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1 Introduction

One interpretation of the Shannon entropy H(p) of a probability measure p on
a finite alphabet A is that H(p) measures the exponential growth rate of the
number of typical strings in An which have empirical distribution approximately
p.

In random matrix theory, one can ask similar questions about the eigenvalue
distribution of a random matrix. For example, if we choose a self-adjoint matrix
in Mn(C) according to a Gaussian measure (1/Z) exp(−nTr(X2)) dX (known as
the Gaussian Unitary Ensemble or GUE), the eigenvalue distribution will expo-
nentially concentrate near the semicircle law, the measure given by c

√
4− x2 dx

on [−2, 2]. For any measure ν on R, the probability that the Gaussian matrix
has eigenvalue distribution approximately ν is about exp(−n2E), where E is
the logarithmic energy minus the variance∫

R

∫
R
|s− t| dν(s) dν(t)−

∫
R
t2 dν(t).

If we choose the matrix according to Lebesgue measure, then the growth rate of
the microstate space is given by the logarithmic energy. Thus, the logarithmic
energy serves as the replacement for entropy in the setting of random matrices.

Now consider a tuple of random self-adjoint matrices (X1, . . . , Xm) (where
m will be fixed, not sent to∞). We need a notion of the empirical distribution of
the tuple (X1, . . . , Xm) which generalizes the eigenvalue distribution of a single
matrix. Because the matrices X1, . . . , Xm do not commute with each other,
one cannot predict how the matrices will interact algebraically based on the
individual eigenvalue distributions.

However, there is another interpretation of the eigenvalue distribution which
does generalize well. IfX has the eigenvalue distribution λ, then (1/n) Tr(Xk) =∫
R x

k dλ(x), that is, the moments of the eigenvalue distribution are given by the
traces of polynomials in X. We can then describe the “empirical distribution” of
X1, . . . , Xm by evaluating “non-commutative moments” τn(Xi1 . . . Xik), where
τn = (1/n) Tr is the normalized trace. Once we know the definition of a non-
commutative law, we can define free entropy by measuring the amount of mi-
crostates which approximately have a certain law.
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Here is a table showing the analogy between microstates for Shannon entropy
and microstates for free entropy:

string matrix multiple matrices
space An Mn(C) Mn(C)m

measure counting Lebesgue Lebesgue
observable letter frequency eigenvalue distribution non-commutative law

entropy Shannon entropy logarithmic energy free entropy

2 Definition of Free Entropy

We first reformulate the definition of a non-commutative law: Let C〈X1, . . . , Xm〉
be the non-commutative polynomial algebra in m variables. Then a non-
commutative law is a map λ : C〈X1, . . . , Xm〉 → C such that

• Linearity: λ is a linear map.

• Normalization: λ(1) = 1.

• Positivity: If P is a matrix with entries in C〈X1, . . . , Xm〉, then λ(P ∗P )
is positive semi-definite.

• Traciality: λ(pq) = λ(qp).

These axioms say that λ behaves like τ(p(X)) where X = (X1, . . . , Xm) is a
tuple of self-adjoint matrices. Now because matrices have finite operator norm,
their laws always satisfy

|λ(Xi1 . . . Xik)| ≤ Rk.

We will say that a law is bounded if it satisfies such an estimate.

Remark. Of course, not all bounded laws can be realized by tuples of self-
adjoint matrices. However, they can be realized by tuples of bounded self-adjoint
operators in a von Neumann algebra M which has a trace τ : M → C.

To talk about approximate microstates, we need a topology on the space of
laws. For measures on [−R,R], weak-∗ convergence is the same as convergence
in moments. Thus, we will equip the space Σm,R of laws which are bounded by
R with the topology of convergence in moments.

Given a law λ ∈ Σm,R0
, an R > R0, and a neighborhood U of λ∗ in Σm,R,

we define the microstate space

Γn,R(U) = {X ∈Msa
n (C)m : law of X is in U).

Remark. In practice, U is often specified by saying that |τ(pj(x)) − λ(pj)| < ε
for a list of polynomials pj , in much the same spirit as neighborhoods for the
entropy of the group action are specified by a finite list of generators and an
error tolerance ε.
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Then we define the free entropy by

χR(λ) = inf
U3λ

lim sup
n→∞

1

n2

(
log vol Γn,R +

m

2
log n

)
χ(λ) = sup

R>R0

χR(λ).

Here we divide by n2 because Msa
n (C) has dimension n2 over R, and we subtract

the normalizing constant (m/2) log n to account for the differing normalizations
of Lebesgue measure and the normalized trace. A calculation with the GUE
will convince you that this normalizing constant is needed.

As in the case of sofic entropy, we need to take a lim sup (or a lim inf) because
there is no reason a priori that the limit should exist. Unlike in the scalar case,
there is no easy way to prove that the sequence is subadditive, and we would not
expect it to be subadditive either, because Mj+k(C) is not the direct product
of Mj(C) and Mk(C) and we are dividing by n2 rather than n.

The sequence is hard to understand because the matrix algebras have less
useful algebraic relationships with each other than product spaces. It is not
even known in general whether the lim sup and lim inf versions of free entropy
agree, which has been an open problem since Voiculescu introduced free entropy
around 1990. Yoann Dabrowski is currently making progress in this direction,
and I am also doing research in this area.

3 Concentration

Spaces of large sized matrices are like product spaces in a different respect, in
that they also exhibit exponential concentration of measure. While I won’t have
time to prove general concentration results here, I will state them so that I can
apply them later. Note that we have n2 in the exponent, which is the right
thing in the exponent for proving a large deviation principle / Sanov’s theorem.

Theorem 3.1. Consider m independent GUE matrices X1, . . . , Xm such that
E[τ(X2

j )] = 1. Suppose that f : Msa
n (C)m → R is L-Lipschitz with respect to

the normalized L2 metric given by ‖(X1, . . . , Xm)‖22 =
∑m
j=1 τ(X∗jXj). Then

we have
P (|f(X)− E[f(X)]| ≥ δ) ≤ conste−constδn

2/L2

.

The same result holds for independent n × n unitaries U1, . . . , Um chosen
according to the Haar measure on U(n).

Recall in the setting of discrete classical entropy, similar results hold for
product spaces where the distance is given by the normalized Hamming metric.
For the GUE case, some concentration can be derived from the fact that the
Gaussian itself is close to being a product measure. However, most proofs of
these result involve either PDE or SDE / exponential martingale-type argu-
ments.
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4 Free Independence

Classical entropy (both discrete and continuous versions) is additive for inde-
pendent random variables, so it is natural to ask whether there is an analogous
notion of independence in the free case. Indeed, there is.

Recall that in the classical case, two random variables X1, . . . , Xm are
independent if and only if for all functions fj and g, we have

E[f1(X1) . . . fm(Xm)] = E[f1(X1)] . . . E[fm(Xm)].

We could equivalently write this as

E[fj(Xj)] = 0∀j =⇒ E[f1(X1) . . . fm(Xm)] = 0.

In the free case, we can write the same definition, except that because of the non-
commutativity, we have to consider products where each of the variables may
occur multiple times. Thus, the terms in our product will not just be indexed
by {1, . . . ,m} but rather by an arbitrary sequence of indices from {1, . . . ,m}
where two consecutive indices are never the same.

Definition 4.1. Let X1, . . . , Xm be non-commutative self-adjoint random
variables, and let τ be the trace (or a non-commutative law if you want). We
say that X1, . . . , Xm are freely independent if for any polynomials f1, . . . , fk
and indices i1, . . . , ik ∈ {1, . . . ,m} with ik 6= ik+1, we have

τ(f1(Xi1)) = 0, . . . τ(fk(Xik)) = 0 =⇒ τ(f1(Xi1) . . . fn(Xin)) = 0.

Free independence arises naturally in random matrix models. For instance,
as n → ∞, independent GUE matrices X1, . . . , Xm become asymptotically
freely independent from each other and from scalar matrices (where E◦τn is used
for τ in the definition of free independence). Moreover, because of concentration
and because non-commutative polynomials are Lipschitz functions on {‖Xj‖ ≤
R}, we can say that conditioned on Xj having operator norm ≤ R, the random
GUE matrices are approximately freely independent with respect to τn with
probability ≥ 1− e−N2δ.

Let’s try to give a flavor of the computations that are used to prove approx-
imate free independence in moments.

Lemma 4.2. Let Y be a GUE random matrix. Then

E[τn(AY BY C)] = τn(CA)τn(B)

and

E[τn(AY )τn(BY )] =
1

n2
τ(AB).

Remark. Note in particular that if A and B and C have trace zero, then the
first formula gives the same result as free independence.
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Proof. Let’s write down an orthonormal basis forMsa
n (C) with the inner product

given by 〈A,B〉 = Tr(A∗B). Such an orthonormal basis would be

Q = {Ej,j}j ∪ {(Ej,k + Ek,j)/
√

2}j<k ∪ {(iEj,k − iEk,j)/
√

2}j<k.

Now the GUE random matrix X is obtained as

Y =
1√
n

∑
Q∈Q

NQQ,

where the NQ’s are scalar-valued independent normal (0, 1) random variables,
where the normalization is chosen so that E[(1/n) Tr(X2)] = 1. Then by ex-
panding the sum

E[Tr(AY BY C)] = E[Tr[CAY BY ]]

=
1

n

∑
Q,Q′

E[NQNQ′ Tr[CAQBQ′]]

=
1

n

∑
Q

Tr[CAQBQ].

After a little matrix computation, we find that
∑
Q Tr[CAQBQ] =

∑
j,k Tr[CAEj,kBEk,j ]

because some of the cross terms cancel, and this evaluates to Tr(CA) Tr(B).
Thus,

1

n
E[Tr(AY BY C)] =

1

n2
Tr(CA) Tr(B),

which is what we wanted.
The second formula is just a special case of the fact that for a Gaussian

random vector Z, the covariance of 〈Z, v〉 and 〈Z,w〉 is given by 〈v, w〉 (up to
normalization). We give the proof in this case using the orthonormal basis Q.
Assume that A and B are self-adjoint. Then

E[Tr(AY ) Tr(BY )] =
1

n

∑
Q,Q′

E[NQNQ′ Tr(AQ) Tr(BQ)]

=
1

n

∑
Q

Tr(AQ) Tr(BQ)

=
1

n
Tr(AB)

because the Tr is the inner product and Q is an orthonormal basis. Then
dividing both sides by n2 proves the desired formula.

Higher moment computations can be built off this special case. For sim-
plicity, we will consider just the moments of a single GUE matrix X and show
how the analogous computation for the free case arises naturally in the limit.
We want to compute terms of the form E[τn(f(X))] where f is a polynomial.
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We’ll use a little trick of interpolating between 0 and X and compute how
E[τn(f(t1/2X))] changes as t goes from 0 to 1. Write Xt = t1/2X and let’s
compute

d

dt
E[τn(f(Xt))],

we will get a combination of lower order terms and thus the moments can
be computed inductively. However, there is a catch: In order for the in-
ductive computation to be closed we need to also include terms of the form
E[τn(f1(Xt)) . . . τn(fn(Xt))]. For concreteness, let’s compute

d

dt

[
E[τn(X3

t )τn(Xt)
]
.

Recall that adding independent Gaussians gives you another and hence Xt+ε

has the same law as Xt + ε1/2Y , where Y is GUE with normalized variance 1.
Then we write

τn((Xt + ε1/2Y )3)τn((Xt + ε1/2Y )2)− τn(X3
t )τn(Xt)

=ε1/2
[
τn(Y X2

t )τn(Xt) + τn(XtY Xt)τn(Xt) + τn(X2
t Y )τn(Xt) + τn(X3

t )τn(Y )
]

+ ε
[
τn(Y 2Xt)τn(Xt) + τn(Y XtY )τn(Xt) + τn(Y X2

t )τn(Y ) + τn(X2
t Y )τn(Y )

]
+O(ε3/2).

In order to take the expectation, we first take the expectation with respect to Y
(that is, conditioned on Xt). The O(ε1/2) terms all vanish in expectation. For
the O(ε) terms, we use the previous lemma and we get

d

dt

[
E[τn(X3

t )τn(Xt)
]

= E[τn(X1)τn(1)τn(Xt) + τn(1)τn(Xt)τn(Xt)]

+
1

n2
E[τn(X2

t · 1) + τn(X2
t · 1)]

On the other hand, what would happen in the free situation? The free
analogue of the GUE or the normal distribution would be a free random variable
X such that if (t+ ε)1/2X has the same non-commutative law as t1/2X+ ε1/2Y ,
where Y is a freely independent copy of X. In the free situation, we will no
longer have an expectation, but just replace E ◦ τn with a non-random abstract
trace τ . Then we can make the same computation with Xt and Y , except that
now the cross-terms like E[τn(Y X2

t )τn(Y )] would be replaced by τ(Y X2
t )τ(Y )

which is actually zero rather than just being O(1/n2). Altogether, we can
evaluate the expectations of the products of traces for the GUE inductively and
show that they are within O(1/n2) of the idealized free situation.

Similar computations work for multiple GUE matrices and for GUE matrices
together with scalars. The upshot is that it is very easy for random matrices
to be freely independent. Using moment computation plus concentration argu-
ments, “most” matrices according to the measure of m independent copies of
GUE will be freely independent of each other and of scalar matrices.
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5 Free Independence and Free Entropy

Now we are ready to state the free analogue of the fact that H(X,Y ) ≤ H(X)+
H(Y ) with equality if and only if X and Y are independent. Unfortunately,
there is some defect in the theorem due the question of lim sup versus lim inf in
the definition of free entropy.

Theorem 5.1. Let λ be a non-commutative law for random variables X1, . . . ,
X` and Y1, . . . , Ym, and let µ and ν be the marginals for X = (X1, . . . , X`) and
Y = (Y1, . . . , Ym).

1. We have χ(λ) ≤ χ(µ) + χ(ν).

2. If χ(λ) = χ(µ) + χ(ν), then X and Y are freely indepedent.

3. If X and Y are freely independent and if the lim sup and lim inf quantities
in the definition of χ agree for either µ or ν, then χ(λ) = χ(µ) + χ(ν).

Sketch of proof. (1) The idea is that if matrices x = (x1, . . . , xm) and y =
(y1, . . . , ym) have approximately the correct joint law λ, then they must have
approximately the correct marginals µ and ν respectively because the marginals
are obtained by evaluating a subset of the joint moments. In terms of microstate
spaces, suppose that we have neighborhoods U and V of the laws µ and ν
respectively. Then we can define a neighborhood W of λ by saying that λ′ ∈ W
if the marginals of λ′ are in U and V respectively. But then the microstate
spaces satisfy

Γn,R(W) = Γn,R(U)× Γn,R(V).

So

χR(λ) ≤ lim sup
n→∞

1

n2

(
log vol Γn,R(W) +

`+m

2
log n

)
≤ lim sup

n→∞

1

n2

(
log vol Γn,R(U) +

`

2
log n

)
+ lim sup

n→∞

1

n2

(
log vol Γn,R(V) +

m

2
log n

)
.

Then by taking the infimum over U and V, we get χR(λ) ≤ χR(µ) + χR(ν) and
then we take R→∞.

(2) First, let’s give an overview of the strategy. The goal is to show that for
neighborhoods U and V of the marginals µ and ν, the vast majority of Γn,R(U)×
Γn,R(V) consists of pairs (x, y) which are approximately freely independent. As
a consequence, if X and Y are not freely independent according to λ, then the
microstate space of λ will be contained in a very small portion of Γn,R(U) ×
Γn,R(V) and hence χ(λ) will be strictly smaller than χ(µ) + χ(µ).

To prove that most pairs (x, y) ∈ Γn,R(U)×Γn,R(V) are freely independent,
we observe that if (x, y) is in the microstate space then (x, UyU∗) is also in
the product of microstate spaces for any n× n unitary U . Because of moment
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computations and concentration estimates on the unitary group, a random Haar
unitary is overwhelmingly likely to be approximately freely independent of x
and y, and in this case UyU∗ will be approximately freely independent of x
(by a computation we explain below). But then we can do a Fubini’s theorem
argument (written imprecisely) as follows

|Γ(X ∼ µ and Y ∼ ν not free)| =
∫

Γ(µ)×Γ(ν)

1(x,y) not free

=

∫
UN

∫
Γ(µ)×Γ(ν)

1(x,UyU∗) not free

=

∫
Γ(µ)×Γ(ν)

∫
UN

1(x,UyU∗) not free

≤
∫

Γ(µ)×Γ(ν)

∫
UN

1U not free from (x,y)

≤
∫

Γ(µ)×Γ(ν)

exp(−N2δ)

≤ exp(−N2δ)|Γ(µ)| · |Γ(ν)|,

and then we should finish by taking logs and subtracting off the normalizing
constants and dividing by n2 and so forth.

It only remains to make this argument precise. Suppose that X and Y
are not free according to the law λ. Then there exist some non-commutative
polynomials f1, . . . , fk and g1, . . . gk such that τ(fj(X)) = 0 and τ(gj(Y )) = 0
and some ε > 0 such that

|τ(f1(X)g1(Y ) . . . fk(X)gk(Y ))| > ε.

Let W be the neighborhood of λ given by the condition that this moment > ε.
For any sufficiently small neighborhoods U and V of the laws µ and ν, we can

guarantee that fj(X) and gj(Y ) have expectation very close to zero and that
enough higher moments of the X’s and Y ’s are bounded so that the product of
the fj(X)’s and the gj(Y )’s is Lipschitz on the microstate space (with Lipschitz
constants independent of the radius R which bounds the operator norm). Then
applying our moment computations and concentration estimates for the unitary
group, we can argue that for any fixed x and y in the microstate space

|τ(f1(x)Ug1(y)U∗f2(x) . . . fk(X)Ugk(y)U∗)| < ε with probability 1−exp(−N2δ),

when U is a random Haar unitary and δ is some positive constant chosen based
on the Lipschitz norm of this particular function and the constants in the con-
centration inequality. But note that this means exactly

|τ(f1(x)g1(UyU∗)f2(x) . . . fk(X)gk(UyU∗))| < ε with probability 1−exp(−N2δ),

or in other words UyU∗ is “approximately freely independent” of x with respect
to this particular non-commutative moment. By using the Fubini’s theorem
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argument, it follows that

|Γn,R(W) ∩ (Γn,R(U)× Γn,R(V))| ≤ exp(−N2δ)|Γn,R(U)× Γn,R(V)|,

where the same δ works for all R, for all sufficiently small U and V. Note that
the left hand side corresponds to a neighborhood of λ where the marginals are
in U and V and the joint distribution is in W. So then because χ(λ) is given by
an inf over all such neighborhoods, we get that

χ(λ) ≤ χ(µ) + χ(ν)− δ.

(3) We know that χ is upper semi-continuous and so by compactness one
can show that χ(λ) achieves a maximum over all non-commutative laws with
marginals µ and ν. We can write the product of the microstate spaces for µ
and ν as the union of microstate spaces for laws λ with those marginals. By
doing some estimates and using compactness, it follows that the lim sup for the
product of microstate spaces is the maximum of the free entropies of all the
laws λ with the correct marginals. Because of our assumption about lim sup
and lim inf, we know that the lim sup for the product of the microstate spaces
is the sum of the two lim sup’s for the individual microstate spaces. Therefore,
the maximizing law must achieve χ(λ) = χ(µ) + χ(ν). Then it follows from (2)
that the law λ is the law of freely independent variables realizing µ and ν.
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