
Entropy and Ergodic Theory
Lecture 27: Sinai’s factor theorem

1 What is special about Bernoulli shifts?

Our main result in Lecture 26 is ‘weak containment with retention of entropy’. If
rAZ, µs and rBZ, νs are two ergodic sources with µ atomless, if hpµq ě hpνq, then
for any ε ą 0 and ` P N there is a stationary code ϕ : AZ ÝÑ BZ such that

›

›ν` ´ pϕ˚µq`
›

› ă ε (1)

and
hpϕ˚µq ą hpνq ´ ε.

(We also have a stronger joining version, in which (1) is upgraded to an ap-
proximation of an arbitrary ergodic joining by the graphical joining grpµ, ϕq. We
return to that joining version later in this lecture.)

The proof of this uses no properties of ν other than ergodicity (and one can
even remove that assumption with a slightly more complicated statement). But
our main goal today, Sinai’s factor theorem, gives an exact factor map (that is,
satisfying ϕ˚µ “ ν) only when rBZ, νs is a Bernoulli shift, and it really needs that
extra assumption.

So let us begin this lecture by introducing the key property of Bernoulli shifts
which enables the proof of that theorem.

1.1 Ornstein’s d-bar distance

This special property is best formulates in terms of another natural kind of ap-
proximation between sources.

Definition 1 (Ornstein’s d-bar distance). Let A be a finite alphabet and let µ, ν P
ProbS

pAZq. Then the d-bar distance between µ and ν is the quantity

dpµ, νq :“ inf
 

λtpx, yq : x0 ‰ y0u : λ a joining of µ and ν
(

.

1



We have actually met this quantity already, but without giving it its own name.
For instance, Fano’s inequality for processes (Lemma 7 of Lecture 22) asserts that

ˇ

ˇhpµq ´ hpνq
ˇ

ˇ ď Hpp, 1´ pq ` p logp|A| ´ 1q (2)

with p :“ dpµ, νq.
Since any joining λ of µ, ν P ProbS

pAZq is stationary, we have

λtx0 ‰ y0u “ λtxi ‰ yiu @i P Z.

In particular, by averaging, we have

λtx0 ‰ y0u “
1

n

n´1
ÿ

i“0

λtxi ‰ yiu “
1

n

n´1
ÿ

i“0

ż

1txi‰yiu λpdx, dyq

“

ż

dn
`

px0, . . . , xn´1q, py0, . . . yn´1q
˘

λpdx, dyq. (3)

So clearly there is an intuitive connection between d and the transportation
metrics dn associated to the finite metric spaces pAn, dnq. The next lemma pro-
vides a precise relationship.

Lemma 2. For any µ, ν P ProbS
pAZq we have

dpµ, νq “ lim
nÝÑ8

dnpµn, νnq

(in particular, that limit exists).

Proof. If λ is a joining of µ and ν, then λn is a coupling of µn and νn for every n.
From this fact and (3), it follows at once that

dpµ, νq ě lim sup
nÝÑ8

dnpµn, νnq.

To complete the proof, we show that

dpµ, νq ď lim inf
nÝÑ8

dnpµ, νq @n P N.

To see this, consider a sequence of integers 1 ď n1 ă n2 ă . . . and couplings λnk

of µnk
and νnk

such that
ş

dnk
dλnk

converges to the limit infimum above.
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For each k, let λ1nk
be a measure onAZˆAZ whose projection onto coordinates

t0, 1, . . . , n´ 1u is λnk
, and now let

λ2nk
:“

1

nk

nk´1
ÿ

i“0

Si
˚λ
1
nk
.

Finally, let λ be any subsequential vague limit of the sequence pλ2nk
qk. One

such exists by the vague compactness of the set of joinings

Probpµ, νq X ProbS
pAZ

ˆ AZ
q.

By re-indexing our sequence if necessary, we may assume that λ2nk
ÝÑ λ.

There are three things to check:

• Let a P A`, and let

Ca :“ tx P A` : px0, . . . , x`´1q “ au

be the corresponding cylinder set. Then

λpCa ˆ A
Z
q “ lim

kÝÑ8
λ2nk
pCa ˆ A

Z
q

“ lim
kÝÑ8

1

nk

nk´1
ÿ

i“0

λ1nk
pS´iCa ˆ A

Z
q. (4)

In this formula, the set

S´iCa “ tx P A
` : pxi, . . . , xi``´1q “ au

depends only on coordinates in t0, 1, . . . , nk ´ 1u provided 0 ď i ď nk ´ `,
and for those i we have

λ1nk
pS´iCa ˆ A

Z
q “ µ`paq,

because λnk
is a coupling of µnk

and νnk
. Therefore the limit in (4) equals

lim
kÝÑ8

”

µ`paq `O
´ `

nk

¯ı

“ µ`paq.

This proves the µ is the first marginal of λ. Exactly similar reasoning gives
that ν is the second marginal of λ.
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• For any ` and a,b P A`, we have

λpSpCa ˆ Cbqq “ lim
kÝÑ8

λ2nk
pSpCa ˆ Cbqq

“ lim
kÝÑ8

1

nk

nk´1
ÿ

i“0

λ1nk
pS´i`1pCa ˆ Cbqq

“ lim
kÝÑ8

” 1

nk

nk´1
ÿ

i“0

λ1nk
pS´ipCa ˆ Cbqq `O

´ `

nk

¯ı

“ λpCa ˆ Cbq,

so λ is shift-invariant.

• Finally,

λtx0 ‰ y0u “ lim
kÝÑ8

λ2nk
tx0 ‰ y0u “ lim

kÝÑ8

1

nk

nk´1
ÿ

i“0

λ1nk
txi ‰ yiu

“ lim
kÝÑ8

1

nk

nk´1
ÿ

i“0

λnk
tpx,yq : xi ‰ yiu “ lim

kÝÑ8

ż

dnk
dλnk

.

Here is an immediate consequence:

Corollary 3. The function d is a metric on ProbS
pAZq.

Beware, however, that the topology generated by d is not the vague topology.
One reason they must be different is that entropy rate h is continuous according to
d because of Fano’s inequality (2), whereas we have seen that h is not continuous
in the vague topology.

In fact we have the following.

Lemma 4. If |A| ą 1, then the topology generated by d is strictly stronger than
the vague topology.

Proof. We have seen they cannot be equal, so it remains to prove that all vaguely
open sets are d-open.

So consider µ P ProbS
pAZq and a basic neighourhood around µ in the vague

topology, say
U “ tν : }ν` ´ µ`} ă εu.
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Now suppose that dpµ, νq ă ε{`, and let λ be a joining such that λtx0 ‰ y0u ă
ε{`. By stationarity, it follows that

λ`tpx,yq : x ‰ yu “ λtpx, yq : px0, . . . , x`´1q ‰ py0, . . . , y`´1qu

ď

`´1
ÿ

i“0

λtxi ‰ yiu “ `λtx0 ‰ y0u ă ε.

Therefore the coupling λ` shows that }µ` ´ ν`} ă ε, and hence ν P U .

1.2 Finite determination

So the metric d controls both the vague topology and the function h, in the sense
that an approximation in d implies an approximation in both of the other senses.
In general, one can find other properties that are controlled by d but not by the
combination of the vague topology and the entropy rate.

However, for neighbourhoods around Bernoulli shifts, these two kinds of ap-
proximation turn out to be equivalent. This is the key property of Bernoulli shifts
that we need for the rest of our journey.

Proposition 5. Fix rB, ps. For any ε ą 0 there is a δ ą 0 such that the following
holds. If ν P ProbS

pBZq satisfies

i) }ν1 ´ p} ă δ and

ii) hpνq ą Hppq ´ δ,

then dpν, pˆZq ă ε.

That is, if we are trying to approximate a Bernoulli shift, then an approxima-
tion in the vague topology and having almost the right entropy can be upgraded to
an approximation in d.

Proof. This is essentially an ergodic theoretic version of Theorem 9 from Lecture
17. Indeed, for each n, our two assumptions on ν translate into the following
properties of νn:

i) every marginal of νn is equal to ν1, hence within δ of p, and

ii) Hpνnq ě nhpνq ą npHppq ´ δq.
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Therefore Theorem 9 from Lecture 17 (the stability of the subadditivity of H for
measures on product spaces) gives a δ such that these conditions imply dnppˆn, νnq ă
ε for every n. Now Lemma 2 turns this into dpν, pˆZq ď ε.

We use this later in the lecture via the following corollary.

Corollary 6. For each ε ą 0 there exists δ ą 0 such that the following holds. If
ϕ : AZ ÝÑ BZ is such that the image measure ν :“ ϕ˚µ satisfies (i) and (ii) from
the statement of Proposition 5. Then there is an ergodic joining λ of µ and pˆZ

such that
λtpx, yq : y0 ‰ ϕ0pxqu ă ε. (5)

Proof. By Proposition 5, there is a joining γ of ν with pˆZ such that

γtpy, y1q : y0 ‰ y10u ă ε. (6)

Let us represent γ as

ν ˙ θ “

ż

BZ
δy ˆ θy νpdyq “

ż

BZ
δϕpxq ˆ θϕpxq µpdxq

for some channel θ fromBZ toBZ. We can now lift γ through the map ϕ to define
a joining

λ1 “

ż

AZ
δx ˆ θϕpxq µpdxq.

For this lifted joining, (6) turns immediately into (5). The only problem is that
λ1 may not be ergodic. However, given an arbitrary joining of two ergodic mea-
sures, all its ergodic components must also be joinings of the same two measures
(exercise!). In the present setting, some of those components must still satisfy the
analog of (5), since it holds on average over all the components. Letting λ be one
of those ergodic components completes the proof.

The property of pˆZ obtained in Proposition 5 is a special case of the follow-
ing.

Definition 7. A source rBZ, γs is finitely determined or FD if for any ε ą 0 there
exist δ ą 0 and ` P N such that the following holds: if ν P ProbS

pBZq satisfies

i) }ν` ´ γ`} ă δ and

ii) hpνq ą hpγq ´ δ,
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then dpγ, νq ă ε.

This feature of a measure ν is enough to carry out the rest of the proofs below.
We explain those proofs only in the context of product measures, but the required
modifications are straightforward. As a result, Sinai’s factor theorem holds for
maps onto any FD source, and any two FD sources of equal entropy are isomor-
phic. Thus, up to isomorphism, the class of FD sources is not, in fact, any larger
than the Bernoulli shifts.

2 Proof of Sinai’s factor theorem

We can now complete the proof of Sinai’s theorem.
Fix rAZ, µs and rBZ, pˆZs. To formulate the main step of the argument, let us

say that a stationary code ϕ : AZ ÝÑ BZ is δ-good if:

i) }pˆ` ´ pψ0, . . . , ψ`´1q˚µ} ă δ for ` :“ rδ´1s and

ii) hpϕ˚µq ą Hppq ´ δ.

Sinai’s theorem is obtained from the following ‘update’ proposition.

Proposition 8. For every ε ą 0 there exists δ ą 0 such that the following holds.
If ϕ : AZ ÝÑ BZ is δ-good, then for any η ą 0 there exists an η-good code
ψ : AZ ÝÑ BZ such that µtϕ0 ‰ ψ0u ă ε.

This, given an error tolerance ε ą 0, if ϕ is sufficiently good (that is, δ-good
for a sufficiently small δ), then we can find another map ψ within ε of ϕ which is
arbitrarily better — that is, η-good for η as small as we wish.

Proof of Sinai’s factor theorem given Proposition 8. For each n, choose δn ą 0
so that the implication in Proposition 8 is satisfied with ε “ 2´n. Reducing these
values if necessary, we may assume that δn ÝÑ 0.

By weak containment with retention of entropy, there exists a δ1-good code
ϕ1 : AZ ÝÑ BZ. Then, by the choice of δ1, Proposition 8 promises a code
ϕ2 : AZ ÝÑ BZ such that µtϕ2

0 ‰ ϕ1
0u ă 2´1 and such that ϕ2 is arbitrarily

better: in particular, we may choose ϕ2 to be δ2-good. Repeating this argument,
we obtain a sequence of codes ϕn : AZ ÝÑ BZ such that each ϕn is δn-good and

µtϕn
0 ‰ ϕn`1

0 u ă 2´n @n.
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Since these probabilities are summable, the Borel–Cantelli lemma shows that
the B-valued sequence pϕn

0 pxqqně1 is eventually constant for µ-a.e. x. Letting
ϕ0pxq be the limit value, this defines a limiting observable ϕ0 : A

Z ÝÑ B, which
we now extend by stationarity to a code ϕ : AZ ÝÑ BZ. This mode of conver-
gence gives

dpϕ˚µ, ϕ
n
˚µq ď µtϕ0 ‰ ϕn

0u ă 2´n ` 2´n´1 ` ¨ ¨ ¨ “ 2´n`1.

Finally, since δn ÝÑ 8, the above d-estimate and Lemma 4 give that

pϕ˚µq` “ lim
nÝÑ8

pϕn
˚µq` “ pˆ`

for every ` P N, so ϕ˚µ “ pˆZ.

It remains to prove Proposition 8. This is where we need the bulk of the theory
accumulated so far.

Proof of Proposition 8. Let ε ą 0, let δ be given by Proposition 5 for this ε, and
suppose that ϕ : AZ ÝÑ BZ is δ-good.

Step 1. After altering ϕ0 on a set of arbitrarily small measure, we may as-
sume that it is a local map AZ ÝÑ B: that is, that ϕ is actually a sliding block
code. It this alteration is small enough, then ϕ is still δ-good.

Step 2. By Corollary 5, there is a joining λ of µ and pˆZ such that the set

W :“ tpx, yq : y0 ‰ ϕ0pxqu

satisfies
λpW q ă ε. (7)

Step 3. Since ϕ0 is a local function, W is a local subset of AZ ˆ BZ. This
means it is closed and open for the product topology. Therefore any other joining
λ1 of µ and pˆZ which is sufficiently close to λ in the vague topology must also
satisfy λ1pW q ă ε.

Finally, we apply the joining version of weak containment with retention of
entropy. For any η ą 0, it gives an η-good code ψ : AZ ÝÑ BZ for which grpµ, ψq
is as close as we please to λ in the vague topology. In particular, we may choose
ψ so that we still have

grpµ, ψqpW q “ µtψ0 ‰ ϕ0u ă ε,

as required.
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