
Entropy and Ergodic Theory
Homework 5

Select any two of the following questions to turn in by the end of the quarter.

1. Let rAZ, µs be an arbitrary source (that is, A is a finite alphabet and µ is a
shift-invariant probability measure on AZ). For any F Ď Z, let µF be the
image of µ under the coordinate projection AZ ÝÑ AF . Prove that

hpµq “ inf
 

|F |´1HpµF q : F Ď Z, 0 ă |F | ă 8
(

.

[Hint: For the difficult direction, you need to fix F and compare HpµF qwith
Hpµt1,2,...,nuq as n ÝÑ 8. Shearer’s inequality!]

2. Let pX,µ, T q be a MPS, let ϕ and ψ be two processes on pX,µ, T q with
finite alphabets A and B, and let λ :“ pϕ, ψq˚µ P ProbpAZ ˆ BZq be their
joint distribution. Define hpϕ |ψq to be the conditional entropy rate of λ
over the coordinates in BZ.

Prove that the limit

Hpϕ0 | pϕnqnă0, ψq :“ lim
NÝÑ8

Hpϕ0 |ϕ´1, . . . , ϕ´N , ψN , ψN´1, . . . , ψ´Nq

exists and equals hpϕ |ψq.

3. Let pX,µ, T q be a MPS, let A be a nonempty finite alphabet, and let Z be
the set of all equivalence classes of measurable functions X ÝÑ A modulo
agreement µ-a.e.

(a) Show that the expression

dpϕ, ψq :“ µtx : ϕpxq ‰ ψpxqu

defines a complete metric on Z. (Warning: here we are writing ϕ and
ψ for observables rather than whole processes.)

1



(b) Now and for the rest of this question, assume that pX,µq is the unit
interval with Lebesgue measure. Show that the metric space pZ, dq is
path connected. [Hint: it suffices to find one special element of Z to
which every other element can be connected by a continuous path.]

(c) Show that the function

Z ÝÑ r0, log |A|s : ϕ ÞÑ hpµ, T, ϕq

is continuous for the metric d on Z, where hpµ, T, ϕq is the entropy
rate of the process generated by T and ϕ.

(d) Show that for every h P r0, hpµ, T qs the system pX,µ, T q has a factor
with K–S entropy equal to h.

4. (a) Let A be a finite alphabet, fix ` P N and ε ą 0, and let µ and µ1 be two
shift-invariant probability measures on AZ. Suppose that x P T n`,εpµq
and x1 P T n`,εpµ

1q, and identify px,x1q with the concatenation of these
strings into an element of A2n. Prove that

px,x1q P T 2n
`,δ

´µ` µ1

2

¯

for some
δ “ ε`Op`{nq.

(b) A shift-invariant measure µ P ProbpAZq has FMEC if it has finitely
many ergodic components: that is, if it is a convex combination

µ “ p1µ1 ` ¨ ¨ ¨ ` pkµk

for some shift-invariant and ergodic measures µ1, . . . , µk P ProbpAZq.
Prove that the subset of measures which have FMEC is vaguely dense
in the set ProbSpAZq of all shift-invariant probability measures on AZ.

(c) Prove that any ergodic and atomless MPS pX,µ, T q weakly contains
every source rAZ, µs, even when µ is not ergodic.

(d) Prove that the subset of ergodic measures is vaguely dense in ProbSpAZq

(so this subsumes the conclusion of part (b)).

5. Let A be a finite alphabet and let S “ pSvqvPZ2 be the action of Z2 on AZ2

by coordinate translation:

Sv
`

pauquPZ2

˘

:“ pau`vquPZ2 .
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Let µ P ProbpAZ2
q be invariant under the action S: this means that Sv

˚µ “ µ
for every v P Z2. For a subset F Ď Z2, let µF be the image of µ under the
coordinate projection AZ2

ÝÑ AF . Let Λn :“ t0, 1, . . . , n´ 1u2.

This question develops some basic theory of the entropy rate in this two-
dimensional setting.

(a) If R and S are nonempty finite subsets of Z2, then S is tileable by
R if S is a disjoint union of translates of R. Show that in this case
|S|´1HpµSq ď |R|

´1HpµRq.

(b) Prove that

lim
nÝÑ8

1

n2
HpµΛnq

exists. This is called the entropy rate or specific entropy of µ and is
denoted by hpµq. [Hint: use part (a) and modify a proof of Fekete’s
lemma.]

(c) Let pFnqn and pGnqn be two sequences of finite subsets of Z2 such that
|Fn|, |Gn| ÝÑ 8 as n ÝÑ 8 and

|Fn4Gn| “ opmint|Fn|, |Gn|uq as n ÝÑ 8.

Prove that |Fn| “ p1` op1qq|Gn| and

1

|Fn|
HpµFnq “

1

|Gn|
HpµGnq ` op1q

as n ÝÑ 8. [Hint: By comparing both sequences to the sequence
FnYGn, you can reduce to the case Fn Ď Gn. Then use subadditivity
of H.]

(d) A discrete rectangle is a nonempty set which consists of the integer
points inside a rectangle in R2. Prove that

hpµq “ lim
mÝÑ8

1

|Rm|
HpµRmq

“ inf
 

|R|´1HpµRq : R a discrete rectangle
(

,

whenever pRmqm is a sequence of discrete rectangles all of whose side-
lengths are tending to 8. [Hint: the inequality ě is easy. For the
reverse, fix a rectangle R, and find a sequence of sets Sn which are all
tileable by R and which can be compared to the sequence Λn using
part (c).]
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6. Let A be a finite alphabet and let µ be a shift-invariant measure on AZ2 . Let
S1, S2 be the two obvious generators of the coordinate-shift action on AZ2

(for definiteness, suppose S1 shifts coordinates horizontally and S2 shifts
them vertically).

Isolating the transformation S1, we obtain a MPS pAZ2
, µ, S1q. Prove that

if this one-dimensional MPS has finite K–S entropy, then hpµq, the entropy
rate of the whole two-dimensional shift system, is zero.

[Hint: For each `, the map

AZ2

ÝÑ A2``1 : panqnPZ2 ÞÑ pap0,iqq´`ďiď`

generates a one-dimensional process on the MPS pAZ2
, µ, S1q with values

in the shift-space pA2``1qZ. You may quote any part of problem 5 above.]
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