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1 The primes contain arbitrarily long arith-
metic progressions I

after B. Green and T. Tao [2]
A summary written by Tim Austin

Abstract
We cover the second half of Green and Tao's proof of the existee
of arbitrarily long arithmetic progressions of prime numbers, by con-
structing a function and pseudorandom measure suitably assciated
to the primes.

1.1 Orienting remarks

The proof of the Green-Tao Theorem breaks conveniently intwo distinct
stages:

1. First, it is shown how the conclusion of Szemeedi's Theem can be
extended to cover also the cases of certain sets with asymiptally
zero density, by assuming instead positive density with rpect to a
‘measure’ satisfying certain conditions (wrapped up into @roperty
called "pseudorandomness’);

2. Second, such a measure and function must actually be caunsted
with the function non-zero only on some set related to the pmes in
such a way that the presence of long arithmetic progressioms the
primes themselves may be deduced. (Note that the slightly eeoluted
wording here is necessary: it will turn out that our functionis not itself
supported by the primes.)

Here we will be concerned chiey with the second of the aboveages,
detailed in Sections 9 { 11 of [2]. Results from the rst stag€Sections 1 {
8 of [2]) will mostly be assumed. One theme for this presentan is a prag-
matic attitude towards the construction and use of a suitable ps&orandom
measure for studying the primes. It seems that the exact cdnsction of
such a measure is somewhat arbitrary; the Green-Tao consttion should
be used because it is one for which existing techniques yisld ciently good
estimates to give a proof of the theorem, and not for any morddgh-minded
reason. Indeed, Bernard Host [3] has recently given a slighdi erent con-
struction based on a di erent methodology for some of thesesttmates.
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1.2 Warmup: two tricks to help handle the primes

Even before constructing a particular function and measuyeve can foresee
certain issues when working with the primes.

1.2.1 The W-trick

Suppose thatf is some functionN ! R that is non-zero only on primes.
As it stands there can be ndk-pseudorandom measure majorizing. This
is because the primes \notice and avoid" certain congruenatasses: ifa; q
are not coprime, then there can be at most one prime g mod a. Thus for
any q the primes are concentrated into the (g) congruence classes modulo
g that are coprime to g, and so this choice of , and hence also any f,
would be concentrated on these congruence classes.

However, the fno;to; Lo)-linear forms condition forces to be equidis-
tributed among di erent congruence classesif q is su ciently small : for
g Lo, simply apply the condition to the one linear form (x) = gx+ bfor
any b. We circumvent this problem by looking for arithmetic progessions
among the primes that occur within one xed congruence clagbat is co-
primetoallg Lo sayamongfn: Wn+1is a primeg for W a product of
all small primes.

In order to nd k-term arithmetic progressions, we need thek@* 1; 3k
4; k)-linear forms condition (as speci ed in the de nition ofk-pseudorandomness)
for our measure. Thus our choice diV only need depend ork, but it is eas-
ier to choose a functiorw(N) growing slowly to1 with N (how slowly can

safely be decided later), and set

Y
W =W(N):= p;

p w(N)

clearly this is eventually big enough for any xedk.

1.2.2 Dealing with wraparound

Suppose that we have found an arithmetic progression iy . Even upon
identifying Zy with f1;2;:::;Ng, our nd need not correspond to a genuine
arithmetic progression inN, owing to the possibility of wraparound in the
cyclic groupZy .

However, we can rule out this problem if we know that our lengtk
progression inZy is contained in some very short arc (how short depending

6



on k). It su ces to restrict attention to arcs of length less than (1=k)N, but
for other reasons we will later take' (N for "\ := 1=2¢(k+4)! (much smaller).
1.2.3 Our goal, modi ed

Combining the two tricks described above, we will search far speci ¢ func-
tion and measure of the form

gWn+1) if "N n 2'«N

()= 0 else.

(for some functiong supported on the primes), and

= NWn+D iGN 0 2N
1 else.

(for some other suitable functionh).

1.3 The actual construction

It has long been known in number theory that sometimes it is sger to study
the function 1,imes(n)logn than the indicator function 1,imes(n) itself, and
so this former seems a good ingredient fér. Thus, we set

¢ n) = MM jogWn+1) if Wn+1is prime
0 else
and .
f(n) := k 12 X 5§ p) if "«\N n 2«N

0 else

for O n < N. The various factors in the above de nition are simply
convenient normalizers.

For our choice of we will need to make estimates to verify pseudoran-
domness. Before the appearance of [2], Goldston and Y Idr[1] had studied
sums of the form

X
r(N+ h1) r(N+ hy) r(N+ hy)
n N



for g the so-calledtruncated divisor sum

X R
r(N) 1= (d)log 5
djn;d R
where is the Mebius function:
( 2 if n is squarefree withr prime factors

(n):= 0 else,
which in turn has long been central to the study of the distrilation of the
primes.
It is Goldston and Y Id rm's work that provides a measure fo which
pseudorandomness can be checked: we Bet= Nk "2 “ * and
(= wiegr ROWN+DZ NN 0 2N
1 else

for0O n<N.

Remark The choice of this law forR as a function ofN is dictated, rstly,
by the requirement that majorize a positive multiple off , and then by
the various considerations of how slow it needs to be in the qof of pseudo-
randomness. We take it to be as high a power & as will allow all these
estimates to go through easily; the value of that power is arrt@fact of these
di erent parts of the proof. It turns out that that the growth of R in turn
forces a bound on the growth ofv(N) (and so alsoW (N)), but this can then
simply be absorbed into the requirement thatv(N ) grow \slowly enough®.

Assuming we have proved pseudorandomness for ouyrthe Green-Tao
Theorem now follows from:

Lemma 1 (Lemma 9.4 in [2]) We have (n) O for all n 2 Zy, and
(n) f(n) for all n 2 Zy wheneverm is su ciently large.

Thus:

Proposition 2 (Proposition 9.1 in [2]). Write "\ := 1=2¢(k+4)!, and let N be
a su ciently large prime number. Then there is ak-pseudorandom measure
:Zn! [0;1)suchthat (n) k 2% 5¢n)foral"N n 2'wN.



Proof of the Green-Tao theorem assuming Proposition 2 De ne f
as above. From Dirichlet's theorem we observe that
k 12 k 5 X
E(f) = N €n)=k 2K @+0(1)):

"N n 2N

We can now apply Proposition 2 and Theorem 3.5 from [2] (as @red in the
rst half of that paper) to conclude that

Ef()f(x+r) fx+(k Dr)jxr2zy cokk 255 o)

where c(k;k 12 ¥ 5"\) is a positive constant guaranteed by Theorem 3.5
of [2]. Observe that the degenerate case = 0 can contribute at most
O(Ni log“ N) = o(1) to the left-hand side and can thus be discarded. Furtér-
more, by our trick of restricting attention to ["xN; 2"«N], every progression
counted by the expression on the left is a genuine arithmetjgrogression of
integers. Since the right-hand side is positive for su cietly large N, the
claim follows from the de nition of €

Remark In fact, by a simple modi cation of the construction off and
above, one can show that there are arbitrarily long arithmeét progressions
in any subsetA of the primes with positive relative upper density; that is,
such that

, JA\ [L;N] .
I|Ln!1$upjf n2[LN]: nis primegj)o'

This is the full strength of Green and Tao's result.

1.4 Proving pseudorandomness

Pseudorandomness requires the linear forms condition anbet correlation
condition. These two conditions are proved via two other redts, one for
each; these intermediate results connect more closely wiglxisting number-
theoretic estimates, and then the onward journey to pseudandomness is
more combinatorial.

Proposition 3 (Proposition 9.5 in [2], leading to linear forn&s condition) Let

m;t be positive integers. Foreach | m,let ;(x):= 1 LikXk+
be linear forms with integer coe cients Ljx such thatjLj j W(N)—2 for
allj =1;:::;mandk =1;:::;t. We assume that the-tuples (Lj )=, are
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never identically zero, and that no twa-tuples are rational @ultiples of each
other. Write ; := W ; +1. Suppose thaB is a product *,_, I« R of
intervals 1, each of which having length at leaR'°™. Then (if the function
w(N) is su ciently slowly growing in N)
WlogR ™

(W)
Proposition 4 (Proposition 9.6 in [2], leading to correlation condition) Let
m 1 be an integer, and leB be an interval of length at leasR'°™. Suppose
that hy;:::;h, are distinct integers satisfyingjh;j N2 forall1 i m,
and let denote the integer

= jhj hkj:

1 j<k m

E (1)) rR(m(x)? x2B =(1+0m(1)

Then (for N su ciently large depending on m, and assuming the function
w(N) su ciently slowly growing in N)

E r(W(x+h)+1)?  g(W(x+hy)+1)? x2B

Wlogr MY o
(1+0om(1)) W) (L+Om(p ™):

pj
Remarks

1. The ro6les of the arbitrary setsB in the above propositions become clear
during the deduction of pseudorandomness from them. Brie ye need
the setsB because we will be de ning in two di erent ways inside
and outside the interval [¢N; 2"¢N], following our second trick from
Section 1.2; when verifying the linear forms and correlatioconditions,
the overall expectation is broken into several expectatienover (prod-
ucts of) smaller intervals, such that most of these productsf smaller
intervals are \nomogeneous" for the de nition of .

2. The extra factor %
(1+O0m(p )
Pj
arises naturally in the course of the calculations, and shea little light
on the correlation condition itself. The correlation condion takes the
form it does because the quantity

E r(W(Xx+h)+1)?  g(W(x+hy)+1)? x2B
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very few (notice that, typically, most p dividing will be large, and
so the product will usually not be too large). Recalling our view of
the Green-Tao proof as split into two stages, we might say thahe
de nition of the correlation condition is a staging post thd has been
placed precisely so that both halves of the journey are justogsible.

We nish with a representative sketch of some of the proofs laing the
above results.

Sketch proof of the linear forms condition from Proposition 3 Let

i1 m, be our linear forms. Following the rst remark above, we
chop up the range of summation in the linear forms conditiomto Q(N)!
almost equal-sized boxes, wheg@ is slowly growing inN. We now treat the
sums over the di erent sets

are completely disjoint from it. Then in these cases we cantleer replace
every ( ;(x)) factor by W"‘S)R r( j(x))% and apply Proposition 3 (note

that if Q grows slowly enough then foN su ciently large each By,....y, IS

Finally, we prove by elementary estimates that the proportin of non-nice
t-tuples is asymptotically zero asN !'1

Sketch of proof method for Propositions 3 and 4 Adapting the meth-
ods of [1], these are proved by representing the summationdanestion as an
iterated contour integral by applying the standard identity
v 4 Yo
log"y = > 2 dz;

1
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where ; is the vertical contour 4(t) = 1+it, to the log(R=d) factors in
the de nition of € The integrand is then massaged into the form of a
multiplicative function, which can then in turn be decomposd as

something relatively benign ~ some product of zeta functions

The values of the contour integrals then depend most stronglon the
second factor; since the zeta function is relatively wellngerstood, methods
of the residue calculus can then be used to estimate the couatantegrals,
with small errors that can be tracked as the contours are mogiearound. The
trick is to nd estimates on the behaviour of the rst factor that are good
enough to allow the application of such contour integral mébds.

Remark Bernard Host [3] has o ered an alternative construction for . His
follows the pattern of the Green-Tao de nition except that he takes

X
gn)=  (d) %

djn
foraC! function :R'! [0;1 ) satisfying certain extra conditions.
This allows him to write ~
(X) — (t)e X(1+i t) dt
R
for a rapidly decreasing function . He then mimics the proofs of Propositions

9.5 and 9.6 sketched above, except the use of the contour mptals is replaced
by a (shorter) estimate using Fourier analysis.

References
[1] Goldston D.A. & YIldrm C.Y., \Small gaps between primes 1",
preprint;

[2] Green B. & Tao T., \The primes contain arbitrarily long arithmetic
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2 A generalization of Birkho 's pointwise er-
godic theorem

after Amos Nevo and Elias M. Stein [4]
A summary written by Svetlana Butler

Abstract

The paper generalizes Birkho 's pointwise ergodic theorenby pre-
senting ergodic theorems for free non-Abelian groups on riely many
generators.

2.1 Introduction

Given an arbitrary invertible measure preserving transfonation T on a
probability space X, Birkho 's pointwise ergodic theorem says that for any
f 2 LY(X), the averages of along the orbit of T

1

k
o+ 1 f(T*x)

k= n

converge to the limit f{x) for almost all x 2 X, wheref™is the conditional
expectation off with respect to the -algebra ofT-invariant sets.
Consider two invertible, measure preserving commutativedansformations

T and S. It is known that the expressions
o * f (T"+S"2x)
(2n +1)2

n niN2 n

converge for almost allx 2 X, for any f 2 L%(X), and the limit is the
conditional expectation off with respect to the -algebra of sets invariant
under T and S. Thus the pointwise ergodic theorem holds for nite measure
preserving actions of the of the free Abelian group on two gerators, Z2.

It is natural to try to consider a pointwise ergodic theorem dér measure
preserving actions of the free non-Abelian group on 2 (or) generators. This
leads to the following setting: P P

For a countable group let I}() = f = () : j (j< 1g

2 2

denote the group algebra. LetX; B; m)be a standard Lebesque probability
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space, and assume acts oX by measurable automorphisms preserving.
The action (;x) 7! x induces a representation of by isometries on the
LP(X) spaces, 1 p 1 , agd this represenatation can be extended to the
group algebra by (f )(x) = (H)f( ).

2

Let By =fA2B :m(A4A)=0 8 2 gdenote the sub--algebra
of invariant sets, and denote byE; the conditional expectation operator on
L1(X) which is associated withB;.

A sequence , 2 1*() is called a pointwise ergodic sequence ihP if,
for any action of on a Lebesque spac&X which preserves a probability
measure, and for every 2 LP(X); ,f(x)! Eif (x) for almost all x 2 X,
and in the norm of LP(X).

In search for pointwise ergodic sequences we look at seqasnin I1()
with an explicit geometric form. Assume is nitely generated, and letS be
a nite generating set which is symmetric:S = S ! (we will assumee Z5S).
When is the free group F,, the set of generatorsS will always be taken to
be the set of free generators and their inverseS. induces a length function
on ,givenby j j=minfn: = s;:::s,; 5 2 Sg; jg = 0. The sphere
and the ball of radiusn are S, = fw:jwj= ngandB, = fw:jwj ng
respectively.

2.2 Main results

Consider the following sequences:

1 X 1 X
n= 1o W n= k
]lS” w2 S nl+ 1xk=o
0
nzé(n-l' n+1) n:]Bn W
w2B

Theorem 1. Consider the free groug=; r 2.
1. The sequence , is a pointwise ergodic sequence io®, for 1 p<1.
2. The sequencef] is a pointwise ergodic sequence inP, for 1<p< 1.

3. oy converges to an operator of conditional expectation withgpect to
an F,-invariant sub- -algebra. ,, converges to the operatoE; + rr—lE,
whereE is a projection disjoint from E;. Givenf 2 LP(X); 1<p<
1 , the convergence is pointwise almost everywhere and in ttfenorm.
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Note that the rst part of this theorem is a direct analog of Birkho 's
pointwise ergodic theorem.
Given a sequence, 2 11(), dene the associated maximal function
f (xX) = sup, o] nf (X)j. Let (X; B;m) be an F,-space with an invariant
- nite measure. Then:

Theorem 2. For eachF,; r 2, there exist positive constant,(r) such
that for any f 2 LP(X) the following inequalities hold:

1. kf kp kf kp, andk f k, are all bounded byCy(r) k f k, for
l1<p< 1.

2. f satis es the maximal inequality of weak typé€l; 1), namely:
mfx :jf (x)j g Cu(r) 1kf ke

for every > 0, andf 2 L(X).

2.3 Remarks

In pointwise ergodic theorems one seeks to establish, for engral sequence
of Markov operators Ty acting in LP(X; B;m), the existence of the limit
limg;  Tef (X) = f(x) for almost all x and in the L? norm. A natural
and interesting choice is to consider the sequence of openat , of averag-
ing a function on ballsBy of radius k. In the case of a nitely generated
Abelian group, the main ingredients which gure in the proofof ergodic the-
orems are: the fact that the nested sequence of babs, is asymptotically
invariant under translation; the transfer principle (which uses the fact that
jim 12N
N1 BN g
works if the group is a nitely generated free non-Abelian grup F,. For

. |Bn
example,Ngllm Bn -

In proving ergodic theorems for free non-abelian groups engenerators
di erent methods are necessary. The following two observains lead to spe-
cial methods used to prove the ergodic theorems in the paper.

() The Markov operators ¢ and | are comparable, in the sense that
a maximal inequality for one sequence implies the same inadjty for the
other, up to a constant. (This fact follows since | C hand ,isa

=1); and the covering argument. None of these ingredients

=(2r 1)", so the transfer principle does not apply.
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spheres rather than balls. The approach in the paper is to useethods
similar to ones devised in [5] to handle singular means.
(I1) The convolution identity

1 n = =—n1t 1 — n+1 (1)

holds in the group algebrd*(F,). It implies, by induction, that the elements

. are linear combinations of the convolution powers; 0 k n. There-
fore, the spheres , generate a commutative convolution -algebra, denoted
by A(F;). The algebraA(F,), introduced in 1963 (see [1]), has an explicit
spectral theory (see, for example, [3]). This spectral thepis important in
proofs of both theorems.

2.4 Outline of the proofs

We outline the proof of Theorem 2 rst.
Part (2.) of Theorem 2 as well as the stron? maximal inequality for the
maximal function f  (which is Lemma 1 in [4]) follows from the inequality

X XN )
k Cr 1
k=0 k=0

and application of the Hopf-Dunford-Schwartz theorem ([2]Ch.8). The
above inequality is proved by using approximation of the biomial coe -

cients to estimate coe cients a,(k) in | = an(k) k. Here writing !
k=0

as a convex combination of \'s, 0 k n, follows from the convolution
identity (1).

The proof of part (1.) is more elaborate. First observe that @ximal
inequalities forf and f follow from the maximal inequality for f , since

n and | are convex averages of¢'s, 0 k n. The proof of the maximal

inequality for f follows the method devised in [5].

For a sequenceé’, of bounded linear operators o.P(X) and a function
f 2 LP(X) de ne a sequence of Cesaro sums:

X0
Sf(x)= A, P (X
k=0

16



Q o : .
where A, = (1 + ) are complex binomial coe cients. The asssociated
k=1
maximal functions are

_ Snf ()
S f (X) - SnU% W
Notice that when P, = |, we get S°f (x) = f (x), while the singular
meanS f (x) = f (x). When P, = 4, the singular meanS f (x) =

Sup, o anf ().
Step 1. Establish the maximalLP inequality

kS* fk, Cexp2 H)kS%fjky; 1 p<1l; >0

This is Lemma 4 (with P, = ) in [4] which is proved by using some esti-
mates and the convolution formula for complex binomial coecients.
Step 2. Prove theL.? maximal inequality

KS ™ fk, Cumexp3 2)kf ko

for every nonpositive integer m and 2 R. Here we useéP, = .

It is enough to enough to show thé_2 maximal inequality for S ™. This
inequality is proved using the Littlewood-Paley square-faction method. The
spectral theory for the algebraA(F,) plays a key role in estimating the
Littlewood-Paley square-function.

Step 3. Use maximal inequalities from Step 1 and Step 2 and dp@n
analytic interpolation theorem ([6]). The result is a maxinal inequality for
the singular meanS f (x) =sup,, o 2nf (X)ineveryLP; p > 1. This implies
the maximal inequality forf in everyLP; p> 1, since forf 0

Lo w X

2r
which follows from the convolution identity (1).

The proof of Theorem 1 is based on strong maximéalP inequalities from
Theorem 2 and the spectral theory oA(F,). It is shown rst (using the
spectral theory) that the pointwise limits of Theorem 1 are alid for functions
in L2(X), in particular, for a dense set of bounded functions. The pof of
the rest of Theorem 1 is a standard argument with an applicain of strong
maximal inequalities from Theorem 2.
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3 A pointwise ergodic theorem for amenable
groups

after E. Lindenstrauss [1]
A summary written by S. Zubin Gautam

Abstract
We summarize the proof of theL -pointwise ergodic theorem for
actions of amenable groups in [1], focusing on the discretease. We
then present some results on the lamplighter grouZ, oZ as a demon-
stration of the scope of the main theorem.

3.1 Preliminaries

In the sequel, all groups are assumed to be locally compacidesecond count-
able; j j and m_ will both denote the left Haar measure on a grouss.
(X; M ; ) will denote a Lebesgue probability space. We begin by retiab
the F Iner characterization of amenability:

De nition 1. A locally compact groupG is amenableif for any compact set
K G and any > O there is another compact seF G such that

jF 4 KFj< jFj:
Such anF is called (K; )-invariant.
Equivalently, G is amenable if it has a \F Iner sequence":

De nition 2. A FIner sequencein a group G is a sequence of compact
subsetsF, G such that for every compacKk G and > 0, F, is (K; )-
invariant for all su ciently large n.

Now consider a left actionGy X by measure-preserving transformations
with G amenable. Forf : X ! R measurable, we consider the averagesfof

over setskF G,
Z

A F)(X) = JFiJ f (g9 dm. (o)

Results on the pointwise convergence of these averages glenitable F Iner
sequences provide natural generalizations of the classi@rkho ergodic
theorem forZ-actions; however, care must be exercised in the choice ofrter
sequence (even in the classical case).
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De nition 3. A sequence of subsefs, G is tempered(or satis es the
Shulman condition if there is someC > 0 such that for alln

F'Fn CjFaj: (1)
k<n

It is not too hard to show that any F Iner sequence has a tempered subse-
guence; hence, any convergence result along tempered Frisequences will
apply to general amenable groups.

3.2 Statement of the main result

Theorem 4 (Pointwise Ergodic Theorem) Let G be an amenable group
acting on (X; M ; ) by measure-preserving transformations, and ldtF,g
be a tempered F Iner sequence foG. Then for any f 2 LY( ) there is a
G-invariant f 2 L( ) such that

nI!ilm A(Fy;f)(x) = f(x) ae:

In particular, if G acts ergodically,
Z

lim A(Fp;f)(x) = fd ae:
n!l X

(NB: This is both Theorem 1.2 and Theorem 3.3 of [1].)

3.3 Random selection of F Iner sets
We will use the following \randomized" covering lemma, Lemm 2.1 of [1]:

Lemma 5. Let > 0 be given, and leG be a locally compact second count-

of G with constantC > 0, and let F be another compact subset @. Take
arbitrary sets A; such thatFjA; F for1 j N, and set

F=fFaja2A;;1 | Nag:

Then there is a probability spac¢ ;P) and a map+ 7! F (+) from to
the set of subcollections df satisfying the following conditions:
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1. F(+) is a.s. nite and the counting function

X
“(9) = 1s(Q)

B2F (+)
of F (+) is a measurable function on F.

2. Forallg2F,
EC (@) "(@ 1) 1+:

P
3. With the notation kSk= ;.5 jBj for a collection of setsS, we have

Z [N
E(kF (+)k) = E “(9)dm.(9) GC) Ay,

F J=1

where (;C)= =(1+C).

(We use probabilistic notation for ( ; P); E denotes expectation or con
ditional expectation. E( jA) is the value taken onA by the conditional
expectation with respect to the sub--algebraf; ; A; A% g.)

Intuitively, condition 2 of the lemma says that \on average"the subcol-
lectionsF (+) are almost disjoint, while condition 3 guarantees that a tgical
F (+) will cover a large enough portion of-.

3.3.1 Proof sketch of Lemma 5 for G discrete

For clarity, it is instructive rst to consider the case where G is a discrete
group. Take the sample space to be

= +=f1(ja)or ; nazcj! (;a)2f0;1g8j;a :

(One may think of as a coin- ipping experiment indexed by N copies of
G.) Let P be the probability measure on such that

Pf+jl(joa)=1g =

iFa P

forall jo, ag (taking the -algebra generated by all (j; a) as the domain); this

makes each (j;a) an independentf O; 1g-valued random variable on ( ; P)
that is 1 with probability p;.
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Given+ = f! (ja)g2 , F(*)is given by the followingN -step recursive
algorithm:

Algorithm A:
1. Begin by settingj = N, and de ne setsAjjn+1 = Ajforl i N.
2. Set j=fa2Aj;«aj!(ja)=1gandF;(+)= fFaja2 jo.
3. Foralli<j ,dene Ay =fa2 Ay« jRa\ F j=:0.
4. If j > 1, return to step 2 and replacg with j 1; if j=1, proceed to

step 5.

5. SetF (+) = Sszl Fi(+).
The setsAj;j = Ajj(+), 1 i< N should be regarded as encoding
the \admissible" translates of F; at stagej of the recursion; their de nition
guarantees that the collections~; (+) are mutually pairwise disjoint. Note
that each A;; only depends on the -algebra ; generated by the random
variables! (j%a% for j°© | and a®2 G. Similarly, the algorithm enjoys
a useful recursive§roperty: Oncéd-\ (+) (or equivalently ) is given, the
random collection T 1F,- (+) has the same distribution (i.e. pushforward
measure) as that obtained by running the original algorithnon the sequence
fFgy *andthe setsAjjy,1 j N 1.

Condgion 1 of the lemma is easily veri ed. To prove conditia 2, we write

(9= Y f(g), where y

()= 15 (9)
B2F; (+)
is the counting function of F;(+). Now since the collectiong~;(+) are mu-
tually disjoint, it su ces to show that E( ;[ (g)j ;(g9) 1) 1+ forall
j . But, viewing J-*-“(g) as a random variable on , once ;.; is given, we can
write X
i (9)= L a);
a2Ajjja\F g
which is a sum of fewer tharF;j i.i.d. f0; 1g-valued random variables that
are 1 with probability p;. From here calculation yields

EC [(@) (@ 1) = EE({(@] (@ L ja) (@ 1
1+ pJJFJJ =1+ :
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Condition 3 is proved by induction onN; it is easy forN = 1. By the
recursive property of Algorithm A mentioned above, if the sitement holds
for N 1 we obtain

1
EKF(H)k KF n(+)k + (;C)Pt Ajin (+)
!
kF n(H)k+ (5C) Aj o CiFn ] (B
|

= kFn(B)k+ (:C) Aj  CKFa(H)k ;
j=1

where the second inequality follows from the Shulman condin and the fact
that I
T+ T+ T+
Ajin Ain S SN
1 1 1
Taking the expectation of both sides and computindge kFy (¥)k = jAN]
yields the claim.

3.3.2 Proof sketch of Lemma 5 for general G

For G a general locally compact, second countable group, we take
= +=1f ;g% j; Glocally nite 8j ;

where the random subsets; are chosen independently according to Poisson
processes orc with respect to the rescaledright Haar measures; dmg

(this reduces to our original ( ;P) when G is discrete). We then make the
natural modi cation of step 2 in Algorithm A:

2'.Set ;= ;\ Ajjn andFj(+)=fFaja2 ;g
Once we have constructed and the mag-, the proof proceeds much as in
the discrete case, up to some minor modi cations involvinghte basic prop-

erties of a Poisson process and the relationship between tleét and right
Haar measures ors. NB: Amenability is not necessary for Lemma 5.
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3.4 Maximal inequality and pointwise ergodic theorem

De nition 6.  Given a sequencé&, of nite-measure subsets of5, the max-
imal function of f 2 LY(G) is

Mf ](x) = sup A(Fq;f)(x):

Theorem 7 (Weak (1,1) maximal inequality). Let Gy (X; M ; ) as above
with G amenable, and lefr, G be a tempered sequence of compact sets.
Then the associated maximal operatavl is weak-type(1; 1); i.e., there exists
¢ > 0 such that c

fM[f](x)> g —kfkg:

The constantc depends orf F,g but not on X..

Proof sketch Fix n and" < 0. SetD, = fx ] max; ; »A(F;;f)(x) > 0.
By the am%nability of G, we can choose some large compact $€t G such

that F ;= | FjF%has measurgFj (1 + ")jFY. The rst step is to prove
the \group-side maximal inequality”
Z c Z
1p,(9x)dmc(g) —  jf(gx)jdm.(9) (2)
Fo F

forall x 2 X and c=2= (1;C), with C as in the Shulman condition (1).

Fix x and setA; = fg2 FOj A(Fjg;f)(x) > gforl | n. We will
apply Lemma 5 to these sets with = 1. Let F(+) be a random collection
of subsets ofF as in the lemma with counting function *(g). Firstly, the
de nition of the A; implies the inequality

Z
iF & f(gx)dm.(g)

Fja
for all a2 A;. Combining this with condition 3 of Lemma 5 yields
Z ["
(LC) 1o, (@9dmu(@) =  (LC) A
E kE (+)k
Z( )
E “(9)f (gdmi(g) :  (3)

F
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But condition 2 of Lemma 5 can be used to get
Z Z

E “(9)f (gxdmi(g) 2 i it (9x)j dm.(9): (4)

F

Combining (3) and (4) yields (2), and from there integrationyields
z
c . . .
(Dn) —@+") jE(x)id (x):

X

Lettingn!1l and"! O yields the maximal inequality.

The main theorem 4 now follows from the maximal inequality aing the
standard lines (see e.g. Chapters 5 and 6 of [3] or pp. 92-93[2f). It is
worth noting, however, that the amenability of G comes into play again when
showing that the theorem holds for the coboundariels(gx) h(x) forg2 G
andh 2 L! (G); we need to use the fact that~, is a F Iner sequence.

3.5 Example: The lamplighter group

The lamplighter groupG is the wreath product

M
G:ZZOZ = Zz o Z:
i2z2

L
where is the right shift action of Z on  Z,. G is well-known to be an
amenable group of exponential growth.

Theorem 8. For all C > O there are a nite K G and > 0 such that if
A is (K; )-invariant and C jAj j Bj j Aj, thenjB Aj CjAj].

We omit the proof of this theorem, from which we immediately lotain:

Corollary 9. The lamplighter group has no F Iner sequences satisfyingeth
Tempelman condition
jFn 'Faj . jFaj:

Corollary 10. If F, is a tempered F Iner sequence for the lamplighter group,

an+1j 1
—— 11
JFn]

In particular, the growth of jF,j is super-exponential.
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Corollary 9 reveals the limited scope of earlier ergodic tbeems along
similar lines that require the Tempelman condition (see e.g section 6.3
of [3]). However, Corollary 10 shows that Theorem 4 only guantees the
convergence of ergodic averages taken along a potentialgparsely spaced”
sequence of F Iner sets; moreover, it is conjectured that ¢éhcorollary should
hold for any group of exponential growth.
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4 Arithmetic progressions in primes |

after B. Green and T. Tao [3]
A summary written by Alexander Gorodnik

4.1 Introduction

This chapter contains the rst part of an exposition of

Theorem 1 (Green,Tao [3]) Let A be a subset of positive upper density in
the setP of prime numbers, i.e.,

. JAN [, N]j

limsup —-—= > O
N1 pJP\ [1,N]j

Then for anyk 3, A contains an arithmetic progression of lengtlk.

We start our discussion with the celebrated theorem of Szerdi, which
can be stated in several equivalent forms (see Section 4.bdlow for basic
notation):

Theorem 2 (Szemeedi). 1. Let A be a set of positive integers such that
. 1. .
limsup—jA\ [1;N]j > O:
Nt N

Then for any k 3, A contains an arithmetic progression of lengtlk.

2. Givenk 3and > 0, there existsNg = Ng(k; ) > 0 such that for
everyN >N and everyA [1;N] with jAj > N , the setA contains
an arithmetic progression of lengttk.

3. Givenk 3 and > 0, there existsc = c(k; ) > 0 such that for a
function f : Zy ! R satisfying0 f 1 andE(f) , we have

E(fF()f(x+r) f(x+(k Dr)jx;r22y) c

for su ciently large N.

1The author is partially supported by NSF 0400631
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Although there are explicit estimates on the constani, in Theorem 2(2),
the set P of prime numbers is too sparse to deduce existance of arithtice
progressions inP directly using known estimates. Recall that according to
the prime number theorem,

. . N

P\ [1;N]j logN asN I1
The starting point of the Green-Tao argument is to consideP as a subset
of the setPgr of almost primes, which consists of numbers all of whose pem
factors are at leastR. When R = N for small > 0, the setPg is relatively
well understood (for example, one can prove Theorem 1 fBi; using sieve
methods), and by Mertens' theorem,

lim Supw >
Nt JPrV [LN])

The proof of Theorem 1 uses information about the structurefdhe set of
almost primes ingeniously combined with positive densityrgument as in
Theorem 2. In fact, it is proved that a subset of positive uppedensity in a
so-called pseudorandom set, which will be de ned in Sectighl.2, contains
arbitrary long arithmetic progressions.

Theorem 3 (relative Szemeedi theorem) Fix k 3 and > 0, and let
:Zny ! R* be ak-pseudorandom function such thaE( ) =1+ o(1). Then
for any function f : Zy ! R* satisfying0 f and E(f) , we have

EFC)f(x+r1)  f(x+(k Dnjxr2zy) c og (1) 1)
asN !l |, wherec > 0Ois the same as in Theorem 2(3).

At this stage, we allow the reader to think naively that is the normalized
characteristic function of the set of almost primes irZy and f is the nor-
malized characteristic function of the set of primes iZy. However, to give
a rigorous argument, one needs to consider \smoothened" s&n of these
function and to eliminate the irregularities coming for cogruence properties
of primes. The construction of functions and f for which Theorem 3 im-
plies Theorem 1 will be given in the following chapter. In the chapter, we
discuss the proof of Theorem 3.
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Sketch of the proof of Theorem 3The main ingredient of the proof is The-
orem 8 below which implies that any nonnegative functiof which is majo-
rated by a k-pseudorandom has a decomposition

f=fy+fy- +E (2)
with the error term E satisfying
E 0 and E(E)= o(1): (3)

Decomposition (2) is analogous to the ordinary Koopman{veiNeumann de-
composition (see Remark 4), and it has the following propees:

fu+fyr O (4)
0 fy» 1+ 01); (5)
E(f) = E(fu-)+ 0o(1); (6)

E(fo(X)f1(x+7r1) fx :(x+(k Dr)jx;r 2 Zy) issmall (7)

where eachf; is eitherfy or fy-, andf; 6 f,- for somei.
Now it follows from (3) and (4) that

E(f(x) f(x+(k 2Dr)jxr 22Zy)
E((fu+ fu2)(x)  (fu+fur)(X+(k Dr)jx;r 2 Zy):

Because of (7), it su ces to prove a lower estimate for
E(fu- 0O)f g2 (x+ 1)  fuo(x+(k Lr)jx;r 2 Zy):

Using that the function f - satis es (5) and (6), this lower estimate follows
from the Szemeedi theorem (Theorem 2(3)). O

Remark 4 (comparison with ergodic theory) When k = 3, decomposi-
tion (2) is a nitary analog of the Koopman{von-Neumann deconposition
of L?(X), de ned for a probability measure-preserving systemX; B; ;T ),
into weakly mixing and compact (almost periodic) parts. No¢ that the later
decogposition can be used to show that for any nonnegative 2 Lt (X)
with  fd > 0, one has

1 X 7
lim in N f O)f (TX)F(T?x)d (x) > 0

i=zo X
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This implies the Szemekedi theorem (Theorem 2) wittk = 3.

For generalk, similar decompositions appeared in the Furstenberg's pob
of the Szemeedi theorem [1] and in the works of Host, Kra [Znd Ziegler
[4]. These decompositions are of the form

f=fy+f, with fy=f E®fjBY and fy. = E(fjBY;

whereBPis a T-invariant sub- -algebra ofB, such that
lim — fo0)f(T%)  fi o(T® D) d (x) =0;

where eaclhf; is eitherfy or f,-, andf; 6 f;»- for somei, and the average

X 14

— fur )fu2 (T'X)  fu (T® Yix)d (x)
N i=z0 X

can be analyzed using some additional structure.

4.1.1 Notation

k 3 is the length of the arithmetic progression ( xed).
N is a large prime number N !'1 ).

o(1) and O(1) denote the quantities that go to zero and bounded re-
spectively asN !1

Zn i1s the eld of residues modN.

For a functionf : Z},! RandA 2 Z|,,

EF(x)jx2A):= = f(x) and kfk.:= E(f (x)j9x 2 Z},)*™
JAJ X2A

In particular, E(f) := E(f (x)jx 2 Zy). Also, k k.. denotes the
sup-norm.
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Given a -algebraB on Zy, we de ne the conditional expectation
E(fjB), f 2 L2(Zy), to be the orthogonal projection on the space
of B-measurable functions, i.e.,

E(fiB)(x) = E(f (y)iy 2 B(x))
where B(x) denotes the atom of the -algebraB containing x.

For -algebrasB; and B,, B; _ B, denotes the smallest -algebra con-
taining both B; and B,.

4.1.2 Pseudorandom measures

A function :Zyn ! R is called ameasureif
E( )=1+ o(1):

A measure satis es (moy; to; Lo)-linear form condition if forany m  my,
t to, and linear forms

Xt
ixX)= Lyxy+h; i=1;:m;
j=1

whereL; are rational numberg with the numerator and denominator bounded

are not zero and not rational multiples of each other, we have

EC (1) ( m(X)ix 2 Zy) =1+ Omgie,(1):

Roughly speaking, the measure will be supported on almost primes and the
linear form condition says that events \ ; (x) is almost prime" are essentially
independent.

The linear form condition is motivated by the Hardy-Littlewood prime
tuples conjecture. Let (n) denote the Mangoldt function, which is equal to
logp if nis a power of primep and zero otherwise, and ,(n) denote the local
Mangoldt function, which is equal to -2 if (n;p) = 1 and zero otherwise.

. p 1 .
Let i's be the linear forms as above with positivé; andb.

2Recalling that N is a large prime, we can viewLj 's as elements oZy .
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Conjecture 1 (Hardy-Littlewood prime tuple conjecure)

Y
E(C 1) ( m(x)ix22Zy)= p*+ OmoitoiLo(1)
p

where
p= E( p( 1(x)) o( m(X))jx 2 Z:)):

The linear form condition is analogous to the following progrty that holds
for any weakly mixing probability measure-preserving systm (X; B; ;T ):

1 X 1Z Z Z

— f2(T'x)  f(T™x)d (x) ! f.d fnd : (8)

N i-o X X X

A measure satis es mg-correlation condition if for everym = 2;:::; mg,
there exists a function = , :Zy ! R* such that

E( 9= Om;q(1)

forallg 1and

X
E( (x+ hy) (X+ hp)jx 2 Zy) (hi  hy)

1 m

A measure is calledk-pseudorandonif it satis es (k2¢ 1;3k 4;k)-linear
form condition and Z !-correlation condition.

4.2 Tools
4.2.1 Gowers uniformity norms

We de ne d-th Gowers uniformity norm k kya inductively. Denote by Ty
the shift operator: (Tof )(x) = f(x+ h). Forf :Zy ! R, we set

kf ky: = JE(f (X)jx 2 Zn)j;

o 1 1=2¢

Kikya = E kf (Taf )%, Sjh 2 Zy
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Explicitly,
0 1 1250
Y
kf kye = E@ f(x+!h)jx22Zy;h2z¢A
1 2f 0;1gd
One can show that ford 2,k kya is a genuine norm.

Given a family of functionsf,, ! 2 f0;1g", we de ne d-dimensional

Gowers inner product
0 1
Y
h(f1 )1 ot gageive = E@ fi(x+'h)jx22zZy;h2 z4A:

1 2f 0;1g¢

Then we haveGowers Cauchy-Schwarz inequality:

Y
ih(f 1)1 2f 0.1g01 we) kf, Kya:
I 2f 0;1gd

Gowers uniformity norms can be used to control the averages a (1):

Theorem 5 (generalized von Neumann theorem)For a k-pseudorandom

measure : Zy ! R* and functionsfg;:::;fk 1 : Zy ! R such that
ifi] +1, we have
y1 !

E fix+ih)jx;h22zZy =0 Omiplkfikukl + 0o(1):
|

i=0

Theorem 5 is a nitary analog of (8). The proof uses van der Cput type
argument and the linear form condition.

We call a function f Gowers uniform if kf kyx 1 is small. Theorem 5
shoes/s that if at least one off;'s is Gowers uniform functions, the average
E

:‘Zolfi(x + ih)jx;h 2 Zy is negligible. This is used to arrange (7).

4.2.2 Obstructions to uniformity and dual functions

For a function F : Zy ! R, de ne the dual function of F:
0 1

Y
DF(x)= E@ F(x+!h)jh2zk A

| 2f 0;1gk 1:1 60k 1
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Note that
2k 1

HF;DFi = KFk{ 1: (9)

Hence, if the Gowers norm oF is large,F correlates with its dual function,
and the dual functions provide obstructions to uniformity.
The following two properties of dual functions are used in # proof.

Proposition 6. For a function F : Zy ! R such thatjF| +1, we have
KDFk.: 22" 1+ o(1):
Proposition 6 is deduced from the linear form condition.

Proposition 7. Let | =[ 22;2%]. Given function Fy;:::;F, : Zy ! R
such thatjD F;] 22 and a continuous function : I"! R, we de ne

Then
h 1, i=o0, (D):

Proposition 7 is deduced from the correlation condition usg the Gowers
Cauchy-Schwarz inequality.
4.2.3 -Algebras generated by generalized Bohr sets

Fix "; > 0. Given a functionG : Zy ! | :=[ 22:2%], one de nes a
-algebraB-. (G) on Zy that satis es the following properties:

1. For any -algebraB on Zy,

kG E(GB_B- (G)k: ™ (10)

2. The -algebraB- (G) is generated by at mostO(1=") atoms.

3. If A is any atom of B~ (G), then there exists a continuous function
A .11 [0;1] such that

k(Ia  A(G)( + Dk = 0O(): (11)

In fact, this implies that if G1;:::;G, : Zy ! | and A is an atom
of B~ (G1) _ _ B« (Gy), then there exists a continuous function
a - 1"1 ]0; 1] such that

K(1a A(G1; 111G + )k = On( ): (12)
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Roughly speaking, the -algebraB-. (G) is generated by the level sets of
the function G: the atoms ofB.. (G) areG (["(n+ );"(n+1+ ))),n2Z,
for suitably chosen .

4.3 Structure theorem

Theorem 8 (generalized Koopman{von Neumann structure theorem)Let
be ak-pseudorandom measure anfl : Zy ! R such that0 f . Let
> 0 be a small parameter andN > N (") su ciently large. Then there
exists a -algebraB and an exceptional set 2 B such that

E(1 )= o(1); (13)
k@ 1)E( 1B)k: = o(1); (14)
k@ 1)f E@fjB)ky " (15)

Now setting
fu=(@ 1)f E®fB);fy- =00 1)E(fB);E=1FT

we have decomposition (2) satisfying (3){(7). Note that (3)(6) follow di-
rectly from Theorem 8, and (7) is derived using Theorem 5.

Sketch of the proof of Theorem 8In the proof, we use a parameter ! 0*.
First, we setBy = f; ;Zygand o = ;. Then (13) and (14) obviously
hold. If (15) fails, we set

Fii=(@ 1) E(fiBo));
B1:= Bo_B~ (DFy);

and de ne the exceptional set ; to be the union of the atomsA 2 B; such
that E(1a( + 1)) 122 Then

EQ ,( +1)= O( )
and using (11) and Proposition 7, one shows that
k@ 1 ,)E( 1Bk = O( ¥?):
Continuing this procedure, we construct sequences of furms

Fo:=(1 1, ) E(fiBn 1));
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-algebras
Bn =By 1_B- (DFn);

and exceptional sets , 2 B, satisfying

EL ,( +1))= O ( ); (16)
kA 1 )E( 1Bpki: = O ( ¥): (17)

Note that one can check inductively that

k1 1 )E(fjBn)ki: 1+ Op( ¥2); (18)
jFaj  (1+ One (")) +1): (19)

By (19), (12) and Proposition 7 can be applied at every step tdeduce (17).
It remains to show that after nitely many steps, we get

KFpkgi 1 "2
This follows from the following claim compared with estimag (18) when

is chosen su ciently small.
Claim (energy increment property). If kFnkyx : >" 72, then

k(1 1 n)E(ijn)kEZ > k(1 1, ,)E(fjB, 1)k62 Lo ZLn

Heuristically, the claim follows from the observation thatif F,, is not
Gowers uniform, then by (9) it has a nontrivial correlation wth the dual
function DF,.

Since the contribution of the exceptional sets can be contted using (16),
we sketch the proof assuming that the exceptional sets are ptyn Using that
by (9),

hFn; DFqi = KFoK3, 3 > " 72
and by (10),
hF,;DF, E(DF,jBn)i = O(");

we deduce that

b, E(DF,jBL)i = B E(fjBn 1);E(DF,jBn)i >" 2+ O("):
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In the last inequality, we can replacef by E(f jB,). Then by the Cauchy-
Schwarz inequality and Proposition 6,

KE(fjBn) E(fiBa 1)kiz (2" '+ Opr( ™) >" 12+ O("):

SinceE(fjB,) E(fjB, 1) ? E(fjB, 1), the claim now follows from the
Pythagoras theorem (with an appropriate choice of paramete ). O
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5 Polynomial extensions of van der Waerden's
and Szemeedi's theorems

after V. Bergelson and A Leibman [BL]
A summary written by Michael Johnson

Abstract

We summarize the main ideas of V. Bergelson and A. Leibman's
multidimensional polynomial versions of Szemeedi's andvan der Waer-
den's theorems, emphasizing the use of PET-induction in bdt proofs.

5.1 Introduction

In 1976, H. Furstenberg proved the following ergodic versioof Szemeedi's
theorem.

Theorem 1. [Ful] Let (X; B; ) be a probability space, and I be a measure
preserving transformation ofX . Then for all A 2 B with (A) > 0,

1 X!
liminf — (T "A\ :::\ T "A) > 0
N1 ano

In 1996, V. Bergelson and A. Leibman generalized this resuit following
manner: rst they allowed for polynomial powers on the tranfrmations,
and second, their result deals with a commuting group of invible trans-
formations. We call polynomials that take integer values orthe integers,
integer polynomials

Theorem 2. [BL] Let (X; B; ) be a probability space, lety;:::; T, be com-
muting invertible measure preserving transformations of , let p;; be integer
polynomials satisfyingp;; (0) =0 forall1 i k;1 j |, andletA2B

with  (A) > 0. Then

.. 1 X1k i 1(n) P (n)
lim inf N ( TPV PAY > o

n=0 i=1

By translating Theorem 2 back to combinatorics, we get the flowing
result as a corollary.
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Theorem 3. [BL] Let S Z' have positive upper Banach density, and let

thatu + pi(n)v; 2 Sforalli=1;2;:::;k.

The following topological version of Theorem 2 corresponds the multi-
dimensional polynomial version of Van der Waerden's Theare

Theorem 4. [BL] Let (X;d) be a compact metric spacely;:::; T, be com-
muting homeomorphisms ofX, and p; be integer polynomials satisfying
pij (0) = 0 forall 1 i kil ] I. Then for every" > 0O, there

existsx 2 X such thatd(TP*™ ;- TP My x) < forall i =1;2;:::;k.

In this summary paper, we present the main ideas in the prootd§ Theo-
rem 2 and 4, emphasizing the use of PET-induction in both prds.

5.2 Polynomial Expressions

Expressions of the formr”*(™ ::: TP with eachp; an integer polynomial of
degree less tha are calledpolynomial expressions . We note that prod-
ucts and inverses of polynomial expressions are again palymal expressions.
Thus the set of all polynomial expressions, PE forms a group.

We de ne the degree of a polynomial expressiorT*™ ::: T?™ to be
max,....; deg(@). Its weight is the pair (r;d) where degfr+1) = ::: =
deg() = O but deg(p;) = d 1. We say (;d) > (s;e if r>s orif
r=sandd>e.

Example 5. The polynomial expressio " Tf® 4" T)*+3nT3n*+nT0 has de-
gree 3 and weight(4; 2).

The expressiong ™ : - : TP™ and TE™ ::: 79 are calledequivalent
if they have the same weight and deg¥ ¢) <d.
A nite subset of PE is called asystem. The degree of a system is the
maximal degree of its elements. For a syste® with | transformations and
Nl;l e Nl;D
degreeD, we form the weight matrix :  whereN,q is the the
N1 it Nip
number of equivalence classes h whose weight is  d). We say the weight
matrix M precedes the weight matrixN if for some ¢;d), Mg < N, and
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Example 6. The systemf TP *"T3"; T3 nT0; T TO, TOT2V 2", T4 TI%g

has degree 3 and weight matrix(i) 5 é :

5.3 Theorem 4

where eachg(n) = TP ::: 7P ™ suppose that Theorem 4 holds for

every system whose weight matrix precedées. If we show that Theorem 4
holds for systemP, we are done. As an example, we prove Theorem 4 in the
case wherd = k=1 and py; = n®.

Let (X;d) be a compact metric space and a homeomorphism ofX .
Without loss of generality, we assume thafl is minimal. Let " > 0. We
need to nd x 2 X andn 2 N such that d(T"x;x) <". We will nd a
sequence of pointXo; X1;::: and integersny; ny;::: such that

d(TMm* = ma)®y -x) < "=2 for every |, m2 N with | < m:

Here we state the appropriate PET-induction hypothesis, wbh is the linear
topologial version of van der Waerden's theorem.

Proposition 7. [FW] Let (X;d) be a compact metric space and I8t be a

Since X is compact for somd < m we will have d(Xm;X;) <"=2. Thus
we will have d(TMm* =¥ ma)’y oy )y <

Pick xq arbitrarilyand setn; =landx; = T "“Xo. By continuity, choose
", < "=2 be such thatd(T"y; xo) < "= 2 for everyy for which d(y;x;) <" 1.
Using Proposition 7 (with" = "1=2,p=1,and ¢c=2n3), nd y; 2 X, n, 2
N, such that d(yi; x1) < "1=2 and d(T?""2y,;y,) <" ,=2. Setx, = T “5y1.
Thus we have

d(T"2xp; X1) <" 1=2< "=2

and
AT Mxoixa)  d(T2M"2yp5yn) < o

Thus by choice of’;, we have

d(T(n1+ I’12)2X2; Xo) — d(Tn%T2n1n2+ n%XZ; Tnixl) <"=2:
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Given Xm; Ny, We inductively nd Xm+1;Nm+1. By continuity, choose 0<
"m<"=2suchthatforalll =0;1;:::;m 1, d(TOm*=+na)?y-x) < =2 for
everyy for which d(y; xm) <" 1. Using Proposition 7 (with" = ",=2, p= m,
andg =2(np+:::+ny))and1=0;1;:::;m 1), nd Yy, 2 X, Nm+1 2 N,
such that d(Ym;Xm) < " m=2, and d(T2Mm* =4 ne)ima gy -y ) < " =2 for

=0;:::;m 1. SetXpm+r =T nﬁmym_

d(TAmrEE )t gy )+ (Y Xm) < miforl =05im L
Thus by choice of',,, we have

d(T" Xyaq ; Xm) < "=2

and

5.4 Theorem 2

We now direct our attention to ideas for Theorem 2. The follomg propo-
sition is instrumental in the proof of Theorem 2. We prove it ging PET-
induction.

Proposition 8. [BL] Let : (% B;; ) ! (Y:D;; ) be a weakly mixing
xtension relative to , let = yd (y), letTy; i T2, and letgi(n) =
i T ™ pe such thatg and g (n)g (n) depend nontrivially onn. Then

forany fo;:::;fc2 LY ()

OXTw v oz

lim g (n)f; ( fidy)

N1 . .
n=0 i=1 i=1

=0:
L2()

We use the following version of the "van der Corput" Lemma.

Lemma 9. [Be] Let wp;wy;::: be a bounded sequence in a Hilbert space
(H;hi). If
b( 1

o 1 .
D |Ith|I!Iin N hwp; Whenl =0;
n=0
. 1PN 1
thenlimyi  §  n=o Wn =0.
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Using standard arguments we make the following reductiong-irst we
assume thatp; (0) = 0 for all i;j , and hencef gi(n); :::; a(n)g fofm a system
A. Using the multilinearity of the integral, we also assume tat f;d , =0

foralli =1;:::;k. We must then show
| L X f
im — (N)f; =0:
N N n=0 i=1 Gt L2(0)

Lastly, we assume that our group is a nitely generated freeabelian group
with basis Tq;:::;T,.

Proof. Setw, = Qikzl g (n)f;.
We de ne
% Yo 2w
L(n;h)="h g(mfi; g(n+ h)fii = g(nmfi g(n+h)fid: (1)
i=1 i=1 i=1
Thus by Lemma 9 we need to show,
1 X
D lim lim — L(n;h)=0:
h N1 N -

By reordering the polynomial expressions, we may assume ttar some
g Kk, deggi(n)= :::=deggy(n) =1anddegg(n) 2forq+1 i k.
Thus g(n + h) = g(n)g(h) when i g Fora xed h 2 N, we dene

g(n) = g(n+ h)g *(h)ifand only if i  q (ie degg(n) = 1). Thus we can
write equation (1) as follows:

Z v e e
L(n;h) = g(Mfi aqu(n+ h)f; g (n)f; g(n+ h)f;d
i=1 i=g+l i=qg+l
Z ya s ¥
= g (n)(fi ai(h)fi) g (mf; g(n+ h)g Y(h)(g (h)fi)d
i=1 i=g+l i=qg+l
Z \ko
= & (n)fid

i=1
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wherek®= 2k q, f7 is either f,,, gn(h)fm, or fn  gm(h)f,, for some 1
m k, and g is either g, forsome 1 m k or g,(n+ h)g,*(h) for some
g+1 m k. Inthis way, we order the systemA, = fg:i=1;:::;k%.

note that replacing g;(n) with g(n+ h)g *(h) does not change the family of
equivalence classes. Thugy;, has the same weight matrix asA. Next, we
multiplied each element inA}, by the inverse of an element with the smallest
weight e1(n). Thus, all polynomial expressions that are not equivalento
g1(n) do not change their weights when multiplied byg~'(n). However, those
expressions that are equivalent t@;{n), decrease in weight when multiplied
by g *(n). Thus, the weight matrix for A, precedes that ofA.

We now apply PET-induction. Suppose that Proposition 8 is e for all
systems whose weight matrix precedes that @& (namely A;). Thus

N 1

1 _
UL
n=0
Xy
=lm 5 i G(nfid
n=0 i=2
‘ li L X Y 6 (n)fid
= 7 Iim — i (N)TT
N1t N =0 =2
£ X 3
= filim o 6 ( fid,)d
n=0 i=2
XY z
=lm 56 fid,)d
n=0 i=1
Y Z
fid ,

i=1 L*0)

for h large enough.

If A has degree at least 2, then deg(n) 2 and f7 = f, for some
i k% Thus by assumption onf, the last product is zero. Thus D
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P
limylimyiy & N, L(n;h) = 0. The linear case when A has degree 1,
is done previously in [FW] to prove the linear multidimensioal version of
Szemeedi's Theorem. O

An extension : X ! Y is primitive if = . w Where is compact
relative to . and weakly mixing relative to .

Proposition 10. [FK]If :X I Z is a nontrivial extension, one can nd
homomorphisms : X ! Y and %Y ! Zwith = Osuch thatY is a
nontrivial primitive extension of Z.

Proposition 11. The family of invariant factors which are SZP-systems
have a maximal element.

Thus to prove Theorem 2 we need only check that the property dfeing
a SZP system is preserved under primitive extensions.

Proposition 12. Given a primitive extension : X ! Y ,if Y is SZP, then
SoisX.

Sketch of Proof.We rst break each g;(n) into its compact and weakly mix-
ing parts as follows:g (n) = R)(n)Sg)(n) where Rg)(n) 2 ¢ and Sgy(n) 2

w. Let fRy;:::;R,g be the set of all the compact components dj (n),
i =1;:::;k including the identity. Likewise letfS;;:::; Ssg be the set of all
pairwise distinct weakly mixing components o(n), i =1;:::;k

Itis sucientto nd aset P N with d(P) > 0 (whered is the lower
density) and ¢ > 0 such that

\R; Y(n)S; (A >c

forall n 2 P. To do this we rst use a corollary of Proposition 8 to nd a
subsetP® N such that S *(n)A > c® This would prove the theorem
in the case thatX is weakly mixing relative to'Y .

To deal with the compact portion, we nd a measurable subsef® A
with (A9 > 0 such thatS, *(n)A and R; *(n)S; *(n)A are su ciently close

Lemma 13. [BL] Let f;hq;:::;he 2 L?( ) and " > 0 be such that for
almost ally 2 Y and allR 2 , there existsm 2 f1;:::;Kqg such that
kRf  hynkez ) <". ThenforallB 2D with (B) > O there existsP N
with d(P) > 0, a family of setsB, 2 D, and b > 0 such that, for anyn 2 P,
1 i rl1l | s
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1. (Bn)>Db,
2. §(n)B, B,
3. kRi(M)Si(n)f  §(n)f kyz( ) < 2" for all y 2 By.
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6 Convergence of Conze-Lesigne Averages

after B. Host and B. Kra [5]
A summary written by Tamara Kucherenko

Abstract

For a measure preserving systemX; B; ; T ) we investigate con-
vergence of
1 X!
= Fa(THMf(THM)f 5(T*)
N n=0
We are able to generalize a theorem of Conze and Lesigne andgeide
an alternative proof.

6.1 Introduction

Suppose that K; B; ;T ) is a measure preserving system and 1 is an
integer. Given a collection of bounded measurable functierf;:::;f; 2

ergodic average

1 X4

N f(TH"X)f(T%"x) 1 (T*"x) Q)
n=0

converges and in what sense. The cabe 1, the existence of this limit in
L2( ) is the von Neuman Ergodic Theorem.

A measure preserving transformatiorm : X ! X induces an operator
Ur, on functions in L2( ) de ned by U;f (x) = f(Tx). We simply write T
in place of Ur and henceTf (x) = f(Tx). The measure preserving system
(X; B; ;T ) is assumed to beergodic i.e. the only setsA 2 B such that
T A A have either full or zero measure. This setting su ces for maof
the theorems we consider since a general system can be deams®egd into its
ergodic components.

Wheg, a system is ergodic, fot = 1 the limit of (1) in L2( ) is the

integral , f1d and in particular is constant. On the other hand, without
that assumption andl 2, the limit of (1) is not necessarily constant. For
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example, ifX = T;T: T ! Tisthe rotation Tx = x+ mod 1 for some
2 T;f1(x) = ™ andfy(x) = €™, then f1(T"X)f»(T?"x) = f, }(x) for
all n 2 N. Consequently, the average
1 X!
N f2(T"X)f2(T?"x)
n=0
converges to a nonconstant function.

A factor of (X; B; ;T ) can be de ned in several ways.

(&) a T-invariant sub- -algebraA of B

(b) a measure preserving systemY(A; ;S) and a measurable map
X 1Y such that = andS (x)= T(x) for -almost
all x 2 X

(c) a T-invariant subspaceF of L! ()

The rst two de nitons are equivalent by identifying LA) with a T-
invariant sub- -algebra of A and noting that any T-invariant sub- -algebra
arises in this way. The rst de nition implies the third by setting F =
Lt (A), and the converse is obtained by taking\ to be the -algebra gener-
ated by F -measurable sets.

If (Y;A;;S)is a factor of (X;B; ;T ) andf 2 L?( ), the conditional
expectationE(f jA) of f with respect to A is the orthogonal projection off
onto L?( ).

Taking the rotational behavior into account, the double aveages

1 X!
— T3, T,
N

n=0
can be understood. Furstenberg showed that to prove convergce of the
double averages it su ces to replace each; for i = 1;2 by its conditional
expectation E(f;jZ ) on the Kronecker factor (see de nition in a subsequent
sections). The Kronecker factor is said to beharacteristic for the double
average. Projection to the Kronecker factor does not captarthe limiting
behavior forl 3 (see [3]). Instead, we use a an abelian group extension of
the Kronecker factor.
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6.2 Statement of results

Existence of the limit (1) for | = 3 with the hypothesis of total ergodicity,
meaning that T and all its powers are ergodic, was proven by Conze and
Lesigne (see [1]). Here, convergence is shown directly thgb an alternative
approach. Moreover, the assumption of total ergodicity cahe dropped.

Theorem 1. Let (X; B; ;T ) be a measure preserving system aigl; a,; as
three distinct integers. Suppose thdty;f,;f32 LY (). Then the limit

X 1

lim Ni £ (TR H(T2"X)F 5(TZ"X) 2)
’ n=0

exists inL2( ).

The proof separates into two parts. First, we reduce the praém to study
convergence on a simpler system following the approach ofr&ienberg and
Weiss [4]. The second part shows convergence of that simpsistem an
involves techniques from harmonic analysis.

6.3 Reduction to a simpler system

6.3.1 Characteristic factors

|
1 X 1Y 1 X 1V '
im — f, TAn = E(f, T*jA) =0

N1 N
n=0 i=1 n=0 i=1

in L2( ).

Finding a characteristic factorY for a systemX allows us to restrict
to functions de ned only on Y, and this restriction simpli es computations
whenY has a simple form.

For a double average the characteristic factor is the Kronker factor
which we denote by Z; Z; m;S). Most specically, S:Z ! Z is the rota-
tiondenedby Z = z+ ,andweuse : X ! Z for the natural projection.
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For f 2 L?( ), we write f~the functon onZ de ned by f~ = E(fjz).

Furstenberg and Weiss showed the following (see [4]).

Theorem 3. Let (X; B; ;T ) be a measure preserving system, with notations
as above. Let; b, be integers. Then for anyf;f, 2 L ( ) we have that

1 X!
= f(TR%)f(T™"X)

n=0

exists inL2( ) and equals
Z

fi(z+ b )f2(z+ b )dm( )
z
wherez = (X).
Let Z be the closed subgroup
Z=f(z+ at;z+ at;z+ agt) : z;t2 Zg

of Z3 and let m be its Haar measure. The subgrou@ is invariant under
the transformation S = S* S* S*®, Then Sz = 2 + ~ where ~=
(a1;az2;a3 )

We denote by (X; m; T) the product of the systems K; ;T &) over (Z; m; S).
Now by Theorem 3 forf;f,;f32 L! () we have

1 X 14w Z v
lim — fi(T%"X) dm(x) = f7(z) dm(z)
NN r
n=0 i=1 i=1 (3)
Z v
= fi(Xi) d~(X1; X2; X3)
X =1

6.3.2 Reduction to the isometric extension of the Kronecker

For an ergodic systemX; B; ; T ) with Kronecker factor (Z; ), let(Z;D; 4 T)
denote the maximal isometric extension of4; ) in (X;T).

Theorem 4. (Furstenberg and Weiss [4])2 is a characteristic factor of X
for all schemed a;; a,; a;0.
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Thus in order to prove the existence of (1) ir.?(m), it su ces to show
the convergence for functions de ned on the isometric extsion 2 of Z. We
express the extensio in such a way that the corresponding group extension
X1 = Z L (for suitable metrizable compact groupL) is ergodic. Since it
su ces to prove the convergence for the systenX; we can from now on
assume thatX is itself a group extension of its Kronecker factoZ .

6.3.3 Reduction to an abelian group extension

Following the paper of Furstenberg an Weiss [4] we use the thrg of Mackey
groups to obtain the next theorem.

Theorem 5. (Furstenberg and Weiss [4]). X has a characteristic factor
for all schemesa,; ay; a; that is an abelian group extension of its Kronecker
factor Z.

>From now on we can assume that our systelX is a compact abelian
group extensionX = Z G of its Kronecker with the natural projection
X ! Z given by (z;g) = z. The transformation T on X is given by the
cocycle :Z! G and can be written as

T(z;9)=(Sz;g9+ (2))
For every integern we haveT"(z;g) = (S"z;g+ ™ (z)) where M(z) =
(2)+ (S9)+ (S" 12).

Now, X = Z G2 and the measure +s the productm mg Mg Mg
of Haar measures. The transformatio™ on X is given by

T(Zo 0%k =(2+=01+ ®N(z);m+ ®();mk+ @) ():

Thus, the system K; + T) is a compact abelian group extension oZ{ m; S)
by the group G2, given by the cocycle ~Z !  GS, where ~= (@) (&)

(a3)

6.4 Sketch of the proof of the main theorem

It now su ces to prove the existence of the limit (2) for the madi ed system
described above. By density, it is enough to consider the @svhen the
functions f; are of the form

fi(z;9) = wi(2) i(9)
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fori=1;23andw; 2 L* (m); ;2 Gandx =(z;9).

We denote byM the Mackey group of the cocycle -on Z. The proof
separates into two cases depending on whether or not the cheter ~ =
( 1; 2, 3) belongs toM?. The case ~62M~ is covered by the following
lemma.

Lemma 6. Let the functionsf; = w;(z) ;(g) be given and assume that 62

M?. Then
D(l

im = (TS TR 5(T5) @
’ n=0
exists inL2( ) and equals zero.
For the second case 2 M’ we write
1 X 1y ' e 1 X 1y ‘
N fi(Ta™) = i(g)ﬁ wi(z+ na ) i( ™)(2):
n=0 i=1 i=1 n=0 i=1
First, we show that there exists a continuous mapping 7! (t) from Z
to L?(m) such that

w .
n (2) = i( @"(2):
i=1
Using the Hilbert space Van der Corput lemma we obtain the fldwing
result.

Lemma 7. Let Z be a compact metric space5 : Z ! Z a homomorphism
so thatZ is uniquely ergodic with invariant measuren. Letf : Z 'H  be
a continuous map into a Hilbert spacél. Then, for all z2 Z,
1 X7 2
lim — f(T"z)=  f(u)dm(u)
NI N 7
n=0
in H.
By the lemma and the fact that (Z; S) is uniquely ergodic,
1 X1V Z v
im 5 wiz+na ) i "(2) = (2wi(z + at) dm(t)
N n=0 i=1 Zi=1
in L2(m).
This completes the proof of the main theorem.
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7 Pointwise Ergodic Theorems for Arithmetic
Sets, part 2

after J. Bourgain [1] A summary written by Victor Lie

Abstract

We discuss the Shift model associated to a pointwise Ergodithe-
orem along polynomial iterates

7.1 Introduction

In what follows we will prove the Shift model for the followig two results:

Theorem 1. Let( ;B; ;T ) be a dynamical system and lgtbe a polynomial
with integer coe cients. Given r > 1, there is a constantC so that

ksupjAnfjk, Ckfk;
N 1
holds for allf 2 L"( ; ), whereAy is given by

f TPM:

=1

1
ANfZW
n

Furthermore, the sequencé\yf converges pointwise almost everywhere.

Theorem 2. Let( ;B; ;T ) be adynamical system and lgtbe a polynomial
with real coe cients. For N 1, let

1 X
Anf =S f T be(me;

n=1

If f is any bounded measurable function on, then Ayf converges pointwise
almost everywhere.

It is worth to mention that the second result can also be exteded with
some e ortto L' functions ; we won't treat this extension in this presentatn.
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7.2 The L2 case for Theorem 1

According with the rst part of the presentation (see Andy Yingst),the max-
imal inequality and convergence problem for the averages:

1 X

== f TP
N
n

AnT

=1

with
p(x)= bix + bx?+ i+ lyx¥ B2Z & >0

can be reduced to proving certain inequalities for the Shiftnodel (Z; S).In
the last case , one has :

1 X
Anf =f Ky where Ky = N fp(n)g

n=1

( here  stands for the Dirac measure ak 2 Z )

Now since this is anL? problem involving convolution operators it is natural
to expect that the multiplier theory will play an important r ole;consequently,the
ideea will be to split the Fourier transform of eachK y in well localized pieces
and after that to use maximal and orthogonal methods to estiate each such
piece and combining all these estimates to obtain a globalrtool for our op-
erator.

Following now these lines we write:

Anf = F '[F[KNIFIF]]

whereF stands for the Fourier transform:
Z
F:L%Z)! L*) F@) )= f()e?" d (n)

z

with- 2 ( =[0 ;1])and the canonical measure o .
STEP 1 Obtaining informations about the multiplier F [K ]

Clear for 2 we have:

X

FIGI()= e 2P0

n=1
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Now if b; a’=d’(mod 1) and @;:::; a3 o) = 1 then de ning :

0
Pd jaJ
q©

19212i d

SO = satima)= o e
r=0

Zy

WN():W .

it can be shown that for some = (d) > 0 and °= qd) > 0 and for some

xed we have:
-if9 =a=qstq<N andj g <N % then:

FIKNIC)=S(O)wn( ) + O(N )

e2i f o, by Qgy

- else:
0

JFIKNIC )i - N
Now for = a=q((a;g =1) we have:
iSO a
Also 8 2 the function wy( ) obeys the relations:
jTowa( )i NT & jwy( ). @+ jNe)

( we use the notationA . B for A CB whereC is an absolute constant
independent ofA and B )

STEP 2 BreakingF [K ] into well localized pieces

For s 0, de ne an exhaustion of the rationals in

a

Rs= 2Q\ [0:1]j :q;(a;q):l&zs q< 2t

Now using the notations from the previous step we introduce:

X
sN = SCwn( ) (10C )

2R s

where by we understand a smooth function orR with =1 on |
and =0 outside [ %;2].

With these notations , using the estimates from the step 1 weake the
following result:

1.1
16+ 36)
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Lemmal 1. There exists ; > 0 such that the uniform estimates:

X
FIKnIC) sn() - N
s 0

1

holds.

STEP 3 Combining the estimations on the well localized piesento a global
estimate

- we claim that :

sup jF [ snFfli . s?2 S kfk,

N2Z; 2
whereZ, = 2Xjk=1;2;:: . p
If we believe for the moment this fact , setting n =  sn and using
Lemma 1 we have:

sup jf Ky supjF [ vFf] +
N2Z; 2 N2Z; 2
|
X , 1=2 X
KF [Kn] n K7 kf k, . supjF [ snFf]j + kf k,. kfk,
n2Z1 s=0 %1 2

and due to the positiveness of our maximal operator this wilmply our |2
variant of the theorem 1:

supjf  Kyj . kf Kz
N 12(2)
-returning now at our claim , we want rst to 'cut’ the tiles of . ; for this

we de ne :
X

()= S() (NYC ) @ )
2R s
(with = | 1) considered as function on R ) and remark that we have the
uniform estimate: X
. _ . g0
J sN sNJ - 2
N2Z,
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Therefore , by a square function argument:

SUpJF 1[ S;NFf]j . SupJF 1[~5;NFf]j + 2 sokf k2
N2z, 2 N2Z; 2

Now for N 2 Z; with N¢ 2 let R; be the 2} - neighborhood ofR
.Thus,setting:

X
Flgl=F[f] S() 10(C ) & “wFIf]=F[ g

2R ¢

it follows from the main lemma of this paper ( see section 1.8 the rst part
of this presentation ) that :

supjF [snFfli zgij Flosl r]Ji - (0gjRsj)?kgk,

N2Z, 2 J 2

Now|jRsj < 4°, and from the Step 1 and Parseval we havegk, . 2 ° *kf Ky,
putting these facts together we end the proof of our claim.

7.3 The almost sure convergence of Aynf for f 2 12(2)

From the rst part of the presentation it is enough to prove inthe (Z;S)
setting ,that:
X
kM fk, oJ)kfk,
j=1
with
M;f= sup jf (Kn Ky)j

Nj<N<N j+1
N2Z

whereZ = f(1+ )"jn=1;2::gfor > 0 xed, and N; is any rapidly
increasing sequencel{;+; > 2N; ).

Again the main tool will be the Fourier transform used for a biter localiza-
tion of the kernelKy ; indeed from Lemma 1 we deduce thdt (Ky Ky;)
may be replaced byF [( n; )F f]when de ning M j; xing s it follows
from the claim in the Step 3 that:

X 0
kM ;1 k, JSup F MO w)FFl +Cot2 ki
] I+

S So
N2Z 2
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where the second term will bes(kf k,) for apprpriate sy ( you may think at
So = Jo ) .Thus is su ce to verify our statement for:
Mif= sup jf (wn wy)i
Nj<N<N j+1
N2Z

with wy de ned at the section 2 , step 1.
Now cutting as before the tiles ofv we de ne the auxiliary maximal function:

M= sup jf (e )i
Nj<N<N j+1
where = pqgand = % [0:1] - Now since:
(o )=
M f JFHKEE NN =1;20k,

j=1
it follows from the Part 1 that:

X

hence:
X X X ) B
kM f ks . F f(wn F [ ne]FF] ,t Jl‘zksz
j=1 N2Z
X - -
sup jwn () "(Nd )i?] kf k, + I kf K, . J2kf K,
N2Z

Now using Cauchy-Scwartz we conclude:
XJ
kM fk,. J%*kfk,
j=1

fact that ends our proof.
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7.4 The LP case for Theorem 1

In this section we extend thelL? theory to LP , with p > 1.Since the a.s.
convergence for function$ in LP reduces to bounded functions and hence is
taken care of by theL? result , we need to show only the maximal inequality:

ksupjAnf ik, . kfk;

and only for the shift model ¢;S) .
More than that , due to the good properties of the kernel6K y g our problem
reduces to:

supjf Kxj . kfk

k2Z. P

p
In what follows we will treat only the case 1< p < 2 ; the remaining
range was established earlier in a paper written by the sametar - see [2].
Now for dealing with our problem we will need a much more cargdfanalysis
of our operators and this is because the Fourier multiplierswolved in the
argument need to have good bounds ibP .
Mentaining the previous notations we de ne the following epressions:
-for s a positive integer:Qs =251 & Kgs=fk2Zj4 k< 4*g
-fors® sandk 2Ky, the functions:
X
50 = S o FA—

0 a<Qqo Qso Qs0 Qso

Ehe multiplier  .co will substitute in LP the role played by the expression
.« r2 inthe L2 case ; indeed the former one has a better distribution
of the support with respect to the rational numbers fact thatwill imply a
good control in theL? norm ; more over this multiplier will not lose the good
property of the last expression in approximating thd= (K y ).More exactly we
have:
-if s sandk 2K then jF[Kx]( ) ks )j< 2
-forl<po<p< 2 ksup jF [ ksoF FIiK, - KPky,
The rst estimation is a simple consequence of the propersementioned at
step 1 ( section 2 ) while the second one is obtained by a cargfistudy of
each component of y.co .
A very important intermediate step consists in obtaining tte relation:

050

supjf  Kuxj . skfk,
k2K s p
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where herep > 1 . This is solved by using duality and reducing it to an
L2 problem for which the Fourier transform method is well adagd . With
this done the proof of our result will become smooth making asof the
interpolation betweenLP and L? results obtained in the previous sections .
Indeed we have:
X
supj f Kxj sup F '[( ks kso )FF] +
k s0 K 4s°
X

sup (f Kx) F I wsFf]

s k2K s

Now from the facts mentioned before we have:

sup F 1[( k;s0 k;s© 1)Ff] . kf kpo
k Po

sup (f Kax) F [ sFf] . skik,
k2K ¢

Po
As anounced our aim now is to interpolate the above relationgith some
better L? - estimates ; these last ones are obtained as follows:

X
sup (f Kx) F Y sFf] C 2 kiy

0
k 4s 2 Kk 4s0

X X
sup F I oxFf] F I wsFf] + sup F [ . xFf]

k 4% ¢ ¢ & , mso K 2
where here we have used the lemma 1 . Now only the second ternede
attention : X

k0;s0 rok =
r sO
X X )
S()wa( ) Qo ) (10°( )]
r s 2R,
X X a a a
+ S = wx - Q3 - =)+

q q * q

Qg0 1 a g
q 2s0n1 (a9)=1
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For (1) we have anl! estimate (k 45"):

1) . 4 sup jwu( )j. 2 k2
i >Q.¢

For the second sum one may prove ( using the same arguments lagse pre-
sented in section 2 ) that the maximal function associated t(?) is bounded
in the 12 norm by C2 *".Hence we obtain that:

sup (f Kx) F I FFf] . 2 ®kfk,
k2K's 2

and by substraction :
sup F Y( keo  kso DFF] . 2 Fkfk,
k 4s° )

Now interpolating betweenpy and 2 we obtain forpy < p < 2 and some
p>0:

X
supjf K] sup F (ks ko )FF] +
k p o k 4° b
X X . X
sup (f Kx) F Y wsFf] ., 295 + 2 °<C
s k2K p s0 s

ending our proof .

7.5 The outlines of the Theorem 2

In this section we need to extend the a.s.converges &f,f for polynomials
with real coe cients ( this thing will be done only in the L! - case).
Remember that now:

1 X
Anf = f Toe(me

n=1
whereP(x) = b+ bix+ i+ yx? (by> 0 & d 1) is a polynomial with
real coe cinets and and blc stands for the entire part of .
Now we observe that since we can suppose that at least onebpfhy; :::by
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is not rational ( otherwise we can reduce our problem at the endicussed
before ) the sequence:

fp(n) bp(n)cjn=1;2;:::g

is uniformly distributed in [0; 1] . Now xing > 0 small we de ne the a ne

continuous function = onRby =1on[;1 ]and =0 outside of
[0; 1].With this done we set:
1 XX
Ayf = = (p(n) m)T™f
n=1 m2Z

and from the uniform distribution property we have the pointvise estimation
( N large enough ) :

Kf k,

AT ANf] #f1 n Njdist(p(n);Z)< g 3 kik,

Thus will be suce to show the a.s. convergence foAyf with  xed .
Transferring this problem for the Shift model Z;S) as before , we realize
that the Fourier tranform of the kernel of Ay is given by:

X 1 X -
FIKnIC ) = ~k) N et (kP
k2z n N

Now this expression is very similar with the one appearing ithe section 2
and so using the same techniques as before one can show that:

SUpjANT ] " kf Kk,

nishing our argument .
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8 The Ergodic Theoretical Proof of
Szemeedi's Theorem Il

after H. Furstenberg, Y. Katnelson, and D. Ornstein [1] A sumary
written by Anne E. McCarthy

Abstract

We complete the proof of H. Furstenberg's multiple recurrerce the-
orem, via an analysis of factors of a measure-preserving sgsn. We
prove the existance of a maximal factor satisfying propertySZ, and
that any proper SZ subfactor has a SZ extension.

8.1 Introduction

It is has been established in the preceeding expostion that&needi's The-
orem is equivalent to a statement about multiple recurrencéor measure-
preserving systemsrfi:p:s:) We will complete the proof of this ergodic theory
result:

Theorem 1. Let (X; B; ;T ) be am:p:s;, and A 2 B be set with (A) > O:
Then for any positive integerk there existsn 1, such that

1 N
liminf — (AN T "A\ \ T KA)> O
N1l N

n=1

The validity of this theorem has been established in the tworptotypical
examples of weak mixing systems and compact systems. We hal& seen
that any m:p:s: that is not weak mixing has a compact factor. Therefore, it is
now known that theorem 1 holds for a factor of anyn:p:s: In this exposition
we extend to the full generality of the theorem.

De nition 2.  We say that am:p:s: satis es property SZ if the conclusion
of 1 holds.

We proceed with the proof as follows. For a xedm:p:s;, (X; B; ;T );
we consider the familyF of all factors (X; By; ; T ) that satisfy property SZ,
ordered by inclusion. We will show

1. The family F contains a maximal element.
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2. No proper factor of K; B; ;T ) can be maximal.

These two facts taken together imply that the maximal eleménmust be
(X; B; ; T ) itself. Therefore, the sytem satis es property SZ.

The proof of item 1. is fairly straight forward, and will be pioved in
8.3. To prove item 2. we will need to de ne the notions of aelatively weak
mixing extension andrelatively compactextensions. Using these notions, we
proceed much like we did in showing that theorem 1 holds for e factor.
We prove that a relatively weak mixing extension is "relatie weak mixing of
all orders," and hence SZ. We also show that a relatively corapt extension of
a SZ system is also SZ. To conclude, we show that if an extems{(X; B; ;T )
of a SZ system Y;D; ;S) is not realtively weak mixing, there must be an
intermediate extension that is relatively compact with repect to (Y;D; ;S):
This nal step is analogous to showing that a system that is noveak mixing
has a compact factor.

8.2 Factors

We begin by establishing intuition for a factor of am:p:s, as well as some
useful properties.

8.2.1 skew products

Let (Y;D; ;S) be am:p:s;, and (Z; E; ) be a measure space. Let7! (y)
be a function fromY into measureable transformations orZ, such that
(y;2) 7' (y)(2) is a measureable. We de ne the skew product of with Z
as follows. LetX =Y Z,B=D E ,and = ; and note that

T(y;2)=(S(y); (Y)(2));

preserves measure orX{ B; ): Let :X ! Y be the projection (y;z) =
y: Setting B; = 1D; we can identify (Y;D; ;S) with the factor system
(X; By; ;T ); becuase they are isomorphic as:p:s: Furthermore, a theorem
of Rohklin states that given am:p:s:, any factor can be thought of as existing
within such a skew product.

Although we do not require the full strength of Rohklin's th@rem, we
will discuss one useful consequence. Becau&ds a product space, we are
able to disintegrate the measure . By Fubini's theorem, for any setA 2 B;
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we have Z
(A) = y(A)d (y)

Where , =( ), is @ measure supported on the ber (y): We also
note that our measure preserving transformations respedtis measure in the
sense that (T 'A) = (A):

8.2.2 projecting functions

We will denote X = (X; B; ),andY =(Y;D; ); whereY ' (X; By; ) will
always be thought of as a factor oK in the above sense. Given a function
g2 L?(X); we de ne the L?(Y) function, g conditioned onY ; via
Z
E(giY)(y) = gd,
Ly)
Alternatively, L2(X; B;; ) is a closed subspace df?X. It is equivalent
to de ne E(gjY) as the orthogonal projection ofg 2 L?(X) to E(gjY) 2
L2(X;Bq; ): Viewing L2(X; B;; ) L?(X); we can also view functions on
Y as functions onX as well. We note some useful properties of projected
functions:

E(gfjY)= g E(fjY) if gis Bimeasureable
SE(fjY)= E(TfjY)

8.2.3 ber squares (or relative squares)

Using the skew-product structureX = Y Z, with assignemt (y), we de ne
anewspaceX y X asfollows. LetX=Y Z Z,B=DE E ,and~=
. We de ne the trasformation T(y; z; ) = (S(y); (¥)(2); (¥)(29):
Given the projection :Xg Y, we can also identifyX” = [ yoy 1(y)
fy) X X. Also ~= ~d (y); where y = y; and B is the
restriction of B B to X. We denote this systemX = X y X: In the case
of relative weak mixing and relative compactness with respeto a factor, we
replace the role oiX X with X y X: In this setting, the following identity

will be helpful:
Z vd
f(y;2f (y;0d~(y;z;D = EfjY)%d (y)
X v X Y
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8.3 Maximal SZ Factors
De nition 3. A factor (X; By; ;T ) is said to be Szemeredi (S2) if

1 X
liminf — (A\T "A\ \ T A)>0
N1 N

n=1
forall k2 Z*, and for all A 2 B, with (A) > O:

Recall that for everym:p:s: (X; B; ;T ); there exists a factor K; By; ;T )
that is SZ. Let F denote the family of all factors of K; B; ; T ) that are SZ,
ordered by inclusion. We will show thatF has a maximal element. For
a totally ordered set of factorsB ; the -algebra sup B is characterized
by those A 2 B that satisfy the condition: given any" > 0, there exists
Ap2[ B suchthat (4 (A;AQ) <™

Theorem 4. Let fB g be a totally ordered family of factors, and suppose
fB g F : Thensup B is SZ.

Proof. Fix k > 0 and A 2 sup B with (A) > 0: Set =
A3 2B , suchthat (4 (A;AD) < 3 (A):
Consider the factor K; B ,; ;T )" (Y;Do; ;To); and let A= (A9) 2
Do: A simple calculation shows that (fy 2 AJ&:t: ((A)<1 @) < : (A):
We now de ne the setAq = fy 2 AJS:t: ((A) > 1 : By the previous
comment, we can conclude that (Ap) > % (A):

Because weB | 2 F ; the system (Y;Dy; ; To) is SZ. Therefore,

1
. and

1 X . _
liminf — (Aol T 1A\ \ T HMA)=a>0:
N1t N i=1

We can show that fory 2 Ag\ T 1A\ \ T ¥Ag, we have the inequality,

yAV T IAV A T KAy > %:
R
Since for anyB 2 B we have that (B) T y(B)d (y), we canyise the above
inequality to bound the measure of ( T 'A) below by 2 (' T 1"Ag) >
a=2> 0 O

We now apply Zorn's Lemma toF , to conclude that there is a maximal
factor that is SZ.
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8.4 Relative Weak Mixing

In previous work, we have established that if a system is weakixing it is
SZ. We will now de ne the notion of an extensionX; B; ; T ) being weakly
mixing relative to a factor (Y;D; ;S): The main goal is to show that if an
extension ; B; ;T ) is weakly mixing relative to a SZ factor (Y;B; ;T ),
then the extension is SZ as well.

Let us brie y highlight a few facts about weak mixing systems We say
that (X; B; ;T ) is weak mixing if the product T T is ergodic. This is
equivalent to the statement that for allf;g 2 L! (X; B; );

1 x 2 Z Z )
— fT "gd fd gd N0
N

We say that a system K; B; ;T ) is weak mixing relative to a factor
(Y;D; ;S) if the system X v X; B;+ T) is ergodic. For a weakly mixing
system, we have that for alif;g 2 L (X; B; );

lim Ni E(FfT "giY) E(fjY)S"E(gjY) ’d =0:
n=1
In the case wherg and g are characteristic functions of set®\ and B,
the previous expression can be rewritten as
LN .
N j y(A\' T "B) y(A) v(T "B)j*d ! O
n=1
This says that for a relative weak mixing extension, for mosh andy 2 Y,
the setsA and T "B are independent with respect to ,: Interpret this as
‘relative weak mixing gives weak mixing on the bers." The Hew theorem
can be explained intuitively bt saying that if the base actia of (Y;D; ;S)
is SZ, and the bers are weak mixing, then the whole system isZS

Theorem 5. Let (X; B; ;T ) be a relative weak mixing extension of the sys-
tem (Y;D; ;S): If the action of S on D is SZ, then so is that ofT on X.

The proof follows the structure of the proof that weak mixingsystems
are SZ. We show that relative weak mixing gives a ‘relative ak mixing of
all orders." Much like the weak mixing case, this statementsiestablished
through an inductive argument using two inequalities: onehte condition for
realtive weak mixing of orderk, and another giving strong convergence in
L2; however we now consider functions projected ontd?(Y;D; ):
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8.5 Compact Extensions and Existence

A function f 2 L2(X; B; ) almost periodic relative toY (AP) if for all

> 0 there existg:; O :: 0 2 L2(X; B; ) such that for all j 2 Z we have
infy s niTf Gl ;) < forally 2 Y:The extension K; B; ;T ) is
a compact extensionof (y;D; ;S) if the set of AP functions is dense in
L2(X; B; ).

Theorem 6. Let (X; B; ;T ) be a compact extension ofY;D; ;S): If the
system(Y;D; ;S) is SZ then so is(X; B; ;T ).

Some elements of this proof: Fix a seA 2 B: Since AP functions are
dense, we are able to slightly modify the sef so thatf = 1, is an AP
function. We then remove fromA the bers  I(y) for which (A) < %:
Let A; be the set ofy 2 Y, for which (A) %. This set A; has

(A) > %: Fory 2 A, i/_ve consider the sequence of vectofis (k;f;y) =
(TP 5 TYf)gnez 2 [, L2( ): The fact that f is AP (all Tif close
tog;1l i 9), tells us that this sequence is totally bounded. This bound
edness allows us to nd maximal' -separated sets. We are then able to prove
that the system is SZ using ideas similar to those used in prog that a
compact system is SZ.

The proof of Szemeredi's theorem can now be concluded by édithing
that any proper SZ factor has either a compact extension, omaextension
that is relatively weak mixing. For then we can conclude thathe maximal
SZ factor must be the original system itself. This result isqoved in the last
section, and is similar to the proof that a system that is not wak mixing
has a compact factor.
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9 Multiple recurrence and Szemeedi's theo-
rem

after H. Furstenberg, Y. Katznelson, and D. Ornstein [2]
A summary written by Richard Oberlin

Abstract

In [2] it is shown that Szemekedi's theorem concerning arihmetic
progressions is equivalent to a statement about multiple reurrence of
measure-preserving transformations, and an ergodic theetic proof of
this statement is given. We summarize the rst ve sections of [2].

9.1 Introduction

Let (X; B; ) be a probability measure space, and leT be an invertible
measure-preserving transformation onX; B; ). Recurrence is the notion
that the orbits of T should return close to their initial position. This was
originally shown to occur by Poincae:

Theorem 1. Let A 2 B be a set of positive measure. Then for sonme> 0
(AN T "A)> 0 (1)

The proof of the Poincae recurrence theorem is simple. Sppse that
(1) does not hold for anyn. Then, sinceT is measure pregerving, (T 1A\
T 'A)= (T U DA\ A) =0 for everyd >i. Thus, |, T JA is an
essentially disjoint union and has measure jl=0 (A) = 1 : This contradicts
the fact that is a probability measure.

The following \multiple recurrence” theorem of Furstenbeg generalizes

must exhibit simultaneous recurrence.

Theorem 2. Let (X; B; ) be a probability measure space and I&t be an
invertible measure-preserving transformation orfX; B; ). SupposeA 2 B
has positive measure. Then for every > 0 there exists ann > 0 such that

Koo
T"A >0:
=0
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The proof of Theorem 2 is decidedly more subtle than that of Téorem
1. Indeed, Furstenberg observed that Theorem 2 is equivatdo Szemeedi's
theorem, a deep result in combinatorial number theory.

Let Z: We de ne the upper-density of

UD() :=limsup sup J\ﬂ;
N1 b a=N N

wherej | denotes cardinality. Szemekedi's theorem, proven by Szemdi in
1975, answered a forty year old conjecture of Erdes and Tau.

Theorem 3. Suppose thatUD() > 0. Then contains arbitrarily long
arithmetic progressions.

Furstenberg's observation in 1976 that Theorem 3 is equiait to The-
orem 2 thus proved Theorem 2. However, Furstenberg went muéarther
by giving a direct ergodic theoretic proof of Theorem 2, theby giving a
new proof of Szemeedi's theorem. The method of Furstenbgs proof has
turned out to be exible enough to give certain generalizatins of Theorem
3 which seem to be inaccessible by Szemeedi's method, ande®eedi's
method gives quantitative estimates related to Theorem 3 vith seem to be
inaccessible by Furstenberg's method.

9.2 Theorem 2 implies Theorem 3

Here, we focus on the more di cult half of the equivalence of fieorems 2
and 3.

Let Z with UD() > 0;and letk > 0: We need to nda 2 Z and
b2 Z nf0g such that

fa+ bjgly (2)
Consider the metric on 2, say,
X -
dx;y) = 2! 3)
j2Z : x;8Yy;
and let T be the shift on Z, (Tx); := xj+«1. Let T be the characteristic

function of , and let X be the closure in 2 of f T"t": n 2 Zg: Note that X
is compact (since 2 is compact) andT -invariant.
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We de ne the open subset oKX, A := f! 2 X :1,=1g. Suppose that
for somen> 0 :
K 1
T"A6;: (4)
j=0
Every element of the intersection (4) contains the arithmeét progression
fin gjkzol: Since eachl 1" A is open, the intersection (4) is open, and thus by
density contains some translate off Hence, we obtain (2).

To see (4) from Theorem 2, it remains to nd aT -invariant probability
measure on X such that (A) > 0: Such a measure must exist based on
the assumption thatUD() > O: Indeed, choose> 0 and sequenceka; gjlz1
andfhg',; such that

im(  a)=1 (5)

i1
and each - L
b g
De ne the sequence of Borel probability measures ox

jfl2 [q;lq):T'TZ Egj.
h & '

By the Banach-Alaoglu theorem, the closed unit ball inC(X) is weak-

compact. Additionally, since X is a compact metric spaceC(X) is sepa-

rable and hence the closed unit ball irC(X) with the weak -topology is

metrizable. Thus, some subsequence bf,-gjlz1 converges to a probability

measure on X (Alternately, one may use a simple diagonalization argumén

in conjunction with the separability of C(X).). From (6), we see that each
i(A)> and hence (A) : From (5), we see that is T-invariant.

i(E) =

9.3 Beginning the proof of Theorem 2

Associated to each measure-preserving systei; B; ; T ) is the unitary op-
erator U on L2(X; B; ) given by Uf (x) := f(T(x)): We rst consider Theo-
rem 2 under the assumption that the spectral behavor df lies on either of
two extreme ends, and later we treat the cases in between.
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9.3.1 Weak-mixing systems

For certain types of measure-preserving systems, we mayestgthen the con-
clusion of Theorem 1. If K; B; ;T ) is ergodic, it follows from a weak form
of the mean ergodic theorem that for anyA; A1 2 B

o X
lim N (Ao\ T "A1) = (Ao) (Ay): (7)

N1
n=1

In fact it is easily seen that this only holds when X; B; ;T ) is ergodic.
If we make the stronger assumption that the product systemX X; B

B; ;T T)is ergodic, then (; B; ;T ) is said to beweak-mixing and
we nd that for every Ag; A1 2B
X .
Jmo T (Aol T A (Ad) (Ag)j=0: (8)
’ n=1

Again, if (8) holds for every Ag; A1 2 B, then (X; B; ; T ) must be weak-
mixing. Additionally, it is well known that ( X; B; ; T ) is weak-mixing if and
only if the unitary operator induced by T has absolutely continuous spectrum
except for the eigenspace of constant functions (see [3]).

A measure-preserving systemX B; ;T ) is said to be \weak-mixing of

1 X k1 0 N1
lim — T I Aj (AJ) = VU (9)
' n=1 j=0 j=0
Theorem 4. Every weak-mixing system is weak-mixing of all orders.

Thus, for weak-mixing systems we obtain a stronger form of Horem 2.

Let X =27, B the Borel -algebra with respect to (3), the product over
Z of the probability measure orf 0; 1g: ~(f0g) = ~(f 1g) = % and letT be the
shift as in Section 9.2. This system is a Bernoulli system. B®ulli systems
are weak-mixing and one may verify directly that they are wdamixing of
all orders.

9.3.2 Compact systems

If TP is the identity for somep > 0 then T is said to be periodic and Theorem
2 is a triviality. If T is \almost periodic" for every f 2 L2(X;B; ), i.e. if
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the set of orbits off , ff; Tf; T 2f;:::g, has compact closure irL?, then the
system (X; B; ;T ) is said to becompact

A system is compact if and only if the unitary operator inducd by T
has discrete spectrum, and it is in this way that compact sysins are the
opposite of weak-mixing systems.

Theorem 5. Suppose(X; B; ;T ) is compact. Then for everyk > 0 and
every setA 2 B of positive measure
1 X K1
liminf — T"A >0
Nz N _
n=1 j=0

Thus, we obtain a stronger (though not as strong as (9)) vexsn of Theo-
rem 2 for compact systems (and in fact this is the version thatill be proven
for general systems).

The class of compact systems is exempli ed by the system ofdtional
rotations of the circle. Let X be the circle, represented by the reals modulo
the integersR=Z, with Lebesgue measure and the collection of Borel subsets
of X, B. We setT(x) := x+ where 2 Ris xed (and irrational if one
wants to avoid a trivial periodic system).

Let A 2 B be a set of positive measure, ankl> 0: Since the convolution

A A Is continuous, we may nd > O such that (A\ (A + x)) >
(A) % whenjxj < : In particular, this implies that
K1 |
(A+ijx) >0 (20)
j=0
whenjxj < :

It is well known (see for example [4], page 302) that for any pibive

integer n, we may nd a rational number £ with b n and

a 1

b bn+1)
1

Choosing 7 < ; we see thatT bis the rotation y ! y+ x wherejxj <
Hence, from (10) we obtain

K 1 |

T PA >0
j=0
and thus Theorem 2 holds forX; B; ;T ):
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9.3.3 Weak-mixing and compact factors

Given a measure-preserving systenX(B; ;T ), supposeB; B is a non-
trivial T-invariant -algebra. Then we may form the new measure-preserving
system (X; By; ;T ). Such a system is referred to as factor of (X; B; ;T ).
Although we are still far from proving Theorem 2 for arbitray measure-
preserving systems, the following theorem, when combinedtiwTheorems 4
and 5, shows that Theorem 2 at least holds for a factor of evermeasure-
preserving system.

Theorem 6. A system(X; B; ;T ) is weak-mixing if and only if it has no
nontrivial compact factors

Sketch of proof.Suppose X; B; ;T ) is not weak-mixing. Then, there is a
nonconstant B-measurable eigenfunctior 1of T with eigenvalue . SinceT

is unitary, j j =1. The orbit closurefT"f g,_, is isomorphic tof "g _,, and

hence is compact. One may verify that iy is Bo-measurable, wherd, is the

smallest -algebra such thatf is Bo-measurables therf T"gg,_, is compact.
Letting B, be the smallest -algebra containing Lo T "Bo; we see thatB,

is T-invariant and (X; By; ;T ) is a compact system.

If (X;B; ;T ) has a compact factor, then we may choos& 2 B with
0< (A)< 1suchthatfTn Agizo has compact closure. This implies that
K a 1 iak 2 may be taken arbitrarily small for a set ofj 's with positive
density. Thus we may not have (8) withA; = A; = A. O
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10 Entropy of Convolutions on the Circle, |

after E. Lindenstrauss, D. Meiri and Y. Peres [5]
A summary written by Robert C. Rhoades

Abstract

We begin with a brief introduction to the main theorems of [5]. Our
discussion focuses on the connections of this work with préaus works
of Furstenberg, Lyons, Johnson, Rudolph, and Host. The stating
point is Furstenberg's paper [1].

10.1 Furstenberg's Conjecture
Lindenstrauss, Meiri, and Peres write

Let p 2 be any integer p need not be prime), andT = R=Z
the 1-torus. Denote by , the p-to-one mapx 7! px (mod 1).
The pair (T; p) is a dynamical system that has additional struc-
ture: T is a commutative group (with the group operation being
addition mod 1), and | is an endomorphism of it. Even in such
a simple system, the interaction between the dynamics and ¢h
algebraic structure ofT can be quite subtle; the present work con-
tinues the study of this interaction, inspired by the fundanental
work of Furstenberg [1].

Furstenberg [1] gave the following very general conjectuebout the connec-
tion between the group theoretic structure and the dynamicsf the system.

Conjecture 2 (Furstenberg's Conjecture, [1]) The only ergodic invariant
measures for the semi-group of circle endomorphisms gertecaby , and |
for p and g multiplicatively independent (i.e.logp=logq 62Q, that is p and q
are not integral powers of a single integer) are Lebesque reege, and atomic
measures concentrated on periodic orbits.

This problem was out of the reach of Furstenberg, however heasgable to
prove the corresponding topological result. We say a s&t T is n-invariant
if forall x 2 X, nx (mod 1) 2 X. Then the corresponding topological result
is:

Theorem 1. Any in nite closed set in T, invariant under multiplication by
two multiplicatively independent integerg and g must be all ofT.
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The original conjecture has had a long history and as statedave is still
open. The strongest result is due to Johnson [2], who assunie tadditional
condition that has positive entropy.

A similar problem that has been studied more recently, and iperhaps
more general, is the one where the measureis assumed to be ,-invariant
and we study the action of ., on for some sequencéc,g. This problem
is perhaps most closely related to the conjecture of Furstieerg in the case
wherec, = (". This particular case was studied by Host [3].

One variation of the problem, which seems to be the simplesb tonsider
is to investigate

1 X4
il .
N n=0
In the paper of Host [3], the following theorem is obtained

Theorem 2 (Host, [3]). Let p;q > 1 and relatively prime integers. Let
be a Borel measure on the toru$, invariant under ,, ergodic with positive
entropy, then

1 X!

qn
N n=0

in the weak* topology.

This yields the following de nition: Let fc,g be a sequence of integers,
then a measure of T is f ¢c,g-generic if

1 X!
il .
N n=0
in the weak* topology.
In fact, Host proves a much stronger result. De ne a sequenceeasure
of T to bef c,g-normal if f ¢;x (mod 1)gis uniformly distributed for -almost
everyx 2 T. Then Host proves the following

Theorem 3 (Host, [3]). Let p;g > 1 be relatively prime integers. If is
a Borel measure on the torus, invariant under ,, and ergodic with positive
entropy, then is fg"g-normal.
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By Weyl's criterion this result is equivalent to the fact tha for all a 2
Z nf0g,
1 X!
— e(ad'x)! 0 a.e;
N n=0
wheree(x) = €™ . In turn, this condition implies that is f q"g-generic.
To show how we can then deduce that = , when 4 = , and thus ob-
tain the original desired result of Furstenberg, we apply th following lemma
due to Johnson and Rudolph:

Lemma 4 (Johnson and Rudolph [4]) Suppose that; i; »; are invari-
ant measures under ,, and that is ergodic. Suppose also that

1 X

N1 n

N n=1
in the weak* topology. Then there exists a zero-density set N such that
n! (weakly) asn!1 for n 62].

This line of reasoning shows how Furstenberg's original gecture is the
weakest in a string of results about the interaction betweealgebraic struc-
ture of T and the dynamics onT. From here on out we will focus our
attention not on Frustenberg's conjecture but on the other esults that are
more general and stronger.

10.2 Uniform Distribution and f chg-genericity

We have seen that via Weyl's criterion we can move from a uniim distribu-
tion result about a measure and a sequencéc,g to a result about the \on
average" behavior of , . This approach was originally due to Host [3]. His
approach leads naturally to the de nition of the p-adic collision exponent:
Given an integer-sequencéc,g and an integerp > 1, we de ne the p-adic
collision exponent of the sequence as

. logjff0 k;"<p":c ¢ (mod p")g]
f =limsu :
o(feng) ne p nlogp

Remark 5. Sincek = " is allowed we know that we will always hade
o(fcng) 2
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Meiri greatly generalized Host's result by proving the fotlwing theorem

Theorem 6 (Meiri [6], Proposition 2.2 [5]) Fix an integer p > 1 and a
sequencd ¢,g with p-adic collision exponenk 2. Then there exists a constant
ho < logp such that everyp-invariant and ergodic measure with h(; ) >
hg is fc,g-normal. In particular, is f c,g-generic.

The condition on the p-adic collision exponent does not seem too strict.
However, in contrast, the positive entropy condition seent® play an impor-
tant role in this theorem. Having a large entropy means thatlie measure
is not structured. (Is the positive entropy here analogousot the positive
upper-density in Szemeredi's theorem?)

10.3 The Role of Entropy

The role of positive entropy seems to be an important one. THeg idea from
the paper [5] is to take a measure that does not have large egbuentropy
and some how create a new measure with greater entropy whiclillvinave
large enough entropy to have the desirefic,g-generic property. Then show
that the new measure having this property implies that the @ one had this
property. This is the basic idea of the bootstrap.

The idea is that convolution will help us create new measurdbat have
increased entropy. Theorem 1 of [5] suggests that convoluti may be a
helpful tool in this problem.

Theorem 7 (Theorem 1.1 [5]) Let f ;g be a sequence gé-invariant and
ergodic measures off whose normalized basp-entropiesh; = h( ;; ,)=logp
satisfy

s h
_, loghij ~
Then
h( 1 n; p)! logp
monotonically asn!'1 . In particular, nl weak* and in the

d metric (with respect to the basgy partition).
Convolution also has the following property

Proposition 8 (Proposition 2.4 [5]) An invariant measure is f c,g-generic
if and only if is f c,g-generic.
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Remark 9. This proposition deals withf c,g-generic notf c,g-normal. This
is the reason why Theorem 1.4 of [5] is abottc,g-generic and notf c,g-
normal.

With all this in mind we state the Bootstrap Lemma:

Theorem 10 (The Bootstrap Lemma, Theorem 1.7 [5]) Suppose thaC is
a class ofp-invariant measures onT with the following properties:

1. If is p-invariant and ergodic and 2C,then 2C.

2. If is p-invariant and almost every ergodic component of is in C,
then 2C.

3. There exists some constartty < logp such that everyp-invariant and
ergodic measure with h(; ) >hgisin C

Then C contains all p-invariant ergodic measures with positive entropy.

Now we can get back to proving the type of ¢,g-generic results that we
are looking for:

Theorem 11 (Theorem 1.4 [5]) Let f c,g be a sequence witp-adic collision
exponent< 2, for somep > 1. Then any p-invariant ergodic measure on
T with positive entropy isf c,g-generic.

Proof. The proof follows from the Bootstapping Lemma withC being the
class off ¢,g-generic measures wherkec, g has p-adic collision exponent less
than 2. We apply Theorems 6 and 8 to check the rst and third coditions in
the Bootstrapping Lemma. All that remains is verify that if is p-invariant
and almost every ergodic component of is fc,g-generic then is fc,g-
generic. O

In fact, with a modi ed version of the Bootstrap Lemma it is pasible to
give a strengthened version of this theorem. Fd« 2 Z nf0g, de ne

b( 1
N n=0 e(kepx):

k
g’

With these functionsf c,g-generic is equivalent to
Z
gl(\lk)(x)d IO

The following slightly stronger version of Theorem 11 is ohtned as well:
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Theorem 12 (Theorem 1.5 [5]) Under the same conditions as Theorem 11,
is f c,g-normal in probability. Equivalently
Z

g (j2d 10O

asN!1 forké6DO.

This nishes the summary of the relation of the results in [5]}to the
conjecture of Furstenberg as well as results of Lyons, Jolams Ruldolph and
Host. In the talks | will give on this paper | will present somebackground
on topics such as Hausdor dimension, Entropy, and their raktionship with
one-another. | will also give in detail the proofs of Theoresn10 and 11. Time
permitting | will nish with some discussion of examples andpen questions
related to [5].
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11 Entropy of convolutions on the circle

after Elon Lindenstrauss, David Meiri and Yuval Peres [3]
A summary written by Shuanglin Shao

Abstract

Given ergodic p-invariant measuresf ;g on the torus T = R=Z,
we give a sharp condition on their entropies, guanranteeinghat the
entropy of the convolution ; n converges to logp. we also
prove a variant of this result for joinings of full entropy on TN. We
also obtain the following corollary concerning the Hausdordimension
of sum sets: For any sequenceS;g of p-invariant closed subsets ofT,
if  dimg(S))3logdimy(S))j=1,thendimy(S;+ +Sp)! 1

11.1 Introduction

Let p 2 be any integerp need not to be prime), andT = R=Z the 1-torus.

Denote by , the p-to-one mapx 7! px(mod1). The pair (T; ) is a dynam-
ical system that has additional structure: T is a commutative group(with

the group operation being addition mod 1), and , is an endormorphism of
it. Inspired by the fundamental work of Furstenberg([2]), he present work
continues the study of the intersection between the dynanscand the alge-
braic structure of T. Say that a measure on T is p-invariant if , =

where for every selA T

(p )A)= (A

(Al measures we consider are Borel probability measure).ebegue measure
onT, denoted by , has entropy logp with respect to the ,, and is the unique
p-invariant measure of maximal entropy. Given twop-invariant measures
and , the group structure of T naturally yields another p-invariant measure-
the convolution . Our main results, Theorem 1 and Theorem 4, concern
the entropy growth for convolutions ofp-invariant measures and their ergodic
components. These results have applications to the Hausdalimension of
sum sets and to genericity of the orbits of measures with ptise entropy
under multiplication by certain integer sequences.
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Theorem 1 (The Convolution theorem). Letf ;g be a sequence @kinvariant
and ergodic measures o whose normalized basgentropiesh; = h( i; ,)=logp
satisfy

b3 h,

_, jloghij

=1: (1)
Then
h( 1 n; p) ! logp; monotonically; as n!l

In particular, 1 n ! weak*.

It is relatively easy to see that under hypotheses of theorem; n!

weak*. This means that
Z Z

f(x)d 1 S fd

for all continuous f, and gives very little information on the dynamics of

1 n. The entropy condition in Eheorem 1is sharp: if h;gis a sequence
of numbers in the range (P1) with  h;j5jlogh;j < 1 , then there exists a
sequence of-invariant ergodic measure$ g, such thath; = h( ;; ,)=logp,
yet 1 » doesn't converge to Lebesgue measureeven in the weak*
topology. The convolution theorem has implications for Hagdor dimension
of sum sets:

Corollary 2. Let fSjg be a sequence gfinvariant closed subsets of, and
suppose that

X dimu(S)  _

_, Jlogdimy (S)]

Then dimy (S, + +S,)! 1

Is the dimension condition of Theorem 2 sharp Bs well?  specally,
given a sequence of numbers € d; < 1 such that dFlogdjj < 1,
can one always ndp-invariant closed subsetss; T with dimy S; = d; and
limdimy (S, + +S)! <1? Currgntly we can construct sets satisfying
the desired conclusion, but only when d;5logd;j is small enough.

Theorem 3. Letf ;g-; be a sequence gf-invariant and ergodic measures
on T such thatinf; h( ;; ,) > 0. Suppose that~ is a joining of full entropy
off ;g Dene ":TN! Thy "(X)=x;+ + Xp(mod1). Then
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h( "+ p)! logp; monotonically; as n!1l

Theorem 3 is not valid under the weaker entropy assumptiong ®heorem
1. Indeed, it is possible to nd a joining of full entropy ~with entropies
satisfying (1), such that "~ doesn't even converge weak* to.

Theorem 4. Letf ;g-; be a sequence gf-invariant and ergodic measures
on T such thatinf; h( i; p) > 0. Let fS;g be a sequence of Borel sets of
and suppose that {(S;) > Oforall i 1. Then dimy (S, + +S,)! 1

This summary is organized as follows and we will list the maitheorems
in each section for convenience. In Section 11.2, we use tlo&rection be-
tween entropy of measures and Hausdor dimension, to derivEheorem 2
and Theorem 4 from the results about convolutions of measweln Section
11.3-11.5, we prove our main results, Theorem 1 and Theorem &ection
11.3 contains results about nite cyclic groups which are ocial to the proof
of the convolution theorems. Lemma 7 and Lemma 8 study conwublons
of measures on a nite cyclic group and contain one key idea the proof,
namely that the convolution of a sequence of measures on ataicyclic group
of order N (we shall useN = p*) tends to be invariant under a subgroup that
will typically rather large (in the cases we will be interestd in, this subgroup
will be of order approximatelyp® for some 0< < 1). Lemma 9 shows that
if a measure onZ=pZ is almost invariant under a subgroup of size* , the
distribution of the k high order digits is nearly uniform. In section 11.4 we
begin to show how convolutions of measures @¥p‘Z relate to convolutions
of measures orT, where we get measures ah=p‘Z from measures oril by
considering the conditional distributional of the rst k digits in the basep
expansion ofx 2 T, given the rest digits. In section 11.5 we continue this
approach and prove Theorem 1. The basic argument is that if &t if the
entropy of mu, n is almost

suph( 1 Ns p);

N2N
then for any k 1 the distribution of the rst k digits of x given the rest
of the digits (chosen according to ; n) must be nearly invariant
under a subgroupG 2 Z=pZ of sizepX -for if it was not, then the entropy
of mu, n can signi cantly increase by further convolutions. Using
Lemma 9, this implies that the rst k digits of x are distributed nearly
uniformly. Sincek is arbitrary, we it follows that h( ; ns p) W logp.
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11.2 Dimension of sum sets
For any any measure , let

dim =inffdimy Sj Sis a Borel set with (S)=1¢: (2)
De ne the lower dimensionof

dim =inffdimy Sj S is a Borel set with (S) > Og: (3)

Lemma 5 (Billingsley). Let be a positive nite measure onT. Assume
K T is a Borel set satisfying (K) > 0 and

K f x2T:liminf 29 [B X1
o log
Then dimy K . If the liminf is a. e. , thendimy K =

In [4], Meiri and Peres proved that dim = ess-supdim in a more
general context. We have the equivalent statement for lowetimension.

Theorem 6. Let bg ap-invariant measure onT, and denote its ergodic
decomposition by = d . Thendim = ess-inf dim

11.3 Uniform distribution on subgroups

The following lemmas are the key to prove Theorem 1.

Lemma 7. LetfX,gbe an in nite sequence of independent random variables
with values inZy = Z=NZ, for some xed integerN > 1. Suppose that for
some non-zeray 2 Zy,

X X1
minf P(X; = x);P(X; = x+ g)g=1: (4)
j=1 x=0

Let S, = X1+ + X, (modN). Then for any x 2 Zy,

lim (P(Sh = x+9) P(S,=x)=0: (5)
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Lemma 8. LetfX,gbe an in nite sequence of independent random variables
with values inZy = Z=NZ, for some xed integerN > 1. Suppose that there
exists a subgroups  Zy, generated byg;;:::; g, such that (4) holds for
0=01;:::;G. let S, = X1+ + X, (modN), and let S, mod G denote
the projection of S, to Zy=G. Then

EH (ShjS, modG) ! logjG;:

Lemma 9. LetY be anZy-valued random variable. Let G be a subgroup of
Zy, and suppose thah satises p” | Gj. Then

H( 2(Y)) H(YjY modG)= H(Y) H(Y modG):

11.4 Entropy and subgroups

Proposition 10. Let ; be twop-invariant measures, andG a subgroup of
Z=pZ for somek 2 N. Then

EH (Xlz::k mOdeXk+1:::1 ) EH (Xl:::k mOdijk+1:::1 )

Corollary 11. letf ;g be a sequence gf-invariant measures, and denote
~= i. Suppose thaG is a subgroup oZ=pZ for somek 2 N. Then

EH ~( :rL]:::k mOde lr<]+1:::1 )
iS monotone nondecreasing im.

Lemma 12. Let be a measure orT, and suppose thaG  Z=pZ is a
group of size p'. Then
Z

H( 1:::I) (l 1) |09p |OgJGJ + H( 1:::kj 1k mOdG — k+1:2 )d

11.5 The convolution theorem

Lemma 13. LetG Z,, and suppose that and are non-atomic measures
onT. Then

El( ) El( )= Elg( ) Elg():
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Lemma 14. Letf ,g be a sequence of probability measures ®nand form
the product measure~ = i. Suppose that for some xed numbek,

R .
E l(H i(X:(Jt:(+lIZIl )) =1: (6)
i=1
Then for ~almost everyt 2 TN there exists a groupGy(t) Z" such that
Ele,( 1 n) ! ElogjGk(t)j: (7)
Furthermore, jG(t)] p* a. e. , wherep is the smallest prime factor op.
Lemma 15. Under the assumptions of Lemma 14, de ne

1

hk = SUp kEH 1 n (Xli::ijk+1:::1 ): (8)
n
Forany m, if tEH | | (XpxjXks1:1) >hy  then
H 1 m (tl:::l) (I 1) |ng (k + 1) ; (9)

Wherel = I(k) = xk!9Ey

logp
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12 Bourgain's Entropy Estimates

after J. Bourgain [2]
A summary written by John T. Workman

Abstract

It is shown that if certain sequences of operators $,) converge
almost surely on somelLP, then there is a uniform estimate on the
L2-entropy of fSpf : n 2 Ng for all f in the L2-unit ball. This shows
that there are bounded functions for which Bellow's average do not
converge almost surely.

12.1 Preliminaries

Let (X; ) be a probability space. Let {;);2n be a sequence of linear opera-
tors from the X -measurable functions to theX -measurable functions satis-
fying: T, : L*( )! L*( ) are bounded;T; : L?( )! L?( ) are isometries;
T; are positive, i.e., iff 0Oa.s.[]thenT;(f) Oas.[], andT;(1)=1.
Also, assume theT; satisfy a mean ergodic condition. Namely, for every
1 p<1
1 X z
3 Tif ! f(x) (dx) in LP( )-norm, for all f 2 LP( ):
j=1 X
Let (Sh)n2n be another sequence of linear operators satisfyigg : L2( ) !
L2( ) with kSq(f )kpz(y k fkiz(y, andT;S, = ST, for all j;n. With these
hypotheses, we gain the following results of Bellow and Jan{l].

Lemma 1. Suppose that forsomé& p< 1, S,f converges a.s.[] for all

f 2 LP( ). Then, there is a nite-valued functionC( ), for > 0, so that
n 0

supjS,fj C() >1
n

for everyf 2 L (), kf ko) 1.

Lemma 2. SupposeS,f converges a.s.[[forall f 2 L! (). Then, there is
a nite-valued function (),for > O,sothat ()! Oas ! Oand
Z

supjSpfjd < ()
X n
wheneverkf ki : ()  landkf ki )<
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The theory of normal random variables and Gaussian processplays a
pivotal role in the proofs of both entropy results. Let ( ;P) be another
probability space. Recall, a random variablg on is normal (or Gaussian)
with mean m and variance ? if it has the distribution function

(! m)?
2 2

1
f()= pﬁexp

A normal random variable with mean 0 and variance 1 is called standard
normal random variable.

Let T be a countable indexing set. A stochastic prlgces@t(: t2T)is
called a Gaussian process if all nite linear combinations , a,G; are normal
random variables, and eacl; has mean 0. We de ne a pseudo-metric oh
by dz(s;t) = KGs Giki2(p). Denote the entropy number ofl by N(T; dg; ),
the minimal number of -balls, underdg, needed to coveiT. The following
fundamental result is Sudakov's inequality.

Theorem 3. There is a constantR > 0 such that if (G; :t 2 T) is a
Gaussian process, then

p
sup  logN(T;ds; ) R supjGij
>0 t2T L1(P)

12.2 The First Entropy Result

For > Oandf 2 L2( ), let N;( ) be the -entropy number of the set
fSaf :n 2 Ngin L?( ), i.e., the minimum number of -balls in L?( ) needed
to cover fS,f : n 2 Ng. The following theorem is the rst of Bourgain's
entropy results.

Theorem 4. Suppose that for somd p < 1, S,f converges a.s.[] for
all f 2 LP( ). Then, there existsC > 0 such that (logN;( ))*? C for
all > Oandkfk.z ) 1

We give a brief idea of the proof. Letg );.n be a sequence of independent
standard normal random variables on (; P). As (X; )is a probability space,
L'( ) L9 )whenr<g. So, assume without loss of generality thgy 2.
Fix f 2 L?( ), kfkzy 1. AsL! () is dense inL?( ), we may also
assumef 2 L1 ().
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For M 2 N, denoteM = f1;2;:::;Mg, and de ne a pseudo-metric orN
by di (n;n95= kSaf  Snof ki2( . Note, sugy N(M;ds; )= N¢( ). Fix M.
AsJ 1 T(f?) 'k f?keiy = kfkZ, y  1in LP?( )-norm (because
p 2), choosel so large that
1 X 2 .
7T 2 ®
LP=2( )
P
For each pairn;n® M, J *° Tj((Sif Spf)?) 'k Spf  Saf ki =
d: (n;n%2 in LY( )-norm, and thus in probability. So, also choose big
enough that
( ) )
0_— 1 X 2 o 1 . .n0o N1
X0= 3 T, (Saf  Spof) édf (n;nY for all n;n°2 M

has large probability. De ne F(x;! )= J %2 P le g (1)T;f(x).

Let F (x;!) =sup, miSnF(x;!)j. From Lemma 1, (1), and some gen-
eral probability results, there is a \universal" constantR° (independent off ,
M, and J) such that

Z

X%= x2X: F(x!)P() R°

has large enough -probability, so that (X°\ X% > 0. Fix x 2 X%\ X%
De ne a Gaussian process b, (! )= SpF(X;! ) =3 ¥ g (!)T;Sf (X).
By Sudakov's inequality and asx 2 X 9

Z

sup (logN(M;dg; ) R supjGy(!)jP(d!)
>0 7 n2M

=R F (x;!)P(d') RR®

On the other hand, asx 2 X°

1 X R |
ds(in)= 3 Ti(Sf  Suf)*(X) Sdr (n;nY;
where the equality follows from a simple result on normal ralom variables
and the properties of ;). Thus, N(M;d¢; ) N(M;dg; =2) for all ,
so that (logN(M;d;; ))¥ 2RR®=: C. Taking the supremum overM,
(logN¢ ( ))¥? Cforall > O.
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12.3 The Second Entropy Result

Theorem 5. SupposeS,f converges a.s.[] forall f 2 Lt (). Then, there
exists a nite-valued functionC( ), for > 0, such thatN¢( ) C( ) for
all > 0andkfk, 1.

The proof is by contradiction. Suppose there is some> 0 such that
N ( ) is unbounded over theL?( ) unit ball. Fix K 2 N, K > 1. Then,
there is somef 2 L', kfk.z(y 1 such thatN¢( ) > K. In particular,
there is a subset N with jlIj = K (cardinality) and kS,f  Spof k 2( ) >
foralln6 n°2 1.

Like in the previous proof, we must choose arpapproprlatelgarlgeJ but
we suppress those details. De n&(x;! )= J 2 7, g (!)T;f (x). Write
F(x;t)="(x!)+ H(x;!) where

COGH) = FOGY) Ry 6P logrg  and
HGE) = FOG) gir ) 6° egKg:
Much like the rst proof, here we must show that three sets (in) have
su ciently large probability, so that there is some 1~ in all three sets. This is

done by takingJ large enough initially, an application of Sudakov's inequa
ity, and more results in probability theory. This gives™ 2 such that
z

suijnH(x Mj (dx) ¢ (2)
z X nz
SUpjSyF (x; 1) (d%) c2(logK )™ (3)
X n2 7
 6T)j (dx) o cs (4)
X
for universal constantsc;; ¢,; cz. By (2) and (3) we see
Z
supjSy' (1) (dx) c(logK)*™? ¢y (5)
X |

Dene «(X) g f(logK) ¥ (x;T). Simply by construction, we have
j ki 1.By(5), ysupjSy k(X)j (dx) =6 ci(logK) =6. Finally,
by (4), we seek « (X)ki1() cs(logK) ¥2=6. AsK 2 N;K > 1 was
arbitrary, we can create a sequencey satisfying these three conditions.
However, cs(logK) 2=6! 0, whilec,=6 c¢;(logK) ¥=6 ¢,=12> 0 for
large K. This contradicts Lemma 2, and completes the proof.

90



12.4 Application: Bellow's Averages

Let T = R=Z. Then, a functionf : R! C with period 1 can be viewed as
a function on T. Let m be Lebesgue measure, and consider the probability
space ;m). Let (g) be any non-zero sequence of real numbers which
converge to 0. For functiond : T ! C, consider the operators

1 X
Snf(x)—ﬁ f(x+ a):

j=1

Bellow asked whetherS,f converges tof a.s.n] for all f 2 L!(m). The

answer to this turns out to be no. In fact, it is not even true fo all f 2

L? (m). We prove this using the second entropy criterion. First, @ need the
following result.

Lemma 6. Let (g5) be a sequence of non-zero real numbers converging to
0. Then, given anyr 2 N, there exist integers); < J, <:::<J, satisfying
the following: if =( 4;:::; ;) is a vector of O's and 1's, then there is an
integern( ) such that foralll s r

1X e2ia n( ) 1

1 J i < — i =0;
| 10 if ¢=0;
j s
X . 1

1 J.t  emrint) >3 if ¢=1:

i Js

The proof of this lemma is somewhat technical, but it is strghtforward
and relies only on some basic complex arithmetic. We now pexsxd to the
solution of Bellow's question.

Theorem 7. Let (g) be any sequence of real numbers which converge to 0
anda 6 0 for all j. Then, there existsf 2 L* (m) such thatS,f does not
converge a.sm.

Proof. Forh = (j 1)w, wherew is irrational, it follows from Birkho 's
erogdic theorem that the operatorsT;f (x) = f(x + b) satisfy the mean
ergodic condition. That theseS,, and T; satisfy the other conditions laid out
in Section 12.1 is immediate. By Theorem 5, it su ces to show

Supf Nf( ) . kf kLZ(m) Ig=1
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for some > 0. In fact, we will do this with = 1=10. Letr 2 N. By
Lemma 6, choose integerd; <:::<J,. Dene a function f by

— r=2 X in ()x.
f(x)=2 e :

2f 0;1g"
R, P .
Note, kf k3 = o FfF(Xx)dx=2 1 1 =1 by orthogonality. Also,
X .
SJSf (X) = 2 r=2 S; e2|n ( )X,
2f 0;1g"

where X
. =Jsl e2iajn():

i Js
Fix an and suppose =1 and ;=0. By Lemma 6, we have

: . o .1 1 2
I's; el )] s Yl t;j>§ —Ozg;
Hence, by orthogonality and above,
X ! 1=2
kSyf Sy fkiogm) =2 =2 I s b 2
X ! 1=2
272 I s e J? > 1=5:

As no two S; f could be contained in the same =10-ball in L2, we see
Nf (1=10) r. Asr is arbitrary, supN¢ (1=10) =1 . O
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13 Pointwise Ergodic Theorems for Arithmetic
Sets, part 1

after J. Bourgain [1]
A summary written by Andrew Yingst

Abstract

We reduce a pointwise Ergodic theorem along polynomial iteates
to certain inequalities. We also prove a lemma to be used in pa 2.

13.1 Introduction

Let ( ;B; ;T ) be a dynamical system. (For us, this is a probability mea-
sure space, with a measure-preserving automorphism.) Weeanterested in

adaptations of Birkho 's individual ergodic theorem whichreplace the usual
ergodic means with means along some polynomial:

1 X
Anf = f T be(me;

n=1

wherep is a polynomial with real or integer coe cients. We follow Bairgain's
arguments of the following two theorems. The rst applies dy to integer
polynomials and includes a maximal inequality.

Theorem 1. Let( ;B; ;T ) be adynamical system and lgtbe a polynomial
with integer coe cients. Given r > 1, there is a constantC so that

ksupjAnfik, Ckfk, 1)
N 1

holds for allf 2 L"( ; ): Furthermore, the sequencéyf converges point-
wise almost everywRere. [T is weakly mixing andp is non-constant, then
the limit is given by fd

In the second theorem, we generalize to all real polynomials

Theorem 2. Let( ;B; ;T ) be a dynamical system and lgtbe a polynomial
with real coe cients. If f is any bounded measurable function on, then
Ay f converges pointwise almost everywhere.
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13.2 Reduction to Inequalities.

The section following this one will argue the maximal inequiies to be used,
and a certain lemma which follows from them. We begin by shomg that

Theorems 1 and 2 follow from these. Hence, for this subsectizve assume
that inequality 1 holds, as well as the following lemma.

Lemma 3. Let ( ;B; ;T ) be the shift map onZ endowed with counting
measure, and letp be a polynomial with real coe cients. Fix > 0, and let

Z =1fb(@+ )"c:n2 Ng. Let (N;) be a sequence of positive integers such
that Nj.; > 2N; forall j> 1. Forj 1andf a function onZ, let

Mjf = sup ]ANf ANjfj:

Nj N Nj+1;N2Z

Then there is a functiong : N'! R* so that®2 1 0asJ!1 , and so
that for all bounded, measurablé on , we have

X
KM fkZ  g(J)Kf K2:

j=1

We rst show that Lemma 3 holds if ( ;B; ;T ) is any dynamical system.
(We do not state this identical lemma.)

Proof. Let f be a bounded measurable functionon , xJ landx 2 ,
and let K be some large positive integer. Let be a function onZ by

(k) = f (TK(x)) for jij K, and O otherwise. Using the shift map oz, we
have that Ay (k) = Ni r|\1|=1 (bp(n)c+ k) = Anf (TK(X)), if jk+bp(i)cj K
foralli=1:::N:

From this it follows that M ; (k) = M ;f (T¥(x)), if jk + bp(i)cj K for

alli =21:::Njy1. Let M =maxfjp(i)j :i =1:::Nyjs1 9. Assume thatK is
so large thatk > M . From Lemma 3, we have

XM L, X , , x oo
M (n)j kM ki gd)k k;=9(J) i (n)]

j=0 n= K+M j=0 n= K

For the values ofn considered, and M ; agree with an iterate off :

X KM X |
M (T2 9(d) if (T (x))i?

j=0 n= K+M n= K
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The above holds for allx, and we may integrate both sides with respect to
X. SinceT is invariant, these terms no longer depend on. Dividing by
(2K +1 2M), we nd:

X

2K +1
f K2 ey 2.
j=0k|v|,fk 9 s o K K-

This holds for all largeK , so letting K go to in nity gives the desired result.
]

Next we show that the above lemma gives pointwise convergenof Ay f
whenf is bounded.

Theorem 4. Let( ;B; ;T ) be adynamical system, and lgtbe a polynomial
with real coe cients. If f is a bounded measurable function on, then A,f
converges pointwise almost everywhere.

Proof. By way of contradiction, supposef is a bounded function for which
the above fails. We may assumg j < 1. LetL fx 2 : Apf(x) doesnt
convergg; with L  1=2. For > O let E denote the set of all pointsx so
that witnesses that the sequenceAf (x)) is not a Cauchy sequence. Let
A> 0 be such that (E~) has measure greater thah=2. Let = L”=6, and
as above, leZz = fb(1+ )"c:n 2 N. We now inductively de ne a sequence
(N;j) of positive integers withN;+;  2N;.

Let N; = 1. Suppose thatN; has been de ned. Forx 2 E = Ea, there
are arbitrarily large integersm and n so that jAf (X) A,f (x)j > ~ Hence
there are arbitrarily large n so that jA,f (x) Ay, f(x)] > =2. For such
an n, let n°be the nearest element oZ to n. Using the de nition of Z it
can be veri ed that for largen, jAqf (x)  Anf (x)] il 2: Hence,
JAN T (X)) Apef (X)) =2 2> =3

As before, letM jf = supy, n ;.. n2z IANT Ay fj By the above
argument, asNj.; becomes largefx 2 E : M ;f (x) > ”=3g increases toE.
Therefore, we may choos#l;,; > Nj so that fx: M ;f(x) 5 =39 > L=2:
Thus the sequence\; is de ne(liJ and we havekM ;f (x)k; L=2~3>

But by Lemma 3, we have sz1 kM fk3 g(J)kfKk3: In our case, this
givesJ 2 g(J)kf k3, contradicting that g(J)=J! O. O

At this point, we have completed the proof of Theorem 2. To copiete
Theorem 1, we use the maximal inequality in a typical way:
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Theorem 5. Let ( ;B; ;T ) be a dynamical system, and lgi be a polyno-
mial with integer coe cients. If f 2 L"( ; ), then A,f converges pointwise
almost everywhere.

Proof. Let ; > 0. By the maximal inequality, (1) we may nd a bounded
function g with kf gk, so small that ksup, ;jAn(f  g)jk; 1Tr We
must then have sup ;jArf Angl =3 except on a set of measure at most
. But A,g(x) converges: for almost everx 2 , there is N (x) such that
m;n > N (x) implies jJAn0(X) A,g(x)j < =3. Hence, for allx o a set of
measure , there isN (x) so that m;n > N (x) impliesjA,f (x) Anf (X)] <
Taking ( ,) to be a summable sequence, and,) converging t,zero, we nd
that A,f (x) is a Cauchy sequence except on a set of measure . O

13.3 A Lemma

In this subsection, we outline Bourgain's argument of an imiality for certain
Fourier multipliers. Let F denote the Fourier transform from?(Z) to L2[0; 1],
or from L2(R) to L?(R). The goal of this section is to motivate the following:

Lemma 6. Let q;:::; g be pointsinl =[0;1], with d( x; ko) > 2 2 ° for
k6 ko Forj O letR; = [K;B( i;2!). Then for any functionf on Z,
the following inequality holds:

supjF [ r Tl C(log K )?kf Kizzy;
i s 12(2)

whereC is a constant independent of the choice éfor f ;g.

Note that the above supremum is over all thosg so that the intervals of
R; are disjoint. Bourgain also generalizes this to take the sugmum over all
j, but in our applications, f is supported on some disjoinR;, so this version
Su ces.

The argument begins by adapting a form of Doob's Oscillatiohemma
for Martingales. We won't go through the argument, but do ouine the
adaptation. To avoid introducing terminology, we state on} a special case
of Doo@ Oscillatgpn Lemma. Giverf a measurable function on [01], let f,
denote |2Dn(ﬁ , f) 1, where D, is the collection of all dyadic intervals

in [0;1] of length 2 .
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Lemma 7 (Doob's Oscillation Lemma) For > Oandx 2 [0; 1], let N (x)
denote the number of jumps of length in the sequencgf,(x)). Then for
each > 0 and each measurablé, we have

k (N )2k,  ckf ky:

In our adaptation, we replace the scalar valued functioh with a function
fromf : R! RY We also replace the sequendg,(x) with the similar
expression { 1)(X), where (y) = % (¥). (Convolution with a vector-
valued function is de ned coordinate-wise.) Finally, we nelace our gap-
counting function N (x) with M (x), de ned to be the number of balls of
radius needed to cover the set(f  {)(x) : t > Og, taken to be zero if this
set has diameter less than.

Lemma 8. Leﬁ be a smooth real-valued function oR which vanishes at
1,withc = jx qx)j < 1. Then for every measurablé : R! RY and
everys > 2, we have

ksup (M )k, c (s 2) kfks:
>0

From this, we easily obtain the following lemma.

Lemma 9. With the notation above, there is a constant® depending only
on , sothatforK 1 we have
Z 1
Kk min(K;M (xX)¥2d k, P(logK)3kf ky:
0
Proof. Let F(x) = %suppokf tko. (The norm here is the vector norm.)
Applying the Hardy-Littlewood Maximal Inequality coordinatewise, we get
kFk, ¢ kf ky: Note that if F(x), then M (x) = 0. Hence, we may
write
Z, Z FOoK 15 Z F(x)
min(K;M (x))*?d K¥2d + K
0 0 F(x)K 17s
11
S

N[
0l

M (x)sd

Kz sF(x)+ Kz s-log(K) supM (x)*:
>0

Now we are done, by applying the previous lemma and taking so that
1
S

1_ 1 ; 11 1 _ log(K) 2
5= g (This makesK 2 s = eand ;5 = —;—.) O
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We are now in a position to outline the proof of Lemma 6.

Proof. We begin with two reductions which we do not argue fully. Firsit
is su cient to argue the equivalent lemma for functionsf on R. (We still
leave R; a subset of [01]; we do not make it periodic.) The idea comes
from notirllg that when f is a function onZ and 0< is small, the function

f = 1 f(n) mn+]0nR haskfkzgz = kf kiowy; andf° ' on
[0; 1].
Second, we'd like to replace g, by a smooth function. Letj j 1
be some smooth fugption olRwith  =1on[ 1=2;1=2], and =00
K

( L1). Letg( )=,y (2( k). The argument that it is su cient
[ argue the lemma withg replacing g, comes from the observation that
i slY r,] IS bounded.
We must now show the following inequality:

supjF g Ffl] C(log K )?kf Ky 2(ry:
b L2(R)
Let =F ! andagainlet (x)= { (¥). Notethat (2 ) (251! )=
(20 ). Taking the Fourier inverse of both sides of this gives,, s 1= 5.
Using this fact and usual rules of Fourier transforms, we mayrite the left-
hand side of the above as:

X
ksupj €' ¥ (fi  2)(X)jks; (2)
'S k=1
wheref, =[e 21 *f (X)] [ 2 :(X)].
The Hardy-Littlewood Inequality gives that ksupg fx ko is bounded
by c( )kfyk,. Using this we nd an inequality of the form,

ksupj €' ¥ (fx  2)())ike A(  kfckd)'
i s

k=1 k=1

where A = Cp?. Let B = B(;K ) be the least vaIueFjor which the
gbove inequality holds. From Parseval's formula, we know _, kfk3 =

v kfik3 = kf* g 1k3 which is easily checked to be less tharkPk? =
2kf k?. Hence, we are done if we can shar C(logK )2
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Becausef is supported on the interval [ 2 2 $;2 2 5], we can estimate
that k(1 €' )f( )k, ikf'k. providedjl €'V j<ion[ 22 %22 9,
which will occur for example whenjuj < 25=10Q Taking F ! gives

kf « Jfrks < %kfkkz; whenjuj < 2°=100

where ,g(x) = g(x + u). Writing fy = (fg of k) +  ufk and applying the
triangle inequality gives

X
@ o

X .
kf k3)™ + ksupj €' < (fk ) (X)ka
k=1 s

k=1
Integrating this inequality over u 2 [0; 2°=100] and changing variables lets

us replace the last term with

0 Z 5 b 1=

10 2°¢ supj &' XU (f )(x))i*du
t 0

0 —
k=1 2

P
If we can show the above is bounded b (logK )2(" |, kfk3)™2; we'll
know that C(logK)? + £ is a suitable choice ofA in our desired inequality,

g

and henceC(logK )? + > B, and so we'll be done.

Ay=1T(F JX):t>0g=1((f1 o)X);::5;(fk  )(X))g: Asin Lemma 9,
let M (x) denote the minimal number of balls needed to cover the seA,,
or zero if diam(Ay) < . Fixing X, let g be the largest integer so thatVl , (x)
is positive. Forj g, let C; be a collection of balls of radius '2covering A,
with jC;jj = My (x). Next, for j g, dene D; by choosing a point ofA,
from each ball inC;. Finally, de ne B; forj qby taking B4 = Dy, and for
j <q let B; consist of all points of the formd d°whered 2 D; and d°is
the nearest point ofD;.; to d.

Because of the covering properties of;, we know that if | g and
y 2 Bj, thenkyk < 2 2. (Forj = qwe note that limy; (F  {)(x) =0, so
we mgy assume @ A,.) Further, we know that for eacha 2 A, we can write

a= ; .Y for some sequensg; 2 B;. This sum holds coordinate-wise,
and we may writef  «(X) = ; ; «(¥;), leading us to the inequality
I -
p— Z 2s )(( ‘ P1=2
2 s supj € KW (f )(x)jPdu
0 10

99



p__X X .
s maxj €' X W | (y)j? ; 3)
. ¥2Bj
I q k=1 L2[0;25];du
Now on the onephgnd, the interior of the maximum above is alwayless than
[lej k(Y] K kyk. On the other hand, it also increases if we replace

the max by a sum. We write

o . P— XX (x u) 12112
maxj:::j minf K 2 2:[ j €'« Wi o:
y28i ¥2B; k=1
For positive functions, the norm of the min is less than min afhe norms, so
we %stimate theL 2[0; 2°]; du norm of each of the above. For the rst, we get

2+17 K 2s. For the second, the fact thatj ;  j> 2 S forj 6 k gives the
following inequality, which we will not verify:

X i yu P X f o 12\1=2
k &€ ko C 22( jagd)t™
k=1 k=1
This gives that the L2[0; 2°]; du norm of the second element of the above min
is bounded by
0 1
X H 1=2 H p - _
@ szsk’ysz CZZSJBJJ(ZJ +1)2 =i+l ZS(MZJ (X)) 1=2
¥2B;
This gives us that (3) is bounded by
Z
X 1
C 2" minfK;My(x)g)¥? 2C  (minfK;M (x)g)*d;
; 0
] q
sinceM (x) decreases as increases. But now we are nished, by applying
Lemma 9. O
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