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1 Metric and geometric quasiconformality in

Ahlfors regular Loewner spaces

after Jeremy T. Tyson
A summary written by Jonas Azzam

Abstract

Here we describe Tyson’s theorem on the equivalence of geometric quasi-
conformality, local-quasisymmetry, and a variant of metric quasiconformality
on domains of metric spaces and give a summary of the main points and tech-
niques of its proof.

1.1 Preliminaries

Let (X, d) and (Y, d′) be metric spaces. We denote d(x, y) and d′(x, y) by
|x − y| when there is no confusion about which space and metric we are
concerned with. A map f : X → Y is said to be quasisymmetric or η-
quasisymmetric if, for all x, y, z ∈ X and for any t > 0,

whenever |x− y| ≤ t|y − z|, we have |f(x) − f(y)| ≤ η(t)|f(y) − f(z)| (1)

for some homeomorphism η : [0,∞) → [0,∞). We say that f is locally
quasisymmetric if there exists a homeomorphism η such that every point in
X has a neighborhood in which (1) holds for x, y, z in this neighborhood.

We write A.B if A ≤ CB, and A ∼ B if A/C ≤ B ≤ CA for some
constant C ≥ 1. We refer to the constant C as the implied constant in the
inequality.

A Borel measure µ is (Ahlfors-David) Q-regular if for any open ballB(x, r)
centered at x of radius r in X,

µ(B(x, r)) ∼ rQ. (2)

We say that X is Q-regular if there exists such a measure on X. A measure
µ is locally Q-regular if the above condition holds for all x for sufficiently
small r > 0.
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Let X be a metric space with a locally finite Borel measure µ. For a
collection of curves Γ and a number p, we define the p-modulus of Γ to be

ModpΓ = inf
ρ

∫

X

ρpdµ

where the infimum is taken over all Borel functions ρ : X → [0,∞] such
that

∫
γ
ρ ≥ 1 (by a curve, we will mean a continuous nonconstant function

γ : I → X for some interval (possibly noncompact) I ⊆ R). Such a ρ
satisfying these conditions we call admissible for Γ.

The modulus satisfies the following properties:

(i) Modp∅ = 0;

(ii) Γ ⊆ Γ′ implies ModpΓ ≤ ModpΓ
′;

(iiii) Modp is countably subadditive;

(iv) ModpΓ ≤ ModpΓ
′ whenever every curve in Γ has a curve in Γ′ as a

subcurve;

(v) If 1 < p <∞ and Γn is an increasing sequence of curve families whose
union is Γ, then limn→∞ ModpΓn = ModpΓ.

With X as above, X is said to be a p-Loewner space if there exists a
nonincreasing positive function ϕ : (0,∞) → (0,∞) such that

Modp(E,F ) ≥ ϕ(t) > 0

whenever E and F are disjoint nondegenerate (i.e. they are not singleton
points) continua in X such that

dist(E,F ) ≤ tmin{diamE, diamF},

where (E,F ) denotes the collection of curves connecting E to F . We call ϕ
a Loewner function of X.

A function f : X → Y between two metric measure spaces (each having
a locally finite Bore measure) is said to be geometrically K- quasiconformal
if, for every collection of curves Γ,

1

K
ModpΓ ≤ Modp ≤ KModpΓ.
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Define, for r > 0,

Lf (x, r) = sup{|f(x) − f(y)| : |x− y| ≤ r}

and
ℓf (x, r) = inf{|f(x) − f(y) : |x− y| ≥ r}.

We say that f is metrically H-quasiconformal if there exists H ≥ 1 such that

lim sup
r→0

Lf (x, r)

ℓf(x, r)
≤ H

for all x ∈ X.

1.2 Main theorem and discussion

The problem considered in this paper is the equivalence of quasiconformality
and quasisymmetry in metric spaces. In particular, the author has proved
earlier (see [3], theorem 1.4) that geometric quasiconformality and quasisym-
metry were equivalent for maps f between Q-regular metric measure spaces.
Furthermore, we know that metric quasiconformality is equivalent to local-
quasisymmetry for homeomorphisms between Q-regular Loewner spaces (see
[2]), and therefore that quasisymmetry and metric and geometric quasicon-
formality are equivalent for homeomorphisms between Q-regular Loewner
spaces.

The author raises the question of whether one can generalize these results
to maps between subdomains of these spaces, i.e. f : U → U ′ where U ⊆ X
and U ′ ⊆ Y , where U and U ′ need not be Loewner or Q-regular. The result
is true for Rn and we ask how far we can extend it to arbitrary metric spaces.
In this context, the author proves the following result:

Theorem 1. Let (X, d, µ) and (Y, d′, ν) be locally compact, Q-regular spaces
with Q > 1, where X is Loewner and Y is locally linearly connected. Let
U ⊆ X and U ′ ⊆ Y be open sets and f : U → U ′ a homeomorphism. Then
the following are equivalent:

(i) there exists t > 1 and H <∞ such that

lim inf
Lf (x, tr)

ℓf (x, r)
≤ H

for all x ∈ X;
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(ii) for each t > 1, there exists H(t) <∞ such that

lim sup
r→0

Lf (x, tr)

ℓf (x, r)
≤ H(t)

for all x ∈ X;

(iii) there exists a K <∞ such that f is geometrically K-quasiconformal;

(iv) there exists η : [0,∞) → [0,∞) such that f is locally η-quasisymmetric.

A metric space Y is C-locally linearly connected if there exits C ≥ 1 such
that, for every point x and every r > 0, any two points in B(x, r) can be
connected by a curve lying in B(x, Cr) and every two points in B(x, r)c may
be connected by a curve in B(x, r/C). Note that this is a weaker condition
than Y being Loewner, that is, Loewner spaces are linearly locally connected
(see [1], theorem 8.23). Note also that the theorem does not achieve equiv-
alence with metric quasiconformality, but a weaker variant described by the
conditions (i) and (ii).

1.3 Details and techniques of proof

1.3.1 Outline

We briefly outline here the steps for proving the main result to put the later
details in context:

1. We first develop a generalized form of modulus, Mod•
p,σ, which is con-

structed depending on data σ that we specify. We will sketch the
construction of this in the section below.

2. For locally Q-regular metric spaces, this new modulus is comparable to
the traditional modulus.

3. For this new modulus, if condition (i) is satisfied by a homeomorphism
f , then Mod•

p,σΓ ≤ Mod•
p,σ′fΓ, where the data σ and σ′ depend on the

constants t and H . Pulling this together, we get that

ModpΓ. mod •
p,σΓ ≤ Mod•

p,σ′fΓ.ModpfΓ. (3)

Hence, this shows (i) implies ”half” of (iii), that is, one half of the
inequality for quasiconformality.
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4. We then show that if this half of (iii) is satisfied, then this implies
quasisymmetry.

In summary, we get (i) implies half of (iii) which in turn implies (iv). It is
not hard to show (iv) implies (ii) (the only assumption needed here on X and
Y is that Y is locally C-linearly locally connected), (ii) implies (i) trivially,
and since the inverse of a quasisymmetric map f is also quasisymmetric, the
above discussion implies the reverse inequality in (3), so (iv) implies (iii),
so all statements are equivalent. Since the bulk of the proof lies in the first
three steps, we will discuss those below and mention the result needed for
step 4 in the end.

1.3.2 Quasiround sets and generalized packing measure

Here we introduce quasiround sets and describe how to construct the general-
ized packing measure needed to define the generalized modulus. The author
presents the construction in a more general setting, working with quasiround
balls instead of restricting all attention to just balls. A normal ball under
the maps we will consider may be morphed to some degree, so by weakening
our definition of roundness these balls will fall within the same class of ob-
jects under these maps: quasiround sets will be mapped to quasiround sets.
We can then develop the tools we have defined for usual balls (doubling set
functions, covering lemmas, et cetera) for this larger class.

Let A ⊆ X be a closed set. If k > 1, we say A is k-quasiround if there
exists x ∈ X such that

B(x, r1) ⊆ A ⊆ B(x, r2)

where 0 < r1 < r2 < kr1. We call r1 and r2 the inner and outer radius
respectively. We say that a set A is 1-quasiround if A = B(x, r) for some
x ∈ X and r > 0. We denote Bk(X) to be the set of all quasiround sets,
B1(X) to be the set of all balls, and B(X) to be all quasiround sets. Two
sets A and A′ are an ℓ-quasiring if there exist r1 < r2 < ℓr1 <∞ and x ∈ X
such that

B(x, r1) ⊆ A ⊆ A′ ⊆ B(x, r2).

These are generalizations of balls and concentric balls, allowing the boundary
of the ball to vary by a factor.
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Let E ⊆ X and V a collection of quasiround subsets of X. We say that V
is a fine (or Vitali) cover of E if every point in E is contained in a quasiround
set in V of arbitrarily small outer radius. We say a subcollection C ⊆ V is
V-full if there is a function ∆ : E → (0,∞) such that every element of V
centered at x with outer radius at most ∆(x) is in C. Two fine collections V
and V are an ℓ-admissible pair if there exists a map A 7→ A′ from V to V ′

such that (A,A′) is an ℓ-quasiring. This is the generalization of doubling of
balls, so for example, B1(X) is admissible with itself via the doubling map
B(x, r) 7→ B(x, 2r).

For V ⊆ Bk(X), k ≥ 1, a fine cover of X, C ⊆ V a subcollection, a set
function ψ : V → [0,∞], and δ ∈ (0,∞], define the variation

V (ψ, C) = sup
∑

i

ψ(Ai)

where the supremum is taken over all finite or countable collections {Ai} ⊆ C
of pairwise disjoint elements. Then, for a set E ⊆ X, define

Ψ•
k,V(E) = inf

C
V (ψ, C)

where the infimum is over all V-fine covers C of E. This turns out to be a
Borel regular measure on X.

Furthermore, given the same ψ and V as above, we can develop a gener-
alized notion of length. For a curve γ : I → X, define

Ψ − lengthk,V = sup
γ0

lim
δ→0

inf
∑

ψ(Ai)

where the supremum is taken over subcurves of γ by restricting to compact
subintervals of I, and the infimum is taken over finite or countable covers
{Ai} ⊆ V of the image of γ0 with outer radii at most δ.

For an ℓ-admissible pair (V,V ′), we say a set function ψ : V ∪V ′ → [0,∞]
is locally M-blanketed for some M > 0 if the collection of sets A ∈ V for
which

ψ(A′) ≤Mψ(A)

is a V-full cover of X.

1.3.3 The generalized modulus and its role

Now we may define the generalized modulus and begin the steps of the proof
of the main theorem. Let X be a metric space. Let ℓ > k ≥ 1, M <∞, and
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V,V ′ ⊆ Bk(X) be fine covers of X which form an ℓ-admissible pair. Let Γ be
a family of curves. We define the (packing-type) generalized p-modulus of Γ
with respect to the data σ = (k, ℓ,M) to be

Mod•
p,σΓ = inf Ψ•

p,k,V(X),

where the infimum is taken over all generalized packing measures Ψp,k,V gen-
erated by set functions ψp where ψ : V ∪ V ′ → [0,∞] is a locally blanketed
M-function such that Ψ − length(γ) ≥ 1 for all γ ∈ Γ. Such a ψ satisfying
these conditions is said to be admissible for Γ.

We may prove that this and the original modulus are comparable via
the following lemma. First, for a metric space X, we define the constant of
uniform perfectness to be the constant c > 0 such that diamB(x, r) ≥ 2cr for
every x ∈ X and r > 0, and X is uniformly perfect if such a constant exists.

Lemma 2. Let (X,µ) be a locally Q-regular metric measure space with Q >
1. Let t > ℓ > 1 and M <∞. Then

ModQΓ.Mod•
Q,(1,ℓ,M)Γ

for any family of curves Γ and fine collections V ⊆ B1(X) with V ′ = tV. If
in addition X is locally compact, then, for fixed k ≥ 1,

Mod•
Q,(k,ℓ,M)Γ.ModQΓ

for all ℓ > k and for any M ≥ ℓ/c, where the implied constants depends only
on k, Q, and the implied constants in equation (2), and c is the constant of
uniform perfectness for X.

Note that Q-regular spaces are uniformly perfect. Both inequalities are
proven with a similar motif in mind. In the first inequality, we let ψ : V ∪V ′

be any admissible function for Γ with respect to the generalized modulus and
use it to construct a particular admissible Borel function ρ for the classical
modulus that will help us achieve the bounds we need to prove the inequality.
Proving the second inequality follows similarly, by picking any ρ admissible
for the classical modulus and constructing a ψ admissible for the generalized
modulus.

Next, there is the task of showing step 3 in the proof.
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Lemma 3. Let f : X → Y be a homeomorphism between locally compact
metric spaces satisfying condition (i) in the main theorem. Let ℓ > t, ℓ′ =
k′ > H, and M < ∞. Let V be the fine collection of balls B such that the
image of the ℓ-ring (B, tB) under f is an ℓ′-quasiring. Then we have that,
for data σ and σ′ depending on t and H,

Mod•
p,(1,ℓ,M)Γ.Mod•

p,(k′,ℓ′,M)fΓ

where Mod•
p,(k′,ℓ′,M) is computed relative to the ℓ’-admissible pair (f(V), f(tV))

Condition (i) of the theorem ensures that V is a fine cover of X. We
outline the main points of the proof: let ψ : f(V) ∪ f(tV) be an admissible
locally M-blanketed function for the generalized modulus of fΓ, and define
ϕ : V → [0,∞] as

ϕ(A) := ψ(fA)

for A ∈ V ∪ tV. Then ϕ will be locally M-blanketed. Next, we show that

1. Φ-length1,tV ≥ Ψ-lengthℓ′,f(tV) for all γ ∈ Γ;

2. Φ•
p,1,V(E) ≤ Ψ•

p,ℓ′,fV(E) for every Borel set E ⊆ X.

Then ϕ is admissible for the generalized modulus of Γ by (1) and (2)
finishes the proof by letting E = X and taking the infimum of both sides.

The proof is complete once we mention this last lemma, which completes
step 4 of the proof.

Lemma 4. Let (X,µ) be a Q-regular Loewner space and let (Y, ν) be a Q-
regular C-locally linearly connected space with Q > 1. Let f : U → U ′

be a homeomorphism between open subsets of X and Y respectively which
satisfies ModQΓ.ModQfΓ for all curve families Γ in U . Then f is locally
quasisymmetric.
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2 Quasi-symmetry and 2-spheres

after Bonk and Kleiner
A summary written by Michael Bateman

Abstract

Let Z be a 2-regular metric space homeomorphic to S2. Then Z

is quasimobius to S2 iff Z is linearly locally connected.

2.1 Introduction and definitions

We sketch a proof of one of the main theorems of Quasisymmetric parametriza-
tions of two dimensional metric spheres by Bonk and Kleiner, stated here
in the abstract. The theorem proved there uses ”quasisymmetric” instead of
”quasimobius”, and ”linearly locally contractible” instead of ”linearly locally
connected”. These notions are equivalent in our setting, and we focus on the
version stated here. A metric space Z is λ-linearly locally connected (λ -LLC)
if x, y can be connected inside λB whenever x, y are in the same ball B, and
if x, y can be connected in Z\B whenever x, y ∈ Z\λB. If x1, x2, x3, x4 ∈ X
are distinct, define the modified cross-ratio as

〈x1, x2, x3, x4〉 =
min(d(x1, x3), d(x2, x4))

min(d(x1, x4), d(x2, x3))
. (1)

A homeomorphism f : Z1 → Z2 is η-quasimobius if η : R+ → R+ is a
homeomorphism, η(t) → 0 as t→ 0, and

〈f(x1), f(x2), f(x3), f(x4)〉 ≤ η (〈x1, x2, x3, x4〉) . (2)

A continuum is a connected compact set. If E,F are continua, define their
relative distance to be

∆(E,F ) =
dist(E,F )

min(diam(E), diam(F ))
. (3)

Proposition 1. Let Z be LLC. Then for all ǫ > 0, we have
A. If 〈x1, x2, x3, x4〉 is small enough, then there are continua E and F

such that x1, x3 ∈ E and x2, x4 ∈ F , and ∆(E,F ) ≥ 1
ǫ
.

B. If there are continua E,F such that x1, x3 ∈ E and x2, x4 ∈ F and
∆(E,F ) is small enough , then 〈x1, x2, x3, x4〉 < ǫ.
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Proof. We include the proof of B, which is simple:

〈x1, x2, x3, x4〉 ≤
min(diam(E), diam(F ))

dist(E,F )
=

1

∆(E,F )
. (4)

We end this section by remarking that if Dk ⊆ X, with X, Y compact,
and fk : Dk → Y is a sequence of η quasimobius functions (with the same
control function!) where the Dk’s become arbitrarily dense in the limit, then
we may extract a convergent subsequence by using a standard diagonalization
argument, as long as we assume that there are xk1, x

k
2x

k
3 and C ≥> 0 such

that

d(xki , x
k
j ) >

diam(X)

C
and d(f(xki ), f(xkj )) >

diam(Y )

C
. (5)

This ensures that the fk are equicontinuous.

2.2 Approximating metric spaces by graphs

Let G be a graph with vertex set V . We write u ∼ v to mean that there
is an edge connecting u and v. Let A = (G, p, r,U) represent a graph G,
a function r : V → (0,∞), a function p : V → Z, and an open cover
U = {Uv}v∈V of Z. K ∈ N+, define the K-star of V to be StK(v) =⋃
k(v,w)<K Uw, where k denotes combinatorial distance in the graph. Let

Ns(v) = {w ∈ V : k(w, v) ≤ s}. Define mesh(A) = supv∈V r(v). If K ∈ N+,
we say A is a K-approximation of Z if

1. The degree of every vertex v ∈ V is bounded by K.
2. B(p(v), r(v)) ⊆ Uv ⊆ B(p(v), Kr(v)), and N r(v)

K

⊆ StK(v) for all v.

3. If v ∼ w, then Uv ∩ uw 6= ∅, and r(v) ≤ Kr(w). If Uv ∩ uw 6= ∅, then
k(v, w) < K.

4. If x, y ∈ Uv, then there is a curve γ connecting x and y in StK(v).
Conditions 1 and 3 give an upper bound on the number of neighborhoods

(or K-stars) that can cover the same point, and Condition 5 is similar to the
LLC condition. The map p tells us the location of v in Z.

Proposition 2. If Z is LLC, doubling and homeomorphic to S2, then there
is a K-approximation A of Z with arbitrarily small mesh size such that the
graph G of A is the 1-skeleton of a triangulation of S2.
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This is proved by taking a net in the space, connecting points that are
close together with the LLC condition, and verifying the conditions for ap-
proximations. Adding a few extra points and edges makes it into a triangu-
lation, which is what we want. Now given any graph that is a triangulation
of S2, we can realize it as a circle packing with circles having centers at the
vertices, by a result of Andreev-Koebe-Thurston. So we can construct an
approximation A′ on S2 from our K-approximation on Z by letting p′(v) be
the center of the circle associated to v , r′(v) its radius, and U ′

v the interiors
of all triangles with a vertex at v. Having the same graph approximate both
Z and S2 gives us an obvious candidate for a quasimobius map between Z
and S2: for x ∈ p(V ) ⊆ Z, let f(x) = p′(p−1(x)). We will construct such
functions on a sequence of graphs with mesh size tending to zero and ap-
ply the convergence result stated above. It remains to find conditions under
which these maps are quasimobius.

The definition of quasimobius is symmetric in the sense that if f is quasi-
mobius, then f−1 is also quasimobius. This is a consequence of the symmetry
properties of the cross-ratio and the fact that the control function η is a home-
omorphism with η(t) → 0 as t → 0. The following proposition says that,
under favorable circumstances, we can relax the condition on the control
function η.

Proposition 3. Suppose A and A′ are K-approximations of X and Y with
the same underlying graph. Suppose f : p(V ) → p′(V ) is given by f(x) =
p′(p−1(x)). Suppose X and Y are LLC, doubling and homeomorphic to S2,
and suppose there is a function δ : R

+ → R
+ such that for all ǫ > 0, we

have [x1, x2, x3, x4] < ǫ whenever [f(x1), f(x2), f(x3), f(x4)] < δ(ǫ). Then f
is quasimobius.

2.3 Modulus in graphs

In analogy to the definition of modulus in a metric measure space, we define
modulus in a graph G: modGQ(A,B) = inf

∑
v∈V w(v)Q, where the inf is taken

over functions w : V → [0,∞] such that
∑

v∈C w(v) ≥ 1 for any chain C of
vertices connecting the set A and the set B.

Proposition 4. If A′ ⊆ NK(A), B′ ⊆ NK(A), then modGQ(A′, B′) . modGQ(A,B).

Proof. Given an admissible function w for (A,B), define w̃(v) =
∑

u∈B(v,K)w(u).
Then the assumption on the degree ofG yields an upper bound on the number
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of vertices in B(v,K), for any v, so
∑

v∈V w̃(v)Q .
∑

v∈V w(v)Q. It remains
to show that w is admissible: if u1 ∼ ... ∼ un is a chain connecting A′ to B′,
then ∪ni=1B(ui, K) contains a chain from A to B, so

∑n
i=1 w̃(ui) ≥ 1.

For a set E ⊆ Z, let VE = {v ∈ V : Uv ∩ E 6= ∅}. The next few results
relate the modulus of sets VE, VF in a graph to properties of the sets E and
F in the metric space Z.

Proposition 5. Let Q ≥ 1, A a K-approximation of a Q-regular metric
measure space Z, and let E,F be such that dist(VE , VF ) is not too small.
Then modQ(E,F ) . modGQ(VE , VF ).

The conditions on the separation of vertices (here and in what follows)
should not cause alarm – we will consider graph approximations with very
small mesh size, so most pairs of vertices will have large combinatorial dis-
tance in the graph. The assumptions are needed for technical reasons. To
prove this proposition, we take an admissible function w for (VE , VF ) and con-
struct a function ρ admissible for (E,F ) with a similar mass bound. Given
a curve connecting E to F , we find the vertices that are close to the curve,
then add up the values of the function w for those vertices, after scaling
them appropriately to reflect the density of vertices near the curve. If we
additionally assume that Z is Q-Loewner in the proposition above, i.e., if
we assume Z is rectifiably connected and that there is a decreasing function
φ : R+ → R+ such that φ(∆(E,F )) ≤ modQ(E,F ), then we have

φ(∆(E,F )) ≤ modGQ(VE , VF ) (6)

if dist(VE, VF ) is not too small. Note that S2 is 2-Loewner. The following
proposition establishes the reverse inequality in certain situations.

Proposition 6. Let Q ≥ 1, and let A be a K-approximation of a Q-regular
metric measure space Z. Then there exists ψ : R

+ → (0,∞] with ψ(t) → 0
as t→ 0, such that

modGQ(VE, VF ) ≤ ψ(∆(E,F )). (7)

We do not give any proof here since it is a bit technical, but it is very
similar in spirit to the proof of the analogous fact for the traditional mod-
ulus in a Q-regular space. We define another notion of cross-ratio, this
time for vertices in a graph. If Q ≥ 1, define the Ferrand cross-ratio as
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[v1, v2, v3, v4]Q = inf modGQ(A,B), where the inf is over all chains A ∋ v1, v3

and B ∋ v2, v4. The motivation for this definition is that in a Q-regular
Q-Loewner space, [x1, x2, x3, x4] is small iff there are continua E ∋ x1, x3 and
F ∋ x2, x4 with small modulus, by Proposition 1.

Proposition 7. If Q ≥ 1, and Z is LLC with a K-approximation A satisfy-
ing (7), then there is a δ1 : R+ → R+ such that if ǫ > 0, then [v1, v2, v3, v4]Q <
ǫ whenever k(vi, vj) ≥ 2(K + L) and [p(v1), p(v2), p(v3), p(v4)] < δ1(ǫ).

Proof. If [p(v1), p(v2), p(v3), p(v4)] is small, there are continua E ∋ p(v1), p(v3)
and E ∋ p(v2), p(v4) with ∆(E,F ) large, by Proposition 1. Cover E by neigh-
borhoods Uwj

. By 3. of the definition of K-approximation, there is a chain
A ⊆ NK(∪wj ⊆ NK(VE) connecting v1 and v3. Similarly, we find a chain
B connecting v2 and v4. Now apply assumption 7 with Proposition 4 to get
modGQ(A,B) . modGQ(VE, VF ) . ψ(∆(E,F )). But [v1, v2, v3, v4]Q is the inf
over all such chains A and B, and ∆(E,F ) being large makes ψ(∆(E,F ))
small, by Proposition 1, so we are done.

Proposition 8. If Q ≥ 1, Z is LLC with a K-approximation A satis-
fying (6), then there is a function δ2 : R+ → R+ such that if ǫ > 0,
then [p(v1), p(v2), p(v3), p(v4)] < ǫ whenever k(vi, vj) ≥ is not too small and
[v1, v2, v3, v4]Q < δ2(ǫ).

We skip the proof since it is similar to that of the previous proposition.
Now we combine these propositions to obtain conditions guaranteeing the
existence of a quasimobius map between graph approximations.

Proposition 9. Let Q ≥ 1. Let X be connected, with K-approximation A =
(G, p, r,U) satisfying (6). Let Y be LLC and doubling, with K-approximation
A′ = (G, p′, r′,U ′) satisfying (7). (Note that the underlying graphs are the
same!) Let W ⊆ V be a set of vertices that have large combinatorial separa-
tion (i.e., large enough to satisfy the separation conditions in (6) and (7)).
Define f : p(W ) → p′(W ) in the obvious way, i.e., f(x) = p′(p−1(x). Then
f is quasimobius, with control function depending quantitatively on the data.

The reason we want the control function to depend only on the data is
so that we can take a sequence of graphs with smaller and smaller mesh
approximations, find a quasimobius map on each graph and then apply the
convergence result stated above.
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Proof. Our assumptions here allow us to apply Proposition 3.
All we need to show is that [x1, x2, x3, x4] is small whenever [f(x1), f(x2), f(x3), f(x4)]

is small. But this follows by applying the previous two propositions in suc-
cession.

As a corollary, we see that if Ak and A′
k are sequences of graph approx-

imations with the same graphs Gk, and if mesh(Ak) and mesh(A′
k) go to

zero, then we can apply the convergence result as long as the condition (5)
is satisfied.

2.4 Proof of the main result

Proof. In Proposition 9, let X = S2, and let Y be the 2-regular LLC space Z.
By Proposition 2, there is a K-approximation of Z that is combinatorially
equivalent to the 1-skeleton of a triangulation of S2 with mesh(Aj) ≤ 1

j
.

By the remarks following the proposition, we know that this gives us K ′-
approximations A′

j of Y , with the same underlying graphs Gj = (Vj, Ej).
Since S2 satisfies (6), and since Z satisfies (7), we may apply Proposition
9 to find, for each j, a quasimobius map from p(Vj) → p′(Vj) with the
same control function for all j (by the remarks following the proposition).
Finally we remark that the condition (5) needed to apply the convergence
result can be met by choosing three separated points z1, z2, z3 ∈ Z, and using
vertices vj1, v

j
2v
j
3 that approach z1, z2, z3 , respectively, as j → ∞. Then in the

approximation of the sphere, we may actually choose to make p(vj1), p(vj2) and
p(vj3) be well separated on the sphere. We can do this by applying a sequence
of Mobius transformations to the sphere to send any three points to three
equidistant points on a great circle. This allows us to apply the convergence
lemma, so we are done.

Michael Bateman, Indiana University
email: mdbatema@indiana.edu
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3 Quasisymmetric rigidity of Sierpiński car-

pets

after M. Bonk and S. Merenkov [5]
A summary written by S. Zubin Gautam

Abstract

We summarize the results of [5], where it is shown that the group
of quasisymmetric self-maps of the standard Sierpiński 1

p -carpet Sp is
finite; in particular, the group of quasisymmetric self-maps of S3 is
the dihedral group D4. We also prove that any two distinct standard
Sierpiński carpets are not quasisymmetrically equivalent.

3.1 Introduction

3.1.1 Carpets

For p > 1 odd, the standard Sierpiński 1
p
-carpet Sp is a self-similar subset

of R2 obtained recursively by partitioning a square into p2 subsquares of
equal size, removing the open middle square, repeating this procedure on the
p2 − 1 remaining squares, and continuing indefinitely.1 The construction is
analogous to that of the usual Cantor sets in R; in the following, we will view
the carpets Sp as being constructed in the unit square [0, 1] × [0, 1] unless
otherwise noted.

More generally, a carpet is a topological space homeomorphic to the stan-
dard Sierpiński carpet S3 (or equivalently to any Sp). Carpets embedded in
the sphere S2 can be characterized as sets S = S2 \ ⊔Di, where the Di

are Jordan domains with pairwise disjoint closures, such that S has empty
interior and limi→∞ diam(Di) = 0 in the spherical metric.

In a general carpet S, a peripheral circle is a closed Jordan curve γ such
that S \ γ is connected. For carpets in the sphere as above, the peripheral
circles are simply the boundaries ∂Di.

In the sequel, we will glibly pass between the (extended) complex plane
and the Riemann sphere S

2 via the usual conformal stereographic projection.
We call a carpet S a carpet in K if K is a closed Jordan domain, S ⊂ K ⊂ S2,
and ∂K is a peripheral circle of S. S is a square carpet in K if its peripheral

1It will probably be useful to the reader to sketch pictures throughout this summary.
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circles (possibly excepting ∂K) bound geometric squares with sides parallel
to the real and imaginary axes in C. Similarly, S ⊂ S2 is a round carpet if
its peripheral circles are bona fide geometric circles.

We also consider carpets in cylinders P/T , where P is the strip

P = {x + iy ∈ C | 0 ≤ y ≤ 1}

and T is a cyclic group of horizontal translations. These carpets simply arise
as projections of T -invariant carpets in P. The bottom and top peripheral
circles are the projections of {y = 0} and {y = 1}, respectively.

3.1.2 Quasisymmetric maps

A homeomorphism f : X → Y of metric spaces (X, dX) and (Y, dY ) is η -
quasisymmetric if η : [0,∞) → [0,∞) is a homeomorphism and

dY
(
f(x), f(y)

)

dY
(
f(x), f(z)

) ≤ η

(
dX(x, y)

dX(x, z)

)

for all distinct x, y, z ∈ X. The homeomorphism η will usually be suppressed
in the notation, and X and Y are said to be quasisymmetrically equivalent
if there exists a quasisymmetric homeomorphism f : X → Y . Heuristi-
cally, if y and z are symmetric about x, then f distorts the symmetry of the
triple (x, y, z) by a bounded amount. Quasisymmetric maps serve as a nat-
ural generalization of quasiconformal maps to the setting of general metric
spaces; in particular, the quasisymmetric self-maps of Rn are precisely the
quasiconformal ones. See [8] for more on the basic theory of quasisymmetric
maps.

Much of the motivation for studying quasisymmetric mapping properties
of carpets arises from geometric group theory. To wit, any quasi-isometry
of hyperbolic groups induces a quasisymmetric map between their bound-
aries at infinity, and carpets arise naturally as boundaries of Kleinian groups
associated with hyperbolic 3-orbifolds. See [1] for a brief discussion of this
connection.

3.1.3 Main results

The main results of [5] are the following theorems:
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Theorem 1. The group of quasisymmetric self-maps of the standard Sierpiński
carpet S3 is the dihedral group D4 consisting of rotations and reflections of
the square.

Theorem 2. The group of quasisymmetric self-maps of the standard Sierpiński
carpet Sp is finite.

Theorem 3. The standard Sierpiński carpets Sp and Sq are not quasisym-
metrically equivalent for p 6= q.

3.2 Carpet modulus

The key tool used to prove the above theorems is a discrete analogue of the
classical conformal modulus of a curve family in S2 (see [8]; the conformal
modulus for curve families in S

2 is the “2-modulus” in the notation therein).
Let S be a carpet in S2, and let ρ be a mass distribution (i.e., a nonneg-

ative function) defined on the set {Ci} of its peripheral circles. The ρ-length
of a curve γ ⊂ S

2 is

lρ(γ) :=
∑

γ∩Ci 6=∅
ρ(Ci),

and the total mass of ρ is

M(ρ) :=
∑

i

ρ(Ci)
2.

Given a curve family Γ in S2, a mass distribution ρ is Γ-admissible if there
exists a subfamily Γ0 ⊂ Γ of conformal modulus zero such that lρ(γ) ≥ 1 for
all γ ∈ Γ \ Γ0. The modulus of Γ with respect to S is

modSΓ := inf
ρ Γ-admissible

M(ρ).

A mass distribution ρ is extremal for Γ if M(ρ) = modSΓ; if an extremal
ρ exists, it is unique by the usual ℓ2 convexity argument. In the sequel,
“modulus” will refer to this carpet modulus, while “conformal modulus” will
refer to the classical 2-modulus.

The conformal modulus is a conformal invariant, but it is only quasi -
invariant under quasiconformal maps. By contrast, it is easy to check that the
carpet modulus just defined is genuinely invariant under quasiconformal self-
maps of S2. The following monotonicity property of the modulus is crucial
(and easily verified): Write Γ � Γ′ if every curve γ ∈ Γ has a subcurve in Γ′.
Then Γ � Γ′ ⇒ modSΓ ≤ modSΓ′.
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3.3 Preliminary results

3.3.1 Group-like carpets

A closed Jordan curve C ⊂ S2 is a quasicircle if it is the image of a geometric
circle under a quasi-Möbius map (the notion of a quasi-Möbius map is similar
to that of quasisymmetry; for the sake of brevity we refer the reader to [9]).
Curves in a family {Ci} are uniform quasicircles if they are images of circles
under quasi-Möbius maps of uniformly bounded distortion. The family {Ci}
is uniformly separated if there exists δ > 0 such that

dist(Ci, Cj)

min{diam(Ci), diam(Cj)}
≥ δ

in the chordal metric on S2.
A carpet embedded quasisymmetrically in S2 whose peripheral circles

are uniformly separated uniform quasicircles is said to be group-like. (The
defining properties are enjoyed by all carpets that arise as boundaries of
hyperbolic groups, whence the name.)

Lemma 4. Any quasisymmetric image of a group-like carpet is again a
group-like carpet. Moreover, any quasisymmetric map between group-like car-
pets extends to a quasiconformal self-map of S2.

The first claim follows from basic properties of quasi-Möbius maps (see
[3]); the second is proved via the classical Ahlfors-Beurling extension theorem
(see [4] for details). In fact, the second claim holds even if one drops the
uniform separation hypothesis on the peripheral circles.

By the invariance of the carpet modulus under quasiconformal homeo-
morphisms, we see that modS is a quasisymmetric invariant for group-like
carpets S; i.e., modSΓ = modf(S)f(Γ) for all quasisymmetric f .

3.3.2 Assumed results and applications

We will assume the following three foundational uniformization and rigidity
results:

Theorem 5 (Cylinder Uniformization Theorem). Let S be a group-like carpet
with C0 and C1 two distinct peripheral circles of S. Then there exists a
quasisymmetric map of S onto a square carpet in some cylinder P/T such that
C0 and C1 are mapped to the bottom and top peripheral circles, respectively.
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Moreover, none of the peripheral circles in the square carpet is a point. (See
[2].)

Theorem 6 (Round Uniformization Theorem). Every group-like carpet is
quasisymmetrically equivalent to a round carpet in S2. (See [2]; see also [1]
for a sketch of the proof.)

The Round Uniformization Theorem is an analogue of Koebe’s uniformiza-
tion theorem for circle domains; in fact, Koebe’s theorem is the basic ingre-
dient of its proof.

Theorem 7 (Round Rigidity Theorem). If S is a round carpet in S2 of Haus-
dorff measure 0, then every quasisymmetric map of S onto another round
carpet is the restriction of a Möbius transformation. (See [4].)

We now apply these three theorems to establish some preliminary results.

Lemma 8 (Top-bottom lemma). Let S be a group-like carpet of measure
zero, let C0 and C1 be two distinct peripheral circles, and let Γ be the curve
family connecting C0 and C1. Then the extremal mass distribution ρΓ for
Γ satisfies ρΓ(Ci) = ℓ(Ci) for i /∈ {0, 1}, where ℓ(Ci) is the side-length of
the square in P/T corresponding to Ci under the Cylinder Uniformization
Theorem.

Proof sketch: After applying the Cylinder Uniformization map, consider
the curve family Γ′ of straight lines γt := {t} × [0, 1] in P/T connecting the
top and bottom peripheral circles. Say [0, a)× [0, 1] is a fundamental domain
for P/T . Let ρ be any Γ′-admissible mass distribution; then

lρ(γt) =
∑

γt∩Ci 6=∅
ρ(Ci) ≥ 1, t ∈ [0, a) \ E,

where E is a measure-zero set accounting for the exceptional subfamily in
the definition of admissibility. Integrating over [0, a) \ E yields

a ≤
∑

i

ℓ(Ci) ρ(Ci) ≤
√
a
√∑

ρ(Ci)2 =
√
aM(ρ)

by Cauchy-Schwarz (recall that the peripheral squares Ci have sides parallel
to the coordinate axes). So M(ρ) ≥ a = M(ρΓ) for all Γ′-admissible ρ, and
hence ρΓ is extremal for Γ′. ρΓ is also Γ-admissible, so the claim follows from
the monotonicity property of the modulus (since Γ′ � Γ).
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Lemma 9. Let S be a group-like carpet of measure 0 and C0, C1 two pe-
ripheral circles. Then the group of orientation-preserving quasisymmetric
self-maps of S that fix C0 and C1 setwise is finite cyclic.

Proof sektch: By Cylinder Uniformization, it suffices to assume S is a
square carpet in a cylinder; suppose f is such a self-map. f has a quasicon-
formal extension f̃ by Lemma 4. By Lemma 8 and quasisymmetric invariance
of the modulus, we see that f maps peripheral squares to peripheral squares
of the same size. By considering vertical line segments connecting peripheral
squares C to the top and bottom of the cylinder, one can also show that
f(C) has the same distance to the top and bottom as does C and that f
maps vertices to vertices. Thus there is a rotation of the cylinder taking C
to f(C); using absolute continuity properties of f , one can in fact “glue”
these rotations together, showing that f is itself a rotation of the cylinder.
Since there are only finitely many peripheral squares of a given side-length,
we conclude that the group in question is finite cyclic.

Theorem 10 (Three-Circle Theorem). Any two orientation-preserving qua-
sisymmetric self-maps that act the same on a triple of distinct peripheral
circles (or a triple of distinct points) must be the same map.

This follows from the Round Uniformization and Round Rigidity Theo-
rems; see [1] for details.

Lemma 11. Let x and y be two distinct points on a single peripheral circle
of a group-like carpet S. Then the group of quasisymmetric self-maps of S
fixing x and y is cyclic.

As above, this follows from Round Uniformization and Round Rigidity.

3.4 A preferred pair of peripheral circles

The “outer” and “middle” squares of a standard Sierpiński carpet Sp are
defined in the obvious way.

Lemma 12. Every quasisymmetric self-map of Sp preserves the outer and
middle squares as a pair.

Proof sketch: Let Γ be the curve family connecting the outer and middle
squares, and let Γij be that connecting the peripheral squares Ci and Cj ,
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at least one of which is neither the middle nor the outer square. By the
self-similarity of Sp, every curve in Γij passes through a common “copy” of
Sp (draw a picture); hence modSp

(Γij) ≤ modSp
(Γ). If equality were to hold,

then by uniqueness of extremal mass distributions, the extremal distribution
for Γij would have to concentrate on the aforementioned copy of Sp, which
is a proper subset of Sp; this contradicts the “Top-bottom” lemma.

3.5 Proof of Theorem 2

We now prove that the group of quasisymmetric self-maps of Sp is finite. By
Lemma 12, every element of this group preserves the outer and middle squares
as a pair. By Lemma 9, the subgroup of orientation-preserving elements that
fix these two squares is finite cyclic. The composition of any two orientation-
reversing maps is orientation-preserving, and similarly the composition of
two maps switching the outer and middle squares preserves them, so the
whole group of quasisymmetric self-maps is in fact finite.

3.6 Weak tangents of Sp

A weak tangent space of a metric space X is a Gromov-Hausdorff limit of
pointed dilations ofX; see [7] and [6] for more useful and in-depth discussions.
Heuristically, one “blows up” the infinitesimal structure of X near a chosen
point. We isolate three particular weak tangents of Sp:

1. A π
2
-weak tangent of Sp is any metric space isometric to

Wπ
2

:=
∞⋃

n=0

pnSp

equipped with the planar metric. The vertex of the π
2
-weak tangent is

the point corresponding to the origin. This is a weak tangent space to
Sp at any corner point of the outer square; one can think of standing
at the origin and “blowing up” the carpet Sp to fill up the entire first
quadrant of the plane.

2. A π-weak tangent of Sp is any metric space isometric to

Wπ :=
∞⋃

n=0

pn
(
Sp −

1

2

)
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with the planar metric. As above, the vertex is the point corresponding
to the origin in Wπ, and a π-weak tangent is a weak tangent space to
Sp at the midpoint of any side of any peripheral square.

3. A 3π
2

-weak tangent of Sp is any metric space isometric to W 3π
2

, which is
obtained by “gluing” three copies of Wπ

2
together along the boundary

axes; thus W 3π
2

may be taken to live in the first three quadrants of the
plane. The vertex is again the point corresponding to the origin, and
a 3π

2
-weak tangent is a weak tangent space to Sp at any corner point of

any non-outer peripheral square.

These can all be seen to be group-like carpets. By applying Lemma 11
and completing each weak tangent by {∞} in the Riemann sphere, we see
that the orientation-preserving quasisymmetric self-maps of any of these weak
tangents fixing the vertex form a cyclic group. All of these groups contain
all pth-power multiplication maps in W(·), so they are infinite cyclic.

Now let H be either the closed first quadrant, the closed upper half-plane,
or the closed union of the first three quadrants. Let W be the corresponding
weak tangent space of Sp in H as described above. If ψ is a quasisymmet-
ric self-map of W fixing the vertex, Lemma 4 guarantees a quasiconformal
extension ψ̃ : H → H .

Using Round Uniformization and Round Rigidity combined with Möbius
transformations of the upper half-plane, one can show that the quotient space
H/〈ψ̃〉 is homeomorphic to a cylinder with boundary, with W projecting
to a carpet W/〈ψ〉 in this cylinder (strictly speaking one should omit the
points 0 and ∞ from H). The boundary of W is mapped to the top and
bottom peripheral circles. W/〈ψ〉 is strictly a topological carpet, as there is
no canonical metric on H/〈ψ̃〉. One defines the modulus of a curve family
similarly to the manner above, but in the definition of admissibility for mass
distributions one takes an exceptional family Γ0 ⊂ Γ whose preimage under
the quotient map H → H/〈ψ̃〉 has zero conformal modulus.

It is not hard to check that if ψ = φk for some k ∈ Z and Γ is the curve
family connecting the top and bottom of such a cylinder, then modW/〈ψ〉Γ =
| k |modW/〈φ〉Γ.

Lemma 13. There is no quasisymmetric map from Wπ
2

to W 3π
2

sending the
vertex to the vertex.

Proof sketch: Let H1 denote the first quadrant in the plane, and let H2

denote the union of the first three quadrants. Suppose there is such a map
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f . Let φ be a generator of the cyclic group G of quasisymmetric self-maps of
Wπ

2
fixing the vertex, and let φ̃ : H1 → H1 be a quasiconformal extension of

φ. Then the conjugate φ′ = fφf−1 generates the group G′ of quasisymmetric
self-maps of W 3π

2
fixing the vertex. f admits a quasiconformal extension

f̃ : H1 → H2, and φ̃′ = f̃ φ̃f̃−1 is a quasiconformal extension of φ′ to H2.
Wπ

2
/G and W 3π

2
/G′ are carpets in the cylinders H1/〈φ̃〉 and H2/〈φ̃′〉 as

described above; let ΓG and ΓG′ be the curve families connecting the tops
and bottoms of the respective cylinders. Then it is not too hard to check
that

modW 3π
2
/G′ΓG′ = modWπ

2
/GΓG.

Recall that W 3π
2

consists of three glued-together copies of Wπ
2
; let ψ′ ∈ G′

agree with φ on one of these copies and extend by Schwarz reflection to the
other copies. One checks that

0 < modW 3π
2
/〈ψ′〉Γ〈ψ′〉 ≤

1

3
modWπ

2
/GΓG =

1

3
modW 3π

2
/G′ΓG′ .

This is impossible; since ψ′ is an element of the cyclic groupG′, modW 3π
2
/〈ψ′〉Γ〈ψ′〉

must be an integer multiple of modW 3π
2
/G′ΓG′ as remarked above.

3.7 Proof of Theorem 1

We now prove that the group of quasisymmetric self-maps of S3 is the dihedral
group D4. View S3 as obtained by subdividing [0, 1]× [0, 1] in the plane, and
let f be a quasisymmetric self-map. By Lemma 12, f preserves the outer and
middle squares as a pair; for now we assume f maps each of these squares
to itself. Let C0 be a peripheral square of size (side-length) 1

9
such that the

modulus of the curve family connecting C0 to the outer square is maximal.
Then using the self-similarity of S3 and monotonicity of the modulus as in
the proof of Lemma 12, one can see that C0 must be mapped to another
square of size 1

9
.

The eight squares of size 1
9

are called “corner” or “middle” squares in the
obvious manner. If C0 and f(C0) are both corner squares, then there is a
rotation or reflection of S3 that acts the same as f on the outer square, the
middle square, and C0. The Three Circle Theorem then shows that f ∈ D4.
Now suppose C0 is a corner square and f(C0) is a middle square. Without
loss of generality we may assume C0 is the “bottom left” square and f(C0) is
the “bottom middle” square. If M is the reflection in the line y = x and D is
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the reflection in the line x = 1/2, we see that f and MfD act the same on C0

and the outer and middle squares. Again by the Three Circle Theorem, the
two maps must coincide. Considering the fixed points of M and D, we see
that f(0, 0) = (1/2, 0) or (1/2, 1), and f(1/3, 1/3) = (1/2, 1/3) or (1/2, 2/3).
A quick examination of the induced maps on the weak tangents to S3 at
these points yields a contradiction to Lemma 13. If C0 is a middle square,
we can run the same argument backwards by considering f−1.

To rule out the case where f interchanges the outer and middle squares,
we refer the reader to the following proof of Theorem 3.

3.8 Proof of Theorem 3

To conclude, we prove that Sp and Sq are not quasisymmetrically equivalent
for p 6= q. We will use the following lemma, whose proof follows along the
lines of those of Lemma 8 and Lemma 9:

Lemma 14. Let S1 and S2 be measure-zero square carpets in the unit square
K = [0, 1]×[0, 1]. If f : S1 → S2 is an orientation-preserving quasisymmetric
map that takes the vertices of K to the vertices and preserves the origin, then
f is the identity map (so in particular S1 = S2).

Now suppose p 6= q and f : Sp → Sq is a quasisymmetric homeomorphism.
By Lemma 12, f maps the outer square of Sp to either the outer or the middle
square of Sq; suppose first that f maps the outer square to the outer square.
Let Gp

∼= Gq denote the groups of quasisymmetric self-maps of Sp and Sq
preserving the outer square, and let Op and Oq denote the orbits of the origin
under these respective groups. Note that the proof of Theorem 2 shows that
Gp

∼= Gq
∼= Zn ⋊ Z2 for some n = 4k. Here Z2 can be taken to act by a

reflection of the unit square, and there is a subgroup of Zn ⋊ Z2 isomorphic
to D4 acting by rotations and reflections of the square. Since f induces an
isomorphism of Gp and Gq, we have that f(Op) is Gq-invariant; thus f(Op) is
a fortiori D4-invariant. If f(0, 0) ∈ Oq, then post-composing with an element
of Gq allows us to reduce to the case where f(0, 0) = (0, 0) and f maps the
vertices of the unit square to the vertices. (This is because f must conjugate
a 90-degree rotation of the square to either itself or its inverse by the dihedral
structure of Gp

∼= Gq.) From here Lemma 14 yields a contradiction.
Now suppose f(0, 0) /∈ Oq, so f(Op) ∩ Oq = ∅. We claim that (1/2, 0) /∈

Op; to see this, suppose that γ ∈ Gp maps the origin to (1/2, 0). Then
by exploiting the structure of Gp and applying the “three-point” version of
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the Three-Circle Theorem, we can show that γ = MγD as in the proof of
Theorem 1. Just as in that proof, the ensuing discussion of weak tangents
yields a contradiction. Now combining the fact that (1/2, 0) /∈ Op with the
fact that Op contains the vertices of the unit square and is D4-invariant, we
obtain that |Op| = |f(Op)| = 8n + 4 for some n ≥ 0. Exploiting the D4-
invariance of f(Op) and noting that f(Op) cannot contain the vertices of the
unit square by assumption, we see that (1/2, 0) ∈ f(Op). But then we may
as well assume f(0, 0) = (1/2, 0), and an analogous “f = MfD” argument
as above again yields a contradiction.

Similar arguments treat the case where f maps the outer square to the
middle square; one replaces Oq with the Gq-orbit of the point ( q−1

2q
, q−1

2q
). This

completes the proof of Theorem 3.

Remark: The same argument actually rules out the case of quasisymmetric
self-maps of Sp switching the outer and middle squares, so as a corollary of
the proof we obtain the following refinement of Theorem 2:

Corollary 15. For all p, the group of quasisymmetric self-maps of the stan-
dard Sierpiński carpet Sp is a semidirect product Zn ⋊ Z2 for some n = 4k.

Actually, it is claimed in [1] that the group is dihedral, but no proof is
provided. It is conjectured that in fact Sp ∼= D4 for all p; the p = 3 case is
of course Theorem 1. It is claimed in [5] that similar methods provide the
result for p = 5; the remaining cases are still open.
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4 Rigidity of Schottky sets

after M. Bonk, B. Kleiner and S. Merenkov [1]
A summary written by Hrant Hakobyan

Abstract

It is proven that every quasisymmetric homeomorphism of a Schot-
tky set of spherical measure zero to another Schottky set is the re-
striction of a Möbius transformation of S

n. In the other direction it
is shown that every Schottky set in S

2 of positive measure admits
non-trivial quasisymmetric maps to other Schottky sets.

4.1 Introduction and main results

A subset S of the unit n-sphere Sn is said to be a Schottky set if its comple-
ment is a union of at least three disjoint open balls. The metric on S is the
metric induced from Sn.

A Schottky set S ⊂ Sn is said to be rigid if every quasi-symmetric map
of S onto another Schottky subset of S

n extends to a Möbius transformation
of Sn.

Theorem 1. Every Schottky set in Sn, n ≥ 2, of spherical measure zero is
rigid.

Theorem 2. A schottky set in S2 is rigid if and only if it has spherical
measure zero.

Theorem 3. For each n ≥ 3 there is a Schottky set in Sn that has positive
measure and is rigid

One of the motivations for studying Schottky sets in Sn comes from the
fact that every Schottky set can be thought of as “the boundary at infinity” of
a convex region bounded by disjoint planes in the Hyperbolic space Hn+1. So
the results above can be translated to the corresponding results about quasi-
isometric rigidity of such domains (meaning every quasi-isometry between
such domains is actually a restriction of a hyperbolic isometry).
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4.2 Connectivity properties of Schottky sets

First, any Schottky set can be written as

S = S
n \
⋃

i∈I
Bi, (1)

where, i 6= j, implies Bi ∩Bj = ∅ and the index set I is either finite or is the
set of natural numbers N.

The collection of the (n−1)-spheres ∂Bi is the collection of the peripheral
spheres of S. The proofs of the following results are quite elementary.

Lemma 4. Let S ⊂ Sn, n ≥ 2, be a Schottky set, and B an open or (possibly
degenerate) closed ball in Sn. Then S ∩ B is path connected (or empty). In
particular S is path connected.

Proposition 5. Let Σ be a topological (n−1)-sphere contained in a Schottky
set S ⊂ Sn, n ≥ 2. Then S \ Σ is connected if and only if Σ is a peripheral
sphere of S.

Corollary 6. Every homeomorphism between Schottky sets S and S ′ in Sn,
n ≥ 2, maps peripheral spheres of S to those of S ′.

4.3 Schottky groups

Let S be a Schottky set in Sn and let Ri : Sn → Sn be the reflection in the
peripheral sphere ∂Bi. The subgroup of the group of Möbius transformations
of Sn generated by the reflections Ri corresponding to S is denoted by ΓS
and will be called the Schottky group associated to S (strictly speaking ΓS is
a subgroup of the group generated by all reflections in spheres where Mobius
transformations form an index 2 subgroup. It’s easy to see that this doesn’t
affect the results in the paper). Note that for every element U ∈ ΓS there is
a finite sequence i1, . . . , ik of indices from I, called a reduced sequence in the
paper, such that ik+1 6= ik and

U = Ri1 ◦ · · · ◦Rik .

Proposition 7. The group ΓS is discrete. ΓS has a presentation given by
the generators Ri, i ∈ I and the only relations are R2

i = idSn , i ∈ I.
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Proof. For the discreteness of ΓS it is enough to find a δ > 0 s.t.

inf
U∈ΓS\id

(
max
x∈Sn

|U(x) − x|
)

≥ δ.

This is done by explicitly constructing δ.
The second part of the statement follows basically from the same argu-

ment as discreteness

Next, the notion of Hausdorff convergence of subsets of a metric space is
required. For that one first introduces the following notion of the Hausdorff
distance between any two subsets A and B of a metric space (X, dX)

distH(A,B) = inf{δ > 0 : A ⊂ Nδ(X) and B ⊂ Nδ(X)},

where Nδ(A) denotes the open δ-neighborhood of A in X. Then a sequence
{Ak} of subsets of X is said to converge to A ⊂ X if distH(Ak, A) → 0. This
is written as Ak → A.

The following lemma is easy to see and is not proven in the paper.

Lemma 8. If Bk → B ⊂ Sn where Bk-s are closed balls and B is closed then
B is a closed ball and ∂Bk → ∂B. If x ∈ int(B) then there is a δ > 0 s.t.
B(x, δ) ⊂ int(Bk) for large k.

Let us denote
U := {U(Bi), U ∈ ΓS, i ∈ I}.

Lemma 9. For every δ > 0 only finitely many of the balls in U have diameter
≥ δ.

Proof. The idea is to show that if the conclusion did not hold then ΓS would
be non-discrete, contradicting to Proposition 7.

For the rest of the proof the following set would be very important to us

S∞ :=
⋃

U∈ΓS

U(S).

Remark 10. As a side remark one may notice that if S was a complement
of finitely many disjoint balls then S∞ would be the so called ordinary set of
the Kleinian group ΓS and the complement of S∞, limit set Λ(ΓS), in this
case would be just a Cantor set.
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Lemma 11. For each point x ∈ Sn \ S∞ there exists a unique sequence
Uk ∈ U such that Uk+1 ⊂ Uk and x ∈ ⋂k∈N>0

Uk.

From the previous lemma it follows that diam(Uk) → 0 and hence S∞ is
dense in Sn.

Proof. This is done by using successive reflections in the boundary circles.

4.4 Quasiconformal maps

In this section authors recall the definitions of the quasiconformal and quasi-
Möbius maps and state the main extension theorems which are used later.

Theorem 12 ( Ahlfors Beurling (n = 2) /Tukia Väisälä (n ≥ 3) ). Let n ≥ 2.
Every H-qc map f : Rn−1 → Rn−1 has an H ′-qc extension F : Rn → Rn,
where H ′ only depends on n and H.

Proposition 13. Let D 6= Sn and D′ 6= Sn be closed non-degenerate balls in
Sn, n ≥ 2 and f : ∂D → ∂D′ a homeomorphism.

(i) If f is η-quasi-Möbius, then it can be extended to an η′-quasi-Möbius
map F : D → D′, where η′ only depends on n and η.

(ii) If each of the balls D and D′ is contained in a hemisphere, and f is
η-quasisymmetric, then f can be extended to an η′ quasisymmetric map
F : D → D′, where η′ only depends on n and η.

4.5 Extension of quasisymmetric maps between Schot-
tky sets

This is one of the important sections of the paper. It is proved that every
quasisymmetric map f : S → S ′ between two Schottky sets in Sn in fact ex-
tends to a global quasiconformal map of Sn which is equivariant with respect
to the actions of ΓS and Γ′

S. Given an element U ∈ ΓS with the presentation
U = Ri1 ◦ · · ·Rik let U ′ ∈ ΓS′ denote the element U ′ := R′

i1 ◦ · · ·R′
ik

. First
they note the following result, which is easy to prove.

Lemma 14. There exists a unique bijection f∞ : S∞ → S ′
∞ that extends f

equivariantly, that is, f∞|S = f and f∞ ◦ U = U ′ ◦ f∞, ∀U ∈ ΓS.
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To obtain the main result of this section the extension theorems of section
4 are used to obtain a non-equivariant quasiconformal extension of f to Sn.

Proposition 15. Every quasysimmetric map between Schottky sets in Sn, n ≥
2 extends to a quasiconformal homeomorphisn of Sn.

Next, one needs to modify the obtained qc map to obtain an equivariant
qc map. This is done one step at a time as follows.

Suppose T ⊂ Sn, n ≥ 2, is a Schottky set, Σ a peripheral sphere of T , and
R the reflection in Σ. Then T̃ = T ∪ R(T ) is also a Schottky set, called the
double of T along Σ. Let T ′ be another Schottky set in Sn, and F : Sn → Sn be
an H-quasiconformal map with F (T ) = T ′. Then Σ′ = F (Σ) is a peripheral
sphere of T ′. Let R′ be the reflection in Σ′, and T̃ be the double of T ′ along
Σ′. Denote by B the open ball with Σ = ∂B and B ∩ T = ∅. We define a
map F̃ : S

n → S
n by

F̃ (x) =

{
F (x) x ∈ S

n \B
R′ ◦ F ◦R(x) x ∈ B̄.

Lemma 16. The map F̃ is an H-qc map with F̃ |T = F, F̃ (T̃ ) = T̃ ′, and
F̃ ◦R = R′ ◦ F̃ .

So if there is an H-qc map of Sn mapping a Schottky set T to a Schottky
set T ′, then there is a natural modification of this map to the correspond-
ing doubles of T and T ′ which is also H-qc. Using the previous Lemma
inductively one obtains the following result.

Lemma 17. ∃H ≥ 1, Schottky sets Sk and S ′
k in Sn, and H-qc maps Fk :

Sn → Sn for k ∈ N0 with the following properties:

(i) F0 = F, S0 = S, S ′
0 = S ′,

(ii) Fk(Sk) = Sk, ∀k ∈ N0,

(iii) Sk+1 ⊃ Sk is a double of Sk, and S ′
k+1 ⊃ S ′

k is the corresponding double
of S ′

k, for all k ∈ N0,

(iv) Fk|Sk
= f∞|Sk

for k ∈ N0,

(v) ∪k∈N0Sk = S∞.
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Proposition 18. The quasisymmeric map f : S → S ′ has an equivariant
quasiconformal extension F : Sn → Sn.

Proof. Since the maps Fk of the previous Lemma are uniformly quasiconfor-
mal, they are also uniformly quasi-Möbius. Since Fk|Sk

= f∞|Sk
it follows

that f∞ is a quasi-Möbius map from S∞ to S ′
∞. And since the latter sets

are dense f∞ extends to a quasi-Möbius map F : Sn → Sn which is then also
equivariant since f∞ is.

4.6 Proof of theorem 1

Lemma 19. Let g : Rn → Rn, n ∈ N be a map that is differentiable at 0.
Suppose there is a sequence {Dk} of non-degenerate closed balls in Rn with
diam(Dk) → 0 s.t. 0 ∈ Dk and D′

k = g(Dk) is a ball for all k ∈ N.
Then the derivative Dg(0) of g at 0 is a (possibly degenerate or orientation

reversing) conformal map, i.e. Dg(0) = λT , where λ ≥ 0 and T : Rn → Rn

is a linear isometry.

Proof. Assume g(0) = 0. Let D̃ = 1
rk
Dk, where rk is the radius of Dk.

Then {D̃k} subconverges to a closed ball D of radius 1. Since rk → 0 the
maps gk : Rn → Rn defined as gk(x) = r−1

k g(rkx) converge to the linear map
L = Dg(0) locally uniformly on R

n. Since L(D) is a Hausdorff limit of the
closed balls r−1

k D′
k = r−1

k g(Dk) = g(D̃k), it follows that D′ is also a ball and
hence L is conformal.

Proof of Theorem 1. . By Proposition 18 there is an equivariant quasicon-
formal extension F of f to Sn. We need to show that F is in fact conformal.
For that all we need to show is that F is conformal almost everywhere, which
is derived in the next paragraph using the previous Lemma 19. Indeed, from
the analytic definition of quasiconformal maps it then follows that F is 1-
quasiconformal and hence conformal.

Since |S| = 0 and S∞ is a countable union of copies of S under Möbuis
maps it follows that |S∞| = 0 and therefore Sn \ S∞ has full measure. On
the other hand every quasiconformal map F is differentiable, with invertible
derivative almost everywhere. So a.e. point x ∈ S

n is a point in S
n\S∞ where

F is differentiable. Therefore to finish the proof we need to show that at all
such points the conditions of Lemma 19 are satisfied. But as shown before,
every point in Sn \S∞ is contained in an infinite sequence of balls {Dk} with
diam(Dk) → 0 s.t. every ball Dk is an image of a complementary ball of S
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under some transformation from ΓS. Since F maps peripheral spheres of S
to peripheral spheres of S ′, and is equivariant, it follows that F (Dk) is also
a ball for every k ∈ N.

4.7 Proof of theorem 2

The main result of this section is a consequence of the Measurable Riemann
Mapping Theorem (which is only available in dimension 2), which says that
given any measurable function µ such that ‖µ‖∞ < 1 there is a unique
homeomorphic solution to the complex differential equation wz̄ = µwz, the
Beltrami equation. The solution is in fact a quasiconformal map. Here
uniqueness is understood in the sense that if there are two solutions they
differ by a post-composition with a conformal map. So if one is looking for a
solution of the Beltrami equation in C with prescribed values at three points
then the solution is unique. On the other hand for every qc map f of the
plane there is a unique Beltrami coefficient µf ∈ L∞ with ‖µ‖∞ < 1.

One says that the Beltrami coefficient µ is invariant under a group of
Möbius transformations Γ if

µ(γ(z)) = µ(z), ∀γ ∈ Γ and a.e. z ∈ C.

Lemma 20. If Γ is a group of Möbius transformations and F : C → C is a
qc map with a Γ invariant µF then Γ′ = F ◦Γ◦F−1 is also a group of Möbius
transformations.

Lemma 21. Let S be a Schottky set in C and F : C → C a qc map with a
ΓS invariant µF . Then S ′ = F (S) is a Schottky set.

Proof of Theorem 2. Suppose |S| > 0. Let ν be any nontrivial Beltrami co-
efficient on S, say ν = 1/2 on S and ν = 0 on the complement of S. Next
define µ by spreading around ν in a ΓS invariant fashion, i.e. let µ be defined
on S∞ as follows µ(γ(z)) = ν(z) for every γ ∈ ΓS and every z ∈ S. Declare
µ = 0 on the complement of S∞.

From the previous two lemmas it follows then that the qc solution F of
the Beltrami equation with the Beltrami coefficient µF = µ a.e. maps S onto
a another Schottky set S ′ and since µF is 1/2 6= 0 on S∞ which has positive
measure if follows that it’s not a Möbius transformation.
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4.8 Proof of theorem 3

The complement of at least three disjoint open balls in a domain D ⊂ Sn is
called a relative Schottky set in D.

A relative Schottky set T in D is called locally porous at x ∈ T if there is a
neighborhood of x and constants C ≥ 1 and ρ > 0 such that ∀y ∈ t ∩ U, ∀r ∈
(0, ρ) there is a subset B in the complement of T in D with B(y, r)∩B 6= ∅
and r/C ≤ diam(B) ≤ Cr. If T is locally porous at every point then it’s
just locally porous. Note that a locally porous sets have zero measure (even
though they may have Hausdorff dimension 2 unlike porous sets).

Theorem 3 follows from the following two facts (the proofs of which we
omit):

Lemma 22. Let n ∈ N, n ≥ 3, T and T ′ be relative Schottky sets in regions
D,D′ ⊂ Sn, respectively, and ψ : T → T ′ a quasisymmetric map. If T is
locally porous then ψ is the restriction of a Möbius transformation.

Lemma 23. Every region D ⊂ Sn contains a locally porous relative Schottky
set.

Proof of Theorem 3. Let D be a complement of a Cantor set C ⊂ Sn of
positive measure and let T ⊂ D be a locally porous relative Schottky set in
D (given by the Lemma above). Then T∪C is a Schottky set in Sn of positive
measure. Every quasisymmetric map f of T ∪C onto another Schottky set in
Sn restricts to a quasisymmetric map of T onto another relative Schottky set,
which is a restriction of a Möbius transformation (by the first assumption)
to D. Since D is dense in Sn it follows that f is the restriction of a Möbius
transformation to T ∪ C.
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5 The Poincaré Inequality is an Open Ended

Condition

after S. Keith and X. Zhong [4]
A summary written by Colin Hinde

Abstract

We prove a result of Keith and Zhong [4] stated succinctly in the
title.

5.1 Introduction

Theorem 24. Let (X, d, µ) and complete metric measure space with µ Borel
and doubling, that admits a (1, p)-Poincaré inequality with p > 1. Then there
exists ǫ > 0 such that (X, d, µ) admits a (1, q)-Poincaré inequality for any
q > p− ǫ

We begin by reviewing the necessary definitions to understand the state-
ment of the theorem, and provide some additional context and consequences
of this result. In section 2 we outline a proof of the main theorem. Through-
out this chapter C > 1 is an abused constant; its value may vary from use
to use, but will always depend only on the values of the constants associated
to the hypotheses of the main theorem.

5.1.1 Definitions

(X, d, µ) throughout denotes a metric measure space with a regular Borel
measure. For E ⊂ X measurable diam(E) and |E| denote the diameter and
µ-measure of E. The metric ball B(x, r) := {y ∈ X : d(x, y) < r} and
tB(x, r) = B(x, tr). µ is doubling if there exists and constant C such that
C|B(x, r)| ≥ |2B(x, r)| for any ball. For a measurable function u we denote
its mean value over on a set by uA := 1

|A|
∫
A
udµ = −

∫
A
udµ.

Note that although the doubling condition is only defined in terms of a
concentric ball with double the radius it implies more general volume com-
parison. For any ball B(x,R), y ∈ B(x,R) and 0 < r < R

|B(x,R)| ≤ C(R/r)α|B(y, r)|, (2)

where the value of α depends on the doubling constant of X.
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For a Lipschitz function u : X → R we define

Lip u(x) = lim sup
x→y

|u(x) − u(y)|
d(x, y).

Now we are ready to define the Poincaré inequality.

Definition 25. (X, d, µ) a metric measure space admits a (1, p)-Poincaré
inequality, p ≥ 1 with constants C ≥ 1, 0 < t < 1 if every ball in X has
finite, non-zero measure, and

−
∫

tB

|u− utB|dµ ≤ C(−
∫

B

(Lip u)pdµ)1/p (3)

for any ball B and Lipschitz function u.

Notice that by Hölder’s inequality a p-Poincaré inequality implies q-
Poincaré for q > p. While for any q < p one can construct a space with
(1 − p)-Poincaré, but not (1, q). According to [2] one way to achieve this is
by gluing two copies of Euclidean Rn together along an appropriate Cantor
set.

Of course Hölder’s inequality does not help us improve the left hand side,
so we close this section with the remark that restricting our attention to
(1−p)-Poincaré, instead of considering (q, p) is not as restrictive as it at first
appears. A result by Has lasz and Koskela [1] demonstrates that for metric
spaces with a doubling, Borel regular measure (1, p)-Poincaré inequality with
p ≥ 1 implies the (q, p) inequality with q > 1.

5.1.2 Remarks on Context and Consequences

We can think of metric spaces with a doubling measure, also called homoge-
nous spaces, to be the most general class of spaces that admit a zero-order
calculus. Then the addition of a Poincaré inequality will allow us to use
many of the tools of first order calculus such as results from second order
partial differential equations and Sobolev spaces, and the differentiability of
Lipschitz functions. In this realm the small improvement seen in the main
theorem here can prove vital.

Several problems from nonlinear potential theory can be solved given the
hypothesis that one is working on Rn with a q-admissible measure (equiva-
lently one that verifies the (1−q)-Poincaré inequality) where q < p, some crit-
ical dimension. For example in this scenario quasiminimizers of p-Dirichlet
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integrals satisfy Harnack’s inequality, the strong maximum principle, and are
Hölder continuous.

In another section of this conference we were introduced to various alter-
native definitions of Sobolev spaces. Shanmugalingam showed that Cheeger’s
Haj lasz’s, and his own definitions for (1, p)-Sobolev space yield isometrically
equivalent Banach spaces when we are in the realm of a homogenous metric
space with a (1 − q)-Poincaré inequality, q < p. Again we may now improve
the statement of this result to include the equality case.

We stress here that this open ended property is a property of the space
itself, not just of the particular functions involved. We say that a pair of
functions u, g ∈ Lp(X) satisfy the (1, p)-Poincaré inequality if inequality
(2) holds with g replacing Lip u in the right-hand side. Given Theorem
1, we could hope that such a pair would also satisfy a (1, p − ǫ) inequality
regardless of whether or not the underlying space satisfies (1, p)-Poincaré.
Unfortunately, this is not the case, Keith constructs an counter example on
a Cantor space.

It has been noted by several authors that a Poincaré inequality, and hence
a first order calculus, is in some way tied to the existence of a sufficient
quantity of rectifiable curves in a space (e.g. [2], [5]). In an earlier paper, [3],
Keith made this connection explicit by proving that a Poincaré inequality is
equivalent to a bound on the modulus of the families of curves connecting
separate points in the space. Although the proof here does not make use of
this fact, perhaps it can aide one’s intuition in understanding the nature of
the open-endedness of the condition by considering the modulus inequality
as well.

5.2 Outline of Proof of Theorem 1.

We begin by making simplifying assumption that (X, d, µ) is in fact a geodesic
metric space. This can be done without loss of generality because any ho-
mogenous metric space that admits a Poincaré inequality is bi-Lipschitz
equivalent to a geodesic space. This assumption is simplifying, beyond en-
suring the existence of geodesics, because in a geodesic metric space the
parameter t in the Poincaré inequality can be taken to be 1 (by perhaps
increasing the constant C). Also we can now control the measure of a thin
outer shell of a ball by

|B(x, r)\B(x, r − δr)| ≤ δα|B(x, r)|, (4)
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where α depends only on the doubling constant.
The proof of the main theorem will require the use of (some variants of)

the sharp fractional maximal operator. For Lipschitz u

M ♯u(x) = sup
B

1

diam(B)
−
∫

|u− uB|dµ, (5)

where the supremum is taken over all balls that contain x.
It is a straightforward but useful fact that we can control Lip u on sets

where M ♯u is bounded. For the variants we shall encounter later, statements
close to the following hold.

Proposition 26. (X, d, µ) a metric measure space with µ doubling and u a
Lipschitz function. Then there exists C > 0 depending only on the doubling
constant such that for all r > 0, y ∈ X and x ∈ B(y, r)

|u(x) − uB(y,r)| ≤ CrM ♯u(x) (6)

which implies that the restriction of u to the set x ∈ X : M ♯u(x) ≤ λ is 2Cλ-
Lipschitz.

The proof of the main theorem is quite long and technical. The presenta-
tion here is backwards from the original with hopes that the reader will better
appreciate the implications of some of the preliminary technical estimates by
the time they are mentioned.

The proof is completed by integrating an estimate of the measure of
the super-level sets of a constrained version of the sharp fractional maximal
operator. Fix a ball B̃ ⊂ X. For t ≥ 1 we have

M ♯∗
t u(x) = sup

B

1

diam B
−
∫

B

|u− uB|dµ, (7)

for any Lipschitz u and x ∈ B̃; the supremum is taken over all balls such
that tB ⊂ B̃ and x ∈ B. Notice that this definition yields

M ♯∗
40u(x) ≥ 1

diam B′−
∫

B′

|u− uB′|dµ, (8)

where 40 is some rather arbitrary large number, and B′ = 1
40
B̃.
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Let U∗
λ = {x ∈ B̃ : M ♯∗

40u(x) > λ}. We can show using local estimates
that for any α ∈ N there exists k2 ∈ N such that for all integer k ≥ k2 and
every λ > 0 we have

|U∗
λ | ≤ 2kp−α|U∗

2kλ| + 8kp−α|U∗
8kλ| + 10kp|{x ∈ B̃ : Lip u(x) > 10−kλ}|. (9)

Next we integrate both sides of the α = 3 version of this inequality from
0 to ∞ against the measure dλp−ǫ, where 0 < ǫ < p − 1 is chosen so that
8ke < 2. The proof is then essentially complete; one only needs to translate
the integration with respect to the parameter λ into integration on X and
apply the observation of inequality (7) to finish. In the final subsection we
will sketch the techniques used to arrive at the local estimates and, thus,
estimate (8).

5.2.1 Technical Estimates

The local estimate is based on another small variant of the sharp fractional
maximal operator. Fix a ballX1 ⊂ X and let Xi = 2i−1X1. Given a Lipschitz
function u, let

M ♯
i u(x) = sup

B

1

diam B
−
∫

B

|u− uB|dµ, (10)

be defined for any x ∈ Xi+1, with the supremum taken over all balls B ⊂ Xi+1

that contain x. We will let Uλ := {x ∈ X4 : M ♯
4u(x) > λ} denote the super-

level sets. The estimate is as follows

Proposition 27. Let α ∈ N. There exists k1 ∈ N that depends only on C
and α such that for all integer k ≥ k1 and every λ > 0 with

1

diam X1
−
∫

X1

|u− uX1|dµ > λ, (11)

we have

|X1| ≤ 2kp−α|U2kλ|+8kp−α|Uk
8 λ|+8k(p+1)|{x ∈ X5 : Lip u(x) > 8−kλ}|. (12)

We can simplify the exposition of the proof by rescaling u, d, and µ to
assume without loss of generality that λ = diamX1 = |X1| = 1. The proof
then is by contradiction - we assume that the proposition does not hold and
that therefore for large enough values of k |U2k | < 2−kp+α, |U8k | < 8−kp+α, and
|{x ∈ X5 : Lipu(x) > 8−k}| < 8−k(p+1). What follows is a sequence of lemmas
to find lower bounds for such a k eventually leading to a contradiction.
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Lemma 28. We have
∫

X2\U2k

|u− uX2\U2k
|dµ ≥ 1/C

Loosely speaking, u has some oscillation outside of U2k . The proof uses
little more than assumed contradiction, the above mentioned properties of
geodesic doubling spaces, and the cleverly defined set of balls that overlap
with U2k on between 1/4 and 3/4 of their total volume.

Next we can preserve these large scale oscillations while smoothing on the
small scale by taking advantage of the Lipschitz property of sub-level sets of
maximal type operators.

Lemma 29. There exists a C8k-Lipschitz extension f of u|X3\U8k
to X3 such

that
M ♯

2f(x) ≤ CM ♯
4u(x)

for every x ∈ X2 \ U8k

Now, finally getting to use the fact that we are in a (1−p)-Poincaré space,
we find that that the p-norm of Lipf is small outside of the superlevel sets of
u. Meanwhile we define another new function, h, via Lipschitz extensions of
f , and demonstrate a lower bound for the p-norm of Liph. These Poincaré
type estimates lead to a contradiction (in which it is crucial that p > 1), thus
proving Proposition 4.
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6 Distortion of Hausdorff measures and

removability for quasiregular mappings

after K. Astala, A. Clop, J. Mateu, J. Orobitg and I. Uriarte-Tuero [1]
A summary written by Vjekoslav Kovač

Abstract

We study absolute continuity properties of pull-backs of Hausdorff
measures under K-quasiconformal mappings, especially at the criti-
cal dimension 2

K+1 . We also consider the analogue of the Painlevé
problem for bounded and BMO K-quasiregular mappings.

6.1 Notation and basic definitions

Let us first introduce all concepts that appear in the text. The main purpose
of the paper [1] is to prove several new results relating those notions and
compare them to previously known results.

Throughout this text Hα denotes the α-dimensional Hausdorff measure
and Mα denotes the α-dimensional Hausdorff content.

More generally, for every continuous non-decreasing function h : [0,∞) →
[0,∞) such that h(0) = 0 (any such function is called a measure function)
and for every F ⊂ C, we can define

Mh(F ) = inf
∑

j h(δj),

where the infimum is taken over all countable coverings of F by disks with
diameters δj . Then Mα becomes a special case for the choice h(t) = tα. We
also denote by Fα the class of all measure functions such that h(t) ≤ tα and

limt→0
h(t)
tα

= 0. Finally, the lower α-dimensional Hausdorff content of F is
defined to be

Mα
∗ (F ) = sup

h∈Fα

Mh(F ).

We say that f is a K-quasiregular mapping in a domain Ω ⊂ C if it
belongs to the Sobolev space W 1,2

loc (Ω) and satisfies the distortion inequality :

max
α∈C, |α|=1

|∂αf | ≤ K min
α∈C, |α|=1

|∂αf | a.e. in Ω.

Here ∂αf denotes the directional derivative of f , taken in the sense of distri-
butions.
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A K-quasiconformal mapping is a homeomorphism ϕ : Ω → Ω′ between
two planar domains Ω,Ω′ ⊂ C that is also K-quasiregular. In order to nor-
malize quasiconformal mappings ϕ : C → C, we say that ϕ is a principal
K-quasiconformal mapping if it is conformal outside a compact set and sat-
isfies ϕ(z) − z = O( 1

|z|) as |z| → ∞.
Now we introduce several notions of removability. A compact set E is

said to be removable for bounded (resp. BMO) analytic functions if for any
open neighborhood Ω of E, every bounded (resp. BMO(C)) analytic function
on Ω \ E (resp. C \ E) has an analytic extension to Ω.

We say that a set E is removable for bounded (resp. BMO) K-quasiregular
mappings if every K-quasiregular mapping in C\E which is in L∞(C) (resp.
BMO(C)) admits a K-quasiregular extension to C.

A quantitive notion of removability is called capacity — again we have
several versions of it. Remember that for a function f holomorphic in a
neighborhood of ∞ ∈ C we define f ′(∞) = lim|z|→∞ z (f(z) − f(∞)).

Let E ⊂ C be a compact set. The analytic capacity of E is

γ(E) = sup{|f ′(∞)| : f ∈ H(C \ E) ∩ L∞(C \ E), f(∞) = 0, ‖f‖∞ ≤ 1}.
The BMO analytic capacity of E and the VMO analytic capacity of E are
respectively defined to be:

γ0(E) = sup{|f ′(∞)| : f ∈ H(C \ E) ∩ BMO(C), f(∞) = 0, ‖f‖BMO ≤ 1},
γ∗(E) = sup{|f ′(∞)| : f ∈ H(C \ E) ∩ VMO(C), f(∞) = 0, ‖f‖BMO ≤ 1}.

For any pair α > 0, p > 1 with 0 < αp < 2, one defines the Riesz capacity
of E by

Ċα,p(E) = sup
µ
µ(E)p,

where the supremum runs over all positive measures µ supported on E and
such that ‖Iα ∗ µ‖p′ ≤ 1. Here Iα(z) = 1

|z|2−α and 1
p

+ 1
p′

= 1.

6.2 Quasiconformal distortion of Hausdorff measures

It is well known that quasiconformal mappings preserve sets of zero Hausdorff
dimension. However, they do not preserve Hausdorff dimension in general.
A result by Astala states that for every compact set E with dimension t and
for every K-quasiconformal mapping ϕ we have

1
K

(
1
t
− 1

2

)
≤ 1

dim(ϕ(E))
− 1

2
≤ K

(
1
t
− 1

2

)
.
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Moreover, both equalities may occur, so the above bounds are optimal.
Some of the questions we study here are analogous estimates at the level

of Hausdorff measures Ht. This leads us to the following conjecture:

Conjecture 1. Let E ⊂ C be a compact set and let ϕ : C → C be a K-
quasiconformal mapping.

(a) For any t ∈ [0, 2] denote t′ = 2Kt
2+(K−1)t

. We ask if it is true that

Ht(E) = 0 ⇒ Ht′(ϕ(E)) = 0.

(b) If ϕ is also conformal on C \ E, is it true that for t ∈ (0, 2] we have

Mt(ϕ(E)) ∼ Mt(E)

with constants depending only on K and t?

Let us remark that classical results of Ahlfors and Mori assert that the
statement (a) is true in extremal cases t = 0 and t = 2. As the main result
of this section we prove that statement for t = 2

K+1
, t′ = 1.

Theorem 2. Let E be a compact set and let ϕ : C → C be K-quasiconformal.

(a) M1(ϕ(E)) ≤ C
(
M 2

K+1 (E)
)K+1

2K

(b) H 2
K+1 (E) = 0 ⇒ H1(ϕ(E)) = 0

(c) If ϕ is also principal and conformal on C \ E, then

M1(ϕ(E)) ∼ M1(E).

Remark. Part (b) is what we call absolute continuity of Hausdorff mea-
sures Hα. Observe that it is an immediate consequence of part (a), since
Mα and Hα have the same zero sets.

Sketch of the proof. We first prove part (c) by restating it in terms of
the BMO analytic capacity. Because of Verdera’s result M1(E) ∼ γ0(E) it
suffices to show γ0(ϕ(E)) ∼ γ0(E), but this follows immediately from the
definition of γ0.

To prove part (a) we may WLOG assume that E is a subset of the unit
disk D, and that ϕ is principal. Then we decompose ϕ = h◦ϕ1, where h and
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ϕ1 are principalK-quasiconformal maps, ϕ1 is conformal in Ω∪(C\D) and h is
conformal outside ϕ1(Ω), for some appropriately small open neighborhood Ω
of the set E. Finally we use part (c) applied to h to obtain M1((h◦ϕ1)(E)) ≤
CM1(ϕ1(Ω)) and then some rough area estimates to control M1(ϕ1(Ω)). �

Another interesting result in the same direction is:

Theorem 3. Let E ⊂ C be a compact set and let ϕ : C → C be a K-
quasiconformal map.

(a) If H 2
K+1 (E) is σ-finite, then H1(ϕ(E)) is also σ-finite.

(b) If M
2

K+1
∗ (E) = 0, then M1

∗(ϕ(E)) = 0.

Sketch of the proof. From the result of Sion and Sjerve we know that
Mα

∗ (F ) = 0 if and only if F is a countable union of sets with finite α-
dimensional Hausdorff measure. Therefore parts (a) and (b) are equivalent.
We may also assume that ϕ is principal.

Now we pass to the VMO capacity using another Verdera’s result,
M1

∗(E) ∼ γ∗(E) and observe that γ∗(ϕ(E)) ∼ γ∗(E). The rest of the proof
is similar to the proof of the previous theorem. �

The last result of this type is the quasiconformal invariance of the Riesz
capacities.

Theorem 4. Let ϕ : C → C be a principal K-quasiconformal mapping, which
is also conformal on C \ E. Let 1 < p < 2 and α = 2

p
− 1. Then

Ċα,p(ϕ(E)) ∼ Ċα,p(E),

with constants depending only on K and p.

Sketch of the proof. The main idea is to use the following result about
Riesz capacities:

Ċα,p(E)1/p ∼ sup{|f ′(∞)| : f ∈ H(C \ E), f(∞) = 0, ‖f‖Ẇ 1−α,p′ ≤ 1}.

Here Ẇ 1−α,p′(C) denotes the homogenous Sobolev space. Therefore it suffices
to show that γ1−α,p′ (ϕ(E)) ≤ CKγ1−α,p′(E) and the latter follows from the
fact that every K-quasiconformal map ϕ induces a bounded linear operator
on Ẇ 1−α,p′(C) given by f 7→ f ◦ ϕ. �
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6.3 Quasiconformal distortion of 1-rectifiable sets

Recall that a set E ⊂ C is 1-rectifiable if there exists a set E0 of zero length
such that E\E0 is contained in a countable union of Lipschitz curves. In this
section we basically show that (up to sets of zero length) a K-quasiconformal
image of any 1-rectifiable set has dimension strictly larger than 2

K+1
.

Theorem 5. Suppose that E is a 1-rectifiable set, and let ϕ : C → C be a
K-quasiconformal mapping. Then there exists a subset E0 ⊂ E of zero length
such that dim(ϕ(E \ E0)) > 2

K+1
.

Sketch of the proof. We may assume that E is a subset of the unit
circle ∂D, with dim(E) = 1. Then we recall (from a result by Lehto and
Virtanen) that whenever ϕ is K-quasiconformal and K = K1K2 . . .Kn for
some Kj > 1, then ϕ can be factored as ϕ = ϕn ◦ . . . ◦ϕ2 ◦ϕ1, where each ϕj
is Kj-quasiconformal. This allows us to assume that K from the statement
of the theorem can be as close to 1 as we wish. Finally, the theorem follows
from this technical lemma:

Lemma 6. There exist constants c0, c1, c2 > 0 such that if E ⊂ ∂D, 0 <
ε < c0 and f : C → C is (1 + ε)-quasiconformal, then

dim(E) ≥ 1 − c1 ε
2 ⇒ dim(ϕ(E)) ≥ 1 − c2 ε

2.

6.4 A removability theorem for quasiregular mappings

The classical Painlevé problem consists of giving metric and geometric charac-
terizations of those sets E that are removable for bounded analytic functions,
or equivalently γ(E) = 0. The Painlevé theorem states that H1(E) = 0 im-
plies γ(E) = 0. In particular, all sets E with Hausdorff dimension strictly
smaller than 1 have γ(E) = 0, while Ahlfors showed that sets E with di-
mension strictly larger than 1 satisfy γ(E) > 0. However, the exact char-
acterization of sets with zero analytic capacity is more complicated. David
and Tolsa proved that among the 1-dimensional sets with σ-finite length we
have γ(E) = 0 if and only if E is purely unrectifiable, i.e. H1(E ∩ Γ) for all
rectifiable curves Γ.

If we consider the removability for BMO analytic functions, the charac-
terising property is simply H1(E) = 0, as is proved by Kaufman.

Here we consider removability for bounded/BMO K-quasiregular map-
pings, and now the dimension 2

K+1
turns out to be critical.
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Theorem 7. Let E be a compact set in the plane and let K > 1.

(a) If H 2
K+1 (E) = 0, then E is removable for BMO K-quasiregular maps.

(b) If H 2
K+1 (E) is σ-finite, then E is removable for bounded K-quasiregular

mappings.

(c) For K-quasiconformal map ϕ the image ϕ(E) is purely unrectifiable.

Sketch of the proof. For the proof of part (a), take f ∈ BMO(C) which is
also K-quasiregular on C \E. We can decompose it as f = F ◦ϕ, where ϕ is
K-quasiconformal and F ∈ BMO(C) is holomorphic on C \ ϕ(E). From the
theorem 2 we know that H1(ϕ(E)) = 0. Thus, by Kaufman’s result ϕ(E) is
removable for BMO analytic functions. In particular F extends to an entire
function and f extends to a K-quasiregular map on the whole C.

For the part (b) we use the same decomposition f = F ◦ϕ and then apply
theorem 3 to the map ϕ. Since ϕ(E) has σ-finite length, from Besicovitch’s
result it can be decomposed as ϕ(E) =

⋃
n(Rn ∪ Un ∪ Bn), where Rn are

1-rectifiable sets, Un are purely 1-unrectifiable sets and sets Bn have zero
length. Finally we use countable semiadditivity of analytic capacity, the
result by David and Tolsa which implies γ(Un) = 0 and theorem 5 which
implies γ(Rn) = 0. Therefore γ(ϕ(E)) = 0 and we are done.

Part (c) is an immediate consequence of (b). �

We end this text with the following conjecture, which would imply that
the result in part (a) above is sharp.

Conjecture 8. For every K ≥ 1 there exists a compact set E with 0 <

H 2
K+1 (E) <∞, such that E is not removable for some K-quasiregular map-

ping in BMO(C).
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7 The quasiconformal Jacobian problem

after M. Bonk, J. Heinonen, and E. Saksman [1]
A summary written by Peter Luthy

Abstract

Quasiconformal maps have been a fundamental part of complex
analysis since the 1930s. Their applications stretch far beyond strictly
analytic problems. Despite the longevity of the idea, it is unknown (in
an analytic sense) which functions are comparable to the Jacobian of
such a map. We begin by exploring an interesting relationship between
metric doubling measures and bi-Lipschitz maps on R

2. From this,
we will produce a rather broad class of functions comparable to the
Jacobian of a quasiconformal map.

7.1 Introduction

As stated in the abstract, quasiconformal mappings of the plane have been
in the mathematical vernacular for quite some time. That they survived into
the modern era is due in no small part to their critical role in proving big
theorems. Their creation, however, resulted from a rather small problem.
The Riemann mapping theorem guarantees the existence of a holomorphic
map from a square to a rectangle (not a square). However, this map does
not carry vertices to vertices. In fact, no such holomorphic map exists.
Grötzsch asked whether there was a best “almost holomorphic” map which
had this desired property. In doing so, he produced an early definition of
quasiconformal maps.

The quasiconformal Jacobian problem asks the following question: which
functions w are a.e. comparable to the Jacobian of a quasiconformal map f?
By this we mean to determine for which functions w there is a quasiconformal
map f : R2 → R2 satisfying the estimate

1

C
w(x) ≤ Jf (x) ≤ Cw(x) for a.e. x ∈ R

2

for some C > 0. To proceed with our discussion we shall need some termi-
nology:

Definition 1. The local 1,2 Sobolev space W 1,2
loc (R2) is the class of functions

in L2
loc(R

2) whose first-order weak derivatives are in L2
loc(R

2).
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Definition 2. A homeomorphism f : R2 → R2 is said to be quasiconformal
if each component of f belongs to W 1,2

loc (R2) and if f satisfies the inequality

|Df(x)|2 ≤ KJf(x) locally in L1(R2).

where Df(x) = (∂ifj) and Jf = detDf(x). Note: The smallest such K is
referred to as the dilatation of f .

The locally in L1(R2) condition is deliberately used over an a.e. con-
dition because, for instance, lines have measure zero and Cantor-Lebesgue
type functions do not satisfy the integration by parts formula. It is not diffi-
cult to show that using definition (2) implies that any continuously differen-
tiable quasiconformal map takes infinitesimal circles to infinitesimal ellipses
of bounded eccentricity. Proving the converse is somewhat more involved.

Definition 3. A Borel measure µ on R
2 is a doubling measure if µ is non-

trivial and there is a constant C (independent of x and r) so that µ(B(x, r)) ≤
Cµ(B(x, 2r)) for any ball B(x, r) centered at x of radius r.

Any doubling measure µ may be associated with a quasimetric dµ by the
relation

dµ(x, y) = dµ(Bxy) = [µ(B(x, |x− y|) ∪B(y, |x− y|))]1/2.

We see that a typical dµ only satisfies the following weak triangle inequality:

dµ(x, y) ≤ K(dµ(x, z) + dµ(z, y)),

and so generally dµ will not be a metric. This motivates the following defi-
nition:

Definition 4. A metric doubling measure µ is a doubling measure for which
the quasimetric dµ defined above is comparable to a metric δµ.

We may now observe that if f : R
2 → R

2 is quasiconformal, then
µ = Jf (x)dm2(x) is a metric doubling measure, where m2 is the standard
Lebesgue measure on the plane.

Indeed, we may choose δµ = |f(x)−f(y)|. To see why this selection works,
we’ll need the following useful properties of quasiconformal maps (taken from

[4]). Define h(s) = (16(s+1/2))K

2
. For any 3 points in the plane a, b, c, let T

denote the triangle with those vertices and define skew(a, b, c) to be the ratio
of the longest side to the shortest side of T .
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Theorem 5. If f : R2 → R2 is quasiconformal, then for any points x, y in the
plane, there are neighborhoods Dx and Dy so that for any triples a, b, c ⊂ Dx

and a′, b′, c′ ⊂ Dy, we have

skew(f(a), f(b), f(c)) ≤ h(skew(a, b, c)) (1)

skew(f−1(a′), f−1(b′), f−1(c′)) ≤ h(skew(a′, b′, c′)).

Conformal maps take infinitesimal equilateral triangles to equilateral tri-
angles since those maps preserve angles. Inequality (1) says that quasicon-
formal maps can’t do all that much worse. Moreover, inequality (1) allows
us to prove that quasiconformal maps do not distort space too much.

First, we are able to prove that for all small equilateral triangles T ,
diam(f(T )) . m2(f(T ))1/2, where the constant depends only on how small
we require the perimeter to be. The isoperimetric inequality gives the op-
posite inequality so that the two quantities are in fact comparable. A
similar triangles argument can extend to arbitrary equilateral triangles T :
diam(f(T )) ≃ m2(f(T ))1/2. It is not too hard to then extend the theorem
to balls or other compact, convex sets. Second, one can show via inequality
(1) that being K-quasiconformal is equivalent to the existence of a homeo-
morphism η : [0,∞) → [0,∞) with the property that

∣∣∣∣
f(x) − f(y)

f(x) − f(z)

∣∣∣∣ ≤ η

(∣∣∣∣
x− y

x− z

∣∣∣∣
)
.

Using this identity, it is not hard to show that if Bxy is defined as above,

|f(x) − f(y)| ≃ diamf(Bxy)).

Putting this discussion all together, we deduce that

δµ(x, y) ≃ diamf(Bxy)) ≃ m2(f(Bxy))
1/2 =

(∫

Bxy

Jf(x)dm2(x)

)1/2

.

Note that the right side is precisely dµ(x, y), and so our choice of δµ works
perfectly well.

David and Semmes proved in [2] that every metric doubling measure has
a density in the so-called A∞ class. At that time, it was already known that
A∞ included the quasiconformal Jacobians. David and Semmes called the
class of densities of metric doubling measures strong-A∞. It should come
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as no surprise that they asked whether the strong-A∞ functions were all
comparable to quasiconformal Jacobians. Unfortunately, Laasko showed the
answer is negative [5].

It follows immediately from the properties used above, however, that if
f : R2 → R2 is quasiconformal, then for any metric δ comparable to dµ we
have f : (R2, δ) → R2 is a bi-Lipschitz equivalence. The converse to this
question is affirmative. Specifically,

Theorem 6. Suppose that µ is a metric doubling measure so that dµ is
comparable to a metric δµ. Any homeomorphism f : (R2, δµ) → R2 which is
bi-Lipschitz has the additional following properties:

• There is a non-negative function w ∈ L1
loc(R

2) so that dµ = wdm2,
where dm2 is the standard Lebesgue measure on R2. In fact w ∈ A∞.

• f : R2 → R2 is quasiconformal.

• Jf ≃ w for a.e. x ∈ R
2. Moreover, the comparability constant and the

dilatation of f depend only on data associated with µ.

The theorem follows quickly from results derived above.

7.2 Main Result

Theorem 6 creates a mechanism for producing quasiconformal Jacobians:

• Select a suitable (i.e. at least A∞) function w.

• Show that dµ = wdm2 is a metric doubling measure with associated to
some metric δµ.

• Produce a bi-Lipschitz equivalence (R2, δµ) → R2.

We now state our main result.

Theorem 7. (Main Theorem) Suppose that u ∈ L1
loc(R

2) with distribu-
tional gradient ∇u ∈ L2(R2). Then there is a quasiconformal map so that

Jf(x) ≃ e2u(x) for a.e. x ∈ R
2.

The comparability constant C and the dilatation of f depend only on ‖∇u‖L2(R2).
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Proof of the Main Theorem. We will follow the usual proof strategy of
first establishing the theorem is true for u ∈ C∞

0 (R2), then reducing the gen-
eral case to this one by approximation. In the case of a smooth, compactly
supported u, we have that exp (2u(x)) is strictly positive and bounded above
and below; hence showing that dµ = exp (2u(x))dm2 is a doubling mea-
sure is easy. Likewise, showing that the quasimetric dµ is comparable to
exp(u(x))|dx| is trivial. The existence of a bi-Lipschitz equivalence is all
that remains. This is of course easier said than done; however, our work is
made substantially easier by the following theorem of Fu [3]:

Theorem 8. Lex X be a complete Riemannian 2-manifold that is homeo-
morphic to R

2. There are absolute constants ǫ0 > 0 and L0 > 0 with the
following property: if the integral curvature of X does not exceed ǫ0 then X
is bi-Lipschitz equivalent to R2 with bi-Lipschitz constant L0.

In this spirit, consider the Riemannian 2-manifold Xu = (R2, eu(x)|dx|).
Because u is smooth and compactly supported, exp (u(x)) is strictly positive,
so the identity map is a homeomorphism. Observe that if b ∈ C∞

0 (R2), then
Xu−b = (R2, eu(x)−b(x)|dx|) is A-bi-Lipschitz equivalent to (R2, eu(x)|dx|) by
the identity map where A = exp (||b||∞).

Now, whenever we scale the Euclidean metric by a smooth, positive func-
tion h, we have the Liouville curvature equation:

△(log h) = −Kh2

In our case, h = eu; hence the Gaussian curvature of Xu is given by

K = −e−2s△u.

The total Gaussian curvature of Xu is then given by

∫

Xs

|K|e2udm2 =

∫

R2

|△u|dm2.

In order for Fu’s theorem to be useful to us, we need to modify u to control
the L1-norm of △u without losing the bi-Lipschitz equivalence stated above.
The following lemma – which follows entirely from classical theorems – gives
us the power to choose b correctly so that ||u− b||1 is small.
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Lemma 9. Let u : Rn → R be a smooth function of compact support. Then
for every ǫ > 0 there exists a decomposition u = s + b into two compactly
supported smooth functions such that

‖△s‖1 ≤ ǫ

and

‖b‖∞ ≤ 13

ǫ
‖∇u‖2

2.

Using lemma (9) pick a decomposition u = s+ b using ǫ = ǫ0/2 where ǫ0
is the absolute constant from Fu’s theorem. The total Gaussian curvature of
Xu−b is now smaller than ǫ0/2. By Fu’s Theorem, Xu−b is bi-Lipschitz equiv-
alent to R2. Thus Xu is bi-Lipschitz equivalent to the plane with coefficient

L0 exp(
26

ǫ0
‖∇u‖2

2).

Hence for all compactly supported smooth functions, our theorem is true.
Now, suppose that u is locally integrable with ∇u ∈ L2(R2). By [6]

we may select a sequence ui ∈ C∞
0 (R2) so that ui → u in L2

loc(R
2) and

∇ui → ∇u in L2(R2). Then by the work above, we may find a sequence of
Ki-quasiconformal maps fi : R2 → R2 so that

Jfi
≃ exp(2ui). (2)

Our choice of constant in (2) depends only on eui(x)dx and ‖∇u‖2. We shall
show below that exp(2ui) converges locally in L1(R2) to exp(2u) so that we
may assume our constants of comparability are independent of i. For the
same reason, each fi will be K-quasiconformal for some sufficiently large
(fixed) K.

Using Trudinger’s inequality and Bunyakovsky’s inequality we conclude
that ∫

B

e4vdm2 ≤ ACm2(B) (3)

where B is an arbitrary ball in the plane. This in turn implies exp (2ui) →
exp (2u) in L1

loc(R
2).

Now we proceed to show that some subsequence of fi converges on all
compact sets to a K-quasiconformal map f . Conjugation of fi by a conformal
mapping changes neither the Jacobian nor the dilatation. Thus we may
assume without loss of generality that fi(0) = 0 for all i. By [8], we conclude
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that (fi) is a normal family and thus some subsequence converges locally
uniformly to f . By [7], we deduce that f is K-quasiconformal, and, moreover,
we have weak convergence of Jfi

to Jf . A calculation involving (2) and (3)
allows us to deduce that Jf is comparable to exp (2u). The constant of
comparability depends only on the constant of comparability from (2) and
hence only on ‖∇u‖2. The same holds for the dilatation of f .

Thus our proof is complete.
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[6] J. Malý and W.P. Ziemer, Fine regularity of solutions of elliptic par-
tial differential equations. Mathematical Surveys and Monographs 51,
American Mathematical Society, Providence, RI, 1997.

[7] Y.G. Reshetnyak, Space mappings with bounded distortion. Translations
of Mathematical Monographs 73, American Mathematical Society, Prov-
idence, R, 1989.
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8 Separated nets in Euclidean space and Ja-

cobians of bi-Lipschitz maps

after C. McMullen [3] and D. Burago and B. Kleiner [1]
A summary written by John Maki

Abstract

Are all separated nets in R
n bi-Lipschitz equivalent to the integer

lattice Z
n? Also, is each non-negative L∞(Rn) function which is also

bounded away from zero the Jacobian of a bi-Lipschitz mapping from
R
n to R

n? We first show that the questions are equivalent, and then
we show the common answer to both is no, demonstrated directly by
a counterexample for the second question. Additionally, some related
problems are considered.

8.1 Introduction

We begin with a definition.

Definition 1. A subset X of a metric space Y is a separated net if there
exist two constants a, b > 0 such that d(x, x′) > a for every pair x, x′ ∈ X,
and d(y,X) < b for every y ∈ Y .

We note two facts: Every metric space contains separated nets, and two
spaces are quasi-isometric if and only if they contain bi-Lipschitz equivalent
separated nets. If all separated nets in Rn are bi-Lipschitz equivalent to Zn,
this simplifies the task of determining if two spaces are quasi-isometric; this
clearly motivates the following question.

(Q1) Are all separated nets in R
n bi-Lipschitz equivalent to the integer lat-

tice Zn?

This was posed in its present context by Gromov [2]. The answer to the
corresponding question is yes if Rn is replaced by any non-amenable space
(with slight conditions on local geometry) or by hyperbolic space H

n with
n ≥ 2. Also, it is easy to verify the answer is yes in R1.

A different question of some interest is that of attempting to prescribe
the Jacobian of a homeomorphism. Specifically, for a given type of homeo-
morphism, can we identify a class of functions which coincides with the set of
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Jacobians of those homeomorphisms? Recall Rademacher’s theorem, which
guarantees that a Lipschitz map is differentiable a.e. With this in mind, the
particular version of this question which we consider is:

(Q2) Given a function f ∈ L∞(Rn) such that inf f > 0, will f necessarily
be the Jacobian of some bi-Lipschitz mapping from Rn to Rn?

Variations on this question include starting with Jacobians in L∞ or
Sobolev spaces [7], [8], or Hölder classes C0,α [6].

8.2 Main results

The primary result of the two papers resolves (Q1) and (Q2). The first step
of the proof shows the questions are equivalent, while the second answers the
second question in the negative. Thus, we produce the desired theorems:

Theorem 2. There exists a separated net in Rn which is not bi-Lipschitz
equivalent to the integer lattice.

Theorem 3. Let I := [0, 1]. Given c > 0, there is a continuous function
ρ : In → [1, 1 + c], such that there is no bi-Lipschitz map f : In → Rn with

Jac(f) := Det(Df) = ρ a.e.

The answer to the latter theorem also resolves a similar question in quasi-
conformal mappings, namely that there is a continuous function which is not
the Jacobian of a quasiconformal mapping in Rn, since any quasiconformal
mapping with Jacobian bounded away from zero and infinity must necessar-
ily be bi-Lipschitz. In general, the effort to characterize the functions which
correspond to Jacobians of such maps is called the quasiconformal Jacobian
problem (see [4]; also, the subject of lectures by Peter Luthy). Notably, not
equality but rather equivalence between the function and Jacobian is pursued
in that program.

Similar in spirit is the work of Bonk and Kleiner in their description
of properties which identify when a metric space will be quasisymmetrically
equivalent to a 2-sphere (see [5]). Theorem 2 shows that a natural conjecture
regarding the classification of subsets of R

n which are bi-Lipschitz equivalent
to Zn is in fact false.
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8.2.1 The equivalence

In this section, we prove the equivalence of questions (Q1) and (Q2).

Theorem 4. The following statements are equivalent:

A. Every function ρ ∈ L∞(Rn) such that inf ρ > 0 is the Jacobian of some
bi-Lipschitz mapping from Rn to Rn.

B. Every separated net Y ⊂ Rn is bi-Lipschitz to Zn.

Proof. (A) =⇒ (B). Let X ⊂ Rn be a separated net. The task here is to
match members of X to members of Z

n, and the matching is ultimately
guaranteed by set-theoretic machinery. To prepare for that endgame, we
need to relate members of X with members of Zn such that any subset of
X relates to a subset of Zn which is just as large (or larger), and vice versa.
The bi-Lipschitz property will derive from choosing nearby members for the
relations.

For each y ∈ Y , let Cy denote the Voronoi cell

Cy = {x : |x− y| < |x− y′| for all y′ in Y, y′ 6= y}.

Define

ρ(x) =
∑

y :x∈Cy

1

volCy
.

Since Y is separated, then inf volCy > 0, which means ρ ∈ L∞(Rn). Also,
since Y is a net, then sup diamCy < ∞, and we find inf ρ > 0. Applying
(A), we get a bi-Lipschitz homeomorphism f : Rn → Rn with Jac(f) = ρ.
Denote f(Cy) by Dy; note that volDy = 1.

For z ∈ Zn, let Ez denote the unit cube centered at z. Define the relation
R ⊂ Y × Z

n as the set R = {(y, z) : y ∈ Y, z ∈ Z
n, and Dy ∩ Ez 6= ∅}.

Let A ⊂ Y be a finite subset and let R(A) = {z ∈ Zn : (y, z) ∈
R for some y ∈ A}. Since the cubes labeled by R(A) cover the cells Dy

labeled by A and since vol(Dy) = Ez = 1, we get |R(A)| ≥ |A|. Similarly,
|R−1(B)| ≥ |B| for any finite set B ⊂ Zn.

By the transfinite form of Hall’s marriage theorem, R contains the graph
of an injective map φ1 : Y → Zn. Similarly, R−1 contains the graph of an
injective map φ2 : Zn → Y . The Schröder-Bernstein theorem guarantees
the existence of a bijection in the presence of two such injective maps; let
φ : Y → Zn be this bijection.
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Since diamDy and diamEz are bounded, then the distance |f(y) − z| is
also bounded for all (y, z) ∈ R. As φ(y) is chosen among the z ∈ Zn for
which (y, z) ∈ R, we get sup |φ(y) − f(y)| <∞, and so the map φ : Y → Zn

is bi-Lipschitz, too.
(B) =⇒ (A). Let ρ ∈ L∞(R2) with inf ρ > 0. Let I := [0, 1]. Without

loss of generality, we may assume ρ : I2 → [1, 1 + c].
We begin with the set-up, which produces a separated net that allows us

to approximate ρ in a particular way. Let {Sk}∞k=1 be a disjoint collection of
squares in R2 which have vertices with integer coordinates and sides which
are parallel to coordinate axes. Further, we require that the side length lk
of Sk tends to infinity as k → ∞. Let φk : I2 → Sk be the unique affine
homeomorphism with scalar linear part, and define ρk : Sk → [1, 1 + c] by
translating the values of ρ to Sk: ρk := ρ ◦ φ−1

k .
Choose a sequence mk ∈ Z+ with limk→∞mk = ∞ and limk→∞mk/lk =

0. Subdivide Sk into m2
k equal subsquares of side length lk/mk. Let this

collection be Tk = {Tki}m
2
k

i=1. Finally, we subdivide each Tki into n2
ki equal

subsquares Ukij where nki is the integer part of
√∫

Tki
ρkdL. Note that the

integral
∫
Ukij

ρdL is approximately 1.

We now choose a separated net X ⊂ R2 by placing one point at the
center of each square Ukij and one point at the center of each integer square
not contained in ∪Sk. The points which are not in ∪Sk are added to satisfy
the definition of net; the “separated” requirement is naturally satisfied since
we are choosing centers of integer squares throughout. The real business,
however, will use the points of X inside of the Sk’s.

By hypothesis, there is an L-bi-Lipschitz homeomorphism g : X → Z2.
Let Xk = φ−1

k (X) ⊂ I2 and define fk : Xk → R2 by

fk(x) =
1

lk
(g ◦ φk(x) − g ◦ φk(xk))

where xk is some basepoint chosen in Xk. The image of fk lies in an L× L
square which contains the origin, hence the fk’s are a uniformly bounded
collection of L-bi-Lipschitz maps. From the proof of the Arzela-Ascoli the-
orem, there exists a subsequence of {fk} which converges uniformly to a
bi-Lipschitz map f : I2 → R2.

The counting measure on Xk, normalized by 1/l2k, converges weakly to ρ
times the Lebesgue measure, since the subsquares of Sk were chosen to give
X a “local average density” of approximately ρ−1

k in Sk. The normalized
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counting measure on fk(Xk) converges weakly to Lebesgue measure, from
which we can conclude f∗(ρL) = L|f(I2). Recalling that the area of the
image of a set is equal to the integral of the Jacobian over this set, we get
that ρ = Jac(f).

8.2.2 The answer is no

Proof of Theorem 3. For convenience, we will prove the theorem in the case
of n = 2; the proof for higher values of n follows with only minor modifica-
tions.

Fix two constants L and c > 1, and let I := [0, 1]. We will construct
a continuous function ρ : I2 → [1, 1 + c] which is not the Jacobian of a
bi-Lipschitz homeomorphism. Ultimately, we succeed in driving a wedge
between ρ and such Jacobians using the following definition.

Definition 5. We say that two points x, y ∈ I2 are A-stretched under a map
f : I2 → R2 if d(f(x), f(y)) ≥ Ad(x, y).

We define a sequence of functions {ρN} which force a self-improving
stretching property. For N ∈ N, let RN be the rectangle [0, 1] × [0, 1/N ]
and define a “checkerboard” function ρN : RN → [1, 1 + c] by ρN (x, y) = 1 if
⌊Nx⌋ is even and 1 + c otherwise.

Lemma 6. There are k > 0, M , µ, and N0 such that if N ≥ N0, ǫ ≤ µ/N2,
then the following holds: if the pair of points (0, 0) and (1, 0) is A-stretched
under an L-bi-Lipschitz map f : RN → R2 whose Jacobian differs from ρN
on a set of area less than ǫ, then at least one pair of points of the form
(( p
NM

, s
NM

), ( q
NM

, s
NM

)) is (1 + k)A-stretched, where p and q are integers
between 0 and NM and s is an integer between 0 and M .

Sketch of proof of Lemma 6. The proof is by contradiction: Assume that all
such pairs of points are less than (1 +k)A-stretched. Since the pair of points
(0, 0) and (1, 0) are A-stretched, it is reasonable by the triangle inequality
that most of the targeted pairs are approximately A-stretched.

Stating that more precisely, define subsquares Si := [ i−1
N
, i
N

] × [0, 1
N

] and

points xipq := (p+M(i−1)
NM

, q
NM

), where i = 1, . . . , N , and p and q are integers
between 0 and M . It can be shown that there is at least one square Si which
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has the property that all of its points of the form xipq are at least (1 − l)A-
stretched when paired with their corresponding neighbor point xi+1

pq , for any
l ∈ (0, 1).

Given the density of the points xipq in Si, the image of Si under f is ap-
proximately a translate of the image of Si+1 under f , since we have bounded
the relative stretch of these adjacent squares above and below by values close
to A. However, ρ is very close to the Jacobian of f , which means that the
areas of the images of Si and Si+1 will be expanded by factors very close to
1 and 1 + c. This is in competition with the way in which the images of
the sets are approximate translates of each other, and ultimately leads to a
contradiction.

We may use a smooth change of coordinates to derive the following lemma
from Lemma 6.

Lemma 7. There exists a constant k > 0 such that, given any segment
xy ⊂ I2 and any neighborhood xy ⊂ U ⊂ I2, there is a measurable function
ρ : U → [1, 1 + c], ǫ > 0 and a finite collection of non-intersecting segments
ljrj ⊂ U with the following property: if the pair x, y is A-stretched by an
L-bi-Lipschitz map f : U → R2 whose Jacobian differs from ρ on a set of
area < ǫ, then for some j the pair lj, rj is (1 + k)A-stretched by f . The
function ρ may be chosen to have finite image.

Finally, we see how this self-improving stretch can lead to a crisis for an
L-bi-Lipschitz map, as we repeat the construction on smaller scales.

Lemma 8. For each integer i there is a measurable function ρi : I2 →
[1, 1 + c], a finite collection Si of non-intersecting segments ljrj ⊂ I2, and
ǫi > 0 with the following property: For every L-bi-Lipschitz map f : I2 → R2

whose Jacobian differs from ρi on a set of area < ǫi, at least one segment

from Si will have its endpoints (1+k)i

L
-stretched by f .

Proof of Lemma 8. We proceed by induction. The case i = 0 is trivial.
Assume that the lemma is true for i− 1, where Si−1 = {ljrj}. Let {Uj} be a
disjoint collection of open sets with ljrj ⊂ Uj and with total area < ǫi−1/2.
For each j apply the previous lemma to Uj to get a function ρ̂j : Uj → [1, 1+c],

ǫ̂j > 0, and a disjoint collection Ŝi−1,j of segments.
Now define ρi : I2 → [1, 1 + c] by ρi(x) = ρ̂j(x) for x ∈ Uj and ρi(x) =

ρi−1(x) otherwise. Let Si = ∪Ŝi−1,j and ǫi = min ǫ̂j . These will now exhibit
the desired property.
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This lemma shows that certain measurable functions are not possible as
the Jacobians of L-bi-Lipschitz maps, for a given fixed value of L, but it
further shows that we may iterate at smaller scales to increase the range of
L-values which will not work. As we desire ρ = Jac(f) a.e., the lemma will
apply for all ǫi. Finally, we approximate the resulting sequence of measurable
functions by a corresponding sequence of continuous functions, differing on a
set of small measure tending to zero. The desired continuous function ρ will
be the limit of this sequence of continuous functions.

8.3 Related results

8.3.1 The answer for Hölder is yes

If the bi-Lipschitz requirement is relaxed to a homogeneous Hölder condition,
we find the modified (Q1) and (Q2) have positive answers (see [3]).

Definition 9. We say φ : Rn → Rn is a homogeneous Hölder map if there
are constants K ≥ 0 and 0 < α ≤ 1 such that for |x|, |y| ≤ R we have

|φ(x) − φ(y)| ≤ KR1−α|x− y|α.
The purpose of this definition for Hölder is to make it a scale-invariant

property: if φ(x) is homogeneous Hölder, then so is cφ(x/c) for any c > 0.

Theorem 10. Fix n ≥ 1. Then:

1. For any f ∈ L∞(Rn) with inf f > 0, there is a homogeneous bi-Hölder
homeomorphism φ : Rn → Rn (i.e. φ−1 is also homogeneous Hölder)
such that

vol(φ(E)) =

∫

E

f(x)dx

for all bounded open sets E ⊂ Rn.

2. For any separated net Y ⊂ Rn, there is a homogeneous bi-Hölder bijec-
tion ψ : Y → Z

n.

8.3.2 Prescribing the divergence of a vector field

An infinitesimal form of the problem of constructing a map with prescribed
volume distortion is to consider whether it is possible to prescribe the di-
vergence of a Lipschitz or quasiconformal vector field v using a function
f ∈ L∞(Rn). We have the following result from [3]:
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Theorem 11. For any n > 1 there is an f ∈ L∞(Rn) which is not the
divergence of any Lipschitz, or even quasiconformal, vector field.
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Inst. H. Poincaré Anal. Non Linéaire 11 (1994), no. 3, 275–296.

John Maki, University of Illinois at Urbana-Champaign
email: johnmaki@math.uiuc.edu

68



9 Newtonian spaces: An extension of Sobolev

spaces to metric measure spaces

after N. Shanmugalingam [3]
A summary written by Kenneth Maples

Abstract

We extend the definition of Sobolev spaces to metric measure
spaces and prove corresponding results to the classical embedding the-
orems.

9.1 Introduction

We would like to extend the definition of Sobolev spaces (W 1,p) to more
general spaces than Rn such as Riemannian manifolds. This is so that we
can define PDE in greater generality. However, the definition of Sobolev
space depends on the distributional derivatives of the function; this concept
may not be defined on a general metric measure space. Tthe definition of
Sobolev space must be replaced by an equivalent definition that only depends
on the metric and measure of the underlying space.

A previous attempt by Haj lasz noted that u ∈ W 1,p if and only if there
was a p-integrable g ≥ 0 such that

|u(x) − u(y)| ≤ |x− y|(g(x) + g(y))

for almost all x, y ∈ R
n. In [3] Shanmugalingam replaces this inequality with

one based on “upper gradients” of the function, which generalizes the idea of
a primitive of a vector field. Instead, we let u ∈ Ñ1,p if there is a p-integrable
ρ ≥ 0 such that

|u(x) − u(y)| ≤
∫

γ

ρ

for all rectifiable compact paths γ except for a set of paths of “p-modulus
zero.”

This paper defines the “Newtonian” (also known as “Newton-Sobolev”)
spaces N1,p and proves several fundamental theorems about them. Notably,
N1,p is shown to be a complete subspace of Lp, and several analogues of
classical Sobolev embedding theorems are proven. For a motivation of the
techniques used see [2].
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9.2 Preliminaries

Let (X, d, µ) denote a space X with metric d and measure µ. Let H1 denote
Hausdorff one-dimensional measure. A path is a continuous map γ : I → X
where I is some interval in R. The image is denoted by |γ| and the length is
denoted by l(γ). We have the following standard notations for path families:

Γrect Non-constant rectifiable paths with compact image (equivalently I is
compact).

ΓA Paths in Γrect that intersect the set A.

Γ+
A Paths in Γrect that intersect the set A on a set of positive one-dimensional

Hausdorff measure; i.e. H1(|γ| ∩A) > 0.

We will only consider subfamilies of Γrect; we will therefore assume that paths
are parameterized by arc-length.

We define the p-modulus of a family of paths Γ as follows:

ModpΓ = inf
ρ∧Γ

‖ρ‖pLp

We write ρ∧Γ if ρ is “admissible” for the family Γ; this means that ρ ≥ 0 is
Borel-measurable and

∫
γ
ρ dx ≥ 1 for all γ ∈ Γ.

There are several general properties of p-modulus that we will omit here;
a general (and highly readable) treatment is in [1].

If Q is a statement about paths, then we say that Q holds p-a.e. if the
family of paths where Q is false has zero p-modulus.

A function u is called ACCp if it is absolutely continuous on p-a.e. path.
In other words, u ◦ γ is absolutely continuous on [0, l(γ)] for p-a.e. γ ∈ Γrect.
Likewise, if X is a domain in Rn, we say that a function u is ACL if it is ab-
solutely continuous on every line perpendicular to the axes; in other words, if
u◦γ is absolutely continuous on [0, l(γ)] for Hn−1-a.e. line γ parallel to the co-
ordinate axes. Note that an ACL function has directional derivatives almost
everywhere. We call an ACL function ACLp if the directional derivatives are
in Lp.

Given u : X → R, we call a Borel-measurable ρ ≥ 0 an upper gradient of
u if for all γ ∈ Γrect,

|u(x) − u(y)| ≤
∫

γ

ρ ds
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where x and y are the endpoints of γ. We will also write ρ ≫ u (or u ≪ ρ)
for this. If the inequality only holds on p-a.e. path, then ρ is called a p-weak
upper gradient of u and we will write ρ≫p u (or u≪p ρ).

We say that X supports a (1, p)-Poincaré inequality if there exists a
uniform constant C > 0 such that for all open balls B in X and pairs of
functions (u, g) with u ≪ g and u ∈ L1,

1

µ(B)

∫

B

|u− uB| ≤ C diam(B)

(
1

µ(B)

∫

B

gp
)1/p

.

If X supports a (1, p)-Poincaré inequality, then it supports a (1, q)-Poincaré
inequality for all q > p.

9.3 N1,p and friends

Let Ω be a domain in R
n. For 1 ≤ p < ∞ we can define the Sobolev space

W 1,p as the space of functions on Ω with finite W 1,p norm, where

‖u‖W 1,p = ‖u‖Lp +

n∑

k=1

‖∂iu‖Lp

Here ∂i is the distributional derivative in the ith coordinate.
The goal of this paper is to extend the definition of Sobolev spaces to

more general spaces than Rn. One earlier attempt noted that u ∈ W 1,p if
and only if there exists some g ≥ 0, g ∈ Lp such that for a.e. x, y ∈ Rn,

|u(x) − u(y)| ≤ |x− y|(g(x) + g(y))

We will call such functions g a Haj lasz gradient of u. We define M1,p(X) to
be functions u ∈ Lp along with a g ≥ 0, g ∈ Lp such that for µ-a.e. x, y ∈ X,

|u(x) − u(y)| ≤ d(x, y)(g(x) + g(y))

This space carries the norm:

‖u‖M1,p = ‖u‖Lp + inf
g
‖g‖Lp

where the infimum is taken over all Haj lasz gradients of u. M1,p(X) is Banach
with this norm.
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The space introduced in this paper exploits the concept of upper gradi-
ents, defined in the first section. Let Ñ1,p(X) be the space of all u ∈ Lp(X,R)

such that u ≪p g for some g ≥ 0, g ∈ Lp. Ñ1,p is a vector space; it is also a

lattice. We can define a seminorm on Ñ1,p in the following way:

‖u‖ eN1,p = ‖u‖Lp + inf
u≪pg

‖g‖Lp

This seminorm is not positive-definite. However, the relation u ∼ v if ‖u −
v‖ eN1,p = 0 is an equivalence relation and partitions Ñ1,p into equivalence
classes. We will denote the space of these equivalence classes by N1,p(X)
with the norm induced by the seminorm above.

Another extension of Sobolev spaces based on upper gradients was devel-
oped by Cheeger. We define H1,p(X) to be the subspace of Lp such that

|f |1,p = ‖f‖Lp + inf
{fi}

lim inf
i→∞

‖gi‖Lp

is finite. The limit infimum is taken over all upper gradients gi of the func-
tions (fi) where (fi) → f in Lp.

9.4 N1,p is Banach

To show that N1,p is complete, we must introduce the capacity of a set. We
can define the p-capacity of a set E ⊆ X as:

CappE = inf
u∧E

‖u‖pN1,p

where u ∧ E means that u is “admissible” for the set E; i.e. u ∈ N1,p such
that u ≥ 1 on E. Other definitions for the capacity of a set are possible, but
the differences appear to be immaterial.

The following lemma is key to the argument:

Lemma 1. If F ⊆ X with CappF = 0, then ModpΓF = 0.

Theorem 2. N1,p is Banach.

Proof. We follow the same procedure as for showing that Lp is complete. We
choose a Cauchy sequence (ui) in N1,p(X) and, after noting that it suffices
to examine subsequences, select a subsequence with rapid convergence. We
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can force upper gradients of the difference of consecutive terms (i.e. gk,k+1 ≫
(uk − uk+1)) to have similarly shrinking Lp norm. We then construct

Ek = {x ∈ X : |uk(x) − uk+1(x)| ≥ 2−k}.

As (Ek) has capacity rapidly converging to 0, we also construct F = lim supEk.
On X \F , (uk) converges pointwise to a function u. By the previous lemma,
because CappF = 0, ModpΓF = 0. Hence on every Γrect \ ΓF we can sum up
the difference upper gradients gk,k+1 to form an upper gradient of u− uk for
each k. This gives an upper gradient for u and similarly shows that (uk) → u
in N1,p.

9.5 Similarities between N1,p and M1,p

First we verify that N1,p(X) is a genuine extension to W 1,p.

Theorem 3. If X = Ω is a domain in Rn, d(x, y) = |x − y|, and µ is
Lebesgue n-measure, then N1,p(X) = W 1,p(Ω) as Banach spaces.

Proof. This theorem follows from considering the absolute continuity prop-
erties of u ∈ N1,p.

Lemma 4. The set of equivalence classes of continuous functions u ∈ M1,p

embeds into N1,p with
‖u‖N1,p ≤ 4‖u‖M1,p

Proof. We can choose u to have a Haj lasz gradient g such that the Haj lasz
inequality holds everywhere. If γ connects x, y ∈ X, consider

∫
γ
g. If the

integral is ∞ then the upper gradient inequality holds. If it is finite, we
can partition γ into n pieces γi of equal length. Choose xi ∈ |γi| such that
g(xi) ≤ H1(|γi|)−1

∫
γi
g; then we can convert the Haj lasz inequality into the

upper gradient inequality:

|u(x0) − u(xn)| ≤
∑

d(xi, xi+1)(g(xi) + g(xi+1))

≤ 4

∫

γ

g

Letting n → ∞ we have the upper gradient inequality for the endpoints of
γ. The embedding is well-defined.

73



From this lemma,

Theorem 5. The Haj lasz space M1,p(X) continuously embeds into the N1,p(X).

Theorem 6. If X is a doubling space and X supports a (1, q)-Poincaré
inequality for some q ∈ (1, p), then N1,p(X) = M1,p(X) isomorphically as
Banach spaces.

Finally, the two definitions of Sobolev-type spaces based on upper gradi-
ents are nearly the same, as the following theorem shows.

Theorem 7. H1,p(X) is isometrically equivalent to N1,p(X) when p > 1.

9.6 Analogues of Sobolev space results

Theorem 8. If X is a doubling space that supports a (1, p)-Poincaré inequal-
ity, then Lipschitz functions are dense in N1,p(X).

Recall the following classical embeddings for W 1,p(Rn):

W 1,p(X) →֒ Lnp/(n−p), if p < n,

W 1,p(X) →֒ C0,1−n/p, if p > n,

Theorem 9. Let Q > 0. If X is a doubling space satisfying

µ(B(x, r)) ≥ CrQ

with C uniform over x, 0 < r < 2 diamX, and if X supports a (1, p)-Poincaré
inequality for some p > Q, then N1,p(X) continuously embeds into the space
C0,1−Q/p.

Equivalently, every equivalence class in N1,p has a Hölder continuous
representative with exponent 1 −Q/p with bounded Hölder norm.

Proof. We define two sequences of balls that converge to x and y, respectively,
with initial radii d(x, y) such that the radii shrink in half at each step. If
x and y are Lebesgue points of u, then the average values of u on the balls
converges to the function values; after some calculation, we derive

|u(x) − u(y)| ≤ C(Q, p)‖ρ‖Lpd(x, y)1−Q/p.
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Because µ is doubling, the non-Lebesgue points form a set of measure zero.
Therefore, u restricted to the Lebesgue points is Hölder continuous and can
be extended to a Hölder continuous function ũ on all of X. By excluding the
zero p-modulus families Γ+

L and Γ0 = {γ : u◦γ is not absolutely continuous},
we have u = ũ on p-a.e. path, hence ũ ∈ N1,p of the same equivalence class
as u.
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10 Two counterexamples in the plane

after C. Bishop [1] and T. Laakso [2]
A summary written by William Meyerson

Abstract

We equip the standard Euclidean plane with two pathological
weights: an A1 weight which is not comparable to a quasiconfor-

mal Jacobian and a strong A∞ weight whose induced metric is not
biLipschitz equivalent to Euclidean distance.

10.1 Introduction

Definition 1. An A1 weight on some Euclidean space E is a locally integrable
w : E → [0,∞] such that whenever B is a ball, the average value of w on B is
bounded (up to a multiplicative constant C independent of B) by its essential
infimum on B.

Definition 2. A strong A∞ weight on E is a locally integrable w : E → [0,∞]
such that the measure induced by

∫
wdx (where dx is Lebesgue measure) is

doubling and the distance function sending a pair (x, y) to the integral of
w over the ball centered at (x + y)/2 with radius (x − y)/2 is biLipschitz
equivalent to some metric.

If w is A1 then clearly w �Mw almost everywhere (where M refers to the
Hardy-Littlewood maximal function) by Lebesgue differentiation; however,
because we need only consider those balls with rational centers and radii
when looking at the maximal function and for such a ball,the average value
of w on B is bounded above by Cw almost everywhere, we therefore have
that Mw � w almost everywhere as well.

Further, A1 weights are well-known by a straightforward geometric argu-
ment to be strong A∞ weights; by a 1993 theorem of Semmes [3], E (equipped
with the distance function induced by some A1 weight) is biLipschitz equiv-
alent to a subset of some larger Euclidean space.

However, as will be shown below by a counterexample due to Laakso [2]
in the plane, this does not hold for strong A∞ weights.

Further, we shall also introduce a reasonable conditions which strong A∞
maps (and even A1 maps) do not necessarily satisfy, even in R2. To do this,
we need more definitions:
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Definition 3. A continuous function f : R2 → R2 is said to be quasi-
conformal if there exists some constant C such that for each x ∈ R2, the limit
superior of max|z−x|=r,|y−x|=r

|f(z)−f(x)|
|f(y)−f(x)| as r goes to zero is bounded above by

C.

Remark 4. Note that this is a generaliztion of conformal maps in BBR2

(for these maps, C = 1 and the theory is well-known as conformal maps of
the plane can be viewed as complex-valued functions; in this setting they are
either analyticor conjugate-analytic).

Definition 5. We say that a strong A∞ w is comparable to a quasiconformal
Jacobian if there exists some quasiconformal f from R2 to R2 such that Jf ∼
w a.e. (where Jf is the Jacobian of f).

With all the machinery set up, we can finally state the following two
results:

Theorem 6. (Laakso, [2]) There exist a strong A∞ weight w on R2 which
is not comparable to a quasiconformal Jacobian.

Theorem 7. (Bishop, [1]) There exist an A1 weight w on R2 whose induced
metric is not biLipschitz embeddable in any Euclidean space and therefore w
is not comparable to a quasiconformal Jacobian.

10.2 Proof of our first theorem

We shall proceed (following [1]) via Laakso’s construction of a strong A∞
weight in R

2 such that when R
2 is given the induced distance metric, it is

not bi-Lipschitz embeddable to any Euclidean space. In doing so, we shall
assume the following 1996 theorem of Semmes [4]:

Theorem 8. Suppose that (X, d) is a metric space and 0 < t < 1 such that
the snowflake space (X, dt) can be embedded biLipschitzly into some Euclidean
space E. Then there exists a strong A∞ weight w in E such that (X, d) can
be embedded biLipschitzly into E equipped with the induced metric from w.

Fixing a ∈ (3/4, 1) and k ∈ (0, π/6) there exists some b ∈ (0, 1/4) such
that a + beik = 1 − be−ik; we define the five similarity mappings S1, . . . , S5

on the Euclidean plane as follows: S1(z) = az, S2(z) = a + beikz, S3(z) =
a− beikz, S4(z) = 1 − beikz, and S5(z) = 1 − be−ikz.
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Our planar set Z shall be defined as the closure of the images of 0 under
repeated iterations of the similarity mappings; as 0 = S1(0) we have that Z is
the union of its first order similarity parts S1Z, . . . , S5Z (here we say that an
nth order similarity part is the image of Z under n mappings in S1, . . . , S5.
Clearly S1Z intersects S2Z and S3Z at a, while S4Z and S5Z intersect at 1;
further, S2Z and S4Z intersect at a + beik while S3Z and S5Z intersect at
a− beik.

To show that these are the only intersection and boundary points of first
order pieces one notes (this requires a bit of a geometric argument, which
we omit here) that there exists a minimal angle θ such that if {SjZ, SkZ}
is a pair of similarity parts whose intersection point z was listed above, and
x 6= z, y 6= z are in SjZ, SkZ respectively then the angle xzy has argument
at least ρ.

We next choose some number s > 1 such that as + 2bs = 1 (note here
1 = a + 2b cos k < a + 2b). Letting Zn be the set of boundary points of nth
order similarity parts (i.e. the elements achieved when applying n similarity
transforms to either 0 or 1) we can define a metric dn on Gn as follows:

dn(x, y) is the infimum of |a2 − a1|s + · · · + |am − am−1|s where the {ai}
are a sequence of adjacent (i.e. any two consecutive ai form the boundary
points for some nth order similarity part) elements of Zn such that a1 = x
and am = y.

Clearly this is a metric and Zn ⊃ Zk for each n > k. To define a metric
on the union of the Zn’s (whose closure is Z itself) it therefore suffices to
show that dn+1 is an extension of dn for each n.

To see this we note that if x = F (0) and y = F (1) are the bound-
ary points of an nth order similarity part FZ (corresponding to zero and
one, respectively, under the appropriate composition F of similarities) then
dn+1(x, y) = |x − y|s (we can see this by noting that an optimal path goes
from F (0) to F (a) to F (a+ beik) to F (1); considering Z to be a zeroth order
similarity part this argument even works for 0 and 1).

Consequently, if x and y lie in Zn then an optimal chain of adjacent
boundary points in Zn+1 joining x and y can be made by taking the optimal
chain of boundary points in Zn from x to y and between each consecutive
pair of points in this chain (which can be written as F (0) and F (1) for some
nth order similarity) inserting the subsequence {F (a), F (a + beik)}. This
chain therefore witnesses that dn+1(x, y) = dn(x, y) so we can indeed define
d to be the union of the dn on the union of the Zn.

To extend d to a metric on all of Z it suffices to show that d is continuous
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with respect to Euclidean distance |.|; we shall do this by showing that d is
biLipschitz equivalent to the quasinorm |.|s.

To do this first note that if x /∈ S1Z then d(x, 0) and |x − 0|s are both
in [as, 1] so d and the quasinorm are comparable for these points; by apply-
ing the inverse map of S1 to an arbitrary nonzero x ∈ Z we get the same
comparability (i.e. d(x, 0) ∼ |x − 0|s). Similarly, if y /∈ S4Z ∪ S5Z then
d(y, 1) ∼ |y− 1|s; iterating inverse images of S4 and S5 gives the same result
for arbitrary y different from 1.

If x is a boundary point of some similarity part FZ and y is an interior
point of FZ then applying F−1 and the preceding paragraph yields d(x, y) ∼
|x− y|s (as F−1(x) is zero or one).

Further, if x and y are in different similarity parts which do not share a
boundary point, then as d(x, y) and |x− y|s both lie in ((b/2)s, 1], d(x, y) ∼
|x− y|s.

If x and y lie in adjacent similarity parts with common boundary point
z then as |x − y| ∼ |x − z| + |z − y| (because of the lower bound on the
angle xzy) so |x − y|s ∼ |x − z|s + |z − y|s and d(x, y) ∼ d(x, z) + d(z, y),
d(x, y) ∼ |x− y|s.

Finally, if x and y lie in the same similarity part, then by repeatedly
applying inverse similarity transformations we can reduce to an earlier case
so no matter what, d(x, y) ∼ |x− y|s as desired; we can therefore suppose d
is defined on all of Z.

To show that Z (equipped with the metric d) does not embed biLips-
chitzly into any Euclidean space, we shall use the following ’rounded ball’
property of Euclidean spaces (which is an easy consequence of the parallelo-
gram law for Hilbert spaces):

Proposition 9. For each ǫ > 0 there exists δ > 0 such that if x 6= y in some
Euclidean space E then B(x, |x − y|(1 + δ)/2) ∩ B(y, |x − y|(1 + δ)/2) has
diameter less than ǫ|x− y|.

Consequently we suppose for a contradiction that f : (Z, d) → E is bi-
Lipschitz (with coefficient L) where E is Euclidean. For any unequal pair

of points x, y ∈ Z we use Ax,y to refer to |f(x)−f(y)|
d(x,y)

; 1
L
≤ Ax,y ≤ L. Letting

x = a + beik and y = a + be−ik, we have that d(a, x) = d(x, 1) = d(1, y) =
d(y, a) = bs while d(a, 1) = d(x, y) = 2bs.

Therefore |f(x)−f(y)| ≥ L−2|f(a)−f(1)| so by the rounded ball property,
if f(x) and f(y) are both within r of f(a) and f(1) then there exists δ > 0
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such that r > (1 + δ)|f(a) − f(1)|/2. This implies that either A1,x, A1,y,
Aa,x, or Aa,y (all of which are boundary points of a similarity part) is at least
(1 + δ)Aa,1.

We derive a contradiction as follows: because A0,1 ≥ 1
L

there exists n ≥ 0
such that Aan,an+1 ≥ 1

L
which implies that there exist some pair (s, t) of

boundary points of a similarity part (one will be either an or an+1; the other

will be either anx or any) with As,t ≥ (1+δ)
L

. By repeating this argument
for this similarity part (applying the appropriate tranformation) we get a
pair (s′, t′) of boundary points of a similarity part contained in the similarity

part bounded by s and t such that As′,t′ ≥ (1+δ)2

L
. Iterating this procedure

recursively implies that the Lipschitz coefficient of f is at least (1+δ)n

L
for each

n; letting n go to infinity contradicts that f is Lipschitz. By our theorem
of Semmes there exists a strong A∞ weight w on R2 such that (Z, d) is
bi-Lipschitz equivalent to a subset of R2 with distance metric induced by w.

To prove our final result we now supose f is a quasiconformal (and there-
fore quasisymmetric) map from R2 to itself such that w is comparable to
Jf ; further, we use m to denote Lebesgue measure. If x and y are unequal
points in R2 we use Bx,y to denote the ball centered at (x+ y)/2 with radius
|x − y|/2; therefore quasisymmetry gives that m(f(Bx,y)) ∼ |f(x) − f(y)|2.
As f is absolutely continuous (and the standard change of variables rules
apply) we note that letting w be the volume derivate of f (i.e. the limit of
m(f(B(x,r)))
m(B(x,r))

, which equals |Jf | ae) yields that

∫
χBx,y

(z)w(z)dz =

∫
χBx,y

(f−1(a))w(f−1(a))Jf−1(a)da

=

∫
χf(Bx,y)(z)

w(a)

w(a)
da = m(f(Bx,y))

so |f(x) − f(y)| ∼ d(x, y) where d is the metric induced by w, producing
a contradiction (as f is therefore biLipschitz) and proving the theorem as
desired.

10.3 Proof of our second theorem

Following [1], we begin by constructing a descending sequence E0 ⊃ E1 ⊃
. . . En . . . of subsets of the unit square [0, 1] x [0, 1] in the plane; their inter-
section E will be a set of measure zero on which our desired weight should
be infinite.
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To do this one needs to introduce the notion of (L,M,N)-pieces where
L,M,N are positive integers such that L,N are odd and greater than or
equal to three.

Definition 10. In this setting an (L,M,N) piece of a square Q is the subset
produced as follows: we first divide Q into L2 equal subsquares (to be called
the type 1 subsquares of Q) with center square Q0; next we divide Q0 into
M2 equal subsquares (to be called the type 2 subsquares of Q) and finally
divide these type 2 subsquares into N2 equal subsquares (to be called the type
3 subsquares); the (L,M,N) piece of Q is defined to be equal to Q with the
(open) central type 3 subsquare of each type 1 subsquare removed.

Supposing that {Ln}, {Mn}, and {Nn} are sequences of this type, we
construct a sequence {En} of compact sets as follows (for notational purposes
we let tn = (LnMnNn)−1 and sn = t1 ∗ · · · ∗ tn):

We begin by letting E0 be the unit square; for n ≥ 1 we take each
partition En−1 into disjoint squares of size sn−1 (these are the size of the
type 3 subsquares; we call them the (n− 1) generation squares) and replace
each such square with the corresponding (Ln,Mn, Nn)-piece.

For the remainder of this talk we assume that

ΣN−2
n = ∞,ΣN−3

n <∞,ΣM−2
n <∞

while the Ln are constant; for concreteness we can set Ln = 7, Mn = n,
Nn = 3 + 2⌊

√
n

16
⌋.

From these assumptions we know that area of E is zero; in fact, if S is
an nth-generation square and k > n then |Ek ∩ S| � n

k
|S|.

Further, if Q is an nth generation square (of side length sn) the second-
outermost layer of type 1 subsquares are of size sn/7. This layer forms a
ring separating the central type 1 subsquare Q′ of Q from the boundary of
Q; also, any point on this ring is at least sn/7 away from both Q′ and δQ.

Definition 11. In this setting, we call these squares the ring squares WQ of
Q.

By the fact that quasiconformal maps on Rn are quasi-symmetric, we
have that if f is K-quasiconformal and fixes 0 and ∞,

d(f(W ), δf(Q) ∪ f(Q′)) �K diam(f(Q)).
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Armed with these sets, we can now construct our weight w. We begin
by setting Fn to be a sn-neighborhood of En for each n; this serves to fill
in the type 3 subsquares removed from En−1 to get to En and adding (if
necessary) a ring of size sn around each n− 1st generation square. Clearly
this comes nowhere close to doubling the area of En; further, d(Fn, F

c
n−1) ≥

1
2
sn−1 because the points in Fn are no more than sn away from En−1 in

horizontal and vertical distance.
Letting {An} be an increasing sequence of positive numbers such that

A0 = 1 and An approaches infinity with n we set w = 1 outside of F1 and
w = An on Fn\Fn+1; further, for n ≥ 1 we can set an = An − An−1.

Making the additional assumption that there exists some λ <
√

2 so that
A2n ≤ λAn (which implies An = o(

√
n)) and the bookkeeping assumption

that an ≤ 1 for each n we bound the average value of w on some nth genera-
tion square S as follows (this will imply local integrability) noting that this
average is (up to a constant) bounded above by nΣ∞

k=n
ak

k
: we have

nΣN
k=n

ak
k

≤ O(An) + n
AN
N

by a computation which implies (letting N go to infinity) that the average
value of w over a dyadic square S is bounded above (up to a multiplicative
constant) by its essential infimum w on that square.

To show that w is A1 we therefore need only consider a ball B = B(x, r)
of radius r; letting n be the largest positive integer with sn > 4r we let k be
such that Ak is the infimum of w on B (we can do this because w is infinite
only on a set of measure zero); if k ≤ n then as 4r ≤ sk we have that 2B is
outside Ek+1 (as points within 4r of Ek+1 lie in Fk+1) and therefore B lies
outside Fk+2 (otherwise we could move by sn+2 << r to get a point in Ek+2

which lies in 2B) so w is bounded above by Ak+2 ≤ 3Ak on B.
However, if k > n then as r ≥ 1

4
sk we can cover B by disjoint k + 1-

generation squares (of size sk+1) which are all contained in 2B; therefore, the
average of w over B is at most four times the largest average of w over one
of these square; which is bounded above by (up to a multiplicative constant)
4Ak+1 ≤ 8Ak and therefore w is A1.

Now, if x is not in En then x is as far from En as from E (because edges of
nth generation squares in En are never removed in any later stage). Also, if
x is in En\E then x was removed at the kth stage for some k > n; therefore,
x is at most sk/2 ≤ sn+1/2 from Ek (and thus is that distance away from E)
so
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{x : sn+1 ≤ d(x,E) < sn} = {x : sn+1 ≤ d(x,En) < sn} = Fn\Fn+1.

Therefore, we can write w to be the square of some function of d(x,E);
in doing so we can suppose f = 1 if r ≥ r0, f is non-increasing, and 1 ≤
f(r)
f(2r)

≤ 1+τ where τ can be made arbitrarily small (because An can be made

to grow arbitrarily slowly).
We finish by sketching the proof that there exists no quasiconformal map

f on the plane such that Jf ∼ w on the plane (where J refers to the Jaco-
bian). To do this it suffices to show that if f is a quasiconformal map on the
plane with Jf ∼ w then f(E) contains a rectifiable curve γ; as γ blows up
on E, this would imply that f−1 has Jacobian vanishing on γ so f−1(γ) is a
point which contradicts that f is a homeomorphism.

The main result we will use is the following ’good path’ limit, whose proof
(a geometric argument depending on various properties of quasiconformal
maps) we omit for lack of time.

Lemma 12. There exists n0 ∈ N such that if k ≥ n0 and γ is a good path
for f(Ek) (i.e. a polygonal path contained in f(Ek) whose vertices lie on
the boundaries of the images of nth generation squares) then there is a good
path γ′ for f(Ek+1) such that each vertex of γ is also a vertex of γ′ and
|γ′| ≤ |γ|(1 + C1

M2
n

+ C2

N3
n
) where C1, C2, n depend only on the quasiconformal

map f .

Armed with this lemma, we obtain the rectifiable curve in f(E) by a com-
pactness argument; extending a line segment in f(En0) gives us a good path
for f(En0) and iteratively applying the good path lemma gives us a sequence
{γk} of good paths in f(Ek) of uniformly bounded length; parametrizing
these paths appropriately and extracting a uniformly convergent subsequence
yields (in limit) a good path contained in ∩f(Ek) = f(E). This produces
our desired contradiction so w is indeed comparable to no quasiconformal
Jacobian.
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11 Removability theorems for Sobolev func-

tions and quasiconformal maps

after P. W. Jones and S. K. Smirnov [4], and P. Koskela [3]
A summary written by Nicolae Tecu

Abstract

We give sufficient conditions sets to be Sobolev and quasiconfor-
mally removable.

11.1 Introduction

We start with presenting the main results in [4] on quasiconformal remov-
ability and continue with those in [3]. The paper is organized as follows: we
will first introduce several necessary notions and make a few introductory
remarks. We will continue with a presentation of the main theorems and, in
the end, outline the proofs.

11.2 Definitions and introductory remarks

The setting of all the theorems is Rn. Ω is an open set. In the follow-
ing W 1,p(Ω) will denote the functions in Lp(Ω) whose distributional par-
tial derivatives are also functions in Lp. This means that u ∈ W 1,p(Ω) if
u ∈ Lp(Ω) and there are functions ∂ju ∈ Lp(Ω), j = 1, . . . , n such that

∫

Ω

u∂jψdx = −
∫

Ω

ψ∂judx (1)

for all test functions ψ ∈ C∞
0 (Ω) and all 1 ≤ j ≤ n.

Definition 1. A compact set K ⊂ U is quasiconformally removable inside
domain U , if any homeomorphism of U which is quasiconformal on U \K is
quasiconformal on U .

Definition 2. A compact set K ⊂ U is called W 1,p-removable for continuous
functions inside domain U , if any function, continuous in U and in W 1,p(U \
K) belongs to W 1,p(U).

Definition 3. A closed set E ⊂ U is called W 1,p-removable or p-removable
if W 1,p(U) = W 1,p(U \ E).
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Note the difference between the last two definitions: in definition 2 the
Sobolev function is assumed to be continuous in U , while in definition 3 this
doesn’t happen.

A few observations are in order. E is removable for W 1,p if and only if
for each x ∈ E there is r > 0 such that W 1,p(B(x, r) \E) = W 1,p(B(x, r)) as
sets. Secondly, as smooth functions are dense in W 1,p(Ω \ E), it is sufficient
to verify relation (1) for u ∈ C1

0 (Ω \ E) ∩W 1,p(Ω \ E) and ψ ∈ C∞
0 (Ω).

In the following K will be a compact set which is the boundary of a
connected domain Ω. We may assume it is bounded. In this context we
consider the Whitney decomposition of the domain: W = {Q}. We will
denote by l(Q) the side length of cube Q and by f(Q) the mean value of f
in that cube. If Q is any cube, aQ denotes the concentric cube with the side
length a times that of Q.

Definition 4. Fix a family Γ of curves starting at the fixed point z0 ∈ Ω
and accumulating to ∂Ω such that their accumulation sets cover ∂Ω. The
”shadow” SH(Q) of a cube Q is the closure in ∂Ω of the union of all curves
γ ∈ Γ starting at z0 and passing through Q. Denote by s(Q) the diameter of
SH(Q).

Remark 5. If δ is small enough, any curve in Γ will pass though at least
one Whitney cube of that size. Thus ∂Ω is covered by shadows of finitely
many cubes of sufficiently small size. This, in turn, implies that the Lebesgue
volume of ∂Ω is zero.

Definition 6. Given a domain Ω we can consider the metric on it with the
volume element |dz|

dist(z,∂Ω)
. This will be denoted distqh(., .) and called quasi-

hyperbolic metric.

The quasihyperbolic metric is geodesic (for more information see [2]).

Definition 7. We call a set E ⊂ Rn−1 p-porous, 1 < p < n− 1, if for each
Hn−1-a.e. x ∈ E, there is a sequence (ri) and a constant Cx such that ri → 0
and each (n − 1)-dimensional ball B(x, ri) contains a ball Bi ⊂ B(x, ri) \ E
of radius no less than Cxr

(n−1)/(n−p)
i . For n− 1 ≤ p < n we replace the balls

Bi by continua Fi of diameters no less than Cxr
(n−1)/(n−p)
i . For p = n, E is

p-porous if the diameter of Fi is no less than Cxriexp(−1/Cxri).
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11.3 Main results

We now state the theorems.

Theorem 8. If for some p ≥ 1 a domain Ω ⊂ R
n satisfies

∑

Q∈W
(s(Q)/l(Q))p

′(n−1)|Q| <∞ (2)

where 1/p + 1/p′ = 1 then K = ∂Ω is W 1,p-removable for continuous func-
tions.

In particular, for p = n this gives the following

Corollary 9. If Ω satisfies

∑

Q∈W
s(Q)n <∞ (3)

then K = ∂Ω is quasiconformally removable.

It is sufficient to include in the sum above only the cubes Q which are
in a neighborhood of K and so there is no loss of generality if we restrict
ourselves to bounded domains Ω.

If condition (3) holds, every curve in Γ starting at z0 has exactly one
landing point and each point on ∂Ω is a landing point of such a curve. If
z ∈ SH(Q) there is a such a curve passing through Q.

Theorem 10. If for some fixed z0 ∈ Ω, where Ω ⊂ R
n is a domain, satisfies

distqh(., z0) ∈ Ln(ΩK , m) (4)

then K = ∂Ω is quasiconformally removable and W 1,n-removable for contin-
uous functions.

Here ΩK is a neighborhood of K in Ω(only integration near K is needed).

Theorem 11. A totally disconnected closed set E ⊂ Rn−1 is W 1,p-removable
for p > n.

Theorem 12. If a set E ⊂ Rn−1 is p-porous, 1 < p ≤ n, then E is removable
for W 1,p in Rn. In addition, for each 1 < p ≤ n there is a p − porous set
E ⊂ Rn−1 that is not removable for W 1,q for any q < p.
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11.4 Outline of proofs

Theorem 8 follows from the following proposition.

Proposition 13. If Ω satisfies (2), then any continuous function f , which
belongs to W 1,p for bounded subsets of KC is ACL(Rn).

Any continuous function f ∈W 1,p(KC) is by the proposition in ACL(Rn).
Since K has Lebesque measure 0 this implies f ∈W 1,p(Rn)(see [6], theorem
2.1.4). Any homeomorphism f which is quasiconformal in the complement
of K, is also an element on W 1,n

loc (KC) and thus ACL(Rn) by the proposition.
Since K has volume zero, f ∈ACL(Rn) implies that f is quasiconformal in
Rn, which is what we wanted (see [5], Section 34).

Outline of proof of proposition 13. Consider a bounded domain U which con-
tains K and let l be a line parallel to coordinate axis λ. The main part of
the proof consists in proving that the total variation of f on l ∩ U equals
the total variation of f on l ∩ U \K. If this holds then one can prove f is
absolutely continuous on l.

f is in W 1,p(U \K) and this means that the partial derivatives of f exist
almost everywhere and are in Lp(U \K). However, U is a bounded set and
hence the partial derivatives are also in L1(U \K). Fubini’s theorem implies
that ∂λf ∈ L1(l ∩ U \K) for almost every line l parallel to λ. Thus we see
that the total variation of f on l∩U \K is

∫
l∩U\K |∂λf | for almost every line

l in that particular direction.
Denote the total variation of f on l ∩ U by

∫
l∩U |∂λf |. In order to prove

that the total variations are the same, we will prove that
∫ ∫

U

|∂λf | =

∫ ∫

U\K
|∂λf |, (5)

where the double integrals are to be understood as integrals over all lines
parallel to λ of the total variations. Fubini’s theorem gives us the desired
result.

To prove (5) one starts by approximating
∫
l∩U |∂λf | by expressions of the

type ∑

j

|f(xj) − f(yj)| +

∫

l∩U\∪j [xj ,yj ]

|∂λf | (6)

where [xj , yj] cover l∩K, with xj , yj ∈ l∩K. Fix now one of these intervals.
Since the shadows of the Whitney cubes of size ∆ (picked at the end) cover
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K we can find a partition of this intervals {ui} such that u0 = xj , un = yj
and for any other i we either have (ui, ui+1) ⊂ KC or ui, ui+1 belong to the
same shadow SH(Qi). In the first case we have the estimate

|f(ui) − f(ui+1)| ≤
∫

[ui,ui+1]

|∂λf |. (7)

In the second case we can find curves γi1, γi2 ∈ Γ which connect ui and ui+1

to Qi respectively. From these two one can obtain a curve which connects ui
to ui+1 and passes through Qi - call it γi. With some care one then gets

|f(ui) − f(ui+1)| ≤ 2n
∑

Q∩γi 6=∅
|∂λf |(Q)l(Q),

where the sum is taken over all Whitney cubes intersecting γi. All the Whit-
ney cubes in the sum above are of size at most ∆ and can be chosen to be
in U .

Adding up everything and making a few more reductions one obtains

|f(xj) − f(yj)| ≤
∫

[xj ,yj ]\K
|∂λf | + 2n

∑

SH(Q)∩[xj ,yj ] 6=∅
|∂λ|(Q)l(Q).

This implies
∫

l∩U
|∂λf | ≤ 2n

∑

SH(Q)∩l 6=∅
|∂λf |(Q)l(Q) +

∫

l∩U\K
|∂λf |,

where the Whitney cubes appearing in the relation are of size at most ∆. By
Fubini we get

∫ ∫

U

|∂λf | ≤ 2n
∑

|∂λf |(Q)l(Q)s(Q)n−1 +

∫ ∫

U\K
|∂λf |.

By Hoelder’s inequality

∑
|∂λf |(Q)l(Q)s(Q)n−1 ≤

(∑
|∂λf |(Q)p|Q|

)1/p (∑
(s(Q)/l(Q))p

′(n−1)|Q|
)1/p′

.

The cubes that appear in the sums are those of size less than ∆. While the
first sum is finite by the fact that f ∈W 1,p(U \K), condition (2) implies the
second sum goes to zero as ∆ → 0, which proves the proposition.
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Outline of proof of theorem 10. One considers the center of some Whitney
cube Q(z0). Now join the centers of any two adjacent cubes by intervals and
define the function q: q(Q) = the number of intervals in the shortest chain
joining the centers of Q(z0) and Q. One can remove redundant intervals such
that q(Q) is preserved and the collection of intervals is a tree. We then have
q(Q) ≍ distqh(Q, z0) for all Q ∈ W. This transforms (4) into

∑

Q∈W
q(Q)nl(Q)n ≤ ∞ (8)

The next step consists in defining a collection of curves Γ: take all the
chains of intervals in the tree above that contain an infinite number of inter-
vals. One can prove that each point in K is a landing point of exactly one of
these curves. Then, for each cube Q one can find a curve from Γ which has
length comparable to s(Q). Finally, one can prove that

∑

Q∈W
s(Q)n ≤ C

∑

Q∈W
l(Q)nq(Q)n. (9)

The proof is complete by applying Theorem 8 with p = n.

Outline of proof of theorem 11. The theorem is proved first for n = 2 and
p > 2. The set E is closed. Since removability is a local property, we may
assume E is compact and further that it is a subset of (0, 1). One can show
that p-removability is equivalent to the H1-a.e. equality of u+ and u− on
E, where u+(x) = lim0<t→0 u(x1, t), x = (x1, 0) ∈ W , and u−(x) is defined
analogously. Next, one can use the Sobolev embedding theorem to argue that
u is uniformly Hoelder continuous both in the upper and lower halves of the
ball B(0, 2). Since E is totally disconnected (the only connected components
are points), it has empty interior and a series of approximations gives that the
difference of u+(x) and u−(x) can be made as small as one likes. For larger
n one uses this base case and proceeds by induction using also integration
by parts.

Outline of proof of theorem 12. Consider first the case n = 2. We may make
the same assumptions as in the previous proof. The key idea is to prove
that u+(x) = u−(x) for H1−a.e. x ∈ E. One assumes the opposite and
uses the fundamental theorem of calculus and Hoelder’s inequality for p <
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2 or replaces u by a harmonic function (as these minimize the ”energy”∫
B(x,r)

|∇ · |2dx) and uses capacity estimates for p = 2 to prove that

∫

B(x,2ri)

|∇u|pdx ≥ Cxri (10)

for a sequence (ri) which decreases to zero. This is a contradiction to the
fact that

lim
z→0

1

r

∫

B(x,r)

|∇u|pdx = 0. (11)

for H1−a.e. x ∈ B(0, 2)(see [6], p.118).
Since the last fact is true for all n, one uses the same strategy for n > 2.

One may assume E ⊂ [0, 1]n−1 and u ∈ W 1,p(Ω \ E). There exists a p-
harmonic function v with the Dirichlet data given by u. Then u − v ∈
W 1,p

0 (Ω \ E) and it suffices to show that E is removable for v. As v is
p-harmonic and

∫
Ω\E |∇v|pdx < ∞, v has upper and lower non-tangential

limits. As before, it is enough to show that

∫

B(x,ri)

|∇v|pdx ≥ Crn−1
i (12)

for x ∈ E where the non-tangential limits do not coincide and where the
porosity condition holds. This is accomplished by a series of reductions and
capacity estimates.

Both for n = 2 and n > 2 the porosity provides sets of ”considerable”
size on which the function u or v take ”well-separated” values. Then one
uses averages or sequences of averages combined with the Sobolev-Poincare
inequality(or Trudinger if n = p) to get a lower bound for the gradient. In
the end one uses some covering arguments(see e.g. [1]).

To finish theorem 12 we use the following result

Theorem 14. Suppose that In−1 \ E = ∪∞
i=1Qi, where I = (0, 1) and each

Qi is an open cube in In−1. If 1 < p < n and

∞∑

i=1

diam(Qi)
n−p <∞ and Hn−1(In−1 \ ∪∞

i=12Qi) > 0 (13)
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then E is not p-removable. If

∞∑

i=1

log(1/diam(Qi))
1−n <∞ and Hn−1(In−1 \ ∪∞

i=1diam(Qi)
−1/2Qi) > 0

(14)
then E is not n-removable.

It is now sufficient to construct a p-porous compact E ⊂ In−1 such that
E is not removable in Rn for q < p. We only consider the case p < n. The
set is going to be a Sierpinski-type set. One starts by removing a cube Q1 of
side length s2−A (where 1/4 ≤ s ≤ 1/2 and A = (n − 1)/(n − p)) from the
center of In−1. The remainder can be divided in two types of cubes. Some
of them are going to be translates of Q1 on the coordinate directions and
the others are going to have side length l1 = (1 − s2−A)/2 and are going to
be 2n−1 of them. Denote the collection of all these cubes by W1. Next step
consists in deleting a cube of side length s2−2A for an appropriate s from the
center of each cube in W1 which has side length at least l1/2. Subdivide the
remainder (of each cube) as above and get a collection W2. Let l2 be the
largest side length of a cube in W2. Continue in this fashion with the deleting
and subdividing process to get a sequence of collections Wi. Set E = ∩Wi.
Then E will be p-porous and condition (13) will be satisfied for 1 < q < p.
The previous theorem shows that this E is not q-removable for all 1 < q < p.
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12 Measurable Differentiable Structures and

the Poincare Inequality

after Stephen Keith
A summary written by Armen Vagharshakyan

Abstract

The techniques developed in [2] are applied to improve the dif-
ferentiable structure presented in [1]. It is shown that the coordinate
functions of a differentiable structure can be taken to be distance func-
tions. During the proof, the differential of a function contained in H1,p

is described in terms of approximate limits.

12.1 Preliminary Notations

A metric measure space < X, d, µ > is a set X equipped with a metric d
and a Borel measure µ on it. Note: the measures that we consider will
be σ−finite. We say that the measure µ is doubling if there exists a con-
stant C > 0 s.t. µ(B(x, 2r)) ≤ Cµ(B(x, r)) for any x ∈ X and r > 0.
Balls B(x, r) = {y : d(y, x) < r) are always assumed to have positive radius

0 < r < ∞. For a function f : X → R define LIP f = supx 6=y
|f(y)−f(x)|
d(y,x)

Then LIP (X) = {f : X → R ; LIP f <∞} is the space of Lipschitz func-
tions. Let LIP0(X) be the space of Lipschitz functions with compact sup-

port. Also define (lipf)(x) = liminfr→0supd(y,x)<r
|f(y)−f(x)|

r
and (Lipf)(x) =

limsupr→0supd(y,x)<r
|f(y)−f(x)|

r
. Write aplimy→xf(y) = A iff for any ǫ > 0 we

have limr→0
µ(B(x,r)∩{|f(y)−A|>ǫ})

µ(B(x,r))
= 0.

We say that the metric measure space < X, d, µ > admits p-Poincare
inequality (for some p ≥ 1) iff

1. balls have positive measure: 0 < µ(B(x, r)) < ∞, for any x ∈ X and
r > 0

2. for any f ∈ LIP (X) and any ball B(x, r):

−
∫
B(x,r)

∣∣f − fB(x,r)

∣∣ ≤ Lr
(
−
∫
B(x,Lr)

lipf(x)pdµ
)1/p

12.2 Main Theorem

Cheeger (see [1]) demonstrated that metric measure spaces satisfying the
Poincare inequality admit a ”differentiable structure” with which Lipschitz
functions can be differentiated almost everywhere. To be precise:
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Theorem 1 (Cheeger). (see [1]) Let < X, d, µ > be a metric mesure space,
which admits a p-Poincare inequality, with complete metric d and doubling
measure µ then there exists a sequence {< Xα, ~vα >}α (called ”a strong mea-
surable differentiable structure”) where Xα’s are measurable subsets of X,
and vα’s are vector functions defined on X, so that

1. X =
⋃
Xα

2. ~vα = {v1
α, . . . v

N(α)
α } where each of coordinate-functions vα is in LIP (X).

and the number of coordinate functions is unformly bounded 1 ≤ N(α) ≤
N <∞

3. For each f ∈ LIP (X) and each Xα there exists a.e. unique (=unique
up to a set of zero measure) function λf,α : Xα → RN(α) so that:

f(y) = f(x) + ~λf,α(x) · [~vα(y) − ~vα(x)] + o(d(y, x)), a.e. x ∈ Xα

The main result of this article is that we can take all viα to be distance
functions i.e.

Theorem 2 (Main Theorem). Let < X, d, µ > be a metric mesure space,
which admits a p-Poincare inequality, with complete metric d and doubling
measure µ then there exists a strong measurable differentiable structure {< Xα, ~vα >}
where all viα are distance functiuons i.e.

viα(x) = d(x, xiα) for some xiα ∈ X.

In order to prove the Main Theorem we need to establish some properties
of Sobolev spaces over given metric spaces which admit a strong measurable
differentiable structure. So let’s introduce Sobolev spaces right now.

Sobolev Space. Consider the following norm on LIP0(X)

||f ||1,p = ||f ||p + ||Lipf ||p
Denote the completion of LIP0(X) with respect to this norm by Sobolev

space H1,p.
Remark. It is essentially shown in [1] that the space H1,p is reflexive for

p > 1.
Also denote
D(X) = {h(d(x, x1), . . . , d(x, xn)); h ∈ C∞(Rn, R); h has compact support ;n ∈ N}.

It turns out that D(X) is everywhere dense in H1,p (see rroposition 4).
Cotangent Space T ∗Xx. For x ∈ Xα consider

{~λ · (~vα(y) − ~vα(x))}~λ∈RN(α)

95



This is an N(α) dimensional space of functions for a.e. x ∈ Xα. Of course,
the definition depends on the choice of α. If x ∈ Xα

⋂
Xβ then we have 2

(generally speaking, different) linear spaces

{~λ1 · (~vα(y) − ~vα(x))}~λ1
and {~λ2 · (~vβ(y) − ~vβ(x))}~λ2

Let’s identify ~λ1 ·(~vα(y)−~vα(x)) with ~λ2 ·(~vβ(y)−~vβ(x)) iff their difference
is o(d(y, x)). This identification is a linear one-to-one correspondence for a.e.
x ∈ Xα. And T ∗Xx will now be defined to be the linear space of functions
with the precision of that identification.

Note, the differential (df)(x) = ~λf,α(x) · [~vα(y) − ~vα(x)] , x ∈ Xα is a
well-defined element of T ∗Xx.

S.Keith (see [2]) generalized Cheeger’s theorem for any subset of LIP (X).
Applying this generalization for the set of distance functions, we get

Proposition 3. There exists a natural number N0 s.t.
Every set A ⊂ X with positive measure has a subset W ⊂ A with positive

measure so that W satisfies the following properties:
Property 1. There exists a vector-function ~ρ(x) = {ρ1(x), . . . ρN(x)} ,

1 ≤ N ≤ N0 whose components are distance functions: ρi(x) = d(x, xi)
s.t the functions (dρi)(x) are independent in T ∗Xx for a.e. x ∈ W and

for any distance function ρ we have (dρ)(x) ∈ Span({(dρi)(x)}i) for a.e.
x ∈W .

Property 2. W ⊂ Xα for some α.
Property 3. the functions (dρi)(x) span T ∗Xx for a.e. x ∈ W , indeed it

turns out that:
on the one hand, if u ∈ D(X) then (du)(x) ∈ Span({(dρi)(x)}i) for a.e.

x ∈ X (see property 1 above and proposition 9) ,
on the other hand, for each function viα(y)−viα(x) we can find a sequence

un ∈ D(X) s.t. (dun)(x) −→ viα(y) − viα(x) in T ∗Xx for a.e. x ∈ W (see
consequence of proposition 4).

So, the system {(dρi)(x)}i is a basis for the space T ∗Xx. Hence, combin-
ing this fact with Cheeger’s theorem, we get:

Property 4. For every function f ∈ LIP (X) we have

f(y) = f(x) + ~νf,α(x) · [~ρα(y) − ~ρα(x)] + o(d(y, x)), for a.e. x ∈W

Property 5. The function ~νf,α(x) mentioned in Property 4 is a.e. unique,

as: ~λf,α(x) is a.e. unique on W and the functions (dρi)(x) constitute a basis
for T ∗Xx for a.e. x ∈W .
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Proof of Main Theorem. Define the property PN0 to hold for W ∈ X
if the set W satisfies Properties 1 through 5. We know that every set A of
positive measure has a subset W which satisfies PN0, hence the set X can be
represented in a countable decomposition:

X =
∞⋃

1

Wn

⋃
Z,

where the set Z has zero measure whereas all sets Wn are disjoint, have
positive measure, and satisfy PN0 .

Let ~ρi be the vector-function of distance functions provided by Property
1 for the set Wi then

{< Wi, ~ρi >}i
will be a strong measurable differentiable structure for < X, d, µ >,

s.t. each ρji is a distance function.

12.3 Auxilary Results

We construct a canonical collection of norms on spaces T ∗Xx, defined for
almost every x ∈ X in the following way:

Norm on the space T ∗Xx is defined in the following way

∣∣∣~λ · (~vα(y) − ~vα(x))
∣∣∣
x

= Lip(~λ · (~vα(y) − ~vα(x)))(x)

It is well-defined on T ∗Xx and it is a norm on T ∗Xx for a.e. x ∈ Xα .
Note: f ∈ LIP (X) then |(df)(x)|x = (Lipf)(x).
Description of Sobolev Space . We can redefine the Sobolev space

H1,p to be the completion of LIP0(X) with respect to

||f ||1,p = ||f ||p + |||(df)(x)|x||p
Now we can describe H1,p. Elements ofH1,p are pairs< u,w > (where u ∈ Lp,
w(x) ∈ T ∗X, |w(x)|x ∈ Lp) for whom exists a sequence un ∈ LIP0(X) s.t.

||un − u||p → 0 and |||(dun)(x) − w(x)|x||p → 0

Proposition 4. D(X) is dense in H1,p.
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Proof of proposition 4.
I splitted the proof into two steps:
Step 1.
Suppose, we show that for any u ∈ LIP0(X) there exists a sequence

un ∈ D(X) s.t.
1. un → u in Lp and 2. ||un||1,p < M <∞
then this will imply that D(X) is dense in H1,p.
Indeed, H1,p is reflexive (see [1]), so a ball in H1,p is weakly compact, so

after passing to a subsequence, we can assume that un →< f, g > weakly in
H1,p for some< f, g >∈ H1,p. In particular, we’ll have un →< f, g > weakly
in Lp. Hence f(x) = u(x) for a.e. x ∈ X. This implies (see proposition 6)
g(x) = (du)(x) for a.e. x ∈ X, so un → u weakly in H1,p. Therefore LIP0(X)
is in weak closure of D(X). Hence D(X) is dense in H1,p.

Step 2.
For a given function u ∈ LIP0(X) we want to construct the sequence

un ∈ D(X) which is demanded in step 1 of proposition 4. We will need a
collection of well behaved balls, which is provided by the following lemma:

Lemma 5 (see [3]). If µ is a doubling measure then for each n ∈ N there
exists a family of balls Bi = B(xi, 1/n) s.t. for every k > 1, every ball
kBi intersects with at most Mk balls kBj, where Mk depends on the doubling
constant of the measure µ and the number k only.

Now consider the following functions

φi(x) =
φ(nd(x, xi))∑
j φ(nd(x, xj))

,

where φ : R+ → [0, 1] is any continuously differentiable function that satisfies
φ(x) = 1 for 0 < x < 1; and φ(x) = 0 for x > 2.
Then the sequence

un(x) =
∑

i

φi(x)uBi

will be the desired one.
Consequence. First of all, for each viα(x) one may construct a new

function ciα(x) s.t. ciα ∈ LIP0(X) and (dviα)(x) and (dciα)(x) will be the same
element of T ∗Xx when x ∈ Xα.

Then, according to proposition 4, we can choose a sequence un in D(X),
s.t. ||un − ciα||1,p → 0. And, after passing to a subsequence, we’ll have

|(dun)(x) − (dviα)(x)|x → 0 for a.e. x ∈ Xα.
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Proposition 6. If < u,w >∈ H1,p(X) then w is determined uniquely by u.

The proof goes as follows:
Step 1. If < u,w >∈ H1,p(X) then 1

r
−
∫
B(x,r)

|u(y)− u(x) −w(x)(y)| → 0,
as r → 0 a.e. x ∈ X

Step 2. If < u,w >∈ H1,p(X) then aplimy→x
|u(y)−u(x)−w(x)(y)|

d(y,x)
→ 0, a.e.

x ∈ X.
Step 3. If < u,w1 >∈ H1,p(X) and < u,w2 >∈ H1,p(X) then

limy→x
|w1(x)(y)−w2(x)(y)|

d(y,x)
= 0, a.e. x ∈ X,

therefore < u,w1 >=< u,w2 >.
Proof of step 1. Denote v(y) = u(y) − u(x) − w(x)(y) and vn(y) =

un(y) − u(x) − w(x)(y) As we should prove the statement for almost every
point x ∈ X, we are free to assume that x is a Lebesgue point for the function
v. Then using that µ is doubling we may obtain that

−
∫
B(x,r)

|v|dµ ≤ C
∑N

j=0
−
∫
B(x,r/2j)

|v − vB(x,r/2j)| + o(1) as N → ∞
So, a good upper estimate for an expression like I = −

∫
B(x,s)

|v − vB(x,s)|
is needed. Note, we can’t apply the Poincare inequality explicitly here as
we might not have v ∈ LIP (X), yet we can apply Poincare inequality for a
function vn ∈ LIP (X), and note that vn → v in Lp to get

I ≤ Ls

(
−
∫

B(x,Ls)

|w(y) − d(w(x)(y))(y)|pydµ
)1/p

this last expression will have an estimate which will be admissible for us,
as soon as we assume that x ∈ X is a Lebesgue point for the function v and
a density point for one of the sets Xα, and as it was noted above, we are
allowed to make such assumptions.

For the other two steps, note that if the measure is doubling and p-
Poincare inequality holds, then it can’t be too much concentrated in the
center of the ball, namely

Proposition 7. If µ is doubling then there exists a constant 0 < a < 1 s.t.
for any x ∈ X, r < diamX and k ∈ N we have

µ(B(x, akr)) ≤ (1 − a)kµ(B(x, r)).

and, in general, the measure can’t be too much concentrated on a part of
a ball. This is expressed quantitatively in the following way:
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Proposition 8. Exists an absolute constant C > 0 s.t. if x ∈ B(x0, r0) and
r ≤ r0 then

µ(B(x, r))

µ(B(x0, r0))
≥ 1

C

(
r

r0

)C

We use proposition 7 to prove step 2 of our proposition 6.
In order to show step 3 we prove that if w ∈ LIP (X) then aplimy→x

w(y)
d(y,x)

=

0 implies limy→x
w(y)
d(y,x)

= 0. The proof uses proposition 8.

Proposition 9. Let u ∈ D(X) then (du)(x) ∈ Span({(dρ)(x)}ρ is a dist. function)
for a.e. x ∈W .

Indeed, if u = h(ρ1(x), ρ2(x) . . . ρn(x)) where ρi(x) = d(x, xi) are some
distance functions then one can prove

(du)(x) =

n∑

i=1

dh

dxi
(x) · (dρi)(x) for a.e. x ∈ X
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13 Sobolev met Poincaré

after Haj lasz and Koskela [3]
A summary written by Marshall Williams

Abstract

We summarize a number of results from the first half of [3], which
generalizes the notion of Sobolev functions to the setting of metric
spaces with a doubling measure. By taking the view that a func-
tion and its gradient should consist of a pair of functions satisfying
a Poincaré inequality, the authors are able to extend a number of
classical results to this more general setting.

13.1 Introduction

Notation

We mainly follow the notation of [3]. Throughout this summary, the term
function is reserved exclusively for real valued functions. C, with or without
a subscript, will always be a positive constant, as will σ ≥ 1. X = (X, d, µ)
will denote a metric measure space, with metric d and measure µ. Ω ⊆ X
will always be an open subset of X. Unless otherwise stated, the measure µ
is assumed to satisfy a doubling condition on the volume of balls,

µ(2B) ≤ Cdµ(B), (1)

where B is a ball, and λB is a concentric ball with λ times the radius of B.

When A ⊆ X has positive measure, we set

−
∫

A

f dµ = µ(A)−1

∫

A

f dµ

Motivation

The main purpose of this paper is to generalize the theory of Sobolev spaces
beyond the classical setting of Rn. The authors develop this generalization
in the setting of metric measure spaces, subject only to the doubling condi-
tion (1). This allows one to do analysis in very general settings, including
topological manifolds, graphs, and fractals, as well as Carnot-Caratheodory
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Spaces.

There are a number of different approaches to defining Sobolev functions
in general metric spaces. An earlier approach by Haj lasz in [2] defined the
spaces M1,p(X) to be the spaces of functions u ∈ Lp(X) such that for some
nonnegative g ∈ Lp(X), the inequality

|u(x) − u(y)| ≤ d(x, y)(g(x) + g(y)) (2)

holds almost everywhere (i. e. for all x, y ∈ X\E with µ(E) = 0.) Here µ
need only be a Borel measure, not necessarily doubling.

Another approach is based on the notion of an upper gradient, introduced
by Heinonen and Koskela in [5]. We say that a Borel function g is an upper
gradient of a function u if the inequality

|u(x) − u(y)| ≤
∫

γ

g ds (3)

is satisfied for every rectifiable curve γ joining any two points x and y.

In fact, upper gradients have been used by Cheeger [1] and Shanmu-
galingam [6] to define Sobolev spaces in a general setting. However, one
downside is that the theory becomes trivial in spaces with few rectifiable
curves, such as graphs or certain fractals. To get a theory with applica-
tions to these latter types of spaces, the authors take the perspective that a
Sobolev function and its gradient ought to be related by a Poincaré inequality.

We recall that the classical Poincaré inequality in Rn states that for Lip-
schitz function u : Rn → R we have:

(
−
∫

B

|u− uB|p dx
)1/p

≤ C(n, p)r

(
−
∫

B

|∇u|p dx
)1/p

. (4)

The idea in this paper will be to use a generalization of (4) to extend the
notion of a Sobolev function to a general metric space. We will expand on
this below, and will see that there is a close connection with Haj lasz’s earlier
approach in [2].
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13.2 Some preliminaries

First, motivated by (4), we make the following definition:

Definition 1. Let Ω ⊆ X be open. A pair of measurable functions u ∈
L1
loc(Ω), g ≥ 0 on Ω is said to satisfy a p–Poincaré inequality in Ω (or

simply a p–Poincaré inequality, if Ω = X) if for every ball B with σB ⊆ Ω
we have

−
∫

B

|u− uB| dµ ≤ CP r

(
−
∫

σB

gp dµ

)1/p

(5)

where CP > 0, and σ ≥ 1 are fixed constants. We will sometimes add “with
data (CP , σ)” to be specific.

We will also need to make use of the following truncation property, which
generalizes a property of gradients in Rn:

Definition 2. A pair of functions u, g satisfying a p–Poincaré inequality
is said to also satisfy the truncation property if for every b ∈ R, 0 <
t1 < t2 < ∞, and ǫ = ±1, the pairs (ǫ(u − b))t2t1 ,g satisfy the same p–
Poincaré inequality (i.e. with the same constants Cp and σ). Here vt2t1 =
min{max{0, v − t1}, t2 − t1}.

One of the main questions explored in [3] is to what extent a p–Poincaré
inequality implies the following Sobolev inequality:

Definition 3. We say a pair u,g satisfies a global Sobolev inequality for
Ω (with data (p, q, C)) if

inf
c∈R

(∫

Ω

|u− c|q dµ
)1/q

≤ C

(∫

Ω

gp dµ

)1/p

. (6)

We also say the pair satisfies a weak Sobolev inequality (with data (q, p, C, σ))
if for all balls B of radius r

inf
c∈R

(
−
∫

B

|u− c|q dµ
)1/q

≤ Cr

(
−
∫

σB

gp dµ

)1/p

(7)

We will want to investigate the relationship between the Sobolev inequal-
ities in 3 and the following weaker inequalities:
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Definition 4. We say that a pair u, g satisfies a global Marcinkiewicz-
Sobolev inequality on Ω (with data (q, p, C) if

inf
c∈R

sup
t≥0

µ({x ∈ Ω : |u(x) − c| > t})tq ≤ C

(∫

Ω

gp dµ

)q/p
. (8)

We also say the pair satisfies a weak Marcinkiewicz-Sobolev inequality
(with data (p, q, C, σ) if for each ball B of radius r,

inf
c∈R

sup
t≥0

µ({x ∈ B : |u(x) − c| > t})tq

µ(B)
≤ Crq

(
−
∫

σB

gp dµ

)q/p
. (9)

Finally, we recall a few miscellaneous definitions and theorems which will
come in handy.

Definition 5 (Marcinkiewicz spaces). A function f is in the Marcinkiewicz
space Lpw(X) if there is some m > 0 such that for all t > 0,

µ({|u| > t}) ≤ mt−p.

Definition 6. For f ∈ L1
l oc(Ω) and R > 0, we define the restricted

(Hardy–Littlewood) maximal function of f (on Ω),

MΩ,Rf(x) = sup
0<r≤R

1

µ(B(x, r))

∫

Ω∩B(x,r)

|f | dµ. (10)

If R = ∞, we write MΩf(X), which we refer to as simply the maximal
function of f on Ω. We omit the subscript Ω in the case that Ω = X.

We will also need a version of maximal theorem of Hardy, Littlewood,
and Wiener, adapted for doubling metric spaces. For a proof, see [4], chapter
2.

Theorem 7 (Maximal Theorem (14.13 in [3])). Let µ be doubling. Then for
t > 0 we have

µ({x ∈ Ω : MΩu(x) > t}) ≤ Ct−1

∫

Ω

|u| dµ. (11)

Thus MΩ maps L1(Ω) continuously into L1
w(Ω). Also, for 1 < p ≤ ∞,

||MΩu||Lp(Ω) ≤ C||u||Lp(Ω). (12)

C depends only on the doubling constant Cd and the exponent p.

104



We will need an elementary fact about doubling measures, namely that
for some Cb, s depending only on the doubling constant Cd,

µ(B)

µ(B0
≥ Cb(r/r0)

s (13)

13.3 Summary of results

We prove a number of results for pairs u, g satisfying the Poincaré inequality
(5).

First, we show that if we assume our pair also has the truncation property,
then a Marcinkiewicz–Sobolev inequality implies a Sobolev inequality. That
is,

Theorem 8 (2.1 and 2.3 in [3]). Suppose µ(Ω) < ∞. Suppose also that
every pair u,g satisfying a p–Poincaré inequality in Ω with data (CP , σ) also
satisfies the global Marcinkiewicz–Sobolev inequality (8), with data (q, p, C1).
Then any such pair that also has the truncation property (2) will in fact
satisfy the global Sobolev inequality (6) with data (q, p, C2), where C2 =
8 · (4C1)

1/q.

Similarly, if every pair u, g satisfying the p–Poincaré inequality with data
(CP , σ) satisfies (9) with data (q, p, C1, σ) then every such pair with the trun-
cation property (2) will in fact satisfy (7) with data (q, p, C2, σ).

Next, we examine the relationship between pairs satisfying a p–Poincaré
inequality and the spaces M1,p(X) (see the Introduction). From now on we
assume µ is doubling. We prove:

Theorem 9 (3.1 in [3]). Let 1 < p < ∞. Then a function u is in M1,p(X)
if and only if u ∈ Lp(X) and there is a g ∈ Lp(X) such that the pair u, g
satisfies a q Poincaré inequality for some 0 < q < p.

We investigate spaces where pairs u, g with g an upper gradient of u,
satisfy a p–Poincaré inequality. We look at an example:

Example 10 (4.2 in [3]). The cone X = {(x1, ..., xn) ∈ Rn : x2
1 + ...+x2

n−1 ≤
x2
n} (equipped with Euclidean metric and Lebesque measure) has the prop-

erty that every continuous u with and upper gradient g satisfy a p–Poincaré
inequality, if and only if p > n.
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We also show a geometric consequence of a Poincaré inequality for upper
gradients:

Theorem 11 (4.4 in [3]). Suppose X is proper and path connected (and dou-
bling), and p ≥ 1. If each pair of a continuous function and its upper gradient
satisfies a p-Poincaré inequality (with fixed data), then X is quasiconvex (i.e.
every two points x and y can be joined by a path of length at most Cd(x, y).)

Finally, we prove a kind of Sobolev embedding theorem. We have:

Theorem 12 (5.1 in [3]). Suppose the pair u,g satisfies a p–Poincaré in-
equality, and suppose further that s is as in (13). Let p∗ = sp/(s− p) when
p < s, and similarly q∗ = sq/(s− q). Then the following hold for all balls B
of radius r:

• If p < s, then

µ({x ∈ B : |u(x) − uB| > t})tp
∗

µ(B)
≤ Crp

∗

(
−
∫

5σB

gp dµ

)1/p

For p < q < s we have
(
−
∫

B

|u− uB|q∗ dµ
)1/q∗

≤ Cr

(
−
∫

5σB

gq dµ

)1/q

If the pair has the truncation property 2 as well, then
(
−
∫

B

|u− uB|p∗ dµ
)1/p∗

≤ Cr

(
−
∫

5σB

gp dµ

)1/p

• If p = s, then

−
∫

B

exp

(
C1µ(B)1/s|u− uB|

r||g||Ls(5σB)

)
dµ ≤ C2

• If p > s, then u is almost everywhere equal to a Hölder continuous
function, and

sup
x∈B

|u(x) − uB| ≤ Cr (dashint5σBg
p dµ)1/p

For x, y ∈ B0, we have

|u(x) − u(y)| ≤ Cr
s/p
0 d(x, y)1−s/p

(
−
∫

5σB0

gp dµ

)1/p

All constants depend only on the data p, q, s, Cd, σ, CP , and Cb.
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13.4 Outline of proofs

We very briefly outline the proofs for some of the results above.

Proof of 8. Here the idea is to pick b exactly so that u− b is nonnegative on
at least half of the mass of Ω, and also nonpositive on half the mass. We
estimate the positive and negative parts of u − b separately, labeling each
one v. The integral

∫
Ω
vq dµ can be broken into pieces where the integrand

is controlled by powers of 2. The truncation property says that these pieces
and the corresponding restrictions of the gradient still satisfy a p–Poincaré
inequality, so by hypothesis we can use the Marcinkiewicz inequality (8) on
each piece. Summing gives the desired estimate. The same idea works for
the weak inequalities, where we restrict to balls.

Proof of 9. ⇒ This direction is simple. Integrating (2) over a ball B with
respect to x and then y gives the desired result.
⇐ To see this we need to show that if u, g satisfy a p–Poincaré inequality,
then we have

|u(x) − u(y)| ≤ Cd(x, y)
(
(M2σd(x,y)g

p(x))1/p + (M2σd(x,y)g
p(y))1/p

)
(14)

for almost every x, y ∈ X. (This is 3.2 in [3]) Indeed, if we show this, then
assuming g satisfies a q–Poincaré inequality, replacing p with q in the above
result and applying the maximal theorem 7 to gq ∈ Lp/q gives the desired
result.
All we have to do is show (14) holds almost everywhere. To do this, we let
x be a Lebesque point of u and estimate |u(x) − uB(x,d(x,y))| with a series
of successively smaller balls, using the doubling property to transform each
term into an average that looks like the left hand side of a Poincaré inequality.
Applying Poincaré and summing will give us our estimate. (We must estimate
|uB(x,d(x,y)) − uB(y,d(x,y))| as well, but this is easily done using the doubling
property and Poincar e.) This completes the proof.

We should point out that a converse to the fact that Poincaré implies (14)
is true as well. That is, if u ∈ L1

loc(X), 0 ≤ g ∈ Lploc(X), and 1 < p <∞, then
if (14) holds for almost all x, y ∈ X, then the pair u, g satisfies a p–Poincaré
inequality, with data depending only on the constants in (14) (This is 3.3 in
[3]). The way to see this is to average (14) over x and y in a ball B with
radius r, then apply Cavalieri’s principle and, after truncating the resulting
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integral, apply the maximal theorem 7 to gpχB′ ∈ L1, where B′ is a slightly
larger ball. Truncating the integral judiciously gives us the desired estimate.

Verification of example 10. To see that the cone in 10 satisfies a Poincaré
inequality if and only if p > n, we first note that log|log|x|| ∈W 1,n(B(0, 1/2)
and can be truncated to construct functions whose gradients have arbitrarily
small Ln norm, yet which are constantly 1 on the lower cone, and constantly
0 on most of the upper cone, and thus have mean oscillation bounded away
from 0, prohibiting an n–Poincaré inequality.

To show 5 holds for p > n, the trick is to use the classical Sobolev
embedding theorem (see, e.g. [4] chapter 3) to get a pointwise estimate as
in (14) for |u(x) − u(y)|, and then invoke the remark above that such an
estimate implies a Poincaré inequality.

Proof of 11. The details of this argument are a bit technical, but the basic
idea is fairly simple. For any pair of points x, y ∈ X, we need to construct a
path from x to y of length at most Cd(x, y). For each k ∈ N, we construct a
path γk from x to y. We then define, for each k, a kind of “pseudo–length”
function lk(γ), and pick our paths γk so that lk(γk) is minimized (up to a
constant). We define our pseudo length in such a way that g ≡ 1 is an upper
gradient of each function uk(z) = inf lk(γ) where the infimum is taken over
curves γ joining x and z. This lets us use (5) to estimate |uk(y)| ≤ Cd(x, y).
We thus have a sequence of curves with bounded pseudo length. Because of
the way we define this pseudo length, we are able to modify our space a little
bit to get a family of curves with bounded length. Fortunately, after we use
a compactness argument to pass to a limiting curve, we can show that this
limiting curve lies in our original, unmodified space X.

Proof of 12. This is also quite technical, and in the interests of space, we
won’t go into detail here. The main idea, however, is to split it into two steps.
First, we estimate |u − uB| ≤ CJσ,B1,p g, where the right hand side is a kind
of generalized Riesz potential. (This is 5.2 in [3]). We then use a fractional
integration theorem (5.3 in [3]) to control Jσ,B1,p g. Roughly speaking, we need

to show that Jσ,B1,p maps Lp into Lp
∗

w (continuously) when p < s, and maps

Lq into Lq
∗

for p < q < s. Also, for p = s, we need to show Jσ,B1,p g satisfies
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an exponential inequality similar to the one in the statement of the theorem
for that case, and for p > s, we must show Jσ,B1,p maps Lp into L∞.
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