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HOMEWORK 9: SOLUTIONS/HINTS

Let P={0=1tg <t; <...<t, =>b} be a partition of [0, ], then
U(f,P) = ZSUP($3, [ti1,ti]) - (ti —ti1)
i=1
= Zt? (ti —ti-1)
i=1
L(f,P) = Zinf(xg, [ti1,ti]) - (ti —ti1)

=1
n
St —tia).
i=1

For t; = %, we then get
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Letting n — oo we get that U(f) = % = L(f).
Note that sup(f, [ti—1,%:]) = ¢; and inf(f, [t;i—1,t]) = 0 for any t,_1 < t;

since the rational respectively irrational numbers are dense. So we get for
any partition

P={0=tog<ty1 <...<t,=>}
that L(f,P) =0 and U(f,P)
ti = L2 that

n

St ti(t; — t;—1). In particular we get for
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and hence by letting n — oo that
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U(f) =5 #0=L(f)

for b > 0 and thus f is not integrable.
1



HOMEWORK 9: SOLUTIONS/HINTS

(32.4) Let P C Q be two partitions of [a,b]. We prove that L(f,P) < L(f, Q) <
U(f,Q) <U(f,P) by induction on n := #Q — #P. The base case n =1 is
done in the proof of Lemma 32.2. For n > 2, let R be another partition of
[a,b] such that P C R € Q, then #Q — #R and #R — #P are both less
than n and so we have by induction assumption that

L(f,P) < L(f,R) < L(f,Q) <U(f,Q) <U(f,R) < U(f,P).

(33.4) Let

1: =z irrational

@) = {_1 : 1z rational

for x € [0,1], then sup(f,[ti—1,%]) = 1 and inf(f, [t;—1,%;]) = —1 for any
ti_1 < t; and therefore
U(f) =1# —1=L(f).
So f is not integrable, however |f| = 1 is obviously integrable.
(33.7) Let S C [a,b] and xg,yo € S, then

F (o) = f2(yo) = (f(x0) = f(v0)) - (f(20) + f(%0)) < 2B(f(w0) — f(0))-
It then follows that
sup(f?,S) —inf(f*,5) < 2B(sup(f, S) — inf(f, ),

so we then get for any partition P = {a =ty < t; < ... < t, = b} of [a, ]
that

U(f277)) - L(vaP)

n

= Z (sup(f2, [ti—1,t:]) — inf(f3, [tim1, ti])) - (6 — tim1)

i=1

< 2B (swp(f,[ti-1,t:]) — inf(f, [ti-1,t)) - (8 = tim1)
i=1
So we get that
U(f?) = L(f*) <2B- (U(f) = L(]))-
Since f is integrable we get that L(f) = U(f) and hence L(f?) = U(f?) by
the above inequality and thus f2 is integrable.



