
Entropy and Ergodic Theory
Lecture 18: Stationary processes and ergodic theory

Notational remark: From this point on, we mostly switch to using lowercase
Greek letters for RVs. This is because we frequently use the symbols X and Y
for measurable spaces, in keeping with common practice in analysis and ergodic
theory.

1 Stationary processes

So far, much of this course has been about independent, finite-valued random
variables. We now turn to a significantly more general setting. Given a finite set
A, a bi-infinite sequence ofA-valued RVs pξnqnPZ is stationary if for everym P N
the finite-dimensional distribution defined by the probabilities

Pppξn`1, . . . , ξn`mq “ aq, a P Am, (1)

does not depend on n.
If the RVs ξn are i.i.d., then they are certainly stationary. But stationary pro-

cesses are a much larger class. Examples arise all across pure and applied proba-
bility. As Billingsley writes in the opening paragraph of [Bil65],

Even though chance necessarily involves the notion of change,
the laws governing the change may themselves remain fixed as time
passes: if time does not alter the roulette wheel, the gambler’s for-
tunes fluctuate according to constant probablity laws.

If a process pξnqn is not i.i.d., then there is some dependence among the RVs.

Example. The simplest non-trivial kind of dependence is probably that of a Markov
process. Recall that the process pξnqn is Markov if, for each n, the RV ξn is con-
ditionally independent from pξmqmăn´1 given ξn´1. Put another way, this says
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that

Ppξn “ an | ξn´1 “ an´1, ξn´2 “ an´2, . . . q “ Ppξn “ an | ξn´1 “ an´1q. (2)

For each n, this function of pan´1, anq agrees with some kernel from A to A. If,
in addition, this kernel does not depend on n, then the Markov process is time-
homogeneous. Assuming this, let us write the kernel as pθpb | aqqa,bPA. Then, for
any n P Z and m ě 1, an iterative appeal to (2) gives

Ppξn`1 “ a1, . . . , ξn`m “ amq “ Ppξn`1 “ a1q ¨ θpa2 | a1q ¨ ¨ ¨ θpam | am´1q.

In order that this process be stationary, the last assumption we need is that each
ξn have the same individual distribution. If this is so, and we write π for that
distribution, then π must be an equilibrium distribution for the Markov chain:

πpaq “ Ppξ2 “ aq “
ÿ

b

Ppξ1 “ b, ξ2 “ aq

“
ÿ

b

Ppξ1 “ bqθpa|bq “
ÿ

b

πpbqθpa | bq.

If a time-homomogeneous Markov process is indexed by Z and has the same
equilibrium distribution at each time, then it is a stationary Markov process.

2 Measure-preserving systems

Let pξnqn be an A-valued process, let X be the compact product space AZ, and
let B be its Borel (equivalently, product) σ-algebra. From the point of view of
probability theory, all the relevant behaviour of pξnqn is described by its joint
distribution: the measure µ on X defined by

P
`

pξnqn P U
˘

“ µpUq @U P B.

In particular, the stationarity condition (1) is characterized using µ as follows.
The space X has a natural self-map T defined by

T ppxnqnPZq :“ pxn`1qnPZ.

That is, T alters a string by shifting its indexing: the new coordinate in position 0
is the previous coordinate from position 1. This map T is called the left shift on
X .
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Stationary of pξnqn is equivalent to the assertion that µ is invariant under T :

µpT´1Uq “ µpUq @U P B. (3)

Indeed, (1) is simply the special case of (3) with U equal to a cylinder set:

U :“ tpxkqk P A
Z : xn`i “ ai @i “ 1, 2, . . . ,mu.

Unions of such cylinder sets constitute the algebra of all closed-and-open subsets
of X , and these generate the whole σ-algebra B. Using this, the general case
of (3) follows easily.

Thus, we have an example of the following general definition.

Definition 1. A measure-preserving system or MPS is a quadruple pX,B, µ, T q
in which pX,B, µq is a probability space and T : X ÝÑ X is measurable, has a
measurable inverse, and preserves µ.

The study of MPSs in this generality is the most classical setting of ergodic
theory.

We could omit invertibility from Definition 1 — plenty of ergodic theory can
be done without it. But some of the theory changes, and we do not explore those
variations in this course.

If the space X has an obvious choice of σ-algebra, then we may omit it from
the notation, leaving us with pX,µ, T q. For instance, we always endow a compact
metric space with its Borel σ-algebra.

Definition 1 is a considerable abstraction from the notion of a stationary stochas-
tic process. It is valuable for two main reasons:

• Some of the principal results in this area not only extend to the generality
of Definition 1, but are actually easier to understand that way because the
setting has been stripped of unnecessary details. The first examples are the
ergodic theorems, which we cover in the next lecture.

• MPSs arise in many other parts of mathematics, not just from stochastic
processes. General results about MPSs find application in several of those
other areas.

3 Classical dynamical systems

Many ‘systems’ in the real world can exist in different possible states, and move
from one state to another as time passes according to some rule: think of the
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microscopic state of the particles of a gas in a box, or of the current positions and
velocities of the planets in the solar system.

The mathematical field called dynamical systems is the study of mathemat-
ical models of such situations. It emerged from the study of concrete physical
examples such as the particles of gas in a box. By now it has grown into a very
general theory. It has many different branches that cover a much wider range of
examples.

To describe such a situation mathematically, one considers a space of possible
statesX and a function T fromX to itself. The function T specifies the movement
of the system from one state to the next. In order to develop a mathematical theory,
one must also endow X with some additional structure, and insist that T respect
that structure. Different branches of dynamical systems correspond to different
choices of structure.

From this point of view, ergodic theory is the branch of dynamics in which X
is a probability space and T preserves the measure, as in Definition 1. Some other
highly-developed areas of dynamics arise from the following choices:

• smooth manifolds and smooth self-maps — smooth dynamics;

• topological spaces and continuous self-maps — topological dynamics;

• domains in C and analytic self-maps — complex dynamics.

We have seen how measure-preserving systems arise from stationary pro-
cesses. Beware, however, that the underlying interpretation of ‘time’ can be differ-
ent in probability in dynamics. If a stationary process pξnqn models an evolution
in time, then the ‘instantaneous state’ is the element of A given by a single RV ξn.
However, if we regard the resulting MPS pX,µ, T q as an example in dynamical
systems, then the ‘instantaneous state’ is an element in X “ AZ — that is, an
entire history for the process. But the underlying mathematics fits into a single
framework.

The other branches of dynamics, such as those above, frequently interact with
ergodic theory. This is because many other kinds of structure turn out to imply the
presence of an invariant probability measure.

The oldest sub-discipline here is smooth dynamics. For this reason, ergodic
theorists sometimes use the term classical dynamical system for an MPS pX,µ, T q
in which:

• X is a smooth manifold,
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• µ is a probability measure on BX defined by a smooth positive volume
form, and

• T : X ÝÑ X is a smooth volume-preserving diffeomorphism.

In many cases, it is more natural to consider time as a continuum. Then we
must consider not just a single transformation T , but a flow: a one-parameter
family of transformations pT tqtPR satisfying the group law

T t ˝ T s “ T t`s.

However, much of the theory of flows reduces to the case of discrete time sim-
ply by studying the single transformation T :“ T 1. We restrict our attention to
discrete time in these lectures.

3.1 Some simple algebraic examples

Some of the simplest classical dynamical systems arise from an underlying group
structure of X .

1. Let T :“ R{Z be the circle group, let α P T, and define Rα : T ÝÑ T by
Rαptq “ t ` α. This preserves the Lebesgue measure on T. It is called a
circle rotation. It is perhaps the simplest non-trivial example in dynamics.

More generally, any α P Td generates a torus rotation Rαpxq :“ x ` α,
which preserves the Haar measure of Td.

2. Let k ě 2 be an integer. Another measure-preserving transformation of T
is the times-k transformation T pxq :“ kx mod 1. This is a non-invertible
example.

3. Let A P SL2pZq. Its linear action on R2 preserves the subgroup Z2, so
it gives a well-defined map of the quotient torus T2. This preserves the
Haar measure. In some important ways this is a more complicated cousin
of the previous example, except this one is invertible. It (or its obvious
generalization to SLdpZq) is called a torus automorphism.

In spite of their simplicity, several of these examples exhibit rich dynamical
behaviour, some of which has important connections with number theory.
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3.2 Newton’s laws of motion

Consider a physical system consisting of n particles in space, moving according
to certain forces acting on and between them. According to Newtonian mechan-
ics, the instantaneous state of the system is specified by n position vectors and n
velocity vectors, one of each for every particle. Thus, the state space may be taken
to be R6n. We write elements of this space as px, vq, where x “ px1, . . . , xnq con-
sists of the n positions, and v “ pv1, . . . , vnq of the n velocities. Let us assume
that all the particles have mass 1, for simplicity.

If the particles move subject to a global potential energy function U and also
potential energies of interaction given by ϕ, then Newton’s laws of motion take
the form

dxi
dt
“ vi

dvi
dt
“ ´∇Upxiq ´

ÿ

j‰i

∇ϕpxi ´ xjq.

These equations actually fit into a much more general format for classical equa-
tions of motion called ‘Hamiltonian’ ODEs.

If px, vq is the state at time 0, then solving these ODEs (which is possible
under some mild regularity assumptions) gives the state at time t as a function
T tpx, vq of that initial state. This now defines a flow on R6n.

3.3 Invariant measures

A classical theorem of Liouville asserts that a transformation T 1 which arises from
Newton’s laws must preserve Lebesgue measure. If, in addition, one can find a
region M Ă R6n of finite positive volume which is left invariant by T 1, then we
have obtained a probability-preserving system, where the probability measure is
the normalization of Lebesgue measure on M .

For example, this occurs if the potential function U is proper, meaning that all
its level sets tU ă au are compact, and if ϕ is bounded below. Our flow always
preserves the total (= kinetic + potential) energy, which equals

Hpx, vq “
1

2

ÿ

i

|vi|
2
`
ÿ

i

Upxiq `
ÿ

j‰i

ϕpxi ´ xjq

so under that properness assumption, our flow must preserve all of the bounded
regions

MďE “ tpx, vq : Hpx, vq ď Eu.

6



Moreover, given enough regularity, one can also produce a surface-area mea-
sure on the p6n ´ 1q-dimensional surfaces ME “ tpx, vq : Hpx, vq “ Eu, and
this will also be invariant under the flow. It is often called Liouville measure in
this context.

3.4 Important examples

Important examples of this formalism include the motion of a solar system in
which all planets are confined to bounded orbits, and the motion of finitely many
particles of gas in a bounded box subject to suitable interaction forces.

Another important example is that of a frictionless billiard ball running around
a bounded billiard table, bouncing off the sides according to the law of reflection.
This is not exactly Hamiltonian, but it can be obtained as a limiting case of such
systems. A truer description of the bounces is that they occupy a small but positive
amount of time and space, and follow the laws of motion for the forces acting
between the ball and the table. This is simplified by assuming that the bounces
are instantaneous and infinitessimal. The law of reflection is the residue left of
Newton’s laws after taking this limit.

Although Hamiltonian systems are among the oldest and most physically rele-
vant examples in ergodic theory, they are extremely difficult to analyze, and many
questions remain open. We will say little about them in this course. Happily,
ergodic theory has also found connections to many other parts of mathematics
where the relevant systems are more tractable.

3.5 Examples from geometry and number theory

Many classical dynamical systems arise naturally within differential geometry.
One famous example is the geodesic flow. Suppose that pM, gq is a compact

Riemannian manifold, and let SM be its ‘sphere bundle’: that is, the space of all
pairs pm, vq wherem PM and v is a tangent vector atm of unit length. The space
SM may also be endowed with the structure of a compact Riemannian manifold
in a natural way, and its Riemannian metric gSM gives rise to a volume form µSM
on SM .

The geodesic flow pT tqtPR is the action of R on M defined as follows. Given
pm, vq P SM , there is a unique geodesic mptq on M with mp0q “ m and

9mp0q “
dm

dt
p0q “ v.
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Now let T tpm, vq :“ pmptq, 9mptqq for this geodesic. Each T t preserves gSM and
hence also µSM .

Various other flows are associated to special classes of manifold, particularly
homogeneous spaces. Suppose that G is a Lie group, that Γ is a discrete subgroup
with the property that G{Γ admits a finite G-invariant Borel measure (one says
that Γ has ‘finite co-volume’), and that pgtqtPR is any one-parameter subgroup of
G. Then this one-parameter subgroup defines a volume-preserving action onG{Γ.
For finite-volume quotients of hyperbolic space, the geodesic flow defined above
can be expressed this way, as can many other important flows such as the horocy-
cle flow. Such flows have many applications to number theory, often because the
long-term behaviour of the orbit of a particular point in G{Γ can be encoded as a
natural number-theoretic problem.

4 From systems back to processes

Stationary processes supply many examples for ergodic theory, but they also pro-
vide a powerful point of view on general systems. Suppose that pX,µ, T q is an
arbitrary MPS. Let A be some ‘nice’ measurable space, such as the real line or a
finite set, and consider an arbitrary measurable function f : X ÝÑ A. Then we
obtain a stochastic process on the probability space pX,µq by setting

ξn :“ f ˝ T n, n P Z. (4)

The T -invariance of µ implies that this process is stationary (exercise!).

Example. Let pξnqn be a stationary A-valued process, and let us construct X “

AZ, µ and T as in Section 2. Now if we apply the construction above with

f : AZ
ÝÑ A : pxnqn ÞÑ x0,

then we recover the original process pξnqn. Other choices of f enable us to con-
struct new processes from old.

Much of ergodic theory concerns the ‘long-term’ behaviour of a function such
as f along the orbits of T . Sometimes it is helpful to think instead about the
resulting process pξnqn. This is really just a change in notation, but it makes some
ideas much clearer and more natural.

This construction also gives a feeling for just how large is the class of sta-
tionary processes: it is, at least, large enough to contain nontrivial examples con-
structed from any MPS whatsoever.
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A little later in the course, we define the entropy rate of a finite-valued process.
This value is an important descriptor of the process itself, and is the key to certain
applications in information theory. But it also turns out to have an extension to
general MPSs, defined using the construction (4). This extension of the notion of
entropy is at the heart of the main theorems about general MPSs that we cover at
the end of the course.

5 Notes and remarks

My first points of reference in writing these notes have been three very classical
books: [Bil65] for a probabilistic perspective, [AA68] for relations to the rest of
dynamics, and [Hal60] for abstract ergodic theory in its own right. Beware that all
three are somewhat dated. They recur frequently as references at the ends of later
lectures.

Many more modern and thorough books on ergodic theory are available. In
subsequent lectures I sometimes refer the reader to [EW11] for standard argu-
ments. A lot of that book focuses on connections to number theory, as sketched at
the end of Subsection 3.5.

A nice introduction to the broader field of dynamical systems is [BS15].
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