
Entropy and Ergodic Theory
Lecture 28: Sinai’s and Ornstein’s theorems, II

1 Proof of the ‘update’ proposition

Consider again an ergodic and atomless source rAZ, µs and a Bernoulli source
rBZ, pˆZs such that hpµq ě Hppq. As in Lecture 27, let us say a stationary cade
ϕ : AZ ÝÑ BZ is δ-good if

i) }pϕ˚µq` ´ pˆ`} ă δ for ` :“ rδ´1s, and

ii) hpϕ˚µq ą Hppq ´ δ.

Using this terminology, we previously formulated a key ‘update’ proposition
for approximate factor maps AZ ÝÑ BZ, and saw how it implies Sinai’s factor
theorem. Here is that proposition again:

Proposition 1. For every ε ą 0 there exists δ ą 0 such that the following holds.
If ϕ : AZ ÝÑ BZ is δ-good, then for any η ą 0 there exists an η-good code
ψ : AZ ÝÑ BZ such that µtϕ0 ‰ ψ0u ă ε.

It only remains to prove this proposition. This is where we apply the following
key tools aquired previously:

Proposition 2 (Obtaining a d-approximation and lifting it). For each ε ą 0 there
exists δ ą 0 such that the following holds. If ϕ : AZ ÝÑ BZ is δ-good, then there
is an ergodic joining λ of µ and pˆZ such that

λtpx, yq : y0 ‰ ϕ0pxqu ă ε. (1)
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Proposition 3 (Weak containment with retention of entropy, joining version, spe-
cial case). Let λ be an ergodic joining of µ and pˆZ. For any ` P N and ε ą 0
there is a stationary code ψ : AZ ÝÑ BZ such that

}λ` ´ pgrpψ, µqq`} ă ε and hpψ˚µq ą hpνq ´ ε.

The assumption that ϕ is δ-good asserts that it is an approximate factor map
from µ to pˆZ, in the sense of the vague topology and entropy. Given that ϕ is
such an approximate factor map, we proceed in two steps:

1. Apply Proposition 2 to obtain a joining λ whose second marginal is exactly
pˆZ, and which approximates ϕ in the sense of (1), but which may not be a
graphical joining.

2. Apply Proposition 3 to approximate λ as closely as desired by the graphical
joining of a new approximate factor map ψ.

It takes just a little extra work to check that all the approximations involved
here behave correctly.

Proof of Proposition 1. Let ε ą 0, let δ be given by Proposition 2 for this ε, and
suppose that ϕ : AZ ÝÑ BZ is δ-good.

Step 0. Since local sets generate the full σ-algebra of AZ, there are local
maps ϕ10 for which µtϕ10 ‰ ϕ0u is arbitrarily small. If ϕ1 “ pϕ10 ˝ S

nqn is the
sliding block code generated by such a ϕ10, then

dpϕ1˚µ, ϕ˚µq ď µtϕ10 ‰ ϕ0u.

Since approximations in d control both the vague topology (Lemma 4 from Lec-
ture 27) and entropy rate (by Fano’s inequality), it follows that we can find such
an approximation ϕ1 which is still δ-good.

Therefore, replacing ϕ with ϕ1 if necessary, we may assume that ϕ0 is a local
map. The value of this assumption appears shortly.

Step 1 (corresponds to step 1 above). By Proposition 2, there is a joining λ
of µ and pˆZ such that the set

W :“ tpx, yq : y0 ‰ ϕ0pxqu
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satisfies
λpW q ă ε. (2)

Step 2 (corresponds to step 2 above). Since ϕ0 is a local function, W is a
local subset ofAZˆBZ. This means it is closed and open for the product topology.
Therefore any other joining λ1 of µ and pˆZ which is sufficiently close to λ in the
vague topology must also satisfy λ1pW q ă ε.

Now, for any η ą 0, Proposition 3 gives an η-good code ψ : AZ ÝÑ BZ for
which grpµ, ψq is as close as we please to λ in the vague topology. In particular,
we may choose ψ so that we still have

grpµ, ψqpW q “ µtψ0 ‰ ϕ0u ă ε,

as required.

2 The residual Sinai factor theorem

In the proof of Sinai’s factor theorem, we started by choosing a δ1-good code
ϕ1 : AZ ÝÑ BZ for some initial choice of δ1, and then we applied Proposition 1
repeatedly to construct a sequence of improvements ϕk : AZ ÝÑ BZ. The code
ϕk is δk-good for some δk ÝÑ 0 and which converge to the desired factor map ψ
from µ to pˆZ.

In that proof, it was important that we choose δk small enough to force the
convergence of ϕk to a limiting factor map ψ. But by choosing even faster conver-
gence, we can secure other properties of the limiting map as well. In particular,
suppose we are given an ergodic joining γ of µ and pˆZ a priori, and also η ą 0
and ` P N. Then:

• For any η ą 0, if we choose the sequence δk converging to zero fast enough,
we can arrange that

µtϕ1
‰ ψu ď

8
ÿ

i“1

µtϕi ‰ ϕi`1u ă η{`; (3)

• By choosing δ1 ă η and starting with an application of Proposition 3, we
can arrange that

}grpµ, ϕ1
q` ´ γ`} ă η. (4)
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Now (3) and (4) together imply that

}grpµ, ψq` ´ γ`} ă 2η.

Since η and ` are arbitrary, we have proved the following.

Theorem 4 (Residual Sinai factor theorem). If rAZ, µs is ergodic and atomless,
and if hpµq ě Hppq, then the set of graphical joinings

 

grpµ, ψq : ψ a factor map rAZ, µs ÝÑ rBZ, pˆZs
(

is vaguely dense within the set of all ergodic joinings of µ and pˆZ.

3 Ornstein’s theorem

The principal importance of Theorem 4 is in proving the following.

Theorem 5 (Ornstein’s theorem). If rAZ, pˆZs and rBZ, qˆZs are Bernoulli shifts
of equal entropy, then they are isomorphic.

Lemma 6. Let rAZ, µs be a source, B another alphabet, and ϕ : AZ ÝÑ BZ a
stationary code. For every ε ą 0 there is a vague neighbourhood U of the graph-
ical joining grpµ, ϕq for which the following holds: if π is any other stationary
code AZ ÝÑ BZ satisfying grpµ, πq P U , then

µtϕ0 ‰ π0u ă ε.

Proof. As in Step 0 of the proof of Proposition 1, there exists a local map ϕ10
satisfying µtϕ0 ‰ ϕ10u ă ε. From this it follows that the set

W :“
 

px, yq : ϕ10pxq ‰ y0
(

satisfies grpµ, ϕqpW q “ µtϕ0 ‰ ϕ10u ă ε.
Let U be the set of all joinings which satisfy

λtϕ10pxq ‰ y0u ă ε.

Because ϕ10 is a local map, the set W is closed and open in the product topology,
and so U is open in the vague topology (restricted to the set of all joinings).

If grpµ, πq P U , then the same calculation as above gives

µtπ0 ‰ ϕ10u “ grpµ, πqpW q ă ε,

and so µtπ0 ‰ ϕ0u ă 2ε.
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Proof of Theorem 5. Sinai’s factor theorem provides factor maps in each direc-
tion. We can improve on this observation by repeatedly applying Theorem 4 in
alternating directions.

To explain this, let us write

rgrpqˆZ, ψq :“

ż

BZ
δpψpyq,yq q

ˆZ
pdyq

when ψ : BZ ÝÑ AZ. This is just a graphical joining with the role of the two
coordinate factors swapped.

Fix a summable sequence of error tolerances εk, k ě 1. Now we construct
sequences of codes ϕk : AZ ÝÑ BZ and ψk : BZ ÝÑ AZ as follows.

First, let ϕ1 : AZ ÝÑ BZ be any factor map between the Bernoulli shifts.
Let U1 be a vague neighbourhood of grppˆZ, ϕ1q as provided by Lemma 6 for the
tolerance ε1.

Now apply the residual Sinai factor theorem in the reverse direction: there is
a factor map ψ1 : rBZ, qˆZs ÝÑ rAZ, pˆZs such that rgrpqˆZ, ψ1q P U1. Apply
Lemma 6 again to obtain a vague neighbourhood V1 of rgrpqˆZ, ψ1q as in that
lemma, for the tolerance ε1 but for maps going from BZ to AZ. Shrink V1 if
necessary so that V1 Ď U1.

Now we return to the forward direction AZ ÝÑ BZ and apply the residual
Sinai theorem again. Continuing back-and-forth in this way, we obtain

i) sequences of factor maps

ϕk : AZ
ÝÑ BZ and ψk : BZ

ÝÑ AZ, k ě 1,

ii) vaguely open sets of joinings

U1 Ě V1 Ě U2 Ě V2 Ě . . .

such that
grppˆZ, ϕkq P Uk and rgrpqˆZ, ψkq P Vk @k. (5)

Since the vague topology on ProbpAZˆBZq is metrizable as well as compact,
we may also choose the sets Uk and Vk to shrink so fast that

Ş

k Uk “
Ş

k Vk is a
singleton. (For instance, by insisting that Uk and Vk have diameter at most 2´k in
a suitable choice of metric.)

From the way we choose each Uk and Vk using Lemma 6, we have

grppˆZ, ϕkq, grppˆZ, ϕk`1q P Uk ùñ pˆZtϕk0 ‰ ϕk`10 u ă εk
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for each k, and similarly qˆZtψk0 ‰ ψk`10 u ă εk.
Since

ř

k εk ă 8, the Borel–Cantelli lemma gives limiting observables ϕ0

and ψ0 such that ϕk0 ÝÑ ϕ0 and ψk0 ÝÑ ψ0 in probability. Let ϕ and ψ be the
stationary codes generated by ϕ0 and ψ0. As before, since each ϕk and ψk is
a factor map between our Bernoulli processes, the same is true of the limiting
processes ϕ and ψ.

Finally, it follows from this convergence and (5) that

grppˆZ, ϕq P
č

k

Uk and rgrpqˆZ, ψq P
č

k

Vk.

Since these two intersections are equal to the same singleton, we must have

grppˆZ, ϕq “ rgrpqˆZ, ψq.

This is possible only if ψ is an inverse to ϕ almost everywhere.

4 Finitely determined processes and beyond

Recall from Lecture 27 that a source rAZ, µs is finitely determined if for every
ε ą 0 there exist δ ą 0 and ` P N such that, if ν P ProbSpAZq satisfies

}µ` ´ ν`} ă δ and hpνq ą hpµq ´ δ,

then dpµ, νq ă ε.
We saw in Lecture 27 that Bernoulli sources are finitely determined, and then

this is the only property of those sources that we use in the subsequent proofs.
Therefore:

Any finitely determined source is isomorphic to any Bernoulli source
of the same entropy, and Sinai’s factor theorem is still true with any
finitely determined source as the target.

Thus, finite determination is a characterization of those processes that are iso-
morphic to Bernoulli shifts. Starting with this, Ornstein and others found many
further characterizations of ‘Bernoullicity’ which can be checked in a wide range
of examples. These characterizations include the ‘very weak Bernoulli property’
(Ornstein), ‘extremality’ (Thouvenot) and the ‘almost blowing-up property’ (re-
ally a version of concentration of measure; Marton and Shields).

The first important consequence of this theory is the following:
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Theorem 7. Any factor of a Bernoulli shift is isomorphic to a Bernoulli shift.

The following examples are also all isomorphic to Bernoulli shifts:

• The geodesic flow on the unit tangent bundle of a negatively curved compact
Riemannian manifold, equipped with its volume form.

• The invariant measure on AZ arising from any mixing stationary A-valued
Markov process.

• The transformation of T2 with Lebesgue measure given by the matrix
´

2 1
1 1

¯

(or any other element of SL2pZq with eigenvalues off the unit circle).

There are many others besides.

5 Infinite entropy

An infinite-entropy Bernoulli shift is a system of the form pAZ, pˆZ, Sq where
pA, pq is a non-finite probability space of infinite Shannon entropy (for instance,
p could have a non-trivial atomless part).

Sinai’s and Ornstein’s theorems generalize to the setting of infinite entropy.

6 Completely positive entropy

A MPS pX,µ, T q has completely positive entropy if every nontrivial factor of it
has strictly positive entropy.

This property has an alternative characterization for shift systems pAZ, µ, Sq
with a finite alphabet A: it holds if and only if the left tail σ-algebra

č

ně1

σ-algpαm : m ď ´nq

is trivial, where α is the canonical A-valued process on AZ. This equivalence is
due to Kolmogorov, and MPSs with completely positive entropy are sometimes
called Kolmogorov or K-automorphisms.

Using this equivalence, it follows at once that Bernoulli shifts are K-automorphisms.
It was unknown for many years whether this property actually characterizes sys-
tems that are isomorphic to Bernoulli shifts, but Ornstein disproved this: once
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he had established his necessary and sufficient conditions for isomorphism to a
Bernoulli shift, he was able to construct examples of K-automorphisms that vio-
late those conditions.

By now a wide variety of non-Bernoulli K-automorphisms are known.

7 Splittings and relative Ornstein theory

Thouvenot introduced an important new direction for this theory. A factor map

π : pX,µ, T q ÝÑ pY, ν, Sq

of MPSs is relatively Bernoulli if there is another factor map

ϕ : pX,µ, T q ÝÑ pBZ, pˆZ, SBq

with image a Bernoulli shift such that the combined map

pπ, ϕq : X ÝÑ Y ˆBZ : x ÞÑ pπpxq, ϕpxqq

is an isomorphism

pX,µ, T q ÝÑ pY ˆBZ, ν ˆ pˆZ, S ˆ SAq.

Then we also refer to the pair pπ, ϕq as a splitting of pX,µ, T q into pY, ν, Sq and
a Bernoulli factor.

Thouvenot generalized Ornstein’s theory by providing analogous necessary
and sufficient conditions for a factor map such as π to be relatively Bernoulli. This
should be seen as a ‘relative version’ of Ornstein theory over the distinguished
factor pY, ν, Sq.

These ideas recently culminated in the following strengthening of Sinai’s fac-
tor theorem.

Theorem 8 (The weak Pinsker theorem; A’17). If pX,µ, T q is ergodic, then for
every ε ą 0 it has a splitting into a Bernoulli factor and a factor of entropy less
than ε.

However, there are systems that one cannot split into a Bernoulli factor and a
factor of entropy zero. Indeed, any non-Bernoulli K-automorphism is an example
(exercise!). But there are others as well: there are systems that cannot be split
into a K-automorphism and a factor of entropy zero. This was an old question of
Pinsker, and was answered negatively by Ornstein in 1973. This is why the above
is called the ‘weak Pinsker’ theorem. The idea to pursue this theorem, as well as
its name, are due to Thouvenot.
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8 An omission: Krieger’s generator theorem

Another very natural question about MPSs and entropy is the following: when is
an abstract MPS pX,µ, T q isomorphic to a shift-system with a given alphabet A?
Once again it turns out that entropy is the only relevant obstruction.

Theorem 9 (Krieger’s generator theorem). Let A be an alphabet of size k. Then
an ergodic MPS pX,µ, T q is isomorphic to a shift-system with alphabet A if and
only if

• either hpµ, T q ă log |A|

• or hpµ, T q “ log |A| and pX,µ, T q is isomorphic to the Bernoulli shift
pAZ, pˆZ, Sq, where p is the uniform distribution on A.

The proof of Kreiger’s theorem uses many similar ideas to those that we met on
route to Sinai’s and Ornstein’s theorems. But the technical details are substantial,
and different enough that we do not cover them in this course.
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