
Entropy and Ergodic Theory
Lecture 16: Transportation metrics

1 Comparing probability measures on metric spaces

Throughout this lecture, (X, d) is a nonempty compact metric space. The set of
all Borel probability meusures on it is denoted by Prob(X). I assume familiarity
with the basic analysis of compact metric spaces, and also with the vague (also
known as weak∗) topology on Prob(X). The vague topology is generated by the
sub-basic sets {

ν ∈ Prob(X) : a <

ż

f dν < b
}

for f ∈ C(X) and a < b. It is a compact metrizable topology on Prob(X).
The central topic of this lecture is a certain natural choice metric on Prob(X).

Its definition is not directly in terms of that topology, so this connection is one of
the main results to be proved.

If µ, ν ∈ Prob(X), then a coupling of µ and ν is a measure λ ∈ Prob(X×X)
whose first and second marginals are µ and ν respectively. We write Prob(µ, ν)
for the space of such couplings. This space always contains µ × ν, so it is
nonempty, and it is easily seen to be convex. If (X, d) is compact, then another
easy check shows that Prob(µ, ν) is compact for the vague topology.

Definition 1 (Transportation distance). If µ, ν ∈ Prob(X), the transportation
distance between them is

d(µ, ν) := inf
λ∈Prob(µ,ν)

ż

d(x, y)λ(dx, dy).

The name ‘transportation distance’ is suggested by the following story. Imag-
ine that µ represents the distribution of one tonne of sand within a region repre-
sented by X , and that we would prefer that the sand be distributed according to
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ν instead. To achieve this, we can transport amounts of sand from one point to
another, including dividing the sand at one point into several portions and sending
them to different new points (grains of sand are considered so fine that they effec-
tively form a continuum). Our chosen transportation scheme can be quantified by
a measure λ: λ(dx, dy) represents the amount of sand moved from x to y. Since
the initial (resp. final) distribution is µ (resp. ν), λ must be a coupling of µ and ν.

Now imagine further that the metric d represents distances between points of
X , and that it costs one dollar to move one tonne of sand over a unit distance.
Then the quantity

ş

d(x, y)λ(dx, dy) is the total cost of our transportation. We
obtain a notion of ‘distance’ between µ and ν themselves by optimizing (that is,
minimizing) this transportation cost.

Another suggestive name for d is the ‘earthmover distance’. This metric on
measures is also associated to the names of many different researchers, including
Monge, Kantorovich, Rubinstein, Ornstein, Wasserstein and Mallows. Ornstein
used metrics of this kind for a particular purpose in ergodic theory that we meet
later in the course.

One checks easily that Prob(µ, ν) is a vaguely closed subset of Prob(X ×X)
(exercise!), and then a simple application of vague compactness gives the follow-
ing.

Lemma 2. If X is compact then the infimum in Definition 1 is attained by some
coupling λ.

Let us next state the connection to the vague topology.

Theorem 3. The transportation distance d is a metric on Prob(X) which gener-
ates the vague topology.

It is not too hard to prove this theorem directly, but we prefer to derive it from
another foundational result of the theory. This result expresses d as an optimiza-
tion over a family of test functions. It is the topic of the next section.

2 Monge–Kantorovich–Rubinstein duality

Recall that a function f : X −→ R is L-Lipschitz if

|f(x)− f(y)| ≤ Ld(x, y) ∀x, y ∈ X.

A function is Lipschitz if it is L-Lipschitz for some L. Let Lip(X, d) (or just
Lip(X) if d is clear) be the real vector space of all Lipschitz functions on X , and
let Lip1(X) be the convex subset of all 1-Lipschitz functions.
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Let us also pick a distinguished point x0 ∈ X and write Lip1(X, x0) for the
subset of all f ∈ Lip1(X) for which f(x0) = 0.

Theorem 4 (Monge–Kantorovich–Rubinstein duality). If µ, ν ∈ Prob(X) then

d(µ, ν) = sup
f∈Lip1(X)

[ ż

f dν −
ż

f dµ
]

= sup
f∈Lip1(X,x0)

[ ż

f dν −
ż

f dµ
]
. (1)

The right-hand equality here is immediate: since µ and ν both have total mass
1, the difference

ż

f dν −
ż

f dµ

is unchanged if we add any fixed constant to f .
So we focus on the left-hand equality. On that side, the inequality ‘≥’ is also

very simple. If f is 1-Lipschitz and λ is any coupling of µ and ν, then
ż

f dν −
ż

f dµ =

ż

[f(y)− f(x)]λ(dx, dy) ≤
ż

d(x, y)λ(dx, dy). (2)

Taking the infimum over λ proves the ‘≥’ direction in (1).
The hard work goes into the reverse direction. Put very loosely, we can choose

a function f which achieves the supremum on the right-hand side, and then use
this function to guide us to the construction of a suitable coupling. This construc-
tion can be explained in various ways. One is a quick but clever application of
the Hahn–Banach theorem. I prefer a slightly longer route which reveals more
underlying combinatorial structure.

2.1 Constructions of couplings

In our approach to Theorem 4, we first treat the case of finite metric spaces, and
then extend to general compact spaces using a simple discretization. The interest-
ing combinatorics is all in the finite case.

To introduce it, suppose now that U and V are finite sets, and let R ⊆ U × V .
Let µ ∈ Prob(U) and ν ∈ Prob(V ). When is there a coupling of µ and ν
supported on R?

For each u ∈ U , let

Γ(u) := {v ∈ V : (u, v) ∈ R}
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be its set of neighbours according to R. For A ⊆ U , let

Γ(A) :=
⋃
u∈A

Γ(u) = {v ∈ V : (u, v) ∈ R for some u ∈ A}.

A simple necessary condition for the existence of a coupling on R is that

ν(Γ(A)) ≥ µ(A) ∀A ⊆ V. (3)

Indeed, if λ is such a coupling, and A ⊆ V , then

ν(Γ(A)) =
∑
u∈U

∑
v∈Γ(A)

λ(u, v) ≥
∑
u∈A

∑
v∈Γ(A)

λ(u, v) ≥
∑
u∈A

( ∑
v∈Γ(u)

λ(u, v)
)

= µ(A).

The last equality holds because λ is supported on R, and so λ(u, v) = 0 whenever
v 6∈ Γ(u).

Remarkably, condition (3) is also sufficient.

Lemma 5. Let U , V , R, µ and ν be as above, and suppose that (3) is satisfied.
Then µ and ν have a coupling supported on R.

Proof. For any finite measure λ on U × V , let

λ1(u) :=
∑
v∈V

λ(u, v) and λ2(v) :=
∑
u∈U

λ(u, v)

be its first and second marginals, respectively. Now let K ⊆ [0,∞)U×V be the set
of all finite measures λ on U × V which satisfy λ(u, v) = 0 whenever (u, v) 6∈ R
and also λ1 ≤ µ and λ2 ≤ ν.

Since any λ ∈ K satisfies ‖λ1‖ = ‖λ‖ = ‖λ2‖, the following conditions are
equivalent for members of K:

‖λ‖ = 1 ⇐⇒ λ1 = µ ⇐⇒ λ2 = ν ⇐⇒ λ ∈ Prob(µ, ν). (4)

The set K is a bounded and closed subset of RU×V , and the function λ 7→ ‖λ‖
is continuous on this set. So we may let λ ∈ K be an element which maximizes
the total mass ‖λ‖. We complete the proof by showing that this maximal value
must be 1.

Let us assume instead that ‖λ‖ < 1 and derive a contradiction. By (4), this
assumption implies that λ1(u) < µ(u) for some u ∈ U . We now define finite
sequences of distinct elements u1, u2, . . . in U and elements v1, v2, . . . (possibly
not distinct) in V by the following recursion. Start with u1 := u, and continue as
follows.
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• If some v1 ∈ Γ(u1) satisfies λ2(v1) < ν(v1), then stop the recursion. Oth-
erwise, by condition (3), we have

λ2(Γ(u1)) =
∑

v∈Γ(u1)

λ2(v) =
∑

v∈Γ(u1)

ν(v) = ν(Γ(u1)) ≥ µ(u1) > λ1(u1).

Therefore there must be some v1 ∈ Γ(u1) and u2 ∈ U \ {u1} such that
λ(u2, v1) > 0.

• It some v2 ∈ Γ(u2) satisfies λ2(v2) < ν(v2), then stop the recursion. Other-
wise, by condition (3), we have

λ2(Γ(u1, u2)) = ν(Γ(u1, u2)) ≥ µ({u1, u2}) > λ1({u1, u2}).

Therefore there must be some v2 ∈ Γ(u1, u2) and u3 ∈ U \ {u1, u2} such
that λ(u3, v2) > 0.

• Continue . . .

At each step i of this procedure, we either stop the recursion, or we choose an
element ui+1 in U \ {u1, . . . , ui−1}. Since U is finite, this cannot go on forever,
so the recursions must stop at the nth step for some n. At that point, we have
produced distinct elements u1, . . . , un of U and also elements v1, . . . , vn of V
such that the quantities

µ(u1)− λ1(u1), λ(u2, v1), λ(u3, v2), . . . , λ(un, vn−1), ν(vn)− λ2(vn)

are all positive. Let ε > 0 be their minimum, and now define λ′ by

λ′(u1, v1) := λ(u1, v1) + ε,

λ′(u2, v1) := λ(u2, v1)− ε,
λ′(u2, v2) := λ(u2, v2) + ε,

...
λ′(un, vn) := λ(un, vn) + ε,

λ′(u, v) := λ(u, v) for all other pairs (u, v) ∈ R.

By our choice of ε, this λ′ is still a member of K. We have added ε to n entries,
but subtracted it from only n− 1, so the total masses satisfy ‖λ′‖ = ‖λ‖+ ε. This
contradicts our initial choice of λ.

Therefore some element λ of K satisfies all the conditions in (4).
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For Theorem 4, we use a particular special case of Lemma 5. Suppose now
that U = V , that ≤ is a partial order on V , and that R = {(u, v) : u ≤ v}. A
subset A ⊆ V is an up-set if[

u ∈ A and v ≥ u
]

=⇒ v ∈ A.

Corollary 6. In the setting above, if µ, ν ∈ Prob(V ) satisfy the condition that
ν(A) ≥ µ(A) for every up-set A, then µ and ν have a coupling which is mono-
tone, meaning that λ(u, v) > 0 only if u ≤ v.

Proof. We need to check (3) in this setting. For any A ⊆ V , the set Γ(A) is an
up-set which contains A, and so our assumption on µ and ν gives

ν(Γ(A)) ≥ µ(Γ(A)) ≥ µ(A).

2.2 Proof of MKR duality

Proof of Theorem 4. As remarked following the statement of the theorem, the in-
equality ‘≥’ is immediate. So let us focus on proving the inequality ‘≤’.

Step 1: finite metric spaces. First suppose that X is a finite set, and fix
µ, ν ∈ Prob(X). Since Lip1(X, x0) is a compact subset of RX , there is an
f ∈ Lip1(X, x0) which achieves the supremum on the right-hand side of (1).

Fix this function f , and consider the following relation on X:

(x, y) ∈ R if and only if f(y)− f(x) = d(x, y).

A simple argument using the triangle inequality (exercise!) shows that this is a
partial order on X , so let us write x ≤ y instead of (x, y) ∈ R.

We now use the maximality property of f to verify the condition in Corollary 6
for this partial order. LetA ⊆ X be an up-set. If x ∈ Ac := X\A and y ∈ A, then
x 6≥ y, because A is an up-set. By the definition of our partial order, it follows
that

f(x) < f(y) + d(x, y) whenever x ∈ Ac, y ∈ A.

Therefore, since X is finite, there is some ε > 0 such that

f(x) ≤ f(y)− ε+ d(x, y) whenever x ∈ Ac, y ∈ A.
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This implies that the function f ′ := f − ε1A is still 1-Lipschitz on X . By the
optimality of our original choice of f , it follows that

ż

f ′ dν −
ż

f ′ dµ =

ż

f dν −
ż

f dµ− ε[ν(A)− µ(A)]

≤
ż

f dν −
ż

f dµ.

Therefore ν(A) ≤ µ(A).
So now Corollary 6 gives a coupling λ supported on R. By the definition of

R, this coupling achieves equality in (2), and hence also in (1).

Step 2: general compact metric spaces. Now consider a general compact
spaceX . For any δ > 0, compactness provides a finite partitionX = P1∪· · ·∪Pk
and points xi ∈ Pi such that each Pi has diameter at most δ. Let V := [k], define
probability measures on this set by

µ′(i) := µ(Pi) and ν ′(i) := ν(Pi),

and define a metric on V by d′(i, j) := d(xi, xj).
By the result for finite sets, there exist a coupling λ′ of µ′ and ν ′ and a function

f ′ ∈ Lip1(V, d′) such that
ż

d′ dλ =

ż

f ′ dν ′ −
ż

f ′ dµ′.

Let f be any extension of f ′ to a 1-Lipschitz function on X , and let

λ :=
k∑

i,j=1

λ′(i, j) · (µ( · |Pi)× ν( · |Pj)).

One checks easily that λ is a coupling of µ and ν (exercise!), and that λ and f
satisfy

ż

f dν −
ż

f dµ ≥
ż

f ′ dν ′ −
ż

f ′ dµ′ − 2δ

=

ż

d′ dλ′ − 2δ

≥
ż

d dλ− 4δ.

Since δ was arbitrary, this completes the proof.
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3 Connection to the vague topology

Lemma 7. The vector space Lip(X) is a uniformly dense subset of C(X). The
further subset Lip1(X, x0) is compact in that topology.

Sketch proof. The collection Lip(X) is a real subalgebra ofC(X) which separates
points and does not vanish anywhere, so the first conclusion follows from the
Stone–Weierstrass theorem. (Verifying these hypotheses: exercise). The second
follows from the Arzelà–Ascoli theorem.

Proof of Theorem 3. Step 1: d is a metric. The symmetry of d is immediate from
the definition.

If d(µ, ν) = 0, then Theorem (1) implies that
ş

f dν =
ş

f dµ for all Lipschitz
functions f . By Lemma 7 this conclusion extends to all continuous functions, and
this implies that ν = µ.

Finally, for any f ∈ Lip1(X) and any µ, ν, γ ∈ Prob(X) we have
ż

f dγ−
ż

f dµ =
[ ż

f dγ−
ż

f dν
]

+
[ ż

f dν−
ż

f dµ
]
≤ d(γ, ν)+d(ν, µ).

Taking the supremum of the left-hand side over f , this becomes the triangle in-
equality for d.

Step 2: vague topology. Let T be the topology on Prob(X) generated by d.
By Theorem 4 and the first part of Lemma 7, the functional

ν 7→
ż

f dν

is continuous according to T for every f ∈ C(X), so T contains the vague
topology. On the other hand, by the second part of Lemma 7, d is a supremum of
differences of such functionals over a compact subset of C(X). It is therefore a
continuous function on Prob(X) × Prob(X) for the vague topology (exercise!),
and so T is contained in the vague topology (exercise!).

Here is another basic which follows immediately from Theorem 4:

Lemma 8. If (X, d) has diameter D, then

d(µ, ν) ≤ D‖µ− ν‖ ∀µ, ν ∈ Prob(X).
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Proof. Any f ∈ Lip1(X) satisfies

|f(x)− f(y)| ≤ D ∀x, y ∈ X.

Therefore, after adding a constant to f , we may assume it takes values in [0, D].
Thus f/D takes values in [0, 1], and so

ż

f

D
dν −

ż

f

D
dµ ≤ ‖µ− ν‖.

4 Notes and remarks

In this lecture I have assumed familiarity with compact metric spaces and Borel
probability measures at about the level of [Rud76, Rud87].

Monge–Kantorovich–Rubinstein duality is covered in [Dud02, Section 11.8].
Dudley allows general complete separable metric spaces, and gives the more ab-
stract proof based on the Hahn–Banach theorem.

The transportation distance has a close cousin called the Prokhorov distance,
and it has its own duality result due to Strassen. Our proof of Theorem 4 is per-
haps closer in spirit to the usual proof of Strassen’s theorem. That can be found
in [Bil68, Section 1.6] or [Dud02, Section 11.6].

Our key combinatorial result, Lemma 5, is essentially a special case of the
max-flow min-cut theorem from graph theory [Bol98, Section III.1]. The proof
above is quite similar to the proof in that reference.

Further reading:

• Transportation metrics fit into a more general branch of mathematical anal-
ysis called ‘optimal transportation’, which has become very active in recent
years owing to some new advances in connection with PDEs: see, for in-
stance, the survey [Eva99] or textbooks [Vil03, Vil09].

• A non-technical history of the transportation distance, including its rôle
in ergodic theory (to which we turn later), can be found in [Ver13] (or
see [Ver04] for a more technical discussion).
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