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1 Onthe Erdds-Volkmann and Katz-Tao Ring
Conjectures

after J. Bourgain [1]
A summary written by Jonas Azzam

Abstract

In this paper, Bourgain solves the long standing conjecture rst
posed by Erdes and Volkmann on whether or not there exists a Brel
subring of the real line of nonintegral dimension. In this summary, we
discuss the problem, Bourgain's approach, and outline the geliminar-
ies for the proof of his main result.

1.1 Introduction

The main aim of this paper is to prove the following:
Theorem 1. A Borel subring of the real line must have dimension 0 or 1.

This solves a long standing conjecture by Erdes and Volkmanabout
whether such sets exist with fractional dimension. While tis result was
proved simultaneously with G. Edgar and C. Miller [2], Bourgin's approach
has a wider range of consequences due to the work of Katz andoTaHere,
we will go over their reformulation of the problem, as well athe other closely
related conjectures before discussing the preliminariessults to Bourgains
main proof.

1.2 The Ring, Distance, and Furstenburg Conjectures

Falconer previously showed that if the ring has dimension gater than 1/2,
then its dimension must be 1. This is a corollary of Falconer'theorem that
if A R satises dimA > 1=2, then

D(A)=fix yi:xy2Ag

has positive Lebesgue measure (let alone dimension 1). Withis fact, the
proofis short: ifA is aring, then sinceD?(A A) = fix yj2:x;y 2 A Ag



A, the square function preserves dimension, and did( A) 2dimA> 1,
we have

1 dim(A) dimD%A A) D(A A) minfl;2dimAg=1:

For more information on dimension geometric techniques enaged here,
see [4].

Falconer posed a general conjecture that K is a compact subset of
the plane with dimK 1, then dimD(K) = 1. A weaker version of this
conjecture is the following:

Conjecture 2. (Distance Conjecture) There is an absolute constard > 0
such that ifdimK 1, thendimD(K) 3+ c.

So clearly, there is a relationship between the distance arthg con-
jectures. Katz and Tao explored this relationship in more dail (see [3]).
There, they developed discrete analogues of the distancedarnng conjec-
tures, in hopes that proving these analogues would lead to agof of the
nondiscrete versions.

De nition 3. We sayA R"isa(; ), setif A is a union of balls of
radius and
JAVB(x;r)j C" (r=)

foranyx 2 R" andr 2 [; 1].

This essentially says thatA acts like the -neighborhood of a dimen-
sional set. With this discretized version of a fractal set, Ktz and Tao devel-
oped a discretized version of the distance conjecture, aslivas a discretized
version of the Furstenburg conjecture. This latter problenasks whether there
is a lower bound ( ) for the dimension of setsA such that for any direction
s 2 St there is a lineLs in that direction such that dim(A\ L)

Conjecture 4. (1=2) 1+ cfor some constantc > 0.

Finally, Katz and Tao develop the following analog for the mg conjec-
turel:

1This actually conjectures that there is no subring of dimenson 1=2, however, by
replacing the 1=2 with , we get the more general conjecture.



Conjecture 5. (Discretized Ring Conjecture) LetA be a(; 1=2); set of
measure 2, Then

jA+ Aj+ jAA] C e
wherec > 0 is some absolute constant.

As said earlier, these conjectures are all in fact related.n Iparticular,
Katz and Tao show:

1. The discritized distance conjecture implies the distaecconjecture,

2. the discritized Furstenburg conjecture implies the Futenberg conjec-
ture, and

3. all three discritized conjectures are equivalent.

1.3 Main Results

In Bourgain's paper, he proves the discretized ring conjagte and further
shows that this implies the original distance conjecture,ra by the results of
Katz and Tao, this gives positive results for the other two agectures. The
two main results are the following:

Theorem 6. If Aisa(; )i set, 2 (0;1), such thatjAj> * | then
jJA+ Aj+jAAj> ¢
for some absolute constant= c( ) > 0.

Theorem 7. The discretized ring conjecture (i.e. the previous theorenim-
plies the ring conjecture.

He rst proves the latter theorem for dimension 2, that is, tre discretized
ring conjecture implies there does not exist a Borel subringf dimension 2
(which we will demonstrate in lecture) and later shows how @ncan adapt
this to include all dimensions between 0 and 1.

Next, he introduces and develops some preliminary lemmag the main
proof of the discretized ring conjecture.

First, he develops a partition theorem that says for setd whose sumsets
are not too large, then the sets have some regular spacing.
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Lemma 8. Let A R such that
N(A+ A; )<KN (A; )

and that
K(N (A; ) °

is small. Then there isq2 N such thata > and

[ a
A B(o+ —;—):
a2z q q

Next, he'd like to prove a weaker version of this theorem but ih a
weaker restriction on the scale of the size of the intervals with respect of

their spacing of each other. It uses the previous lemma thellfawing basic
lemma:

Lemma 9. Assume
NQ@A ) _
N(A; )
Let > andA= ;,5A; whereA; = A\ |; 6 ; andfl;gis a partition
of the real line into intervals of length . Let | satisfy

K:

N(A; ; ):mcjaxN(Aj; )

and let
Si=fj2S:N(A;; )>TK N(A + A ; )g

Then X

N(Aj; ) < 4TN(A; )

j2sg

and ifj 2 Sy,

N (2A;; K

( J. )< (_)3:

N(A;; ) T

Lemma 10 (Main Lemma). Let A R be a bounded set,> 0, and assume

N(2A; )

W<K and N (A; )< :

Then there exist; °> Owith %> andA° A such that



1. < (logK)C (egK) €

2. Alis contained in a union of intervals of length °and spaced apart
by at least ° and

N (A )
3. N(AO, ) > K log(i=) -

So we can't guarantee that the entire sef is evenly spaced apart, but
we can nd a su ciently large subset which is spaced by © that is to say
that it's porous. In the proof of the discretized ring conjeture, one assumes
jAj > 2" andjA+ Aj+ jAAj < 2 | According to Katz and Tao,
one may assume this impliegA:A  A:Aj < ¥2 | This lemma is used in
nding a large subsetC of A which is su ciently porous such that on average
multiplicative translates xC have small intersection and hencg,C + XCj
will be large on average, and this will help show thgtA:A  A:Aj is large for
a desired contradiction.
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2 Quantitative idempotent theorem

after B. Green and T. Sanders [1]
A summary written by Yen Do

Abstract

The classical theorem proved by P. Cohen [2] states that anydem-
potent measure on locally compact abelian groups lies in the coset
ring of 8, i.e.

where the j are open subgroups ofd. This theorem however does not
give any information about L. We will prove that L can be bounded by

" < and the number of distinct open subgroups j may be bounded

above byk k+ 5.

2.1 Introduction

Let G be a locally compact abelian group with dual groupﬁ. Let M (G) be
the algebra of bounded regular Borel measures @& A measure 2 M (G)
is idempotent i = ,i.e. bis a characteristics function on®.

Theorem 1 (Cohen's idempotent theorem) is idempotenti f 2 8
b( ) = 1g lies in the coset ring of®, i.e.

j 1)

j=1
where the ; are open subgroups d8.

This was proved by Paul Cohen [2]. Partial results was prewisly obtained
for G = T by Helson [3] andG = T¢ by Rudin [4]. This theorem however
does not give any information about; for instance, it is trivial when G is
nite. We will prove the following quantitative version of Cohen's theorem:

Theorem 2 (Quantitative idempotent theorem). Suppose that 2 M (G)

is idempotent. Then in (1) we can bound. by e “* and the number of

1

distinct open subgroups ; by k k+ 5.
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When G is nite, theorem 2 describes characteristics functions dhe nite
abelian group®. These results, indeed, hold foZ-valued functions on®:

Theorem 3. Suppose thaiG is a nite abelian group. For anyf : G! Z
with kf ka := kik .5 M, we may write

VS
f= L+,
j=1

where allx; 2 G, H; G subgroups and. ™ . The number of distinct

subgroupsH; may be bounded above By + i

Notes In theorem 3, G and kf k, play the roles of@ and k k in the idem-

potent theorem. The numberﬁ in the estimates of theorem 2 and 3 can be

improved to any given positive .

Theorem 2 can be deduced from theorem 3 by a standard argumaerging
nite group approximation. In this exposition, we will prove theorem 3.

2.2 The main argument

The proof of theorem 3 is essentially by inducting on the algea norm kf kx .
Ideally we would like to decomposé into f,+ f, wheref, andf, are integer-
valued functions, with either smaller algebra norm or nice éhavior (to be
speci ed below). It turns out to be easier to work with almostinteger-valued
functions, i.e. functions that take values inZ +[ ; ] for some small.
If f is an -almost Z-valued function, we de nef; to be its integer-valued
approximation and write d(f; Z)

Lemma 4 (Induction step). Supposef : G! R hasfz 6 0, kfka M for
someM 1, andd(f; Z) , for some very small (says = e ", C;
large given). For any = e® “°" | we may writef = f, + f,, such that:

() The algebra norm is preservedkf ky = kf 1ka + Kkf 5Ka;

(i) the components are still almostZ-valued: d(f1;Z) d(f; Z)+ , and
(consequently)d(f,;Z) 2d(f; Z2) + ;

(i) f, has a signi cantly smaller algebra normkf,ks k fka 1=2;

11



(iv) either f; has smaller algebra normkf,ka k fka 1=2),0or (f;)zisa

sum of at moste™ "~ functions of the form 1,,+n (in which case we
say it is nished).

Proof of Theorem 3 using Lemma 4. Letf : G! Z be a nonzero function,
with kfka, M. Let = ¢€° Cou® be a small parameter. If at every step
we can apply lemma 4 on all un nished components df, the number of
steps can not exceedM, because otherwisé&f ka %(ZM +1) >M . Since
d(f; Z) = 0, estimate (ii) in lemma 4 shows that all the obtained compnents
are -almost Z-valued functions, with

22¢::2d(f; Z2)+ )::)+ )+ < 2M

Thus, if Cy was chosen to be very large at the beginning, all intermed&aun-
nished components off are admissible candidates for lemma 4. Thus, after
at mpst 2M steps, all functions will be nished, i.e. we have a decompitien

f =" | fx where:

(@) L 22M;

(b) each @)z can be written as a sum of at mosg*™" * functions of the
form 1)(1.;k +H,» WhereH, G is a subgroup;

(c) d(f;Z) 22M for all k.

P

From here it is not hard to see thatf = jL:1 (f«)z. Theorem 3 will be
proved if we can show thatl M + 1. To see this, just notice that the
total algebra norm is preserved and iff(c)z 6 O for somek, we'll have:

M

1
M+ 15

kKicka K frki Kk (F)zki  d(fi;z) 10 2™

2.3 Proof of the induction step

>From now on, we will always assume thak is nite abelian. The decom-
position in lemma 4 will be of the form:

f= st +(f sf)

12



here S is tPe Fourier multiplier operator with multiplier bl and ; has the
form =+ 2L for someX; G will be a nice subset ofG:

iXaj o jXaj
dsf ()= )bi()
It is not hard to see that O bl( ) 1forall , so the required condition of
lemma 4 on algebra norm preservation is automatically satesl. To meet the

other requirements, we will constructX, as part of a niceregular Bourgain
system

De nition 5  (Bourgain system) Let G be a nite abelian group andd 1
be an integer. A Bourgain system S of dimension d is a collami(X ) 204
of subsets of G satisfying:

bs1l (Nesting) If © we haveX o X ;

bs2 (Zero) 02 Xo;

bs3 (Symmetry) If x 2 X then x2 X ;

bs4 (Addition) For all ; °suchthat + ° 4wehaveX +X o X , o
bs5 (Doubling) If 1we havgiX, ] 29X j.

For a Bourgain systemS, we de ne |Sj := jX,j to be its sizeand (S) :=
jSj9Gj to be its density in G. Notice that there is a canonical probability
1x 1x ..
measure onanyX, ,denedby = X7 X Examples of a nontrivial
Bourgain system include Bohr systems, and the collection ofosed balls at
the 0 in a translation-invariant pseudometrics space witha@ubling properties.

If > 0, we dene the dilated of S by S = (X ) 2p04. The following
simple lemma is useful in the sequel:

Lemma 6 (Dilated Bourgain systems) For any Bourgain systemS and for
2 (0;1], we havedim(S)=dim(S) andjSj (=2)94Sj.

De nition 7 (Regular Bourgain system) A Bourgain systemS = (X ) 2j0.4]
with dimention d is said to be regular if

X4

- - 10d
X1+ ]

whenevelj j .

13



Remark Really, this is the de nition of a Bourgain system being reglar
at = 1. The number 10 in the de nition can be replaced by any posive
number, it is chosen only for simplicity of the argument.

It is not hard to show that:

Lemma 8 (Regular dilated Bourgain systems) For any Bourgain systemsS,
9 2 [1=2;1] such that S is regular.

Regular Bourgain systems has the following important propty:

Lemma 9 (Almost invariance). If f is any complex-valued function orc
and S is a regular Bourgain system of dimensiomn on G, then for every
2 (0;1) andy 2 X we have:

j sf(x+y) sf(x)]  20d kfky

Now, to prove the induction step (i.e. lemma 4), we will use #n following
proposition:

Proposition 10. Under the same assumptions as in the main lemma (Lemma
4), we can nd a Bourgain systemS such that:

(A) Bounded dimension:d = dim(S) &M*;
(B) Positive density (S) € ™ kfzkq:

(C) sdoesnotkillf: k sfky, 2e M* (to avoid a trivial decomposition
of f);

(D) sf remains almostZ-valued: d( sf; Z) d(f; 2) +

Proof that such a system gives a desired decompositidfirst, recall that =
e CM* \as given, and we can choos®, to be very large compared to the con-
stant C in property (C). Now, as previously indicated, we de nef, := <f
andf, ;= f sf . Property (D) immediately gives us the desired control
ond(fy;Z) and d(f ,; 2).

Now, sinceC, is very large compared taC we will havek sfk, >d( sf; Z2)

therefore ( sf)z 6 0. This easily implieskfjoa k sfka 1 > 1=2and
gives the desired bound fokf ;Kka .

14



Finally, assumekf 1ka > kf ka  1=2 and we will show thatf; is nished by
showing f1)z fz andis constant onH =< X > for = 5. If this'is
done, we clearly can write:

S
(fi)z="fz= 1xj+H
j=1

where we may take

M kf 2k
K1y kg

and the desired bound. € " can be obtain by observing that:

X ] —d
k1n ky iG] (=2)" (S)
To prove the above claims, rst notice thatkf ks = kf ks k fika < 1=2,
this easily implies f,)z 0 and sof; = ( sf)z. Now using the almost
invariance of regular Bourgain system and the bound (A) on di(S), for any

x x%2 X we easily have:

iCsf)z(x)  ( sf)z(x9) 2d(f; 2)+3 < 1

2.4 Construction of the required Bourgain system

In this section we sketch the main ideas used prove proposii 10. The
construction is done incrementally. It is not hard to constuct a system sat-
isfying given bounded dimension and given positive densjtyt is however
harder to meet (C). After a Bourgain system with (A,B,C) havebeen con-
structed, an averaging argument will be used to re ne it to aystem with
additional property (D):

Theorem 11. Suppose thatf : G ! M satises kf ka M for some
M 1, and also assume thati(f; Z) < 1=4. For any positive 1=4 and
any Bourgain system S with dimensionl 2, there is a regular Bourgain
system S' with

(i) dim(S) 4d+ &M°;

15



(i) jS§ e S loateM=)ig;,
(i) k sfks Kk sfk
(v) d( «f; 2) d(f; 2)+

Sketch of proof.We'll construct a nested sequence of Bourgain systei@® =
S; SW;S@: . until a system satisfying all (i-iv) is found. In this sequene,
for every SU) not having property (iv) (this is true for everyone, except ér
the last one - if the sequence terminates), there is a subsef) @ such
that

X 2
it )j > T

2 )

(2)

These ) will be disjointly constructed, and this immediately implies that
the sequence must stop at some= J 242 Now the bound onj can be
used to show that every membes!) of the sequence (including the last one,
which we will take asS9 will satisfy (i,ii,ii). The construction of () and

S0+ out of an SU) without property (iv) is done through the following steps:

Step 1 If property (iv) failed for S then for any xo 2 G and any su-
ciently small (says, soqow) that makes S Oregular, we can use the almost
invariance property (lemma 9) to show:

Exac(f 50)(X)2 0(X Xo) > 24

Step 2 By lemma 6 on dilated Bourgain systems, we can take g inthe
previous step. Plancherel's theorem then implies the exesice of é‘ o@
such that

2

X , _ :
12@1’0()(1 O LA Earvs

Now, (2) is satis ed if we de ne () by truncating from @ the tails in the

above sum, i.e. avoiding places where 1 f)( ) and b(”( g D ) are too
small:

16



2 2

. i, (+D) .
an29\fi P00 N> g

(()J+) + Spec 2-eav2( 1)) nSpec; 2=z 2 ( ij))

o=t P0)> g

Step 3 The disjointness of ()'s will be ensured if we choose a regular
Bourgain systemSU*1) where

- . j+1
(()J+) + Spec 2-gam 2( (J)) Spec;  2-gm2( i” ))

and for everyk j,

k j+1
Spec;  2-3m2( g)) Specy 2-3om2( iﬁ))

This could be done by joining a suitable dilated o580) and a small Bohr
system of the character §™ (needed to control the behavior of ™).
The resulting system might need to be dilated by some 2 [1=2; 1] to ensure
regularity. More explicitly, we can choose:

Si = s WaBohr of §*Yg)
where i=dgM4; 0 2=M2

Step 4 Standard bounds on dimension and size of Bohr systems theasiy
give the required bounds (i,ii) on the size and dimension f&U*V) . Also,
regularity and the nesting property ofS0) gives

j sf sfj=jf (1 g 1)]
which is small if ¢ is supported on a very small neighbourhood of 0. The
latter is however guaranteed by the construction of the sequceS() (notice
that if the sequence actually stops aS©® = S then we wouldn't have this

small support property, but clearly if this was the case notimg need to be
proved). O

We now sketch the main steps in constructing a Bourgain systewith prop-
erties (A,B,C) from given function f satisfying the condition of lemma 4.
This is essentially based on the following result:

17



Proposition 12 (Weak Freiman). If A G is a nonempty nite subset of a
nite abelian group G, with jJA+ Aj KjAj then there is a regular Bourgain
systemS = (X ) 210.4; Such that

dim(S) CK©C; jSj e “““jAj;andk slak; cK ©

When A is a large subset of5, a Bogolyubov-Chang's argument [6, 7] can
be used to proved the above proposition; furthermore in thatase it is pos-
sible to show thatX, 2A 2A. The general case can then be reduced to
this special case by applying an analogue of Freiman's theon for arbitrary
abelian groups [5].

To continue, we need the notion ofirithmetic connectedness First, we say
thata setfas;:::;aqgisdissociatedif the only solutionto a3+ + xax =0
with  2f0;1; 1gis the trivial solution.

De nition 13  (Arithmetic connectedness) A subsetA G with 0 62A is
called m-arithmetically connected for somen 1 if for any subsetA° of A
with sizejAY = m we will have either:

(i) ACis not dissociated, or

(i) ACis dissociated, and there is some 2 A n A° with x 2 hAi.

in A there is a nontrivial linear relation ¢Xxq + + mXm =0. Using an av-
eraging argument it is not hard to show that anym-arithmetically connected
set A has at leaste “MjAj® additive quadruplesa; + a, = az + a,. This
results can be combined with a previous result by Gowers [8rdposition 12]
and the weak Freiman theorem (proposition 12) to deduce:

Proposition 14. If A is m-arithmetically connected nonempty subset @ n
fOg for somem 1, then there is a regular Bourgain systen$ satisfying:

dim(S) €™M
Cm

jSj € A

k glAkl e cm
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Proof of proposition 10. Take m comparable toM#, say m = [S0M 4] > 4.
First consider the simpler case wheh 0. De ne:
A = Supp(fz)

It is su cient to prove that A is m-arithmetically connected. IfA = G thisis
trivial, otherwise by translating f if necessary we can assumes@A. Suppose.
towards a contradiction, that A is not m-arithmetically connected. Then we

Consider the functionp(x) de ned through a normalized Riesz product:

o1 _
p( )= B (1+ E( (&) + (&)
19) =1
It is then not hard to see that kf zpka 2M 2, and the function p is real,
nonnegative and supported ofiney;:::;ani, and,
X P .. 1
p(ay) = 2 i >

i1aat + mam =4

m
K, pk? 4G

3
kL, ks iGj KL pk
P

12 contra-

An application of Holder inequality then easily givesf z pka
dicts previous upper boundkf ;pka  2M 2,

For generalf , we considerg = f 2 and get the systemS°for g. An argument

similar to the proof of theorem 11 can be used to re ne this stam to obtain
the desired systent for f . O
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3 A Sum-Product Estimate in Finite Fields,
and Applications

after J. Bourgain, N. Katz, and T. Tao [1]
A summary written by Jacob Fox

Abstract
We prove that if A F =: Z=¢Z with q prime and jAj | Fj* ,
then jA + Aj+ jJA Aj c( )jAj'* . This sum-product estimate has
applications to several problems for nite elds, includin g a Szemeredi-

Trotter type theorem, estimates for the Erdys distance problem, and
to the three-dimensional Kakeya problem.

3.1 Introduction

Let A be a non-empty subset of a nite eldF. Let
A+ A=fa+b:a;b;2 Ag

and
A A=fa b:a;b2 Ag:

It is clear that jJA + Aj;JA Aj] | Aj, and these bounds are sharp i is
asubeld of F. If F = Z=gZ with g prime, soF has no proper sub elds,
and jAj ] Fj, then one might expect to gain on this inequality. IfA is
an arithmetic progression, thenfA + Aj =2jA] l1lorA+A=F. IfAis
a geometric progression, thepA Aj = 2jA] 1 orA A = F, the set of
invertible elements off. It is natural to suspect that a subsetA can not act
both like an arithmetic progression and a geometric progrei®n. This idea
is captured in the main theorem.

Theorem 1. Let F = Z=¢Z with q prime, and let A be a subset oF such
that jAj < jFj* for some > 0. Then

max (A + Aj;JA Aj)  c( )iAJY

forsome = () > 0.

Bourgain, Katz, and Tao prove this theorem with the extra assmption
that jAj > jFj . This assumption was removed by Bourgain and Konyagin
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[2]. We will follow most closely the presentation in Green'ecture notes [6].
The best bound on is given by Katz and Shen [7], improving on an earlier
estimate of Garaev [5].

An integer version of Theorem 1 was proved by Erdds and Szeert [4]
much earlier. They showed maxf + Aj;jA Aj) j Aj** for any setA of
integers. The bound on has been improved several times, the most recent by
Solymosi [8]. An old conjecture of Erdys, which is still opeand considered
quite di cult, says that for each > 0, max(A + Aj;jA Aj) ¢ )jAj?

An analogous conjecture for nite elds, which is at least agli cult, says
max(A + Aj;JA Aj) o )min(jAjZ SjFj ).

We next discuss applications of Theorem 1 to three combinatal geom-
etry problems over nite elds. The following theorem is the rst of these
results.

Theorem 2. If one hasN lines andN points in the nite plane (Z=qZ)?
with N ¢f, then there are at mostO(N 3 ) incidences.

Using the fact that no two lines are incident to the same two pats,
which means the point-line incidence graph is has no cyclelehgth four, it
is easy to show the number of incidences betweBhpoints andN lines is at
most O(N *%2). Note that the above theorem does better. Theorem 2 is an
analogue of a result of Szemeedi and Trotter [9] thalN points and N lines
in the plane R? have O(N #2) incidences, which is tight.

The second application, which uses Theorem 2, is to the Ersiidistinct
distance problem. The problem asks: how many distinct distees are among
any N points in the nite plane (Z=qZ)?? A standard argument using The-
orem 2 demonstrates that anyN points with N ¢ determine N2+
distinct distances. The original problem of Erdys was in te planeR?2.

The last application is to the nite eld Kakeya problem. A Besicovitch
set in d-dimensions is a subset ofZ=qZ)¢ that contains a line in each di-
rection. The nite eld Kakeya problem asks how small can a Bsicovitch
set be? The nite eld Kakeya conjecture states that every Bsicovitch set
has at leastcd elements for some constant = c(d) > 0. Wol showed
when d = 3 that every Besicovitch set has cardinality at leastccP™. Using
Theorem 1, this bound can be improved ta@f=?* . The bound for the nite
eld Kakeya problem was improved by Dvir [3] using completsl di erent
methods (algebraic). Shortly after Dvir rst posted his pager, Alon and Tao
observed how Dvir's proof can be easily modi ed to resolve ¢h nite eld
Kakeya conjecture.
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3.2 Preliminaries

We list here two lemmas, the Plannecke-Ruzsa inequality ahthe Balog-
Szemeedi-Gowers lemma, that we use for the proof of Theonel. These
two lemmas are important tools for many problems in additiveombinatorics.

For a positive integerk, let KA denote thek-fold sumsetA+ A+ + A
where the number ofA's is k. We will also use the di erence set

A B:=fa b:a2A;b2Bg
and the quotient set
A=B = fa=b:a2 A;b2 B;b60g:

The rst lemma we use is the Plannecke-Ruzsa inequality.
Lemma 3. Let A and B be nite nhon-empty subsets of a nite eldF with
jA+Bj KjAj. Then for all positive integersk and ™, jKA "Aj KK jAj.

The next lemma we recall is the versatile Balog-Szemee@owers lemma.
Lemma 4. Let A;B be nite subsets of an additive group withAj = jBj,
and let G be a subset oA B with jGj | AjjBj=K andjfa+ b: (a;b 2
Ggj KjAj. Then there exist subseté&\® B° of A and B respectively with
jAY cK CjAjandjBY cK €jBj such thatjA® BY CKFECjA].

3.3 Proof outline of Theorem 1

The next lemma is an important step toward the proof of the surproduct

estimate. It says roughly that if neither A + A nor A A grows, then there
is a large subsefA® A such that A° A° A° A%does not grow. The proof
of this lemma uses the Balog-Szemeedi-Gowers lemma twiaance for the
multiplicative group F and once withF as an additive group.

Lemma 5. Let A be a non-empty subset &f such thatjA+Aj;jA Aj  KJA].
Then there is a subseA®of A with jAY cK CjAj such that

jA® A A° AY  CKEjA]:

The next lemma demonstrates that ifA A A A does not grow much,
then neither does any polynomial expression @f.
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Lemma 6. Let A be a non-empty subset &f such thatjA A A Aj KJjA]
for someK 1. Then for any polynomialP of several variables and integer
coe cients, we have

jP(AA;::::A)j CKEjA]
where the constanC depends orP.

The previous lemma together with the multiplicative versio of the Pldannecke-
Ruzsa inequality demonstrates the following extension. ¢leed, ifP; and P,
are polynomials, andQ = P;=P; is a rational function, then Lemma 6 implies
that, if if A°- A A A does not grow, thenP; P,, also a polynomial, does
not grow and henceQ = P;=P, does not grow as well.

Lemma 7. Let A be a non-empty subset ¢f such thattA A A A] KJjA]j
for someK 1. Then for any rational function Q of several variables and
integer coe cients, we have

JQAA;i;A)j CKEjAj;
where the constanC depends omQ.

We now sketch the idea of the proof of Theorem 1. We may suppose
for contradiction that max(jA + Aj;JA A]) KjAj with K = jAj, ie,
neither A+ A nor A A grows. By Lemma 5, there is a subsek® A with
jAJ  cK CjAj such that jA? A A° A  CKCjAj, i.e., Alis a large
subset of A such that A° A° A° A%does not grow. By Lemma 7, any
rational expressionQ(A% A% :::; A9 does not grow, i.e., there is a constant
C; depending only onQ such that Q(A%A%:::; A9  C;KC:jAY. But the
following proposition gives a rational functiond such that J(A9 or A® A°
always grows, a contradiction.

Lemma 8. LetJ(A)= fag 222 2% 4 a.:a5;:::;8 2 A;a; 6 a3 g. Then

ai ag

1. 1FjAj Pg thenjQ(A)j q=

2. 1f jAj < P g, then jQ(A)] 2,-‘)?"1,--
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4  Growth and generation in  SLy(Z=pZ)

after H. A. Helfgott [Hel]
A summary written by S. Zubin Gautam

Abstract

We summarize the proof in [Hel] that, for any generating setA in
SL»(Z=pZ), the diameter of the associated Cayley graph i© (log p)°® :
we also discuss auxiliary results related to expander graph

4.1 Introduction

Given a nite group G and a generating setA G, the Cayley graphof
G with respect to A is the graph G(G; A) with vertex set G and edge set
f(g;adjg2 G; a2 A[ A 1g. Thus the diameter of G(G; A) is the maximum
length of a word with letters inA[ A ! needed to produce an arbitary element
of G.

An easy counting argument shows that dian®(G; A)) logjGj=IlogjA],
and in fact the diameter can be much larger in general f& abelian. How-
ever, in the setting of non-abelian simple groups, Babai c@ctured that the
diameter should not in fact be much larger than the trivial lever bound:

Conjecture 1 (Babai). For any nite, simple, non-abelian groupG and any
generating setA G,
diam G(G;A) . (logjGj)¢

for some absolute constant.?

For further background and related discussions, seeg. [BHKLS]. At
present, Babai's conjecture in full generality remains ome our goal is to
verify it for the special caseG = SL,(Z=pZ) for p a prime3

2Here and in the sequel, we writeX . Y or X = O(Y) to mean X  cY for some
constant c¢; subscripts on the symbols \ " or \ O" denote dependence of the constant,
and in the absence of such subscripts is understood to be absolute.

30f course, Slo(Z=pZ) is not simple, but verifying the conjecture for this choice of G
is trivially equivalent to treating the case of G = PSL »(Z=pZ), which is simple for p > 3.
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4.2 Outline of the proof

To prove Babai's conjecture for Sk(Z=pZ), we will show that a generic subset
A of SLy(Z=pZ) must grow rapidly when acting on itself repeatedly. More
precisely, the central result of our discussion is the follong:

Key Proposition. Let p be a prime andA a subset ofSL,(Z=pZ) not
contained in any proper subgroup.

(a) SupposgAj<p® for some xed > 0. Then
JA A A& AT
where" depends only on.

(b) SupposgAj>p for some xed > 0. Then

diam G(SLo(Z=pz):A) . 1L

In the setting of this proposition, x = 1, for instance. Then for any
p and any generating sefA  SL,(Z=pZ), part (a) gives that one need only
multiply A by itself at most O((log p)°) times to obtain a setA with jA] > p,
wherec is a universal constant. But then part (b) of the propositionyields

diam G(SLx(Z=pZ);A) . (logp)® G(SL2o(Z=pZ);A) . (logp);

which resolves the conjecture for SI(Z=pZ2).

Our main task is thus to prove the Key Proposition. Part (b) ofthe
proposition actually relies on part (a); part (a) allows us b assume thatA
is su ciently large, from which point part (b) can be proven by exploiting
structural properties of SL,(Z=pZ) in combination with Fourier-analytic sum-
product estimates for \large" sets in the eldF, = Z=pz.*

Part (a) itself is also proved via a reduction to additive corbinatorics in
nite elds; this time, the transfer is to F,. and is achieved via the trace on
SL,. The starting point is the observation that if A SL,(Z=pZ) does not
grow rapidly under repeated action on itself, them is \highly commutative"

4A quicker and slightly stronger proof of part (b) from part (a) has been given by
Nikolov and Pyber ([NP]); their approach works directly wit h the representation theory of
SL,(Z=pZ) in lieu of reducing matters to Fourier analysis onZ=pZ. >From the perspective
of pushing results beyond Sk, this is perhaps a more apt approach; see [He2].
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in a suitable sense and thus contains a large simultaneousliagonalizable
subset. This fact is used to show that, broadly speaking, omeay consider
the size oftraces of subsets rather than subsets of $S(Z=pZ) themselves.
From this point, we are reduced to solving a problem if2; the salient tools
used to nish the proof are the Balog{Szemeerdi{Gowers raglarity theorem,

standard sum-product estimates for \small" sets in nite elds, and Ruzsa
distances.

4.3 Part (b) from part (a)

In the sequel, forA  SL,(Z=pZ), Ak denotes the set of products of at most
k elements ofA[ A L

Av=fa:ajg 2 A[ ALY ko

So we want to show that iffAj > p , there exists some& depending only on
such that Ay = SL,(Z=pZ). We can decompose Slas SL,(Z=pZ) = LULU,
where L is the subgroup of lower-triangular unipotent elements andJ is
the subgroup of upper-triangular unipotents; thus, it su ces to show that
L[ U Ay for somek depending only on . Additionally, part (a) of
the Key Proposition a ords us the luxury of strengthening ou assumption
to jAj > c1p® for any suitable choice of universal constants;. Via an
application of the pigeonhole principle, one can show thatngler such an
assumptionAA ! contains many upper-triangular matrices and many lower-
triangular matrices. We have thus reduced part (b) of the KeyProposition
to a slightly weaker analogous statement in the Borel subgups® of SL,:

Lemma 2. Let p be a prime,H a Borel subgroup oSL,(Z=pZ), andA H
with jAj > 2p>= + 1. Then Ag contains all trace2 elements ofH (i.e., all
unipotent elements oH ).

Proof sketch. Without loss of generality, we takeH to be the subgroup of
upper-triangular matrices in SL,(Z=pZ). ForC  H andr 2 (Z=pZ) , de ne

P(C):= x2z=z  *

e 2 C ; we want to showjP.(Ag)j = p.

5In the present setting, the reader may take this to mean the sbgroups of lower- and
upper-triangular matrices; these are not all of the Borel sibgroups, but they are all we
will need.
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By the pigeonhole principle, there exists 2 (Z=pzZ) for which jP,(A)j >
2p?=3; moreover, some computation and counting allows us to conde that
IP1(As)] j Pr(A) sP.(A)j for all s lying in some large setS (Z=pZ)
with jSj > 1p*=.

The following sum-product-type estimate then givesP,(A,)] %p:
Lemma 3. Letp be a prime,A F,, andS F,. Then there existss 2 S

such that .

: : 1 p
A+ sSA -+ —
’ b7 isiAp
Thus, by the pigeonhole principle jP1(Ag)j = jP1(A4) + P1(As)j = p, as
desired. O

Lemma 3 is proved via basic Fourier analysis, driven by the ebrvation
that, by Helder,

K A saKiiz=pzy ] A+ SAj Kk a saKL2(z=pz):

4.4 Proof of part (a)
4.4.1 A reduction via additive combinatorics

As a preliminary observation, we note that there is nothingecial about the
threefold product in part (a) of the Key Proposition:

Lemma 4. For an integern > 2 and A a nite subset of a groupG, suppose
there are c;" > 0 such thatjA,j > cjAj'*". Then there exist constants
c®"%> 0 depending only orc, ", and n such thatjA A Aj > cJAj:".

The key idea of the proof (which we omit) is to use the trianglenequality
for the Ruzsa distance. For a groufs, the Ruzsa distancebetween two nite
subsetsA;B  Gis

!
. 1
d(A;B) =log QAB:J :

JAjB]

The Ruzsa distance, though not actually a metric, satis estte triangle in-
equality, and thus we havgAC %jjBj j AB 1jjBC ?Ij for any nite subsets
A;B;C G,; this estimate is used repeatedly to prove Lemma 4.
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4.4.2 Traces and growth

In this section, we seek to controljAxj by the size of traces of sets in
SL,(Z=pZ). As mentioned above, we begin by observing that, heurisady,
a subsetA  SL,(Z=pZ) either grows rapidly under its action on itself or
contains a \large" simultaneously diagonalizable subset:

Proposition 5. Let K be a eld and; & A  SL,(K) a nite subset not
contained in any proper subgroup dbL,(K). AssumejTr(A)] 2 andjA]

. . ;. . i A A
4. Then A, contains at Ieast(’Tr(A)’j/fi§4’A’ Y simultaneously diagonalizable
matrices.

To prove this, one rst shows thatA, contains at least;jAj 1 elements
with trace dierent from 2. A counting argument and a little work then

give at least (‘Tr(A)‘jAZZE%’A‘ Y elements ofA, A, that commute with some
xed g2 A,, Tr(g) 6 2. (The trace term here shows up as a lower bound
for the number of conjugacy classes intersecting the nonipotent elements
of A,*A,, which in turn arises in the aforementioned counting argunms.)
Finally, one uses the fact that in any linear algebraic groupthe centralizer
of an element with distinct eigenvalues (such as ow) is abelian.

Next, one establishes some general results on,3b the following e ect:
Let K be a eld with algebraic closureK , jKj > 3, and letA SLy(K) be a
nite subset not contained in any proper subgroup. Then, losely speaking,
there is a universal constantk such that Ay acts \nontrivially" on generic
pairs of vectors inK - (or on pairs of points in the projective spacéP 1),
in a suitable sense. These results are combined with Propgasi 5 and still
more counting arguments to provide both lower and upper bows on the
size ofA (or boundedly many products thereof) in terms of traces:

Proposition 6. For K and A as in Proposition 5 withjK j > 3, there exists
k 2 N independent ofK; A such that

1 1(Tr(A) 2)GjAj 1) 5 (Tr(A)j  2)GiA] 1) 2_
2 4 iAd jA6] '

JAK]

Proposition 7. For any eld K and A a nite subset of SL,(K) not con-
tained in any proper subgroup o5L,(K ), there existsk 2 N independent of
K; A such that

JTr(AK)j & JAJ:
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4.4.3 A reduction to additive combinatorics

At last, we set out to prove part (a) of the Key Proposition. Atany stage of
our reasonings, we may of course assumand jAj to be larger than any xed
constants we wish. Moreover, given any reasonable xed cdasts c; > 0
and k 2 N, we may assumgAgj < cjAj ; if not, we are done by Lemma
4. Throughout the following, k; and ¢ will denote suitably chosen universal
constants.

Combining these observations with Propositions 5 and 7, weses that
Ak, contains a large seB of simultaneously diagonalizable matrices; the set
V  Fpz of their eigenvalues must be at least as large. Adjusting cstants if
necessary as discussed in the previous paragraph, it turng e may assume

Vj & A

forany < 1=3 and
C <jvj<p® 7

for any givenC which depends only on. We know how to relate the size of
A to the size of Tr(A;)  Fp for suitablek;j, so we might be tempted to use
lower bounds for the size of the seftx + x 1jx 2 Vg. This is not actually
su cient, but we might hope to do better by consideringjf f (x;y)jX;y 2 Vgj
for some more general functiof ; this approach will work, up to replacingV
by a suitable V. Based on the actual estimate for the size ¢¥j, an appeal
to Proposition 6 and Lemma 4 shows that we need an estimate dfet form

JTr(AWj & jViH (1)
for suitably large k.
Now from the general results on Si{(K ) mentioned in the previous sec-
a by A with a;b;c:dall

d
nonzero. By computing Trh.ghyg 1) for hy;h, 2 B, we can show

tion, it so happens that there is somey =

Tr(Aw) f adxy+x y Y bdx y+xy H)jxy2 Vig

forany k 2 N (herek®= k ko+ ki + k ko+ ky . k, actually). Returning to
the desired estimate (1), we see that the following sum-pradt-type result
will nish the proof:
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Proposition 8. For Fq the nite eld of g elements, leta;;a, 2 F, and
> 0. Then there existC;" > 0 depending only on such that for any
A F,with C < jAj<p? |

FEOGY) = a(xy + Xty D+ a(x y+xy Dixy 2 Axgj> JAIT:
This result should be compared with the sum-product theoremf Bourgain{

Katz{Tao ([BKT]), which essentially replaces the functionf (x;y) with the
simpler function x + y; cf. also [KO0].

Proof sketch. A little algebra shows that it's enough to prove
ffa(r+r D+ ays+s Y)jrs 2 bAlgj> jAjY

for any b2 A;, wherej and k are suitably chosen. (HereAZ denotes the
squares of elements Ay, rather than AgAg.) Further, we can eliminate the
coe cients a; and a, via an application of the Ruzsa triangle inequality. Now
it so happens that we can coveA, by a well-controlled number of cosets of
A2, which eventually reduces us to showing

fx+x Y (y+y Hixy2 Agi> jAjt:

To nish the proof, we set w(x) := x + x ! and note that w(x)w(y) =
w(xy)+ w(xy 1). If we suppose toward a contradiction thajw(A,)w(A,)j
jAji*", then a variant of the Balog{Szemeerdi{Gowers theorem gis the
boundjw(A%Y+ w(A9j . jAj*°C) for some large subsed® A,. This, com-
bined with our original assumption onw(A,)w(A,), contradicts established
sum-product estimates (cf.e.g. [TV], x2.8)8 O

4.5 Expander graphs

A good reference for the material in this section is the bookd].

De nition 9. Let X (V; E) be a connectek-regular graph withjVj = n. X
is an (n; k; c)-expander graphif for all AV with jJAj] n=2 we have

J@A  dAj;
where@A= fx 2 Vjd(x;A)=1g.

SHere one combines the aforementioned Bourgain{Katz{Tao tleorem with a result of
Heath-Brown{Konyagin (Lemma 5 of [H-BK]); the proof in [TV] uni es these and bypasses
the number-theoretic technigues of [H-BK].
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A family of k-regular graphsX;(Vi; E;) with jVij= n; 11 is anexpander
family if each X; is an (n;; k; ¢)-expander for some xedc > 0. Equivalently,
given ak-regular graph X (V; E), consider the normalized random walk op-
erator 1 X

Tf=7  fW

(xy)2E

on L2(V). The largest eigenvalue of ¥ is 1 for any graph, andfX;g is
an expander family if and only if the second-largest eigeriues of Tk, are
uniformly bounded away from 1 (the family has \(uniform) spetral gap").
Cayley graphs have proven to be a a good source of expandemis and
those of Slk(Z=pZ) with respect to certain generating sets are known to be
expander families inp. It is not hard to see that if f{G(G; A)gs.a Yields a
family of k-regular expanders, then dian®&(G; A) . ¢ logjGj, which gives an
improvement over Babai's conjecture within the family. Cosider the family

Fi = fG(SLo(Z=pZ); A)jp prime; bAi = SL(Z=p2);jA[ A 1j = ka:

Of course, we have not showir, to be an expander family. However, the
proof we have given does imply thatG(SL,(Z=pZ); A) has a spectral gap of
at least Ck(logp) °®,

4.6 Recent further progress

To conclude, we mention some recent results related to thogeesented thus
far. Concerning expanders, building o of the results we hav discussed,
Bourgain and Gamburd ([BG1]) were able to characterize theets in SLy(Z)
whose projections mod provide expander Cayley graphs of SZ=pZ), as
well as to prove that Cayley graphs of SK(Z=pZ) with respect to random
generating sets of xed size form expander families ip, \asymptotically
almost surely." Furthermore, in [BG2], they obtained analgous spectral
gap results for appropriate subgroups of SIJC); the methods of both [BG1]
and [BG2] are themselves highly additive-combinatorial.

Finally, Helfgott ([He2]) has proven the analogue of the Keyroposition
for SLs(Z=pZ), thus resolving Babai's conjecture for the family SLs;(Z=pZ)gp.
The proof follows the same approach to that which we have dedied, and it
relies on the result for Sk; however, it involves a bit more use of the group
structure than we needed.
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5 The true complexity of a system of linear
equations

after W.T. Gowers and J. Wolf [3]
A summary written by Derrick Hart

Abstract

Let L1;:::Lm be a system ofm linear forms with d variables from
an abelian group G. We say that such a system has true complexity
k if control over the Gowers UX*1 norm of subset A implies that
Li(x) 2 A for i =1;:::m for approximately the statistically correct
number of x's. We give a necessary condition for certain systems to
have true complexity 2 in the caseG = Fj.

5.1 Introduction

In many problems in additive combinatorics it is often neceary to under-
stand when an appropriately uniform subset of an abelian gup G will con-
tain not only a system of linear forms but the expected numbeof them.
Perhaps the simplest motivating example is the case of thrderm arith-
metic progressions inZ,. It is a short exercise to show that a subsef of
Z, which uniform in the sense thatsup gojA’( )j is small then A will contain
the statistically correct number of three term arithmetic pogressions.

In order to deal with four term arithmetic progressions andn general
systems of linear forms one needs a much more complicated lgsis. Let

L =(Ly:::;Lm) be a system of linear forms withd variables. In order to
count the images of these forms in a s& one considers the expression
yn

Let f be the balance function given byf (x) = A(X) j Aj5Gj. Substituting
in the above expression,

v A" M
E,oce  A(Li(X)) = G + Middle Terms + Eypge  f (Li(X)):
i=1 i=1

If we can show that the second and third term are small in absgke value
then we will get the desired result. The Middle Terms will aubmatically be
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small if one has control ovelk,, g« Qi“ll f (Li(x)) and so this term will be
the main focus of our attention.
The key tools in controlling this term are the Gowers unifornty norms.

De nition 1. [2] Let G be a nite Abelian group. For anyk 1 and
f :G! C, dene the GowersUX-norm by the formula

Y .
kf kEJkk .: EX;hl """ thG CJWJf (X + W h);

w2f 0;1gk

. P __
whereC"™f = f is , w; is even andf otherwise.

In this article we are chiey interested in the U2 and U® norms. We
say that a function is c-uniform if kf ky2 ¢ and c-quadratically uniform if
kf kys c.

It turns out that in mostdases controlling kf ky« for k large enough will
allows one to controlE,, g« o, f (Li(x)) and guarantee the expected num-
ber of images. However, since in most applications in whiclm@ needs to say
more the associated analysis becomes increasingly congiéd (and is not
completely understood) ak grows and therefore nding the minimalk is of

some importance.

De nition 2  (True Complexity). The true complexity ofL is the smallest
k with the following property . For every > 0 there exists > 0 such that if
G is any nite abelian group andf : G! C is any function withkf k; 1
and kf kyk+ , then

Exl;:::;deG f (I—i(Xl; R Xd))
i=1

In Green and Tao [1] the another notion of complexity of a sysm of
linear forms is given.

De nition 3  (Cauchy-Schwarz Complexity) Let L = (Lq;:::;Ly) be a
system ofm linear forms in d variables. Forl 1 mands 0, we say
that L is k-complex ati if one can partition them 1 formsfL; :j 6 ig
into k +1 classes such that; does not lie in the linear span of any of these
classes. The Cauchy-Schwarz complexity lofis de ned to be the leask for
which the system ik-complex ati forall 1 i m, or 1 if no suchk
exists.
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In the same paper it is shown that with this concept of complety in tow
one can prove the following theorem.

Lemma 4. Let fq;:::f, be functions fromG ! [ 1;1]. Let L be have
Cauchy-Schwarz complexitik. Then

"
Exocd fi(Li(x)) min Kf ; Kyks :
i
i=1

Therefore in order to get the expected number of images of syss of
linear forms with Cauchy-Schwarz complexitk one only needs to control the
Uk*1 norm. The rst question one asks then is this upper bourd shaf The
answer at least for Cauchy-Schwarz complexity 2 is yes. Theexist uniform
sets inZ, which contain too many four term arithmetic progressions. fis
result relies on the fact thatx?; (x+ s)?; (x+3s)? and (x +2s)? are linearly
dependent. Is then the Cauchy-Schwarz complexity actualgqual to the true
complexity of a system linear forms? At least in the case of Qehy-Schwarz
complexity 2 Gowers and Wolf ([3]) show this to be false. Hower, they
make the following conjecture.

Conjecture 5. The true complexity of a systenh is equal to the smallesk
such that the functionsL¥** are linearly independent.

Our goal is to give Gowers' and Wolf's proof of this conjectarin the case
that G = F] and the system of linear forms is of Cauchy-Schwarz complgxi
2

5.2 Quadratic fourier analysis and initial reductions

>From this point on we will refer to the property of theL? being linearly
independent that of as square-independence. In the conteat Fj when we
say that a system of linear forms is square-independent whae really mean
is that the quadratic forms LL; are linearly independent, i.e. that the
matrices made of the coe cients ofL[L; are linearly independent overF,.

Theorem 6 (Main Theorem). For every > 0 there exists a constant > 0
with the following property. Letf : FJ ! [ 1;1] be ac-uniform function.
Let L be a square-independent system of linear forms, with Cauebghwarz
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complexity at most 2. Then

yn
Exaryye  f(Li(X))
i=1

Our main tool will be that of quadratic Fourier Analysis. Corsider a
surjective linear map ; : Fj ! Fgl. Also de ne a quadratic map ,:Fj!
ng with  2(X) = (h(X);:::; o, (X)) where the g are quadratiquorms onFy.
By the rank( ) we shall mean the rank of the the bilinear form , ; ; where

i are not all zero and ; is the bilinear form associated withg. For each
a2 FJ and b2 FZ consider the corresponding setél, = fx : 1(x) = ag
and N, = fx : ,(x) = bg. Dene B; to be the algebra generated by the
set M, and B, to be the algebra generated byN,. Then B, is referred to
as a linear factor of complexityd; while the pair (B;;B;) is referred as a
guadratic factor of complexity (d;; dy)!. By the rank(By; B,) we shall mean
the rank( »).

The following theorem allows us to decomposdke into the sum of three
functions. A function f, which is "quadratically structured" in the sense
that it is constant on the atoms ofB, of the quadratic factor (B1; B,) which
is of bounded complexity. A functionf, which is small inL? which allows us
to guarantee that (B;; B,) has high rank. And nally, a function f 3 which is
quadratically uniform.

Theorem 7 (Structure Theorem). Let p be a xed prime. Let > O, r :
N ! N be a function which may depend on. Suppose thain > ng(r; ) is
su ciently large. Then given any function f : FJ ! [ 1;1] there exists a
do = do(r; ) and a quadratic factor(B1; B,) with

rank(B,;B,) r(d;+ d») and complexity(B1;B,) (di;d);
with d;;d, dg together with a decomposition
f=fi+fo+ 13

where
f]_ = E(fJBz), kfzkz and kf3kUs

The Structure Theorem allows to essentialy replade with f; in the Main
Theorem. To see thislet > 0. Letr :d 7! 2md + C. From the Structure
Theorem (Theorem 7) there exists @y and a quadratic factor B1; B,) with

rank(B;;B;)  2m(dy+ dy)+ C and complexity(By; B,)  (dp; do);
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with d;;d, do. Replacing the rst f,

yn Yn
Exargye F(LI(X)) = Exorpa(fa+ fot+ f5) (LX) f(Li(x)):

i=1 i=2

Applying Cauchy-Schwarz to the second term,

Y
Exz(Fg)dfz(Ll(X)) f (Li(x)) Exz(Fg)djfz(Ll(X))j k fako

=2

followed in turn by Lemma 4 to the third term,

Yn
Exa(rpafs(La(x))  F(Li(X)) K fskys

=2

This gives the bound,

yn yn
Exargye F(LI(X))  Exaqrpafa(ba(x)) | f(Li(x))+2:

i=1 i=2
Continuing this process replacing oné at a time,

yn Yn
Exarye F(Li(X))  Exargye  fa(Li(x))+2m:
i=1 i=1

5.3 Dealing with  fq
In order to deal with Exz(FB)d Ql"ll f
culations.

1(Li(x)) we need some preliminary cal-

Lemma 8. Let L be a square-independent system of linear forms and let
2= (0 :::qy,) be a quadratic map fronF} ! ng with rank( ,) r. Let

1;::7; m be linear maps from(Fg)d to F? and by;:::;hy be elements of

F&. Then for a randomly chosen elemen,
Pr[ »(Li(x))= i(xX)+ h;i=1;:::;m] p M2 p =2
Proof. Let
Pr{ o(Li(x))= i(x)+ h;i=1;::5;m] p M=
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" Ye
ExE » Ci(qLix)  5() by)
i=1 i=1
P
Let Li(x) = ﬂzl CuXy. If j is the bilinear form associated withg then
X
gLix) = GuGv j(Xuixv):

uv

Consider g suchthat j is non-zero for at least orgda. Then from the square-
indepquence oL there exists au;v such that ; jc,Gy, 6 0. Setting

w = i iCitGw Wenote that since rank(,) r and square-independence
imply rank( ,) r. Itis now possible after some restatement to consider
the

Exie (xume ¥ u(Xu)+ v(Xy) D)

where  and  are linear functionals. Now foru = v we may apply the
following lemma.

Lemma 9. Let M be matrix of rankr and b2 Fg. Then
Exarp (X"Mx + b'x) p =%

Whenu 6 v then for a xed x, then , x, + o(Xu)+ v(Xy) Dbislinear
in u. However, then the expection is zero unless, x, + u(Xy) IS constant.
This occurs on a subspace of dimensiom r and so the expectation is
bounded byp . O

Using this one can then take into account ; as well. For a full proof see
Gowers and Wolf ([3]).

Lemma 10. Letthel be a square-independent and with the dimension of the

Pr(a;b =Pr[ 1(Li(x))= & and ,(Li(x))=Qhfori=1;:::;m]=

0 for a2z
p «d® &m 4 Ra:h for a2 Z;

wherejR(a;bj p* %% =2 and Z is a subspace ofF3")™ with dimension
d%,.
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We can now deal withf ;.

Theorem 11. Let ;:FJ! Fgl be a linear map and , : F ! Fgl be a
guadratic map with corresponding quadratic factdiB,; B,) with rank (By; B,)
r.Letf :F3 ! [ 11]and letf; := E(fjB1). Let L be a square-independent
system of linear forms. Then

Y
Ecrpe  fa(Li(x) k fkyedMph™+2mphidird) =2
i=1

In order to prove this we rst appeal to a result which is real}y a com-
bination of a few basic results on projections onto linear ¢tors and the U?
norm.

Lemma 12. Let g= E(f1jB;). Then kgk p"kf k..
Settingh = f; g then we have

Yn Yn
Exarpe  Fa(Li(X)) = Exargye (W + 9)(Li(X));
i=1

i=1 i

which we may then expand into 2 terms containing products ofg's and h's.
For the 2" 1 terms which contain at least ongg we may use the fact that
kgki 1 and khk; 2 until there is one remainingg followed by Lemma
12 to kgk; Kk gko k fky2p™™. The worst case occurs when there is only
oneg giving the bound 2"cg=*. Therefore,

Yn G Yn
Exaryye Fa(Li(x)) APt + Exargye  D(Li(x)):
i=1 i=1

Let H be de ned by the formulaH ( 1X; »x) = h(x). From Lemma 10

Y Y X Y
Ex h(Li(x))= Ex H( 1(Li(x)); 2Li(x))= Pr(a;b) H(a;h)
i i0 X Y X a2zZ;b Y i
= p @& dm H(a;h)+ R(a;b) H(a;h)
Y a2zZb i a2z.b i

= Ea2z  EpH(a;h)+ 2"‘pdldo+ dzm+dy dyd® r=2.
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Similarly, one can derive from Lemma 10 thaiE, H (a;h)j  2pd*td =2,
which shows that

Y
jEazz  EpH(a;h)j (2p"*% ™3)m:

Combining these terms gives us the desired result.

5.4 Finishing the proof of the main theorem
>From Lemma 11,

Yn —_ —

Ecorpe f(Li(X) oAmph™+2mmpn@rd =24 om:
i=1
C4mpd1:4 + 2m+lp c=2 +2m:
Retroactively setting C such that 2"*1p ©=2 =3,
cA"pP¥ + — +2m:
3
Setting = =6m gives
04mpd0=4+ 2_

This now lets us set the uniformityc = 4 Mp %= =3, to give the desired
result.
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6 On an Argument of Shkredov on Two-Di-
mensional Corners

after Michael T. Lacey and William McClain [1]
A summary written by Vjekoslav Kova

Abstract

We consider the cardinality of the largest subset of; F5 contain-
ing no corner, which is a triple of the form (x;y), (x + d;y), (x;y + d)
with d 6 0. We prove that this quantity is bounded by a constant

- 2n log, logy n
multiple of 2" =22=.

6.1 Some history and the main result

In the spirit of the famous Roth-Szemeedi theorem on aritmetic progres-
sions, it is natural to investigate density of sets that do nibocontain some
xed two-dimensional sub-structure. The simplest such sultructure is a
corner, i.e. a triple of points of the form

(X y); (x+d;y); (x;y + d);

for some integersc;y and a positive integerd.
In order to state some quantitative results we de ne

rn (N):=maxfiAj : A f 1;2;:::;Ng% A contains no cornerg:

The rstresult about asymptotics of r, (N) was found by Ajtai and Szemeedi
[2] who provedr, (N) = o(N?2). Their proof actually gives an explicit bound

N2

n(N). {log N) N)C;

wherec > 0 is an absolute constant and logis the iterated logarithm function,
i.e. the number if times one must take the logarithm in orderd produce
a number less than or equal to 1. Several other authors obta&ith similar
explicit but very weak bounds. Shkredov [5, 6] was the rst tgoroduce a
\reasonable" bound: N2

" (N)- (log IogN)C:
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Green observed in [3, 4] that Shkredov's argument can be silingd in
the context of nite elds. More generally, for a nite abelian group G we
de ne a corner to be a triple (X;y), (x + d;y), (x;y + d), wherex;y;d 2 G
and d 6 0. Again we denote

r (G):=maxfifAj : A G G; A contains no cornerg:

Although the original problem is essentially the particula caseG = Z=NZ,
the greatest simpli cation of Shkredov's arguments is presit in the case
G = F}. If we denoteN = jFJj = 2", then the result can be stated as

N 2 22n
(log, log, N )1=25 - (log, n)1=25"

n(F3) .

Later Shkredov proved in [7] an analogous estimate for an amtary nite
abelian group.

The result of the paper [1] is a further improvement of the ab@ bound
onr, (F3). Lacey and McClain show that

, log, log, log, N — o log, log, n .

n
" (F2) log, log, N log, n

Here we elaborate on their proof.

6.2 Outline of the proof

Basic structure of the proof is the same as in the original Shédov's (or
adapted Green's) proof. It is iterative and its main ingrednts are:

Deni tion of appropriate \box norms"
Generalized von Neumann estimate
Density increment on a sublattice
Uniformizing a sublattice

The key new ingredient in [1] is considering three di erentbhox norms" asso-
ciated to three coordinate systems i FJ. Accordingly, product lattices
are replaced by intersections of two product lattices in dierent coordinate
systems. Details are to follow.
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6.3 Some notation

Let H denote a subspace d¥;. Its dimension will decrease at every iterative
step of the proof. X;D;Y H are subsets. We viewX as a subset of
the rst coordinate associated to basis elemeng;, Y as a subset of the
second coordinate, associated to basis element and D as a subset of the
\diagonal" coordinate associated tce; + e,. We will be working with subsets
of
diag

S=X Y\X D:

The density ofX in H is
— : _ iXi.
x = P(XJjH)= A

and analogously for y and p. In the iterative procedure these densities will
decrease.
The following quantity measures \uniformity" of the distribution of X in
H:
= iR

kX Kyni = SLSJ([)) J]H—jj ,
If kKX Kyni then we say thatX is {uniform. Here X represents the the
Fourier transform of X :

X
b( )= 9()( D* :

X2H

After the deletion of a small subset, a uniform set is again tform.
The density of Ais
=PAj|S):

This quantity will increase in the iterative procedure of tke proof. We de ne
the balanced functionof A to be the function supported onS as

f(xy) = A(xy) S:
Throughout this proof we assume:
KX Kuni 3 KY Kyni ; KD Kyni ) =0 x v D)C

whereC is a large constant which we need not specify exactly, as itsegise
value only in uences implied constants in our main TheoremWe will use
the notation °for a xed function of , that tends to zero as does.
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For a functionf : S! C, de ne the \box norm"

kfk = D4Ex;x8§Xf (x; y)F (XSYF (% y9f (x%y9

yiy2yY

where we use the standard basi®(; e;). When f is the balanced function of
A, the norm being ‘large’ is an obstacle té& having the expected number of
corners. We use two additional \box norms". In the €;;e; + &) coordinate
system we de ne

Kfk* . =y *Exxoax f (% d)f (X% d)f (x; dOF (xGd):
d;d%2D

Also with respect to the (g;; e, + &) coordinate system we de ne

kfk®y = Eyyorvf (y; d)f (Yo O)F (y; dOfF (&)

d;d%2D

6.4 Main ingredients of the proof
6.4.1 Generalized von Neumann lemma
The following lemma provides su cient conditions forA to have a corner.
Lemma 1. Suppose thatA S with P(Aj S)= and we have the inequal-
ities
x vy o 2N>C;

maxtkfj ; kfj x;kfj vg =4

Then A has a corner.

Here C represents a large absolute constant and<Oc; ; °< 1 are small
xed constants.
6.4.2 Density increment lemma

If the conditions of the previous lemma are not satis ed, the we can nd a
sublattice on which A has increased density. This is a resultf the following
lemma.
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Lemma 2. For 0< there is a constant0 < °< 1 for which the following

di
holds. Suppose thaA S=X Y\ X D with P(AjS)= ,thatf is
the balanced function ofA on S, and that

maxtkfj ;kfj x;kfj yg> °*:
Then there existsX?® X, Y% Y, D9 D such that three conditions hold.
either X%= X, orY°= Y, or D°= D;

.
PAJS) + °% 0= X0 yo xo

P(X° X); P(Y% Y); P(D% D) °%

DO.

We need only re ne two of the three setsX, Y and D above. With
uniformity in coordinate that is not re ned, we then have tha the set S°=

o
X0 YO X9 DOhas about the expected number of points in it.

6.4.3 Uniformizing a sublattice

The last auxiliary result tells us that we can nd a uniform sublattice on
which A has increased density. Uniformity is important since it is equired
in applying the Generalized von Neumann Lemma.

Lemma 3. Suppose thaiX;Y;D are as above and

X% X,Y% Y,D® D, with P(X% X) ¢ 2 and similarly for Y
and D;

Either X°= X, Y%= Y or D°= D;

S0= X0 yoy x0™ po
PAjSY= +c?

dim(H) >C[ %( %?] %, where0< %< 1is xed.
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Then there existsXx© X0 Y% Yy D® pDogndHS%HY translates of the
samesubspaceH, H, so that

kX %Kuni 5 KY %Ki 5 KD K 00
P(A] 809 + % 2; GO0 y 00 /00 Xoodiag
dim(Ho) dim(H) C[*( %7 !;
P(XTHY  2P(X°) H):

DOO.

Analogously forY®and D% In particular P(D%j H%+ H% 2P(DY% H)

We emphasize thatH® and H®are translates of the same subspace of
Ho < H , After a joint translation of A, X, Y and D, we can assume thaH°
and H%are in fact the same subspacH .

6.5 Proof of the main theorem

The proof is recursive and we describe its conditional loop.

Initialize X F,Y F,D F,S F F,H F5. Likewise
X, Y, D 1. Fix a setAp with density o in F) FJ. Initialize A Ag
and P(A | S).

We iteratively apply the following steps:

If maxfkfk ;kfk x;kfk yvg> > apply the density increment
lemma.

If X% Y%0orD%snot =( xoyop)® uniform, apply the uniformity
lemma. Suppose these sets are as in the Lemma: subs¢t8 X ©
Y% Y0 po  pOand ane subspacesH%H® H containing
XY p0  After joint translation of XQY%D%A and H%H we
can assume thatd°= H%and are subspaces df .

Update variables:
X X% vy Y% D D% H H%
x  PXYTHY; v POY®HY; o P(DYHY;

diag .
S X Y\X D; P(AjS):
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The density of the incrementedA on the setS has increased by at least
2. The incremented densitiesx, v, and p have decreased by at

most ( o)°.

Once this loop stops we conclude that A has a corner, providedat the
initial dimension is large enough. This loop must stop in ! iterates, since
itherwise the density ofA on the sublattice would exceed one. Thus we need
to be able to apply our lemmas ,! times. In order to do that, both X
and H must be su ciently large at each stage of the loop.

This requirement places lower bounds oN =2". The most stringent of
these comes from the loss of dimensions. Note that before to®p termi-
nates, we can havex as small as

x (ol B
In order to apply the uniformity lemma at that stage, we need
N> 2Co Co.

From this we get the bound stated in the main theorem.
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7.1

An inverse theorem for the Gowers  U3(G)
norm over the nite eld F2

after B. Green and T. Tao [1]
A summary written by Choongbum Lee

Abstract

We give an inverse theorem for functions with large GowerdJ3(G)
norm over G = Fg which can be stated as following. A bounded
function f : G ! C has large U3(G) norm if and only if it has a
large inner product with a function €?' , where :Fl! R=Zis a
guadratic phase function.

Introduction

Let's start by quoting a paragraph from Green and Tao [1]

There has been much recent progress in the study of arithmeti
progressions in various sets, such as dense subsets of thegers

or of the primes. One key tool in these developments has been
the sequence oGowers uniformity norms U9(G);d =1;2;3;:::

on a nite additive group G; in particular, to detect arithmetic
progressions of lengtlk in G it is importatnt to know under what
circumstances theU* (G) norm can be large.

The goal of this summary is to provide preliminaries and shotte outline
of the proof of an inverse theorem for functions with large/®*(F2) norm and
thereby answering the question above about the necessarndiion for large
U* 1(G) norm in a special case. Using this theorem we can dedugéF?)

N (log logN )¢ for some constantc wherer4(G) is the largest cardinality of a
setA G which does not contain an arithmetic progression of length. 4

We also note that in the same paper the authors also proves amverse
theorem for general abelian grouf® but this is not the scope of this summary.
The statement of de nitions and theorems will be quoted fronj1].

7.2

Preliminaries

In this section we will de ne the Gowers uniformity normU%(G) and a semi-
norm ud(B) which will be de ned over a subsetB  G.
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7.2.1 Notation

Here we collection the notations we will use in this summary.

G will denote a nite additive group where an additive group isan abelian
group with operation +. If f : G ! H is a function from one additive
group to another, andh 2 G, we de ne the shift operator T" applied to
f by T (x) := f(x + h), and the dierence operatorh r := T 1
applied tof by the formula (h r )f (x) = f(x+ h) f(x). We extend these
de nitions to functions of several variables by using subspt as following.
TAGy) = f(x+ hiy)and (h r )f (gy) = f(x+ hy)  f(xy)

The expectation Ex,gf (X) := J.Bij g T (X) will be used to denote the
average off overB.

We will usee : R=Z ! C is the exponential mape(x) := &> and
D:=fz2C:jzj 1g for the unit disk.

7.2.2 Gowers uniformity norm UY(G), k Kye(e)

The following norm was rst introduced by Gowers [4] to proveSzemeedi's
theorem.

De nition 1.  (Gowers uniformity norm). Letd O, and letf : G! C be
a function. We de ne the Gowers uniformity normkf ks, 0 of f to be

the quantity
Y i 1=od
kf kUd(G) = EXZG;hZGd O JT f (X)
w2f 0;1gd

wherew = (wq;:::;Wg);h 2 (hyyiiihg);w h = wihy + 100+ wghg; jwj =
wy + @i+ wy and Cis the conjugation operatorCft (x) := f (x)

To feel comfortable with the U9(G) norm, here we explicitly write down
the U?(G) norm and U3(G) norm.
Kfkyeey = Exapzsf (OF(x+ a)f (x+ Bf (x+ a+ b

kf kU3(G) = Ex;a;b;cZGf (X)f (X + a)f (X + b)f (X + C)

f(x+a+bf (x+ b+ Of (x+ c+ a)f (x+ a+ b+¢)
We can also de neU%(G) norms recursively as following.
kf Kyogy = E(F); kf Kys gy = JE(F)]

2d

— 1 _
Kf kyaey = (Enze TMFT 4 1))
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Here are some basic properties &fkqg,-

H

. (Norm) kkya(y is a norm ford > 1

N

. (Monotonicity) kf kjag) Kk fkyaa g

w

. (Conjugation Symmetry) f vi(e) = kf Kya(g)

N

. (Phase invariance)kfe( )kys, = kfkyag) Whenever is a global
polynomial phase function of order at most 17 .

ol

. (Shift Invariance) T"f = kf kya) forallh2 G

ud(G)

7.2.3 Local polynomial bias of order  d, k kg,

Here we de ne a seminorm which is called the local polynomiblas of order
d. This seminorm will be used for the main theorem. i.e. we wikhter explore
the relation between Gowers norm and local polynomial bias.

De nition 2.  (Locally polynomial phase functions) IfB is any non-empty
subset of a nite additive groupG andd 1, we say that a function : B!
R=Z is a polynomial phase function of order at most 1 locally onB if we
have

(he r)iii(he 1) (x)=0

whenever the cubgx + wihy + :::+ Wahg)w, w2 0:19 IS CONtained in B. If
f :B! Cis a function, we de ne the local polynomial bias of ordest on B
to be the quantity

kf kud(B) = SUFj EXZB(f (X)e( (X)))J

where ranges over all local polynomial phase functions of order atost
d lonB.

From now on we will refer to polynomial phase functions of dege at
most 1 as linear phase functions, and of degree at most 2 as dpaic phase
functions. Note that to measure the local polynomial bias, &vare taking the
inner product of f with functions of the form ¢ ) where is a polynomial

’Global polynomial phase function will be de ned in the next section.(See De nition
2) But we include this property here to see the similarity between the properties of the
Gowers Uniformity norm and that of the local polynomial bias de ned in next section
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phase function. Therefore in some sense we are measuring ¢beelation of
f with polynomial oscillations.

We can deduce the folllowing properties from the de nition \Wwich are
similar to the Gowers uniformity norm.

H

. (Seminorm)k k4, is a seminorm for anyB G

N

. (Monotonicity) kf K,sgy K fkyaa (g

3. (Conjugation Symmetry) f = kf Kyag)

ud(B)

4. (Phase invariance)kfe( )kyagy = kf kg, whenever is a locally
polynomial phase function of order at mostt 1 onB.

ol

. (Shift Invariance forB = G) T"f = kf ke forallh2 G

ud(G)
By using these properties together with the properties of #h Gowers
UY(G) norm we can prove the following proposition.

Proposition 3. Let G be an additive group and : G! C be a function.
Then for all d > 1,
kf Kyagy K f Ky

Proof. Given any global polynomial phase function of degree at modt 1
we can use the monotonicity and phase invariance properties deduce

kf kyay = kfe (" kyoe K fe( )kyyg) = iExea(f (X)e( (X))
and taking the supremum over all we have

kf k k fk

ud(G) ud(G)

O

This proposition asserts that large polynomial bias of orded forces large
UY(G) norm. Now we are interested in the reverse direction. So tlggiestion
becomes whether larg&)4(G) norm forces large polynomial bias of orded
or not. For d = 2 case we indeed have an inverse theorem which isn't that
di cult to deduce.
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Proposition 4. (Inverse theorem forU?(G) norm). Letf : G! D be a
bounded function. Then

1=2
K kizey K Fhyzg K fkng,

Unfortunately for d > 2 in general additive groupG, the converse isn't
true. This was discovered by Furstenberg and Weiss [3] andelexample can
be found in [1], Example 2.4. This is why we only worry abouz where an
inverse theorem forU3(F) norm does exist.

7.3 Main Theorem

The main theorem will positively answer our question fo6 = F2 andd = 3.
That is, large U3(F2) norm does indeed force large polynomial bias of order
3. Actually we can replaceFs by F, for any odd prime p where an almost
identical proof will be applied. But we will work in Fs for concreteness and
simplicity.

Theorem 5. (Inverse theorem forU3(FR)). Let f : F2 ! D be a bounded
function and let0 < 1

(i) If kf kug(Fg) , then there exists a subspad® FI of codimension
at most (2= )¢ such that

Eyng kf ku3(y+W) ( =2)C

where we can takeC = 218, In particular, there existsy 2 G such that
Kf Kyayew)y  ( =2)°.
(i) Conversely, given any subspac#/ F:¢ and any functionf : F2 ! C
we havekf Kysgny K fkyseny 5 "Wjkf ks, foranyy 2 Fg
Combining the two parts of Theorem 5 we see that

C

Kf Kyogeay K T Kyaen)

for some absolute constants; C > 0. Thus we obtained an inverse theorem
as promised. But note that this bound is much more weaker thathe bound
of Proposition 4 for U?(G). Actually the rst part of Theorem 5 asserts
that the control is much better when we look at a quadratic bia over a well
chosen a ne subspace.
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7.4 Outline of the proof

Throughout this section G will be xed as F2

We will describe the easier proof of the second part rst. Pmmosition
3 already gives us one side of the inequality so we only needldok at the
second inequalitykf kug(Fg) 5 "JWjkf ka4 wy for any subspac&V and any
y 2 F1. Each side of the norm is determined by the supremum of the ien
product of f with functions of the form e(p(x)) where p(x) is a quadratic
phase function. But by using the following proposition we casee that every
possible choice o&(p(x)) for the RHS can be also considered as a choice of
e(p(x)) for the LHS and therefore prove the second part of the theem.

Proposition 6. (Quadratic Extension Theorem). LetG be an additive
group, letH G be a subgroup, and suppose tha G. Then any quadratic
phase function :y+ H ! R=Z can be extended (non-uniquely in general)
to a globally quadratic phase function o.

Now let's prove the rst part of theorem 5 which asserts thatfiwe have a
function f with large U3(F2) norm, then it must have quadratic polynomial
bias. Recall that quadratic polynomial bias is de ned as thesupremum of
jEx2r f (X)e( p(x))j where p(x) varies over polynomials of degree at most
2. Introducing (x) as the phase of (x) (Thatis f (x) = e( (x))) will help
us understand the heuristic of the argument. With this phase (x), the
polynomial bias can be rewritten as,

Kf ko) = Supje( (X)  p(X))j

Thus our goal of proving thatf has large quadratic polynomial bias can be
changed into proving that the phase (x) is 'almost' a quadratic polynomial.
8

STEP 1 : Linearization of phase derivative.

A nice way of showing that a function (x) behaves like a quadratic
polynomial is by proving that (h r ) (x) = (x+ h) (x) is approxi-
mately linear. The proof will go in this direction. Since we ee talking about
polynomial bias, we will rst examine (x + h) (x) and prove it's linear
bias which certainly exists if we allow to restrict ourselfd a subspace/ of

8Here the formal meaning of 'almost a quadratic polynomial' giides us back to the
original formulation. Thus formally this will mean that f has large quadratic polynomial
bias
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Fi.(Fortunately we have a bound on codimension). The formal stement
we derive is

Proposition 7. (Large U3(F2) gives linear phase derivative). LeG = F2,
and letf : G!D be a bounded function such that kg, for some
> 0. Then there exists a linear subspace of G with the codimension
bound
n dim(v) 2& ¢

and a translatexo+ V of this subspace, together with a linear transformation
M :V! & andan element 02 8 such that

EnoviExac TX* " () (X)e( (2Mh + o) x)j 2 ¢ ©

It is permissible to takeC;; C°=21¢ for i = 1;2.

Note that the conclusion
EnaviExza T " (0T (06 2Mh + o) x)j 2 & ©
can be rewritten as following by using the phase(x) instead off (x).
EnaviExace( (X+ Xo+ h)  (X) (@Mh+ o) x)j 2 % ©

which exhibits the linearity of (x + h) (x)°.

STEP2: The symmetry argument

Even though we have established the linearity of(x + h) (x) by ap-
proximating it as a linear operator M on a large subspacé/ of F2, this
doesn't immediately give us the ‘almost' quadratic propest of (x). For our
argument to work, we need the linear operatoM to be self-adjoint. Again
this is possible if we restrict ourself to a subspad®/ of V with a bound on
codimension.

STEPS3: Eliminating the quadratic phase component

By using the results of STEP1 and STEP2 we can indeed show thét
has large quadratic bias but this is not an immediate conseguce. If we
had an approximation such as (x + h) (x) 2Mh x Othenitis
not that dicult to deduce (x) Mx X + g(x) where g(x) is a linear

%n the sense of linear bias
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polynomial. Unfortunately the formal meaning of (x + h) (x) being
linear in STEP1 is somewhat di erent from above. But still wecan follow
the idea (with almost identical steps) of the above argumerdnd deduce the
following, which implies that translations off jy, have large correlation with
the quadratic phase functionMx x.

Eyac f(Xx+ y)e(Mx Xx) 2 ¢ %
u3(W)
and by the properties from section 7.2.3 we can conclude that

EyZG kf ku3(y+W) ( =2)C
which is the conclusion of Theorem 5.

7.5 Application

As an application of Theorem 5 we can give an upper bound og(FZ) where
r4(G) is the largest cardinality of a setA G which doesn't contain any
arithmetic progression of length 4.

Theorem 8. (Szemeedi theorem forry(F2)). write N =5". Then we have
the bound
ro(F8)  N(loglogN) *

This theorem can be easily deduced from the next propositigwhich can
be proved using Theorem 5).

Proposition 9. Let > 0, suppose that
n> 6(2= )%

and let A F2 be a set with size at leastN . Suppose thatA contains
no four-term arithmetic progressions. Then we can nd an a ne subspace
Xo + V of FZ with dimensiondim(V) n=3 such that we have the density
increment

Ex2xorv1a(X)  Exaro1a(X) +( =2)*"
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8 New bounds for Szemeedi's Theorem, II:
A new bound for r4(N)

after B. Green and T. Tao [1]
A summary written by Kenneth Maples

Abstract

For N a large positive integer, letr(N) denote the maximum
cardinality of a subsetA [N]= f1;::;Ng that does not contain an
arithnaetic progression of length k. Szemeedi showed thatr3(N)
Ne ¢ 09logN “and later that r (N) = o(N) for k 4. We improve
the known e ective bounds for r4(N) to r4(N) Ne ¢ l0glogN

8.1 The Problem

Let A be a subset of an abelian groug, which will typically be the integers
of Z=pZ. An arithmetic progression of lengthk is a subset ofA of the form
fx;x + rx +2r;::;;x +(k  1)rg for some initial valuex and stepr. The
sequencd 3; 8; 13,18y is an arithmetic progression of length 4 and step 5 in
the positive integers.

As mentioned in the abstract, letr (N ) denote the maximum cardinality
of asubsetA [N]= f1;::;Ngwithout an arithmetic progression of length
k. For example,r3(5) = 4, which is achieved by the subseA = f1;2; 4; 5g.

Roth proved that r3(N) N (loglogN) 1 in 1953 [3], which was sub-
sequently improved by Szemeedi ta3(N) Ne ¢ loglogN (ynpublished).
Szemeedi later showedr (N) = o(N) in [4] [5], which was improved by
Gowers in 1998 to the e ective boundy(N) N (loglogN) ©.

In a series of papers, Green and Tao re ned the analysis of Gens to
improve the e ective bounds onr4(N) to the level of the estimates forz(N).
This note summarizes the second paper in the series, whichiaddishes the
following improvement on Gowers' bound in the4(N) case; the inequality
is equivalent to Szemeedi's bound om3(N).

Theorem 1. For N su ciently large,
I’4(N) Ne cp loglog N :

Stronger bounds forrz(N) and r4(N) have also been found but we will
not discuss them here.
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8.2 Notation

We will use standard notations for asymptotic estimates. lparticular, the
Vinogradov notation f g means that there is a positive constanC such
that f Cg for all (su ciently large) arguments of f and g. If the im-
plied constant C depends on another value, say, then we will denote the
dependence with a subscriptf g. We will also employ Landau notation,
where O;0; ; have their usual signi cance. If we write ¢ or C then they
are placeholders for suitable small or large constants, pestively, which may
denote di erent values even if used in the same expression.

If Z is any nite setand E  Z is a subset, we write the density oE in
Z asP(E) = Pz(E) = P ,z(E) = 2} Similarly, for an¥functlonf E! C
we can de ne its expectation byEzf = E,zf()= E ,7 (). LP spaces
take their usual meaning against this expectation.

This summary uses the language of factors which arealgebras on nite
sets. In particular, a factorB 2% is a collection of subsets of a nite set
X that is closed under unions, intersections, and complementThe minimal
non-empty elements of the factor are called atoms. In otheronds, a factor
partitions P of X into atoms, where the factor itself consists of all possible
unions of the atoms. We leB _ C denote the smallest factor containing both
B and C. The conditional expectation off relative to the factor B is denoted
by E(f jB) and may be de ned as the usual orthogonal projection.

8.3 Strategy and Initial Reductions

Theorem 1 is proven using thelensity increment strategyinvented by Roth.
The key step is to establish the following density incremengroposition.

Proposition 2. Let > 0 and assume thatN e . Let A [N]
with jAj N be a subset with density at least Suppose thatA does not
contain an arithmetic progressions of lengtid. Then there is an arithmetic
progressionP  [N] of lengthjPj  N¢° on whichA has a larger density;
explicitly, we have the density increment

jA\ Pj
iP]

d1+o0:

Let us suppose that this proposition is proven and then demva proof
of the main theorem. Suppose that we have constructed a subge [N]
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with cardinality jAj = N that does not contain any (non-trivial) arithmetic
progressions of length 4. We can apply the above propositideratively in
the following way. We initialize the valuesAp = A, No = N, and o= ,
and we will construct eachAy; Ny, and  in turn. For each k, we apply the
proposition to Ni; Ax, and  and note that one of the following alternatives
holds:

1. N, €°  and our iteration must terminate, as the conditions of the
proposition are not satis ed.

2. N < e© © and the conditions of the proposition are satised. In
particular, we can nd an arithmetic progressionP on which Ay has a
larger density as described above.

We let the next set A+, be the image ofAx \ P under the ane trans-
formation that takes P to Nyx+1 = f1;::;jPjg. The new set has density
k1 (1+0)  in the smaller interval, which we expand to .1 (1+ )+ .

We also have the lower boundN.1 NkCkc from the proposition.

Clearly the algorithm cannot continue past 1. Because x grows
exponentially, the algorithm will terminate beforeC log(1= ) steps. Once this
has happened, we can combine our two estimates fdi at the termination
time to see that

N(CC)Clog(lz) eC c.

Taking two logarithms and rearranging shows that

e cp loglogN .

As this was true for any construction ofA, it must hold for any subset which
achieves the cardinalityr4(N); in this case = r4(N)=N and we are done. [

We now embed the interval N] with the cyclic group Z=pZ for some
large primep so we can use Fourier analytic techniques. The cautious read
will note that this may introduce spurious arithmetic progressions that \wrap
around" the cyclic group; these are prevented by taking is su ciently large,
sayp 2 [4N; 8N].

We will analyze the quadrilinear form , which is de ned for functions
fj:Z=pz! C by

( forfufaf3) = Exnozepzfo(X)f2(X + h)f2(x +2h)f3(x + 3h):
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Notice that if 1, is the characteristic function of some subseA Z=pZ,
then (1 a;1a;1a;1a) 1=pif A does not contain an arithmetic progression
of length 4; in fact, the product is positive only wherh =0 and x 2 A.

The purpose of this quadrilinear form is the following redumn of the
previous proposition.

Theorem 3. Let p be a large prime,N 2 [p=8;p=4] an integer, andf :
Z=pZ ! [0;1] be al-bounded nonnegative function which vanishes outside
[N]. Let = Epj(f). Supposep exp(C ©) for some suitably large
constantC, and

JCEERE ) O vy Lng Ing Ing)i

Then we can nd an arithmetic progressiorP in [N ] obeying the length bound
jPj p°° and the density increment

Er(f) (1+0:

To see how this theorem implies Proposition 2, take = 1, and explicitly
count the number of length 4 arithmetic progressions inN]. It therefore
remains to prove this theorem.

8.4 Relevant De nitions

Before we can discuss the proof of Theorem 3, we must make samlevant
de nitions. The analysis depends on nding subsets ofN] that roughly
obey linear or quadratic equations. To this end, we will lookt the level sets
of \phase functions”, which will be generalizations of line and quadratic
polynomials fromZ=pZ ! R=Z. We say that a function :Z=pZ! R=Z s
a globally linear phase function if it satis es the equation

(X + hy+ hy) (X + hy) (x+ hy)+ (x)=0:

Note that (x) = x=p+ isaglobally linear phase function, where 2 Z=pZ
and 2 R=Z.

We say that a function : Z=pZ ! R=Z is a locally quadratic phase
function on B Z=pZ if it satis es the equation,

(X+hy+ha+hg)  (x+hg+hy) (X+hy+hg) (x+hg+ hg)
+ (x+h)+ (X+h)+ (x+hg) (x)=0:
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where each sunx+ 2 B. Note that this de nition is local, i.e. restricted
to the subsetB of the cyclic group.

Phase functions generate factors as their level sets in tr@lbéwing precise
way. A linear factor of complexity at mostd and resolutionK is a factor
ofthe foomB=B,_ _B  where d® d, each | is a globally linear
phase function, andB is the factor whose atoms are the setix : k (x)
=K kr=z < 1=2K gforj =0;:::;;K 1. Herek kr=z denotes the distance from
the argument to the nearest integer. The complexity refersotthe number of
phase functions in its de nition, and its resolution referdo the width of the
level sets. Apure quadratic factor is de ned in the same way but with locally
guadratic phase factors relative toB, which is the atom of a linear factor
We can therefore de ne a (general) quadratic factor to be a pa(B;; B,) of
factors whereB; is a linear factor andB, is a factor whose restriction to each
atom of B, is a pure quadratic factor. These will turn out to be the factes
relevant in our analysis.

8.5 Proof Outline

We will now prove Theorem 3. It turns out that if f satis es the given
hypotheses then it has a high relative expectation on a quaatic factor. The
following proposition nds this factor; its proof is discused in Section 8.6.
HereBy, denotes the factor generated byN ], namelyBy, = f; ;[N];Z=pZn
IN]; Z=pZg.

Proposition 4. Let the assumptions be as in Theorem 3. Then there exists
a quadratic factor (Bq; B,) in Z=pZ of complexity and resolution bounded by
O( ©) and an atomB; of B, _By, of densityPz-5z(B2)  exp( O( ©))
and contained in[N] such that

Es,(f) (1+0

for some absolute constant > 0.

Next, we need to partition the quadratic atom into arithmetic progres-
sions, as in the following proposition.

Proposition 5. Let (By; By) in Z=pZ of complexity at most(d,; d,) and some
resolution K, and let B, be an atom ofB,. Then one can partitionB,\ [N]
as the union of  dY(®@N?T c<d+D(d+)* disjoint arithmetic progressions in

Z=[Z.
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An appropriate form of the pigeonhole principle gives us anrithmetic
progression of length at least exp(O( ©))N¢° on which f has average
value at least (1 + %co) . Careful control of the constants shows that the
length of the arithmetic progression is indeed large enough O

8.6 The Gowers U3-norm and the Quadratic Bohr Sets

The proof of Proposition 4 relies on the Gowerll®-norm, which is de ned
for functions :Z=pZ! C by

kf kgg(Z:pZ) = Exne2z=pzf (X)F (X + hy)f (X + ho)f (X + h3)f (x + hy + hy)
f(X+ h2+ h3)f (X+ h1+ h3)f (X+ h1+ h2+ h3):

The reason for using the Gowertl3-norm is the following form of the Gowers
Inverse U3 Theorem.

Theorem 6 (Inverse U3(Z=pZ) theorem for quadratic factors) Let f
Z=pZ ! C be al-bounded function such thakf kys -z for some
2 (0;1). Suppose also thaK is an integer such thatK C € for
some su ciently large constantC > 0. Then there exists a quadratic factor
(B1;By) in Z=pZ of complexity at most(O( ©);1) and resolutionK such
that
KE(f jB2)KL 1 (z22)

The original theorem is proven in [2]. This version can be deged by an
averaging argument from the usual form for locally quadratiphase functions.
lterating the U2 theorem gives the following bound.

Theorem 7 (Quadratic Koopman-von Neumann) Let f : Z=pZ ! [ 1;1]

be al-bounded function, and let > 0. Suppose also thaK is an integer such
that K C © for some su ciently large constantC > 0. Then there exists
a quadratic factor (By;B,) in Z=pZ of complexity at most(O( €);O( ©))

and resolutionK such that

kf  E(f jB2 _ Buiv)Kus(z=pz)

Explicitly, this theorem is proven using an energy incremeénmethod.
We construct the quadratic factor B;; B,) iteratively. Initialize B; = B, =
f; ;Z=pZg. At each step we apply Theorem 6 td  E(f jB, _ By ). Ele-
mentary estimates show that the \energy"kE(f jB, _ By )k?, increases by
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at least © at each step. Because the energy is bounded above by 1, thexe a
atmost © steps. This algorithm therefore constructs the desired qdaatic
factor with the given complexity.

We are now in a position to prove Proposition 4. Iy = E(f jB, _ Byiv ),
then applying the quadratic Koopman-von Neumann theorem aive to
shows that we can replacé with g in the following sense.

Corollary 8 (Anomalous AP4 count on a quadratic factor) Let the assump-
tions be as in Theorem 3. Then there exists a quadratic fact¢B,; B;) in

Z=pZ of complexity at most(O( ©);O( ©)) and resolutionO( ) such
that the functiong := E(f jB, _ Byiy ) obeys

J(9:9,9:9  ( Ing Ing Ing Lng)i

With this corollary proven, let be the set of numbers in Z=pZ where
g (1+c¢) . Norm control of , along with the previous reduction, show that

Pz=pz() 4. Our bounds on the complexity and resolution 0B, _ By

further bound the number of atoms, which by the pigeonhole prciple gives
us our desired high-density atom. O
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9 An inverse theorem for the Gowers  U3(G)
norm

after Ben Green and Terence Tao [1]
A summary written by Eyvindur Ari Palsson

Abstract

The sequence of Gowers uniformity normsUd(G), d=1;23;:::
on a nite additive group G, are a great tool in the study of arith-
metic progressions in various sets. To detect arithmetic pogressions
of length k in G it is important to know when the UX 1(G) norm can
be large. We state an inverse theorem for th&J3(G) norm on a nite,
additive group G of odd order and give an outline of the proof.

9.1 Introduction

Let G be a nite additive group, that is a nite group with a commutative
group operation +. Throughout the talk, we will use N := jGj for the
cardinality of G.

Letf : G! H be a function from one additive group to another and
h 2 H. We de ne the shift operatorT" applied tof by the formula T"f (x) :=
f (x + h). We de ne the di erence operatorh r := T" 1 applied tof by
the formula (h r )f (x) := f (x+ h) f(x). We then extend these de nitions
to functions of several variables by subscripting the varide to which the
operator is applied. For exampleTM'f (x;y) = f (x + h;y).

If f :G! Cisa complex valued fungion, andB G is a non-empty
subset ofG, we will write E,,gf (X) := % «p T (X), which is the average
of f over B. We will further write Ey,gf (X) as Ef (x) when the domainG
of f is clear from the context.

If fo;:::;fk 1:G! C, we de ne thek-linear form (fq;:::;fx 1) 2 C

Note thatif A Gandfo=:::=1fx 1 =1 then (1a;:::;1a) is the
number of progressions of lengtk, including those with common di erence
0, divided by the normalizing factor ofN 2.

If (N;(k 1)) =1 and A contains no proper progressions of lengtk

67



small or large.

De nition 1.  (Gowers uniformity norm). Letd 1, and letf :G! C be
a function. We de ne the Gowers uniformity normkf kyey O of f to be
the quantity

O 1 1=2d
Y §l i |
kf kUd(G) = @EXZG;hZGd O JT' hf (X)A ;

1 2f 0;1g¢

where! = (14,509, h=(hg:ii;hg), ! h:=1hy+ 04 Tghg, jtj =

I+ :::+ 14, and Cis the conjugation operatorCf (x) := f (x).

It turns out that k ky1(g) is not a norm. However ford > 1, one can show
that k kya(g) is indeed a norm.
An equivalent de nition of the kf kyqgy norms is given by the recursive
formulae
kf kuie) = JE(f)]

o 1 1=2¢

kf kUd(G) = EhZGkThf f kUd l(G)

foralld 2.
This latter de nition and induction give us a monotonicity property

kf Kyag)y K fkyan (g ford=0;1,2;:::

Since thek-linear form | can be used to count arithmetic progressions
in a set then the following theorem shows how the Gowers unifoity norms
can be used to bound the number of those arithmetic progresss.

Proposition 2. (Generalized von Neumann Theorem). LeG be a nite
abelian group with(N; (k 1)) =1. Letfg;:::;fx 1 :G!'D =fz2 C:
jzj  1g be functions. Then we have

J k(fosiiiifk 1)) lmjinkkfjkuk 1(G)

Let e: R=Z! C be the exponential mape(x) := € . If f has the form
f(x) := e( (x)), for some phase function : G! R=Z, then

Kf kZu(ey = Exhuzzngze€((hy 1) :ii(ha 1) (X))
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This shows that the U? norm in some sense measures the oscillation in
the d \derivative" of the phase, sinceh r is the discrete analogue of a
directional derivative operator.

De nition 3.  (Locally polynomial phase functions). IfB is any non-empty
subset of a nite additive groupG andd 1, we say that a function : B!
R=Z is a polynomial phase function of order at most 1 locally onB if we
have

(he r)iii(he 1) (x)=0

whenever the cubgx + ! 1hy + 110+ 1 4hg)i . 421 019 1S CONtained inB. If

f :B ! Cis a function, we de ne the local polynomial bias of ordeit on B
kf k,as) to be the quantity

kf kud(B) = SuijXZB(f (X)e( (X)))J

where ranges over all local polynomial phase functions of order atost
d lonB.

Kf Kyag) is @ seminorm,kf kyagy K fKyan (g), Kf kyagy = kf kyag) and
KT"f Kuoi) = Kf kyagy. When is a locally polynomial phase of degree at
mostd 1 onB then kfe( )kyog) = Kf kyagy. Similarly when is a global
polynomial phase function of degree at mosd 1 then it turns out that
kfe( )kya) = kf kya(g)-

Using this last invariance we get

kfkyse) = kfe( Dkyse) k fe( kuie) = jExza(f (X)e(  (X)))]

whenever is a global polynomial phase of degree at most 1 and
taking suprema over all such we end up with

kf kUd(G) k f kud(G)

foralld 1.
Let & be the Pontryagin dual ofG, in other words the space of homo-
morphisms : x 7! x from G to R=Z. & is an additive group which is

isomorphic toG. We de ne the Fourier coe cient T’\( ) of f at the frequency
2 G by the formula

()= Exaof ()& x):
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We have some classical Fourier results for those new Fourae cients,
for example the Fourier inversion formula and the Plancheredentity.

Using the fact that polynomials of degree at most O are constawe can
easily see that

kf kU1(G) = kf kul(G):
Next using some straightforward Fourier techniques one camoof

Proposition 4. (Inverse theorem forU?(G) norm). Letf : G! D be a
bounded function. Then
kf koo K fkuze) K fkﬁjfe)
It is tempting to conjecture that the two norms U%(G) and u¢(G) are also
related for higherd.
The paper establishes an inverse theorem in the case where 3 and
G = F? is a nite eld. However due to applications then we are inteested
in more general groups, for exampl&=NZ. Unfortunately then in general
it does not hold that any bounded function with a smallu4(G) norm must

have a smallU%(G) norm. Let's look at an example from Furstenberg and
Weiss that illustrates this point.

Example 5. (Furstenberg and Weiss). LetN be large prime number, and
let M be the largest integer less than or equal toN. Let G := Z=NZ, and
letf :G! C be the bounded function de ned by setting

f(YM + 2) := e(yz=M) (y=M) (z=M)

whenever M=10 vy;z M=10 andf =0 otherwise. Here :R! R g
iS a non-negative smooth cuto function which equals one oié interval
[ 1=20, 1=20] and vanishes outside of 1=10;1=10] Then a direct calcula-
tion shows thatkf kysgy  Co for some absolute constant, > O wheras a
Weyl sum computation reveals thaE(fe( )) = O(N ¢) for any quadratic
phase function and some explicit constant > 0.

The key element in the example was that the functioyM + z 7! yz=M
is locally quadratic on the setB := fyM +z: M=10 vy;z M=10g but
does not extend to a globally quadratic phase function on atif G. We need
to account for those local quadratic phase functions in ordeo produce a
genuine inverse theorem for th&J3(G) norm. We also must understand the
generalization of sets likeB. We'll accomplish that by looking at Bohr sets.
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9.2 The inverse theorem

De nition 6.  (Bohr sets). Let G be a nite additive group, and letS G,
JSj = d be a subset of the dual group. We de ne a sub-additive quantitks
on G by setting
kxks := supk Xkgr-z;
2S

wherek kr-z; denotes the distance to the nearest integer, and de ne thelBo
setB(S; ) G forany > 0to be the set

B(S; )i=1fx2 G:kxks< forall 2 Sg

The dependence of the Bohr sé8(S; ) on can be rather discontinuous
but fortunately we can get past that in applications by resticting our atten-
tion to regular Bohr sets. We can show that there is an abundae of those
regular Bohr sets.

De nition 7. (Regular Bohr sets). LetS G, jSj = d, be a set of charac-
ters, and suppose that 2 (0;1). A Bohr set B(S; ) is said to be regular if
one has

(1 10Qdj j)jB(S; )j j B(S;(1+ ) j (1+100dj j)iB(S; )i

whenever j  1=100d.

Theorem 8. (Inverse theorem forU3(G)). Let G be a nite, additive group
of odd order, letf : G!D be a bounded function and led < 1

(i) If kf kys(g) , then there exists a regular Bohr seB = B(S; ) in G
with jSj (2= )¢ and ( =2)° such that

Eyockfkisyes)y (=2)C;

where it is permissible to take€C = 224, In particular, there existsy 2 G
such thatkf kus(y+ B) ( =2)C.

(i) Conversely, ifB = B(S; ) is aregular Bohrset,f : G! D is abounded
function and kf K,3(y+ g) , then we have

kf kU3(G) ( 3 2:C0d3)d

for some absolute constant?®
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9.3 Outline of proof for the inverse theorem

The proof of part (ii) is relatively straightforward so we'l focus on how to
prove part (i) of the inverse theorem. The rst step is to estalish a \phase
derivative" h 7! 4 for the function f and to establish some additivity prop-
erties on this phase derivative. We use the Balog-Szemef@owers theorem
and Plannecke inequalities, both from additive combinatacs. The following
proposition is the main result in this step.

Proposition 9. Let G be an arbitrary nite additive group, and letf : G!
D be a bounded function such thaf ks ) for some > 0. Then there

exists a setH® G, a function :H°! & whose graph %:= f(h; »): h?2
HY G & obeys the estimates
i 2% N
and
ik 13 (@ ) Yforall kI 1
Furthermore for each(h; 1) 2 °we have

ExcTf(Of()e( n x)j  *=2

The second step is the linearization of the phase derivativd hat is, the
function h 7!, which roughly speaking captures the derivative of the
phase off , matches up with a locally linear function. Using the previos
proposition we get the following key result in this step.

Proposition 10. (Large U3(G)-norm implies locally linear phase derivative).
Let G be an arbitrary nite additive group, and letf : G! D be a bounded
function such thatkf kys(g) for some > 0. Then there exists a set
S G with
dy = jSj 2% S
a regular Bohr setB; := B(S; ) B(S;3) = Bo with 2 [;5; 3], elements
Xo2 G and o2 G, and a functionM : B, ! G obeying the local linearity
property
1
M(h h%= Mh Mh°wheneverkhks; kh%s 3

and such that

Enze,jEx2a T " ()F (X)&( ( o +2Mh) x)j 2 & ©
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The third step is a symmetry argument.

Lemma 11. (Symmetry of derivative). Let the notation be as in the prevus
proposition. For any x;y 2 By, let fX;yg denote the anti-symmetric form

fxiyg:=MX) y M(y) x

Then there exists a sefS; of frequencies withS; %S and ds = |S3]
2Cs  C3 and a Bohr setB; = B(S3;2 C ) By, such that

kfx;zgksez 2°7  C7kxks,
The fourth and nal step is then to use the symmetry of the dewative
to get rid of the quadratic phase component in the last prop@gon.
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10 On the Erdss-Volkmann and Katz-Tao ring
conjectures

after J. Bourgain [2]
A summary written by Chun-Yen Shen

Abstract

We summarize the results of [2], where it is shown that a Borel
subring of R cannot have Hausdor dimension strictly intermediate
between 0 and 1.

10.1 Introduction

The problem is raised in [1] on the existence of subrings R did realsR,
R a Borel set, with Hausdor dimension strictly between 0 andl. It was
already shown by Falconer that if the Hausdor dimensiorH dimR > 1=2,
then H dimR = 1. But his argument, baﬁeg on dimension considerations
of the distance sefffja fQ;a;b2 R Rg R, does not seem to cover the
rangeH dimR 1=2. In fact, the particular issue whether there is a Borel
ring satisfying H dimR = 1=2 and more speci cally the discretized ring
conjecture due to Katz and Tao [3] mentioned below, becamecently a focus
of attention because of its relevance to another problem obmbinatorial
measure theory, known as the Kakeya conjecture which saysAlfis a Borel
subset of R® containing a unit line segment in every direction, thernH
dimA =3.

Now we state the version of the ring problem as considered i8][ First
a de nition, a bounded subset A ofR is called a (; );-set provided A is a
union of -intervals and satis es

AV < (9t 1 (1)

wheneverl R is an arbitrary interval of sizes 1 and is a small
parameter. Roughly speaking, a{ ):-set behaves like the -neighbourhood
of a -dimensional set.

It is conjectured in [3] that if A is a (; 1=2), set satisfyingjAj > ¥ |
then one must havgA + Aj+ jAAj > 72 ¢ with ¢ > 0 an absolute constant.
The following is the main result in [2]
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Theorem 1. IfAisa (; );-set,0< < 1, suchthatjAj> * . Then
JA+ A+ JAA]> ©
for an absolute value = ¢( ) > 0.

The case = 1=2 is given special attention because of its many con-
nections and equivalent formulations described in [3]. Ingsticular, for the
discrete version of this problem, when measure is replacey Gardinality,
there is a result of Elekes that when A has nite cardinality]A, at least one
of A+ A and AA has cardinality JA>™*. The proof of this result exploits the
Szemekedi-Trotter theorem. This is heuristic evidence fahe ring conjecture
if one accepts the (somewhat questionable) analogy betwediscrete models
and -discretized models.

Here we outline the proof of theorem 1. We proceed by contration,
assuming

JA+ Aj+ jJAAj <

The initial stages of the argument use only the additive infanation, thus
JA+ Aj < jAj. It is processed through a multi-scale construction, based
on Ruzsa's sumset estimates and, most importantly, quangétive versions of
Freimann's famous theorem on nite sets of reals with small@lbling set.
The key di culty comes from the fact that the hypothesis JA + Aj < jA]j

is by far too weak for a direct application to Freimann's theeem and the
doubling constant needs to be reduced. This is achieved using certain
sub-multiplicativity properties of the doubling constants at various scales.
The nal product is a subset C of A with a tree-structure that exhibits a
"multiscale porosity property”. At this point, we start using the multiplica-
tive structure and prove the existence of elements;;x, 2 A A such that

jX1C + x2Cj > ;

where > 0 is an absolute constant. In fact, the elements;; X, are obtained
randomly according to a probability measure o\ A. Thus the conclusion
is that

JAA AA+ AA AAj j A(A A+ AA A)j>
The contradiction comes from the fact that under our assumjatns
JAj> T jJA+ Aj+ jAAj < ;
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there is a subsetA® of A satisfying jAY > *€ andjA°A° APA%+ A0
AAY < € (for some constantC). This non-trivial fact was proven by
Katz and Tao [3] for = 1=2 and the arguments can be extended to the
general cases.

10.2 Preliminary results

We present a number of results to be used to prove theorem 1. &hrst
one is the so-called Freimann theorem and Lemma 4 is so-cdlli€atz-Tao
lemma.

Theorem 2. Let A R be a nite set such that
JA+ Aj <K jA]j:
Then A is contained in a translation of a proper d-dimensional pragssion
P
P=flbp 1+ +lkyg0<b hj;l i dg
satisfying
d<K
and
iPi=fLih <exp(K?(logK))jAj:

Lemma 3. Let A R be a bounded set witilN (A; ) < and assume

N (2A; ) <

N(A; )
whereN (A; ) denotes the -covering number. Then there are> 0, ©°>

and a subsetA® of A contained in a union of intervals of size °and
separation at least © satisfying the following conditions.

< (IOgK)C (logK) C:

K

N(A; )
N(A% J)> — > 7
(A%) Klog1=
Lemma 4. Let A be a Borel set obtained as union of-intervals and 0 <
< 1; satisfyingjAj > T ;jA+ Aj+ JAA] < . Then there isA® A

with jA§ > * ° such that
JAAY  A%G <

where °! Owhen ! O:
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Proof. We outline the main steps and refer the reader to [3] for furér details.
Asin[3],weuseX /| YtomeanX C CYandX YtomeanX /Y
andY / X. A subsetB of A is called a re nement ofA provided B is a
union of -intervals andBj"' jAj:

First using the assumptions, we may obtain re nement<; D of A such
that forall (c;d2 C D

if(a;axa3a4,85,8) 2 A% c d=(a a) (a2 as)+*(as ag)gj ° (2)

The measurejj refers here to the corresponding hyperplane iR®. We may
also assume moreover

jc d 1,c2C;d2D:

Next, X a;;ap;as;as;a5 2 A, c2 C,d2 D. Multiplying in (2) with %
we get

AAAA )6. ad;adpag
AA T agas

Since by assumption on the sef ( together with the multiplicative version
of Ruzsa sumset estimates), we have

jf (er; & €3; €45 655 65) 2 ( (c d=(e &) (&2 e&)+(e €)g

AAAA
J AA J ;

and by Fubini theorem we have

AAA(C D).
J AA J'

Since

iCj;iDj;jCDj ;
from the multiplicative version of (2), there are further renements C° C,
D® D such thatforallc2 C%d2 D°

jf(C1; G a0 s ds) 2 C* D3 cd= gdi(cody) *cadagj  ° (3)

Now we x ¢;@2 C%andd;d°2 D° Denote X the set obtained in (3). If
(C1; ¢; C3;dy; dp; d3) 2 X, we have

cd = x; Xo+ X3 Xa:
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where
(C1 dgdlc3d3

C2d>

(€ di)d%sds
Cod,

(cs  d)de;
Cod,

(2 ds)dc;
Cod;

The map (c1; ¢&; Cs;dy; dy; d3) 7! (X1; Xo; X3; X1; C; dp) IS clearly a di eomor-
phism. Therefoe we have

X
il
1

AAA(C D)

A ¥ C D;ed A= X1 Xo+X3 Xa0j& °:

Jf (X1; X2; X3; X1; C2; o) 2 (

Finally, by Fubini theorem again, we may conclude that

AAA (C D)j4

4 . .. . . 0
& | v jCjiDj & jCD° CDj

and hence by lettingA°= C%we get the desired result.

10.3 Outline of Proof of Theorem 1

Using notation from [3], a bounded subseA of R is called a (; );-set
provided A is a union of -intervals and

AV < ()

for any interval | (x; ), 1 and is a very small number. We proceed
by contradiction, thus we assume

JAI > T JA+ A+ JAA] <
>From lemma 4, we may assume moreover

JAA  AAj <
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and hence
iAA  AA + AA  AAj<

Next at the rst stage, we use the bound on the sumset, i.fA + Aj <
>From lemma 3, we construct a subsé&t of A, jCj > 1jAj, which has a tree
structure. The key property is multi-scale porosity. This neans that at each
level of the tree,C is a union of subsets contained in disjoint intervals of a
certain size which is small w.r.t their mutual separation. @e then considers
a set of the form

XoC + xC

wherexg;x 2 A A, Xo xed and x considered as a random variable governed
by a measure on A ZA. Using the porosity property, we have that

XoC + xCj (dx) >  ?jCj:

Here » 1 : Thus
JAA AA+ AA AAj J (A AC+(A AXCj> (2 1 )*

and in conclusion proves theorem 1.

10.4 Applications

In [3], Katz and Tao investigate three unsolved conjecturegr geometric

combinatorics, namely Falconer's distance problem, the miension of sets
of Furstenburg's type, and Erds ring problem. They reducghese geomet-
ric problems to -discretized variants and show that these variants are all
equivalent.

10.4.1 The Falconer distance problem

For any compact subsetk of the planeR?, de ne the distance setdist(K)
of K by

dist(K) = fix yj;xy2Kag:
Falconer conjectured that ifdimK 1, thendim(dist(K)) = 1, where dimK
denotes the Hausdor dimension oK . As progress towards this conjecture,
the best result to date is by Wol who showed thatdim(dist(K)) = 1 pro-
vided dimK  4=3.
Now suppose that one only assumes thdimK 1. An argument of Mattila
shows thatdim(dist(K)) 1=2. Hence by theorem 1 we have
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Theorem 5. There exists an absolute constart> 0 such that
dim(dist(K)) 1=2+¢;

wheneverK is compact and satis esdimK 1.

10.4.2 Dimension of sets of Furstenburg type

Let0< 1. We de ne a -set to be a compact seK  R? such that for
every direction! 2 S! there exists a line segment, with direction ! which
intersectsK in a set with Hausdor dimension at least . We let ( ) be
the in mum of the Hausdor dimensions of -sets.

At present the best bounds known are

NI

max(+%;2) () g+

The most interesting value of appears to be =1=2. In this case the two
lower bounds on ( ) coincide to become (1=2) 1. Again, by theorem 1
we have

Theorem 6. The 1/2-sets must have Hausdor dimension at least + c for
some absolute constants > 0.

Remark 7.

The fact that R is a totally ordered eld is relevant, since the analogue
of Erdes's ring problem is false for non-ordered elds suchs the complex
numbers or the nite eld F,.. The analogues of Falconer's distance problem
and the conjectures for Furstenburg sets also fail for theselds.

These problems are also related to the Kakeya problem in treedimen-
sions, although the connection is more tenuous. The prooffig conjecture
also leads to an alternate proof of a result in [4], namely th&esicovitch sets
in R® have Minkowski dimension strictly greater than 52, and would not
rely as heavily on the assumption that the line segments allgnt in di erent
directions. Very informally, the point is that the arguments in [4] can be
pushed a bit further to conclude that a Besicovitch set of diension exactly
5=2 must essentially be a Heisenberg group over a ring of dimams 1=2.
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11 Quantitative bounds for Freiman's Theo-
rem

Abstract
A summary of the Chang/Ruzsa proof of Freiman's theorem.

11.1 Introduction

Let Z be an additive group (usuallyZ or the cyclic groupZy). If d 1is
an integer, ad-dimensional generalized arithmetic progressiofg.a.p.) in Z
is a setP which can be written

P=fa+ xyvi + +XgVg: 0 Xx;<Ili;1 1 dg 4)
=1 P(vy;iiivasliiila @);
for a;vq;:::;vg 2 Z and non-negative integersy;:::;lg. The length of P is
. Y
(P):= lg:

i=1

P is properif jPj = “(P), or equivalently if each sum in (4) is distinct.
Freiman's theorem states that ifj2A] = jA + Aj is small relative to jAj,
then A is comparable to a g.a.p.:

Theorem 1. Let A Z be an additive set satisfying2Aj K jAj for some
K > 0. Then A is contained in a g.a.p. of dimensiord d(K) and length
(P)  C(K)IA].

According to Chang [2], Freiman's original proof (1973) waa di cult
read, and it wasn't until the 90s that Bilu and Ruzsa o ered mae accessible
arguments. In all of these results, the bounds on the funcimoC were dou-
bly exponential in K. In 2002, Chang [2] improved on Ruzsa's argument,
addressing two ine ciencies and thereby proving the folloimg theorems:

Theorem 2. Given an additive setA  Z with j2A] K ]jAj, the conclusions
of Freiman's theorem hold withd(K ) and logC(K ) bounded byCK ?(log K )2.

It is conjectured thatone can ndP A with d(K) = O(K)and C(K) =
e®) . See next section for other conjectures and an explanatiornyvthis is
optimal.
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Theorem 3. Given an additive setA  Z with j2A]  KJjA]j, A is con-
tained in a g.a.p. P which is proper, has dimensiom [K 1], and whose
cardinality satis es

jPj 2 3
log—— CK*(logK)”:
JA]
Along the way, Chang made an improvement to a structure theem of
Ruzsa, which has found applications independent of Freimantheorem.

Theorem 4. If A Z is an additive set andji2A] KJjAj, then 2A 2A
contains a proper symmetric g.a.pP of dimensiond O(K + K logK) and
cardinality jPj exp( O(K (1 +log?K)))jAj.

11.2 Applications, remaining conjectures

Much of the material for this section was taken from [5], partularly chapter
5.

Freiman's theorem, particularly the quantitative bounds stablished by
Chang have been useful in much of the recent literature on #rmetic com-
binatorics, including several of the papers discussed atithsummer school,
in particular, the articles of: Bourgain, Katz, and Tao on tke sum-product
estimate; Tao and Green on GowersU;(G) norm; Bourgain on the ring
conjectures; and Green and Sanders on the idempotent theore

The following conjectures are still open:

Conjecture 5. (Polynomial Freiman-Ruzsa) Suppos@& Z is an additive
set satisfyingj2A] K jAj. Then there exists a g.a.pP with

dim(P) CKO°®  jpPj CKO9WjaAj

such that one hagA\ Pj cK °MjAj.

Note: the conclusion is thatA\ P is large, notthat A P. One can see
that with the conclusion A P, the best one could hope for is

dm(P) CK jPj Cexp(CK)jAj

by considering (for instance) the set@K = f1:2;::::2¢ 1g

Conjecture 6. (Gowers, see [3]) IfA Z is an additive set satisfying
j2Aj  KjAj and" > 0, then there exists a g.a.p.P with dim(P) CK"’
such thatjPj is reasonably small angA \ Pj is reasonably large.
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In many of the above mentioned applications, a proof of eitheof these
conjectures would yield substantially improved numericatesults.

11.3 The proof of Theorem 2

Roughly the Chang/Ruzsa’'s argument breaks down into three ajor por-
tions. First, reduce to the case whem is contained inZy for some prime
N. Next, nd a large proper g.a.p. P 2A  2A of small degree. Finally,
use Py to produce the g.a.p.P (having small dimension and length) which
contains A.

11.3.1 Reductionto A Zy.

For details, particularly the proof of the theorems of Ruzsand Planecke,
see [4].

Let A and B be subsets of additive group¥ and Z, respectively. Let
h 1 be an integer. A function :A! B is aFreiman homomorphism of

at  tap=a’+ +a’=s)  (a)+ + (a)= (@)+ o+ (a):

The function is a Freiman isomorphism of orderh if is a bijection from
A onto B and both and ! are Freiman homomorphisms of orden

What's the point? We cannot identify non-trivial subsets ofZ with sub-
sets ofZy while preserving arithmetic relations of all orders, but faunately,
for the purposes of Freiman's theorem, we only need to pregerarithmetic
relations of low order and g.a.p.'s. For this one can show th&reiman iso-
morphisms su ce.

Ruzsa proved that one can indeed identify subsets éf with subsets of
Zy via Freiman isomorphisms:

Theorem 7. Let A Z be nite, non-empty. Let h 2 and letm
4hjhA  hAj. Then there existsA® A with

) JA]
JA% T

which is Freiman isomorphic of orderh to Z,.
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The remainder of the proof proceeds as follows: Identi#%® A with
a subsetR  Zy via a Freiman isomorphism of order 8. Find a g.a.p.
Po 2R 2R. ThenQg:= %(Pg)is a g.a.p. contained in 2 2A. Use
Qo to construct a g.a.p. containingA.

To obtain quantitative bounds on Py in the middle step, we will need for
N to be small relative tojAj and prime. Once we have achieved smallness of
N, primality is easy since there is always a prime betwedd and 2N. For
smallness, looking back at the previous theorem, it su cesa show thatj2Aj
small impliesj8A  8Aj is small. For this, one uses Plnnecke's theorem,
which states that if j2A| is small relative tojAj, then the same holds for all
di erence setskA |A with k;| non-negative integers.

11.3.2 Finding a progression in  2A  2A.

SupposeA  Zy, whereN is prime, j2Aj] KjAjand := jAj=N >cK 16,
By a method due to Bogolyubov, given any subsed  Zy (N prime),

there is a proper g.a.p.Po 2A 2A such that

dmP) () log(TY) p(

for polynomials p; and p,. In our case, this implies bounds which are poly-

nomial in K. This was the method used by Ruzsa.

Chang modi ed Bogolyubov's argument to take advantage of th extra
information j2A] KjAj. This gave improved bounds of the same type as
those above. We will brie y sketch the argument behind thismprovement.

Two crucial concepts for this portion of the proof areBohr sets and
dissociated sets

Let S Zy and" > 0. Then the Bohr neighborhood ofS with radius "
is de ned as

B(S;")=1fx2Zy: kr[]\I—XkR:ZN <", 8n 2 Sg:

A subsetf 3;:::; 4g of an additive group Z is dissociatedif whenever
"7 2f 1,0,19,1 j dare not all zero,
X
"j j 60:

j
For some choice ot;" 1, if one lets

= fx2Zy:jla(x)j] cK ¥ g
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andB := B(; "),thenB 2R 2R andd:=j jis small.

Then, we re ne to a maximal dissociated subset of . An ap-
plication of Rudin's theorem shows that such has small sizeand by the
maximality of ,

B( j_j) B( ;")

At this stage, one may apply a theorem of Bogolyubov which guantees
the existence of proper g.a.p.'s of small dimension, largardinality in Bohr
sets. This allows one to produce a g.a.pPp B 2A 2A which obeys
the bounds in the structure theorem, Theorem 4.

11.3.3 FHom P, 2A 2Ato P A

Itis in the passage from the proper g.a.pPy 2A 2A to the (not necessarily
proper) g.a.p. P A that Chang's argument o ers the greatest numerical
gains (from doubly to singly exponential) over Ruzsa's arguoent, though the
two are similar in spirit. We describe the simpler argument foRuzsa here
because of limited space.

Ruzsa's argument: Letfa;;:::;ag A to be a maximal set with the
property that the sets a; + Py are pairwise disjoint. One can show that
A f aj:ii;ag0+ Py Py Py for some (not necessarily proper) g.a. ;.
If d:=dim( Pp), then one can show that the g.a.pP; satis es

dim(P,) s+d ‘(P 25 9iPyj:

One can also show (using Plannecke's inequality) thas  CYK 5d“, which
together with the bounds ford and jP,j described above, proves Freiman's
theorem, but with non-optimal values ofd(K ) and jC(K)j.

11.4 Producing a proper progression of small rank.

Starting from a g.a.p. P as described in Theorem 2, Chang can proves
the existence of an g.a.p.P? satisfying the conclusions of Theorem 3 via a
modi ed (to maintain the small cardinality bound) argument of Freiman, as
described by Bilu in [1].

Roughly, this proceeds as follows. We have a g.a.p.

86



We can assume is zero. Associated td® are the homomorphism

AN N (g)=v
and the parallelogramB := de:l[ li +1;l; 1]. Note that (B) A.
If jog\ zd¢ IS NOt One-to-one, one can reduce the dimension by 1, everitya
obtaining a homomorphism whichis one-to-one on B.

This homomorphism is then a 2-Freiman isomorphism fromR\ Z9 to
its image inZ. One uses to pull A back to a subsetA® Z9, maintaining
the inequality j2AY K jAj. The inequality implies that A°mustbe a K 1]-
dimensional set. Let be the ane space spanned byA® The g.a.p. P%is
the image of j g\ z¢. We still have A P° but now dim(P) [K 1].
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12 Norm Convergence of Multiple Ergodic
Averages of Commuting Transformations

after Terence Tao [2]
A summary written by Zhiren Wang

Abstract

. 1P noaQ
In [2] itis shown that the averagesy o~ ;=1 fi(T;"X) converge

in L2(X) for commuting measure-preserving transformationsf T; g!zl
and L functions ffigl.; on a probability (X; X; ). The proof is
purely combinatorial by converting the original problem to a nitary
one, where both the underlying space and the number of termai the
converging sequence which need to be studied are nite.

12.1 Introduction

Let (X; X; ) be a probability space andT : X 7! X be a measure pre-
serving transformation, i.e. T is X-measurable andT = . The von
Ngyimann mean ergodic theorem claims for arfiy2 L?(X; X; ) the averages
L5 N HF(T"x) are convergent inL2(X) asN !'1

The main theorem of the present work [2] deals with a generzdition
where there are more than one transformations and functions

Theorem 1. For | 1, if T;; T, are commuting measure-preserving
transforrﬂ,ationﬁp a probability spacgX; X; )andfy; ;f; 2 LY (X; X; )
1

thenfl Nt fi(T"X)gh o, converge inL2(X; X; ).

When | = 1 this gives the conventional mean ergodic theorem. Many
other special cases (with small or additional assumptions onT;) have been
previously studied

12.2 Finitary versions of the main theorem

The rst part of the proof reduces the main theorem in to a nitary state-
ment. This is achieved in two steps.

Before we start, it should be remarked that X; X; ) can be assumed to
be ergodic under thez' action generated byT;;  ;T,, as it satis es Theorem
1 as long as all members in its ergodic decomposition do, whican be easily
demonstrated with dominated convergence theorem.
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Notations: Thg, average operator over a nite set is denoted by , ,
e, E, ()= ﬁ , f() Note[N]:=f0; ;N 1gforall N 2 N.
12.2.1 Finite type convergence statement

Theorem 1 is equivalent to the following fact, which allows sito calculate
estimates for only a nite number of terms.

Theorem 2. Given the same setting as in Theorem B > 0, 8F : N 7! N,
9M 2 N such that

Y Y
KEnoiny i T Eneng fi Tkie) < 5 8N;NO2 [M;F (M)]:

|
i=1 i=1

It's clear that Theorem 1 implies Theorem 2. To see the othe@d}ction,
observe if The%em 1 fails the® , 8M 2 N, 9F (M) >M , KEn2qm] :=1 fi
T"  Enzrmy o fi Tkizxy >, which contradicts Theorem 2. This
type of reduction works for general convergence statements

12.2.2 Discretization of the space

In his ergodic proof ([1]) to Szemeedi theorem, Furstenlvg introduced the
Furstenberg correspondence principle which assigns a dymaal system to
a combinatorial object. The current step is the reverse of #t correspon-
dence, similar to the implication from Szemeedi theoremd Furstenberg
multirecurrence theorem.

Equip the nite additive group Z}, with uniform probability measure, de-
note by S; the shift on thei-th coordinate: S;(ay; ra) = (ag; et
Lasw; a).

Theorem 2 is implied by the following
Theorem 3. Fix | 2 N, 8 > 0, 8F : N7!' N, 9M 2 N such that the
following property holds:

if P 2 N, ff;gl., are functions on the nite additive groupZ}, whose
values are bounded ifi 1;1], then9M M such that

Y Y
KEnaivg i S" Enang  fi S'kizzyy < 5 8NSNO2 [MiF (M)]:

i=1 i=1
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Proof of Theorem 3) Theorem 2: Fix (X; X; ), fi's, Ti's, andF, apply
Theorem 3 to; and get aM .

Forv2 Z'andx 2 X, let T'x = T)*T,? Tx. As we assumed the
system is ergodic under the joint action offi's, for any g & L (X) there
exists a null set ¢ with ( g) = 0 and E,pyg(T"x) ! gd; 8 2
sincef [P]'gh., is a F Iner sequence in the amenable groufi'. Let G be the
collection of functions which are rational polynomials ofufnctions ofghe form
fi T", thenGis countsble, thus we can pick a generic pointo 2 =, .

o o(X) = JEnamg g Ti(TPX)  Enapng =g Fi(T"X)j2 2 G, therefore
for P large enough,

VA 2
Evaipy Onin o(Xo) Gunod < oo 8N;N°® F(M); (1)
here we can supposE is increasing.

Now we construct a new system on the spacg,. 8v 2 Z}, identify
v with an element of P]' Z' in the obvious way, still noted byv. Let
fAv) = fi(TY%o). Without loss of generality assumekf k.1 x, 1;8i. So
Theorem 3 applies tof f g: 9OM M

Y Y
KEnoiwvg 7 S" Enanvg P S'kie) < E;8N;N°2 M; F(M)]: (2)
i=1 i=1

The square of the left hand side is approximately

Y Y
EvappiBnaivg  fi(T"0)  Enzng  Fi(T"X0)i® = Evapeyp Onn o(Xo): (3)

i=1 i=1

The error arises from those terms witlv near the boundary of the region®]'
and thus \wraparound" in Z}, under some shiftS". As n < max(N;N 9
F(M) F(M ), the contribution of these problematic terms is of order
O(F¥ 2y and is at most 13 whenP  O(F®%-2),

Fix such a su ciently large P and compare (1),(2),(3), we geBN;N°2
[M;F (M)],

r
Z 2 2 2

( Ouned )% (Evaipy Onin o(Xo0) + 1—0)% (§)2+ 1—0+ 1_O< :

which is exactly the claim in Theorem 2. O
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where

fo(ve, svisvier) = fi(ve, v ViiVisis V)
1) I+1;6i

is a function onZF*. f, depends on onlyl coordinates ofZ5*.

De nition 4. Let ( ;O; ) be a probability space. Olz'F,+l , a elemen-
tary function of complexity (d;J) is a function which can be expressed
as

X Y

Oe;j

j=1 ef 1, ;l+1gjej=d
where ge; : Z'F,+l 7! [ 1;1] depends only on theal coordinates insidee
and on the coordinate.

De nition 5. 8g: Z'F,+l p 7' R;8N 2 N, dene 4 yg: Z: 7! R by

4 no(v;!) = Engmga((v; ::1 vi n);l).
It's clear that Q::l f, is an elementary function of complexity 1) on
Z'F,+l (with = fpointg). Thus Theorem 3 is a special case of

Theorem 6. Fix |1 2 N, M 1,0 d IlandJ 1. Then8 > O,
8F :N7!' N, 9M 2 N such that the following property holds:

8P 2 N, 8( ;0; ), if g: 2zt 7! R is an elementary function of
complexity (d; J) then 9M M M such that

kdng 4 nogKizy 3 8NSNC2 [M;F(M)]:

We remark that in Theorem 3 and Theorem 6, the key feature is #t M
is independent of: the functiond; (or g), the extrinsic probability space
and most importantly, the scaleP of the space.

, J and M appear in the statement merely because of technical needs
in a later inductive argument. They can be dropped without wakening
Theorem 6.
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Theorem 7. Fix 12N andO d |I. Then8 > 0,8F :N7! N,9M 2 N
such that the following property holds:

8P 2 N, if g: Z'P+1 7! R is an elementary function of complexity(d;1)
then9M M such that

kdng 4 nogkizziy 3 8NSNO2 [MiF (M)]:

Theorem 7 is equivalent to Theorem 6. In fact, the space cané®
ignored because of an elegant theorem ([2], Theorem A.2) wihiis basically
Lebesgue dominated convergence theorem, but translatedarthe nitary
language appeared in Theorem 2. By de nition a function of coplexity
(d; J) can be written as the sum of] functions of complexity d;1), as4 y
and 4 o are linear operators theL? norm bound for the d;J) case is at
most Jz times as large as that for ¢;1). By adjusting , one can reduce to
the caseJ = 1. Finallyy, M can also be supposed to be 1 as we can replace
F by Fy (M)= F(max(M;M )), M by 1 and apply the theorem, then the
M we get would also work for the original problem.

12.3 Sketch of proof

We shall prove Theorem 6 & 7 by induction ord. In the original paper [2]
the induction starts at d = 1 but there would be no problem to begin with
d =0, in which caseg is a constant and the theorem is trivial. For larger,
we are going to assume Theorem 6 fof= d 1 and deduce Theorem 7.

We want some control over the rate of convergence dfy (g) which is
uniform in P. g can be roughly decomposed into two parts, one is \locally
at"(called anti-uniform) and the other is oscillatory(called uniform). The
uniform part would be nice for us because of its self-can@lbn when av-
eraged over long intervals. The anti-uniform part behavesss friendly but
surprisingly it can be restricted in at most a constant nite number (O (1),
independent ofP) of scale levels so that the left-over is oscillatory enoudbr
an error smaller than . After that we shall approximate anti-uniform func-
tions of these scale levels with elementary functions of cpiaxity (d 1;J)
and make use of the inductive hypothesis.

12.3.1 Koopman-von Neumann type decomposition

Q

Let 9= "o 1 .i1gje=a% De an elementary function of complexity ¢;1)
wherege : Z5* 7! [ 1;1]is a function that depends only on the coordinates
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inside e. Since ifl +1 2 e then 4 ygh = g4 yh;8N;h, irbthe proof of
Theorem 7 we can supposg. =1 whenl+1 Ze i.e. g= ~, G Where
jg=d;I+12e821 f 1, ;l+1g

Denition 8. LetM 2 N and lete?2 |, an basic e-anti-uniform function

of scale M is a function :Zp?* of the form

Y X
e(V) = Emamy B (Vj)j2ejeis W+ M
i2e k2e

whereh is a function z&"'¢  zp 71 [ 1;1].

A basic e-anti-uniform function depends only on coordinates ir.

Lemma 9. For M land > O, if k4 ngk 2z > for someN om
then 8e, 2 |, there is a basicey-anti-uniform function ¢, of scaleM such
that jhgey; el 2zy) 3

This lemma is crucial. It asserts that \uniform"” functions, or functions
approximately orthogonal to anti-uniform ones, become srtian norm under
average operators.

Now let K = di¥@" e E gnd1 =M, M, Mg be
de ned by My+; = F(My) whereF : N 7! N will be determined later.

Theorem 10. 92 k K +1 and a decompositionge = Qe.y> + Qeu for
eache 2 |, where g..y? ; Qe - Z'F,+l 7' [ 1;1] depend only on coordinates
inside e and satisfy:

() (anti-uniform part) 8e2 I, 8k | K, there is a basice-anti-uniform
function ¢; and a polynomial . whose degree and coe cients are both
bounded byO (1) (i.e., independent of P and g), such that

2

KQe,u> el ek : e;K)kLl(z'P’fl) 2061727 (4)
kge;U? el exs ; e;K)kLl i) 1:
(i) (uniform part) 8e 2 I, 8N UMk i 5 function he : ZT 7!

[ 1;1] which only depends on the cooordinates insid® is given for every
e’6 e;jej = d then
k4 n ( Y heo)k (5)
4 N (Geu Y - 5
e% ejjed=d 1q| J
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The idea of the proof of Theorem 5 is simple. Initializk = K +1
and Geu = Qe Geur = 0. During each step check if (5) holds for all

N 1001PMe 1 and all e If yes then stop the algorithm. Otherwise it
means for somee 2 | there is a basice-anti-uniform function . 1 which
is highly correlated with ge.y. In this case reallocate the part insidege; U
which is correlated with ¢ 110 Qe.y» , decreasek by 1 and repeat the step.
This involves some complication as the reallocation is notylcalculating an
inner product but by take the conditional expectation (i.e. an orthogonal
projection) of ge with respect to a nitely generated -algebra which is gen-
erated by truncations of ¢;'s with j k. Lemma 3.6 in [2] constructs these
truncations and the -algebra explicitly, guarantees that (4) holds.

The main problem here is if the algorithm can stop in a constamumber
of steps. In fact, each time when we decreakeby 1, kge.,» k.2 increases at

least by (ﬁ)2 for one of thee's according to Lemma 9. However asg..» K
is an ozthogonal projection ofge, kQe.y2 kiz 1. SO, KQe:pr Kz j 1] <
K (W)Z. Thus the processus always stops befokereaches 1.

12.3.2 Inductive step

First of all we can get rid oahe uniform part ofg. Let M = dlooq”sz Le.

ThenforanyN M ,4 \( , %) canbe expandqs asthesumdfy (o Geu?)
with jlj terms, each of which is of the forn# n (Ge;u 0 ejeg=a Ne0) fOr SOmMe
e 2 IQ By (5), eacrbof thesejlj terms is of L2 nprm at- most 01 thus
k4 N( 621 G) 4 N( e Geu?)Kio@z,) 15 By triangle megjjallty it suf-
ces 6 nd a constant M such thatOM <M <M k4 n( &) Geu?)
4N0( 2| ge;U?)kLZ(Z'P) §,8N,N02 [M,F(M)]
With a similar argument (4) implies

Y Y 2 .
k4 n( Geur) 4 n( e( ek ; e;K))kLl(Z'P) W 1
ezl ezl
Y Y o
kdn(  Gewr) 4 n( el exi 5 ey 110
e2l e2l
(here we used the fact tha# \ contracts norms). Thus
Y Y
k4 n( Geur) 4 el exi 5 ex)Kiza) 20
ezl ezl

94



Again by triangle inequality it suces to nd a constant M  such that
OM <M <M ;8N;N°2 [M;F (M)]

Y Y
kd n ( e e ;ex)) 4 ol el exi e;K)))kLZ(Z'P) é: (6)
ezl ezl
1
Denoteh =  o( ex; ; ek, S&tM = dF }(M/?)e (we assume as

beforeF is increasing). ThenMy ;<M <M <My as long asF grows
su ciently faster than F does.

1
Let L = dM/2e, we now approximateh with elementary functions of
complexity d 1.

Lemma 11. Forv2 ZL, w2 [L] andn 2 [N][ [N9,
X X

h(v+ w; (vitw) n)=E/2 i (w; w, n)+ O (M,
i=1 i=1

N

);

where is a nite probability space andg8! 2 ;v2ZzL, ,, :Z' 7' Ris an
elementary function of complexitd 1;0 (1)).

Sketch of proof.h can be expanded, each term is a product of many factors
ej- Again expand

P
e (V+ ¥ L (Vi w) n) P
= Em2m1 izeleij (Vs + Ws N gie1)szentign spe(Vs + Ws) N+ my)
P | P |
wherev,;; = i1 Vi, wherew,; = iz Wi
1 1
The key feature here is thatkwk  O(L) O(M/?) O(M{), n
1
F(M) F(M )" My sowecanreplace g, (vstWws) n+mjby o, Vs
n in the last coordinate and get an error term at mostO(‘Sz,a%”’)

oMy %) as most terms remained in the summation after the shift. Thefor
a xed v, the b.;; factor depends only on the coordinates ienfig. Thus the
product of such factors are of complexitd 1.

The rest of the proof adds up these products and is straightfeard. The
probability space represents averages over products oftervals of the form
[M;] and the O (1) in the complexity expression comes from the coe cients
of the 's. O
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k4 Nh 4 NOhkLZ(le) P
(Evzzlp Ewzi1J(Enaing Enzng)(v + w; ::1 (\F/)i + W) n)jz)%

. 5 L 1
Evozt Eweppd(En2iny Enong) Erz v (W ::1 W n)ji2z+ oM, %)
. 5 L 1
= Ewzta2 Eweppi(Enang  Enzng) v (W :zl Wi n)ji2z+0(M,"
Consider Z}, as an extrinsic probability space and identify [L]" in

the obvious way with a subset oTZ'Q where Q = (I + 1)L, still denoted by
[L]". Like in Theorem 3, we construct a function™,, on the new spaci'Q”:

let Yy (Wi wier) equal vy (Wi sWier) if (Wi; ;wieg) 2 [L] and

w1 2 [ Q; 1], equal O otherwise. Theriy; m is an elementary function of
complexity (d 1,0 (1)) as well as ; m.

Bl

k4 Nh 4 NOhkLz(Z'P) k4 |\|~V;! 4 N0~v;! kLZ(ZlQ ) +O(Mk ):

Now we can apply the inductive hypothesis (Theorem 6) tG,., on Zgl
. There is a constant O ¢y (1) such that

k4 N ~V;! 4 N0~V;! kLz(ZIQ ) Z,8N, N 02 [M, F (M)]

for someM M O.rm (1). When F grows rapidly enough,M =

dF Y(F(My 1)?)eis larger than the constantC and O (M, ) is smaller then
4 Which implies (6) is satis ed and completes the proof of thenain theorem.
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