = Zn ) if N(t) < oc.
By conditioning on the time 7; of the first jump and the location Z;, we see that

P*(Xy =y,N(t) <n+1) =(z,y)e !

t
+/ c(x)e @) Zp(:n, 2)P*(Xi—s =y, N(t) < n)ds.
0 zF#x I
This is the same recursion satisfied by pgn)(ac, y), so it follows by induction that
P (@.y) = P(Xe =y.N(t) < n | Xo =),

Therefore

(8) pi(z,y) = P(Xy =y, N(t) < oo | Xo = )

and
S pi () = PIN() < o0 | Xo = a).

By using the Markov property of {Z,} and the fact that, conditionally on {Z,},
the 7,,’s are exponentially distributed, one can check that X; satisfies the Markov
property. The main point is that, conditionally on {Z,}, if one conditions on
N(t) = n, one knows that n jump times have occurred in [0, ], but does not know
when they occurred in this interval. The forgetfulness property of the exponential
distribution says that no matter when the last jump before ¢ was, the amount
of time after ¢ until the next jump has the correct exponential distribution. The
representation (8) then makes it straightforward to check that pj(x,y) satisfies the
Chapman-Kolmogorov equation (2).
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Theorem 3. The minimal solution to the backward equation p;(x,y) is stochastic
if and only if any of the following equivalent conditions is satisfied:

(a) P(N(t) < c0) =1 for all t.

(b)Y, T =00 a.s.

(c) > ﬁ =00 a.s.

Proof. The equivalence of (a) and (b) and to the fact that p}(z,y) is stochastic is
clear. For the equivalence of (b) and (c), use the following fact: If 7, are independent
exponentials with parameters Ag, then ) 7, < oo a.s. if Y7, 1/A\ <ooand ) 7, =
oo a.s. if Y7, 1/A, = oo. To see this, take o > 0 and write

Eeo(mit47) — H
)\k —l— o’

and note that this expression tends to zero as n — oo if and only if >, 1/A\; = cc.
This implies that

P(Y mn=o00 |{Zy,k>0}) =P Zc; =00 {Zp,k>0}) as.
n (Zn)

Now take expected values.

Remark. Note that the events in (b) and (c) of Theorem 3 may not be 0-1 events,
since the summands are not independent. One can easily make examples in which
Z, has two different limiting directions with positive probability, and the series in
(c) converges in one direction and diverges in the other.

Corollary 1. pj(x,y) is stochastic if (a) sup, c(z) < oo or if (b) Z,, is recurrent.

Example. The linear birth and death chain on S = {0,1,...}. Take 3,6 > 0 and
put

ox ify=o-—1,

—(B+0)x ify=u.

Then ¢(x) = (8 4 0)z and for x > 1,

% ify=o-1,
p(z,y) = % ify=o+1,
0 otherwise.

In this case, the minimal solution to the backward equation is stochastic, since

Z
= - B-3 as.on{Z,>1Vn}.

Note that Corollary 1 does not apply if 5 > §, but still (c) of Theorem 3 holds since
the harmonic series diverges. For the quadratic birth and death chain, in which z
is replaced by z2, the minimal solution is stochastic if and only if § > 3.
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To make the transition from Markov chains to Markov processes (with general
state space), we define

9) T(t)f(x) = B"f(Xe) =Y pila,9) f ()
y
for bounded f. This has the following properties:
(a) T(t)1 = 1.
(b) T(t)f > 0if f > 0.
@) NT®fIl < 1I1fl|, where || - || is the sup norm.

(d) The semigroup property T'(t+s) = T'(t)T'(s), which follows from the Chapman-Jj
Kolmogorov equation:

T[T (s)f)(@) =Y pelay)T()f(y) = Y pelwy) Y psly, 2)f(2)

= Zps+t(30a 2)f(z) =T(t+s)f(z).

Formally differentiating (9) and using the backward equation (3) gives

d

ST(Of() = £T(0)f (@)

where

Lf(x) = qlx,y)f).

Y

L is called the infinitesimal generator of the semigroup T'(¢). Note that

ILf ()] < 2c(2)][f]I;

so there is no reason to expect £ to be a bounded operator.



