
245B, Winter 2009, Assignment 3:
Notes and selected model answers

(Model solutions follow question numbers in bold.)

Folland Chapter 5

19. [Note that for part b. you’ll need to show that any open ball containing 0 ∈ X
contains a sequence with no convergent subsequence. If the radius of such a ball is
ε > 0, you can obtain such a sequence by scaling the sequence found in part a. by
ε/2.]

20. Let K be the scalar field of X (R or C). Since M is finite-dimensional we
can choose for it a finite basis, say e1, e2, . . . , em. Now define fj ∈ M∗ by
setting fj(ei) := δi,j for j ≤ m and extending by linearity. As linear functionals
on a finite-dimensional normed space these fj are all continuous. Consequently
the Hahn-Banach Theorem gives us for each j ≤ m an extension gj ∈ X∗ with
gj |M = fj .

Finally, let N :=
⋂

j≤m ker gj ; we show that this works. On the one hand, if x ∈
M ∩N , then in particular x = λ1e1 + · · ·+ λmem for some λ1, λ2, . . . , λm ∈ K.
Now since gj |M = fj and we also have x ∈ ker gj for every j ≤ m, we have
0 = gj(x) = fj(x) = λj for each j ≤ m: that is, x = 0.

On the other hand, for any x ∈ X we can write x =
∑m

j=1 gj(x)ej +
(
x −∑m

j=1 gj(x)ej

)
, and now

∑m
j=1 gj(x)ej is manifestly in M while for any ` ≤ m

we have

g`

(
x−

m∑
j=1

gj(x)ej

)
= g`(x)−

m∑
j=1

gj(x)g`(ej) = g`(x)− g`(x) = 0,

so the remainder term x−
∑m

j=1 gj(x)ej lies in N , and thus X = M + N .

56. [The main idea here appears in the proof that (E⊥)⊥ = E: the point is that if
this fails, then we can find some y ∈ (E⊥)⊥ \E, and now by a Gram-Schmidt-like
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procedure we can adjust y so that it is actually orthogonal to E and nonzero; hence
0 6= y ∈ E⊥ ∩ (E⊥)⊥, which leads to a contradiction.]

62. a. Fix ε > 0. By Folland’s Theorem 2.10 b. there is a sequence (φn)n of
simple functions on [0, 1] such that 0 ≤ |φ1| ≤ |φ2| ≤ . . . ≤ |f | and φn → f
pointwise. Since |φn− f |2 ≤ (|φn|+ |f |)2 ≤ 4|f |2 and |φn− f |2 → 0 pointwise,
by the Dominated Convergence Theorem we have

∫
|φn − f |2 ≤ ε2 for some

sufficiently large n.

Let φn =
∑

j αjχEj . Now Folland’s Proposition 1.20 tells us that each χEj can
in turn be approximated in ‖ · ‖1 by a finite sum

∑
p χIj,p of indicator functions

of disjoint open intervals. Since both of these functions are bounded by 1, this
approximation is also small in ‖ · ‖2, and so choosing a sufficiently close such
approximant for each χEj and summing gives an ‖ · ‖2-approximation to f within
2ε by a finite linear combination

∑
q βqχIq of indicator functions of open intervals.

Finally, for any nonempty open interval (a, b) we may approximate its indicator
function arbitrarily well in ‖ · ‖2 by a continuous function: for example, for η <
(b− a)/2 the function

g : x 7→


0 0 ≤ x ≤ a
(x− a)/η a < x < a + η
1 a + η ≤ x ≤ b− η
(b− x)/η b− η < x < b
0 b ≤ x ≤ 1

is continuous and ‖ · ‖2-approximates χ(a,b) within
√

2η. Choosing a continuous
function gq that ‖ · ‖2-approximates χIq within ε

/( ∑
q |βq|

)
and adding these now

gives an ‖ · ‖2-approximation to f within 3ε. Since ε > 0 was arbitrary this
completes the proof.

[An alternative approach is first to approximate f by some truncated function
fχ{|f |≤M} in ‖ · ‖2 using the monotone convergence theorem, and then use Fol-
land’s Theorem 2.26 as a black box to approximate fχ{|f |≤M} — which now lies
in L1 — in ‖ · ‖1 by a simple function made up from indicator functions of open
intervals, where the second approximation is chosen so small in terms of M that it
then still gives a good ‖ · ‖2 approximation as well.]

b. Given f ∈ L2([0, 1]) and ε > 0, by part a. there is some g ∈ C([0, 1]) with
‖f − g‖2 ≤ ε, and now by the Weierstrass Polynomial Approximation Theorem
there is some polynomial p such that ‖g − p‖u ≤ ε, and so since ‖ · ‖2 ≤ ‖ · ‖u

for functions on [0, 1] this p is also an ‖ · ‖2-approximation to f within 2ε. Since
ε > 0 was arbitrary this completes the proof.
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c. Given f ∈ L2([0, 1]) and ε > 0, by part b. there is some polynomial p(x) =∑m
j=0 ajx

j such that ‖f − p‖2 ≤ ε, and now by replacing each coefficient aj with
a sufficiently close rational we can find a polynomial p′ with rational coefficients
such that ‖f − p′‖2 ≤ 2ε. On the other hand the set of polynomials with rational
coefficients is countable, so since ε > 0 was arbitrary we have found a countable
dense set in L2.

[Alternatively, re-use the approximations to f by simple functions built from open
intervals obtained in part a., showing that each of the constituent indicator functions
can be approximated by an indicator function of an interval with rational endpoints
and that once again all the coefficients can be approximated by rationals.]

d. It is clear that the approximations by rational polynomials obtained in part
c. above holds good when considered for functions on [0, 1), rather than [0, 1]
(since {1} is a Lebesgue-negligible set), and now by the translation invariance of
Lebesgue measure on R, the same holds for any half-open unit interval [n, n + 1).
Finally, writing R =

⋃
n∈Z[n, n + 1), the conclusion of Exercise 5.60 tells us that

L2(R) is separable.

e. We prove that L2(Rn) is separable by induction on n. The base case n = 1
is the conclusion of part d. above, so suppose now that we have proved the result for
L2(Ri) for all i ≤ n and wish to prove it for L2(Rn+1). By Folland’s Proposition
5.29 it suffices to show that this has a countable basis, and also by that proposition
we know from their separability that both L2(R) and L2(Rn) do have countable
orthonormal bases, say {fn}n and {gn}n respectively. Finally, identifying Rn+1

with Lebesgue measure as Rn × R with the product of Lebesgue measures, the
conclusion of Exercise 5.61 tells us that {fn ⊗ gm}n,m is an orthonormal basis for
L2(Rn+1), so since this set is countable the proof is complete.

Folland Chapter 6

6. [This is unfortunately a very fiddly question. The main intuition behind it
is that for a function such as x−a| log x|b, the power of x controls the ‘coarse’
asymptotic behaviour of the function as x → ∞ or x ↓ 0, and so gives pth-power
integrability or non-integrability of the function in the desired range except possi-
bly at the end-points of that range, and now the power of | log x|, whose asymptotic
behaviour is slower and more delicate, can be used to fine-tune an example to either
include or exclude the end-points of the desired interval of p. In addition, note that
there is a lot of flexibility in how one uses these basic ideas: for example, the con-
struction can be made much easier by chopping up (0,∞) into certain subintervals
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and simply picking different examples on those subintervals, and also by mak-
ing only crude estimates above/below to show the integrability/non-integrability of
certain functions, rather than trying to evaluate their integrals exactly.]

12. When dim Lp ≤ 1 then Lp is either a single point {0}, which carries the
trivial norm and trivial inner product, or a single line {λf : λ ∈ K}, in which
case the norm is a positive multiple of |λ| =

√
λλ and this does arise from an inner

product.

Suppose, then, that dim Lp ≥ 2. We first treat the case p < ∞. We will suppose
that the parallelogram law holds and prove that p = 2.

The lower bound on dimension requires that the underlying measure space (X,M, µ)
contain at least two sets of finite positive measure. Indeed, if there is any non-zero
f ∈ Lp(µ) then the set

{f 6= 0} =
⋃
n≥1

{|f | ≥ 1/n}

must have positive measure, and hence we must have µ{|f | ≥ 1/n} > 0 for n
sufficiently large, and moreover

∞ >

∫
|f |p ≥

∫
{|f |≥1/n}

1
np

=
1
np

µ{|f | ≥ 1/n},

so in fact ∞ > µ{|f | ≥ 1/n} > 0 for such n. This gives at least one set of finite
positive measure. If there were only one such set, say A, then the above reasoning
would shows that for any f ∈ Lp and t > 0 the set {|f | ≥ t} is either negligible
or a set of finite positive measure, and in the latter case it must be equal to A, and
from this it follows that f = t01A µ-a.s., where t0 := inf{t > 0 : µ{|f | ≥
t} = 0}. Since this applies to any f , we have found in this case that Lp is only
one-dimensional, contradicting our assumption above.

Hence we may assume two sets E, F of finite positive measure and with µ(E4F ) >
0, and now by replacing either E with E \F or F with F \E we may assume they
are disjoint. Finally, letting f :=

(
1

µ(E)1/p 1E

)
and g :=

(
1

µF 1/p 1F

)
and appealing
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to the parallelogram law, we compute that

‖f + g‖2
p + ‖f − g‖2

p

=
( ∫

E

∣∣∣ 1
µ(E)1/p

∣∣∣p +
∫

F

∣∣∣ 1
µ(F )1/p

∣∣∣p)2/p
+

( ∫
E

∣∣∣ 1
µ(E)1/p

∣∣∣p +
∫

F

∣∣∣− 1
µ(F )1/p

∣∣∣p)2/p

=
( 1

µ(E)
µ(E) +

1
µ(F )

µ(F )
)2/p

= 22/p

= 2‖f‖2
p + 2‖g‖2

p = 2
( ∫

E

∣∣∣ 1
µ(E)1/p

∣∣∣p)2/p
+ 2

( ∫
F

∣∣∣ 1
µ(F )1/p

∣∣∣p)2/p

= 2 + 2 = 4,

and so we must have p = 2.

Similarly, when p = ∞, we may no longer have any sets of finite positive measure,
but we can at least conclude that there are two non-negligible sets E, F such that
E4F is also non-negligible (again, since the support of any non-zero bounded
measurable function gives us one such set, and if there were only one then all
functions in L∞ would be multiples of its indicator function, contradicting the
dimension lower bound). Once again simply by cutting down either E or F we can
assume E ∩F = ∅, and now letting f := 1E and g := 1F we conclude in this case
that ‖f + g‖2

∞ + ‖f − g‖2
∞ = 1 + 1 = 3 whereas 2‖f‖2

∞ + 2‖g‖2
∞ = 2 + 2 = 4,

so the parallelogram law also does not hold when p = ∞, as required.
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