
Entropy and Ergodic Theory
Lecture 20: Factors, isomorphisms and disintegrations

1 Some remarks about shift systems

Recall that a shift-system is a MPS of the form pAZ, µ, Sq, where A is finite and
S is the left shift. The special structure of these systems has an important role in
some arguments later, and it is worth examining it more closely here.

A subset U Ď AZ is local if there exist ` P N and U0 Ď At´`,´``1,...,`u such
that

U “ tpxnqnPZ : px´`, x´``1, . . . , x`q P U0u. (1)

That is, ‘U depends only on finitely many coordinates in AZ’. Local sets are
precisely the closed-and-open sets for the product topology of AZ. The collection
of all local sets is an algebra of subsets of AZ which generates the product σ-
algebra.

Similarly, a function on AZ is local if it depends on only finitely many coordi-
nates. If B is another finite set, then a function AZ ÝÑ B is local if and only if it
is continuous from the product topology to the discrete topology.

Here is a useful consequence of the ergodic theorems.

Lemma 1. A shift-system pAZ, µ, Sq is ergodic if and only if

1

n

ˇ

ˇ

 

i P t0, 1, . . . , n´ 1u : pxi´`, . . . , xi``q P U0

(
ˇ

ˇ ÝÑ µpUq as n ÝÑ 8, (2)

in either L1pµq or for µ-a.e. x, whenever U is local with a representation as in (1).

Proof. For U as in (1), the left-hand side of (2) is just another way of writing

1

n

n´1
ÿ

i“0

1UpT
ixq “ An1Upxq,
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so ergodicity implies the convergence in (2) by the ergodic theorem.
On the other hand, if (2) holds for all local sets U , then linearity gives

Anf ÝÑ

ż

f dµ in L1
pµq (3)

whenever f is a finite linear combination of indicator functions of local sets. Such
finite linear combinations are dense in CpAZq, and this in turn is dense in L1pµq.
Using these approximations, (3) also holds for all f P L1pµq. It follows that any
T -invariant function in L1pµq is a.s. constant, so the system is ergodic.

2 Factor maps, stationary codes, and isomorphisms

Beyond the ergodic theorems, much of ergodic theory is concerned with compar-
isons between systems. These require a notion of a ‘structure preserving’ map
from one system to another.

First recall that, if pX,Bq and pY,C q are measurable spaces, µ is a measure
on pX,Bq, and π : X ÝÑ Y is measurable, then the function on C defined by

A ÞÑ µpπ´1pAqq

is a measure on pY,C q. We call it the pushforward or image of µ under f , and
denote it by π˚µ.

Definition 2. Let pX,µ, T q and pY, ν, Sq be MPSs. Then a factor map from the
first to the second is a measurable map π : X ÝÑ Y such that

i) π˚µ “ ν, and

ii) π ˝ T pxq “ S ˝ πpxq for µ-a.e. x.

The fact that we demand condition (ii) only almost everywhere is subtle but
important. It allows the domain system to have features that cannot be mapped
equivariantly to the target system, provided those features occupy a subset of mea-
sure zero. Simple example: if T has a fixed point of zero measure but S has no
fixed points, there may still be a factor map between them.

If there exists a factor map from pX,µ, T q to pY, ν, Sq, then we say that
pY, ν, Sq is a factor of pX,µ, T q.
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Example. Let pX,µ, T q be a MPS, A a finite set, S the left shift on AZ, and
π0 : X ÝÑ A any map. Define πn :“ π0 ˝ T

n for each n P Z, and define

π :“ p. . . , π´1, π0, π1, . . . q : X ÝÑ AZ.

As explained in Lecture 18, π is a stationary process on pX,µ, T q. This fact has
a re-statement in the terminology of the present lecture: π is a factor map from
pX,µ, T q to pAZ, π˚µ, Sq.

After modifying on a negligible set, any factor map π from pX,µ, T q to a
shift system pAZ, ν, Sq arises this way. Indeed if we simply let π0 : X ÝÑ A
be the time-zero coordinate of π, then the relations πn “ π0 ˝ T

n hold a.e. by
equivariance.

As in the above example, a factor map whose target is a shift system can
always be modified to be equivariant strictly everywhere. The special case of two
shift systems has its own terminology. Let SA and SB be the left shifts on AZ and
BZ respectively.

Definition 3. A stationary code from AZ to BZ is a measurable map π such that
π ˝ SA “ SB ˝ π. Such a map may always be expressed in the form

πpxq “ pπ0pS
n
AxqqnPZ

for some measurable map π0 : AZ ÝÑ B.
If π0 is local, then π is a sliding-block code.

Previously, we have discussed block codes as maps An ÝÑ Bn for some fixed
in. Sliding block codes are natural variants which may be thought of as operating
‘on-line’.

One of the main classical problems of ergodic theory is the classification
problem, which asks for effective ways to distinguish PPSs up to:

Definition 4. A factor map π : pX,µ, T q ÝÑ pY, µ, Sq is an isomorphism if
there is another factor map ϕ : Y ÝÑ X such that ϕ ˝ π “ idX modulo µ and
π ˝ ϕ “ idY modulo ν.

In case π is an isomorphism, the map ϕ is clearly unique modulo ν. We often
denote a suitable choice of ϕ by π´1.

Example. An irrational circle rotation is ergodic but mixing, whereas a Bernoulli
shift is mixing. Both properties are preserved by isomorphisms, so these two
systems are not isomorphic.
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What about two different Bernoulli shifts: when are they isomorphic? Both
are mixing, so this doesn’t help, and it turns out that many other natural invariants
in ergodic theory are also the same for any Bernoulli shifts. In fact this question
was open for many years. It was partly solved in 1954 by Kolmogorov and Sinai’s
introduction of a notion of entropy into ergodic theory. Then a complete solution
was given by Ornstein in 1969 — it turns out the answer is entirely determined by
entropy considerations. More on this later.

3 Standard measurable spaces

Starting in this lecture, we need some slightly more advanced results from mea-
sure theory. Some of the most crucial do not hold for arbitrary measurable spaces,
but only for a certain subclass. A measurable space pX,Bq is standard if there
exists a complete and separable metric on X for which B is the Borel σ-algebra.
A measure space or an MPS is called standard if its underlying measurable space
is standard.

Almost all of the important spaces in real analysis and probability theory carry
natural complete and separable metrics. For this reason, results that apply to all
standard measurable spaces should still be regarded as very general.

In fact, standard spaces may be defined in many equivalent ways, some appar-
ently much stricter than the above. This is a result of the following theorem.

Theorem 5. IfX and Y are uncountable, complete, separable metric spaces, then
the measurable spaces pX,BXq and pY,BY q are isomorphic: that is, there is a
bijection between X and Y which is measurable in both directions.

As a result, a measurable space pX,Bq is standard if and only if it is isomor-
phic to any one of several elementary examples, such as r0, 1s with its Borel sets,
or a product space t1, 2, . . . , quZ with the product σ-algebra for some q ě 2.

Theorem 5 is a relatively advanced fact of measure theory, and we do not
prove it here. However, we do adopt the following compromise. Several results
in the sequel are stated with the assumption that a space X or MPS pX,µ, T q is
standard. This is the correct generality for much of ergodic theory, and it covers
the overwhelming majority of examples in other parts of math. But at certain key
points we give a complete proof only when X is AZ for some finite set A, or when
the MPS is a shift-system pAZ, µ, Sq for some finite A. The proofs are generally
simpler in these special cases, but already contain the most essential ideas.
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4 Disintegration and ergodic decomposition

The following notion is important at several points in the rest of the course.

Definition 6. Let pX,Bq and pY,C q be measurable spaces. Then a stochastic
kernel or just kernel from the first of these to the second is a family θx px P Xq
such that

1. each θx is a probability measure on pY,C q, and

2. for each C P C , the map x ÞÑ θxpCq is measurable with respect to B.

This generalizes our previous notion of a kernel to a pair of spaces which need
not be finite.

Kernels play a key role in describing conditional expectation for standard
probability spaces.

Theorem 7 (Disintegration of measures, first version). Let pX,B, µq be a stan-
dard probability space and let F be a σ-subalgebra of B. Then there is a kernel
θ from pX,F q to pX,Bq such that

µ “

ż

X

θx µpdxq (4)

and such that for any bounded measurable f : X ÝÑ R we have

Eµpf |F qpxq “

ż

f dθx for µ-a.e. x. (5)

This kernel is unique up to the relation

θx “ θ1x for µ-a.e.x.

Condition (4) by itself can be satisfied by many different kernels. The special
one provided by this theorem is characterized by (5).

Proof. We give the proof whenX “ AZ for some finite setA and B is the product
σ-algebra. In this setting we can make use of the subalgebra A of local subsets
of X , which generates B.

For each U P A , let fU : X ÝÑ r0, 1s be a version of the conditional expec-
tation Eµp1U |F q. Then

fHpxq “ 0 for a.e. x, (6)
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fXpxq “ 1 for a.e. x, (7)

and for any disjoint U, V P A we have 1UYV “ 1U ` 1V and hence

fUYV pxq “ fUpxq ` fV pxq for a.e. x. (8)

Since A is countable, there is a subset X0 P F with µpX0q “ 1 such that
every x P X0 satisfies (6), (7) and also (8) for every U, V P A . For each x P X0,
it follows that the function U ÞÑ fUpxq is a finitely additive set function on the
algebra A . Then it is actually countably subadditive: since every set in A is
closed and open, any cover of a member of A by other members of A has a
finite subcover. Therefore, for each x P X0, that set function on A has a unique
extension to a probability measure θx on B.

Define θx for x P XzX0 arbitrarily. Now for any U P A we obtain

µpAq “

ż

1U dµ “

ż

fU dµ “

ż

θxpUqµpdxq.

Since both sides are measures evaluated on the set U , this equality extends to all
U P B. This verifies (4).

For finite linear combinations of members of A , (5) holds by definition of θx.
The general case of (5) follows because any bounded measurable function f may
be approximated in L1pµq by such finite linear combinations.

Finally, the kernel is essentially unique because each of the countably many
functions x ÞÑ θxpUq, U P A , must be a version of the conditional expectation
Eµp1U |F q, and these are essentially unique.

Definition 8. The kernel provided by Theorem 7 is called the disintegration of µ
over F .

The disintegration provided by Theorem 7 has the following simple but im-
portant property.

Proposition 9. Let θ‚ be the kernel provided by Theorem 7. Any F -measurable
function f : X ÝÑ R is θx-a.s. constant for µ-a.e. x.

Proof. Any F -measurable function is a pointwise limit of a sequence of bounded
F -measurable functions, so we may assume that f is bounded. Since f is F -
measurable, it agrees with Eµpf |F q modulo µ, so (5) gives

fpxq “

ż

f dθx for µ-a.e. x.
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Similarly, since f 2 is also F -measurable,

fpxq2 “

ż

f 2 dθx for µ-a.e. x.

Combining these equations, we obtain

Varθxpfq “

ż

f 2 dθx ´
´

ż

f dθx

¯2

“ fpxq2 ´ fpxq2 “ 0 for µ-a.e. x.

Whenever x satisfies Varθxpfq “ 0, the function f is θx-a.s. equal to the constant
value

ş

f dθx.

Here is our first key application of disintegrations:

Theorem 10 (Ergodic decomposition theorem). Let pX,µ, T q be a standard MPS.
Let I be the σ-subalgebra of all T -invariant sets in B, and let θ‚ be the disinte-
gration of µ over I . Then we have

µ “

ż

X

θx µpdxq, (9)

and the probability measure θx is T -invariant and ergodic for µ-a.e. x.

Thus, every T -invariant measure may be written as the mixture of ergodic T -
invariant measures, in the sense of an integral such as (9). If µ itself is ergodic,
then I contains only negligible and co-negligible sets, and we simply get the
trivial mixture: θx “ µ for µ-a.e. x.

Proof. We give the proof when X “ AZ for some finite set A and T is the left
shift.

Let x ÞÑ θx be the kernel promised by Theorem 7. That theorem already
gives (9), so we have only to prove that almost every θx is T -invariant and ergodic.

Invariance Since µ is T -invariant, we may apply T to (9) to obtain

µ “ T˚µ “

ż

X

T˚θx µpdxq.

On the right-hand side here, the map x ÞÑ T˚θx is a new kernel from pX,I q to
pX,Bq. Moreover, every I -measurable function is T -invariant. Therefore any
bounded B-measurable f : X ÝÑ R satisfies

Eµpf |I q “ Eµpf |I q ˝ T “ Eµpf ˝ T |I q “

ż

f ˝ T dθx “

ż

f dpT˚θxq.
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This shows that the kernel x ÞÑ T˚θx is another disintegration of µ over F . By
the essential uniquess in Theorem 7, we must have θx “ T˚θx for µ-a.e. x.

Ergodicity. This is where we need another appeal to standardness — or
rather, in the special case of AZ, to the algebra A of local sets.

For every U P A , let us define a new function

fUpxq “ lim sup
nÝÑ8

An1Upxq “ lim sup
nÝÑ8

1

n

n´1
ÿ

i“0

1T´npUqpxq.

According to the PET, fU is a version of Eµp1U |I q.1

Now we combine this application of the PET with Proposition 9 and the fact
that A is countable. We conclude that there is a set X0 P B with µpX0q “ 1 such
that every y P X0 satisfies

An1Upxq ÝÑ fUpxq “ θypUq for θy-a.e. x.

By Lemma 1, it follows that pX, θy, T q is ergodic for every y P X0.

5 Notes and remarks

See [Bil95, Theorem 3.1] or [Dud02, Theorem 3.1.4] for the extension theorem
for measures from algebras to their generated σ-algebras.

Theorem 5 can be found as [Dud02, Theorem 13.1.1].
Concerning the ergodic decomposition, see [EW11] from the start of Chapter

5 to Theorem 6.2.
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