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1 The primes contain arbitrarily long arith-
metic progressions II

after B. Green and T. Tao [2]
A summary written by Tim Austin

Abstract
We cover the second half of Green and Tao's proof of the existence

of arbitrarily long arithmetic progressions of prime numbers, by con-
structing a function and pseudorandom measure suitably associated
to the primes.

1.1 Orienting remarks

The proof of the Green-Tao Theorem breaks conveniently intotwo distinct
stages:

1. First, it is shown how the conclusion of Szemer�edi's Theorem can be
extended to cover also the cases of certain sets with asymptotically
zero density, by assuming instead positive density with respect to a
`measure' satisfying certain conditions (wrapped up into aproperty
called `pseudorandomness');

2. Second, such a measure and function must actually be constructed
with the function non-zero only on some set related to the primes in
such a way that the presence of long arithmetic progressionsin the
primes themselves may be deduced. (Note that the slightly convoluted
wording here is necessary: it will turn out that our functionis not itself
supported by the primes.)

Here we will be concerned chie
y with the second of the above stages,
detailed in Sections 9 { 11 of [2]. Results from the �rst stage(Sections 1 {
8 of [2]) will mostly be assumed. One theme for this presentation is a prag-
matic attitude towards the construction and use of a suitable pseudorandom
measure for studying the primes. It seems that the exact construction of
such a measure is somewhat arbitrary; the Green-Tao construction should
be used because it is one for which existing techniques yieldsu�ciently good
estimates to give a proof of the theorem, and not for any more high-minded
reason. Indeed, Bernard Host [3] has recently given a slightly di�erent con-
struction based on a di�erent methodology for some of these estimates.
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1.2 Warmup: two tricks to help handle the primes

Even before constructing a particular function and measure, we can foresee
certain issues when working with the primes.

1.2.1 The W-trick

Suppose thatf is some functionN ! R that is non-zero only on primes.
As it stands there can be nok-pseudorandom measure majorizingf . This
is because the primes \notice and avoid" certain congruenceclasses: ifa; q
are not coprime, then there can be at most one prime� q mod a. Thus for
any q the primes are concentrated into the� (q) congruence classes modulo
q that are coprime to q, and so this choice off , and hence also any� � f ,
would be concentrated on these congruence classes.

However, the (m0; t0; L0)-linear forms condition forces� to be equidis-
tributed among di�erent congruence classes,if q is su�ciently small : for
q � L0, simply apply the condition to the one linear form (x) = qx + b for
any b. We circumvent this problem by looking for arithmetic progressions
among the primes that occur within one �xed congruence classthat is co-
prime to all q � L0: say amongf n : W n + 1 is a primeg for W a product of
all small primes.

In order to �nd k-term arithmetic progressions, we need the (k2k� 1; 3k �
4; k)-linear forms condition (as speci�ed in the de�nition ofk-pseudorandomness)
for our measure. Thus our choice ofW only need depend onk, but it is eas-
ier to choose a functionw(N ) growing slowly to 1 with N (how slowly can
safely be decided later), and set

W = W(N ) :=
Y

p� w(N )

p;

clearly this is eventually big enough for any �xedk.

1.2.2 Dealing with wraparound

Suppose that we have found an arithmetic progression inZN . Even upon
identifying ZN with f 1; 2; : : : ; Ng, our �nd need not correspond to a genuine
arithmetic progression inN, owing to the possibility of wraparound in the
cyclic groupZN .

However, we can rule out this problem if we know that our length-k
progression inZN is contained in some very short arc (how short depending
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on k). It su�ces to restrict attention to arcs of length less than (1=k)N , but
for other reasons we will later take" kN for " k := 1=2k(k +4)! (much smaller).

1.2.3 Our goal, modi�ed

Combining the two tricks described above, we will search fora speci�c func-
tion and measure of the form

f (n) :=
�

g(W n + 1) if " kN � n � 2" kN
0 else.

(for some functiong supported on the primes), and

� (n) :=
�

h(W n + 1) if " kN � n � 2" kN
1 else.

(for some other suitable functionh).

1.3 The actual construction

It has long been known in number theory that sometimes it is easier to study
the function 1primes(n) logn than the indicator function 1primes(n) itself, and
so this former seems a good ingredient forf . Thus, we set

e�( n) :=
� � (W )

W log(W n + 1) if W n + 1 is prime
0 else

and

f (n) :=
�

k� 12� k� 5e�( n) if " kN � n � 2" kN
0 else

for 0 � n < N . The various factors in the above de�nition are simply
convenient normalizers.

For our choice of� we will need to make estimates to verify pseudoran-
domness. Before the appearance of [2], Goldston and Y�ld�r�m [1] had studied
sums of the form

X

n� N

� R (n + h1)� R(n + h2) � � � � R (n + hm )
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for � R the so-calledtruncated divisor sum

� R(n) :=
X

d j n; d� R

� (d) log
R
d

;

where � is the M•obius function:

� (n) :=
�

(� 1)r if n is squarefree withr prime factors
0 else,

which in turn has long been central to the study of the distribution of the
primes.

It is Goldston and Y�ld�r�m's work that provides a measure for which
pseudorandomness can be checked: we setR := N k � 12� k � 4

, and

� (n) :=
� � (W )

W log R � R(W n + 1) 2 if " kN � n � 2" kN
1 else

for 0 � n < N .

Remark The choice of this law forR as a function ofN is dictated, �rstly,
by the requirement that � majorize a positive multiple of f , and then by
the various considerations of how slow it needs to be in the proof of pseudo-
randomness. We take it to be as high a power ofN as will allow all these
estimates to go through easily; the value of that power is an artefact of these
di�erent parts of the proof. It turns out that that the growth of R in turn
forces a bound on the growth ofw(N ) (and so alsoW(N )), but this can then
simply be absorbed into the requirement thatw(N ) grow \slowly enough".

Assuming we have proved pseudorandomness for our� , the Green-Tao
Theorem now follows from:

Lemma 1 (Lemma 9.4 in [2]). We have � (n) � 0 for all n 2 ZN , and
� (n) � f (n) for all n 2 ZN wheneverN is su�ciently large.

Thus:

Proposition 2 (Proposition 9.1 in [2]). Write " k := 1=2k(k+4)! , and let N be
a su�ciently large prime number. Then there is ak-pseudorandom measure
� : ZN ! [0; 1 ) such that� (n) � k� 12� k� 5e�( n) for all " kN � n � 2" kN .
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Proof of the Green-Tao theorem assuming Proposition 2 De�ne f
as above. From Dirichlet's theorem we observe that

E(f ) =
k� 12� k� 5

N

X

" k N � n� 2" k N

e�( n) = k� 12� k� 5" k(1 + o(1)) :

We can now apply Proposition 2 and Theorem 3.5 from [2] (as covered in the
�rst half of that paper) to conclude that

E
�
f (x)f (x + r ) � � � f (x + ( k � 1)r ) j x; r 2 ZN

�
� c(k; k� 12� k� 5" k) � o(1);

where c(k; k� 12� k� 5" k) is a positive constant guaranteed by Theorem 3.5
of [2]. Observe that the degenerate caser = 0 can contribute at most
O( 1

N logk N ) = o(1) to the left-hand side and can thus be discarded. Further-
more, by our trick of restricting attention to [" kN; 2" kN ], every progression
counted by the expression on the left is a genuine arithmeticprogression of
integers. Since the right-hand side is positive for su�ciently large N , the
claim follows from the de�nition of e�. �

Remark In fact, by a simple modi�cation of the construction of f and �
above, one can show that there are arbitrarily long arithmetic progressions
in any subsetA of the primes with positive relative upper density; that is,
such that

lim sup
N !1

jA \ [1; N ]j
jf n 2 [1; N ] : n is primegj

)0:

This is the full strength of Green and Tao's result.

1.4 Proving pseudorandomness

Pseudorandomness requires the linear forms condition and the correlation
condition. These two conditions are proved via two other results, one for
each; these intermediate results connect more closely withexisting number-
theoretic estimates, and then the onward journey to pseudorandomness is
more combinatorial.

Proposition 3 (Proposition 9.5 in [2], leading to linear forms condition). Let
m; t be positive integers. For each1 � j � m, let  j (x) :=

P t
s=1 L jk xk + bj

be linear forms with integer coe�cients L jk such that jL jk j �
p

w(N )=2 for
all j = 1; : : : ; m and k = 1; : : : ; t. We assume that thet-tuples (L jk )t

k=1 are
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never identically zero, and that no twot-tuples are rational multiples of each
other. Write � j := W  j + 1. Suppose thatB is a product

Q t
k=1 I k � Rt of

intervals I k , each of which having length at leastR10m . Then (if the function
w(N ) is su�ciently slowly growing in N )

E
�
� R(� 1(x))2 � � � � R(� m (x))2

�
� x 2 B

�
= (1 + o m;t (1))

�
W logR
� (W)

� m

:

Proposition 4 (Proposition 9.6 in [2], leading to correlation condition). Let
m � 1 be an integer, and letB be an interval of length at leastR10m . Suppose
that h1; : : : ; hm are distinct integers satisfyingjhi j � N 2 for all 1 � i � m,
and let � denote the integer

� :=
Y

1� j<k � m

jhj � hk j:

Then (for N su�ciently large depending on m, and assuming the function
w(N ) su�ciently slowly growing in N )

E
�
� R(W(x + h1) + 1) 2 � � � � R (W(x + hm ) + 1) 2

�
� x 2 B

�

� (1 + om (1))
�

W logR
� (W)

� m Y

p j �

(1 + O m (p� 1=2)) :

Remarks

1. The rôles of the arbitrary setsB in the above propositions become clear
during the deduction of pseudorandomness from them. Brie
y, we need
the setsB because we will be de�ning� in two di�erent ways inside
and outside the interval [" kN; 2" kN ], following our second trick from
Section 1.2; when verifying the linear forms and correlation conditions,
the overall expectation is broken into several expectations over (prod-
ucts of) smaller intervals, such that most of these productsof smaller
intervals are \homogeneous" for the de�nition of� .

2. The extra factor Y

p j �

(1 + O m (p� 1=2))

arises naturally in the course of the calculations, and sheds a little light
on the correlation condition itself. The correlation condition takes the
form it does because the quantity

E
�
� R(W(x + h1) + 1) 2 � � � � R(W(x + hm ) + 1) 2

�
� x 2 B

�
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does not admit a uniform bound as a function of (h1; : : : ; hm ), but we
can show that those tuples (h1; : : : ; hm ) for which its value is large are
very few (notice that, typically, most p dividing � will be large, and
so the product will usually not be too large). Recalling our view of
the Green-Tao proof as split into two stages, we might say that the
de�nition of the correlation condition is a staging post that has been
placed precisely so that both halves of the journey are just possible.

We �nish with a representative sketch of some of the proofs relating the
above results.

Sketch proof of the linear forms condition from Proposition 3 Let
 j , 1 � j � m, be our linear forms. Following the �rst remark above, we
chop up the range of summation in the linear forms condition into Q(N )t

almost equal-sized boxes, whereQ is slowly growing inN . We now treat the
sums over the di�erent sets

Bu1 ;:::;u t := f x : xk 2 [bukN=Qc; b(uk + 1) N=Qc) for k = 1; : : : ; tg

for u1; : : : ; ut 2 ZQ , and observe that asymptotically we may replace the
expectationE( � j x 2 Zt

N ) with the iterated expectation

E
�
E( � j x 2 Bu1 ;:::;u t )j u1; : : : ; ut 2 ZQ

�

in the linear forms condition.
Call a t-tuple (u1; : : : ; ut) 2 Zt

Q nice if for every 1 � j � m the sets
 j (Bu1 ;:::;u t ) are either completely contained in the interval [" kN; 2" kN ] or
are completely disjoint from it. Then in these cases we can either replace
every � ( j (x)) factor by � (W )

W log R � R (� j (x))2, and apply Proposition 3 (note
that if Q grows slowly enough then forN su�ciently large each Bu1 ;:::;u t is
large enough), or replace every such factor by 1. Hence we always obtain
1+om;t (1) for the inner of our iterated expectations when (u1; : : : ; ut ) is nice.

Finally, we prove by elementary estimates that the proportion of non-nice
t-tuples is asymptotically zero asN ! 1 . �

Sketch of proof method for Propositions 3 and 4 Adapting the meth-
ods of [1], these are proved by representing the summation inquestion as an
iterated contour integral by applying the standard identity

log+ y =
1

2� i

Z

� 1

yz

z2
dz;
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where � 1 is the vertical contour � 1(t) = 1 + i t, to the log(R=d) factors in
the de�nition of e�. The integrand is then massaged into the form of a
multiplicative function, which can then in turn be decomposed as

�
something relatively benign

�
�

�
some product of zeta functions

�
:

The values of the contour integrals then depend most strongly on the
second factor; since the zeta function is relatively well-understood, methods
of the residue calculus can then be used to estimate the contour integrals,
with small errors that can be tracked as the contours are moved around. The
trick is to �nd estimates on the behaviour of the �rst factor t hat are good
enough to allow the application of such contour integral methods. �

Remark Bernard Host [3] has o�ered an alternative construction for� . His
follows the pattern of the Green-Tao de�nition except that he takes

e�( n) :=
X

d j n

� (d)�
� logd

logR

�

for a C1 function � : R ! [0; 1 ) satisfying certain extra conditions.
This allows him to write

� (x) =
Z

R
� (t)e� x(1+i t) dt

for a rapidly decreasing function� . He then mimics the proofs of Propositions
9.5 and 9.6 sketched above, except the use of the contour integrals is replaced
by a (shorter) estimate using Fourier analysis.
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2 A generalization of Birkho� 's pointwise er-
godic theorem

after Amos Nevo and Elias M. Stein [4]
A summary written by Svetlana Butler

Abstract

The paper generalizes Birkho�'s pointwise ergodic theoremby pre-
senting ergodic theorems for free non-Abelian groups on �nitely many
generators.

2.1 Introduction

Given an arbitrary invertible measure preserving transformation T on a
probability spaceX , Birkho�'s pointwise ergodic theorem says that for any
f 2 L1(X ), the averages off along the orbit of T

1
2n + 1

nX

k= � n

f (T kx)

converge to the limit ~f (x) for almost all x 2 X , where ~f is the conditional
expectation off with respect to the � -algebra ofT-invariant sets.

Consider two invertible, measure preserving commutative transformations
T and S. It is known that the expressions

1
(2n + 1) 2

X

� n� n1 ;n2 � n

f (Tn1Sn2 x)

converge for almost allx 2 X , for any f 2 L1(X ), and the limit is the
conditional expectation off with respect to the � -algebra of sets invariant
under T and S. Thus the pointwise ergodic theorem holds for �nite measure
preserving actions of the of the free Abelian group on two generators, Z2.

It is natural to try to consider a pointwise ergodic theorem for measure
preserving actions of the free non-Abelian group on 2 (orr ) generators. This
leads to the following setting:

For a countable group � let l1(�) = f � =
P


 2 �
� (
 )
 :

P


 2 �
j� (
 j < 1g

denote the group algebra. Let (X; B; m)be a standard Lebesque probability
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space, and assume � acts onX by measurable automorphisms preservingm.
The action (
; x ) 7! 
x induces a representation of � by isometries on the
Lp(X ) spaces, 1� p � 1 , and this represenatation can be extended to the
group algebra by (�f )(x) =

P


 2 �
� (
 )f (
 � 1x).

Let B1 = f A 2 B : m(
A 4 A) = 0 8
 2 � g denote the sub-� -algebra
of invariant sets, and denote byE1 the conditional expectation operator on
L1(X ) which is associated withB1.

A sequence� n 2 l1(�) is called a pointwise ergodic sequence inLp if,
for any action of � on a Lebesque spaceX which preserves a probability
measure, and for everyf 2 Lp(X ); � n f (x) ! E1f (x) for almost all x 2 X ,
and in the norm of Lp(X ).

In search for pointwise ergodic sequences we look at sequences in l1(�)
with an explicit geometric form. Assume � is �nitely generated, and letS be
a �nite generating set which is symmetric:S = S� 1 (we will assumee =2 S).
When � is the free group Fr , the set of generatorsS will always be taken to
be the set of free generators and their inverses.S induces a length function
on �, given by j
 j = min f n : 
 = s1 : : : sn ; si 2 Sg; jej = 0. The sphere
and the ball of radiusn are Sn = f w : jwj = ng and Bn = f w : jwj � ng
respectively.

2.2 Main results

Consider the following sequences:

� n =
1

]Sn

X

w2 Sn

w � n =
1

n + 1

nX

k=0

� k

�
0

n =
1
2

(� n + � n+1 ) � n =
1

]B n

X

w2 B n

w

Theorem 1. Consider the free groupFr ; r � 2.

1. The sequence� n is a pointwise ergodic sequence inLp, for 1 � p < 1 .

2. The sequence�
0

n is a pointwise ergodic sequence inLp, for 1 < p < 1 .

3. � 2n converges to an operator of conditional expectation with respect to
an Fr -invariant sub-� -algebra. � 2n converges to the operatorE1+ r � 1

r E,
whereE is a projection disjoint from E1. Given f 2 Lp(X ); 1 < p <
1 , the convergence is pointwise almost everywhere and in theLp-norm.
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Note that the �rst part of this theorem is a direct analog of Birkho�'s
pointwise ergodic theorem.

Given a sequence� n 2 l1(�), de�ne the associated maximal function
f �

� (x) = supn� 0 j� n f (x)j. Let (X; B; m) be an Fr -space with an invariant
� -�nite measure. Then:

Theorem 2. For each Fr ; r � 2, there exist positive constantsCp(r ) such
that for any f 2 Lp(X ) the following inequalities hold:

1. k f �
� kp; k f �

� kp, and k f �
� kp are all bounded byCp(r ) k f kp, for

1 < p < 1 .

2. f �
� satis�es the maximal inequality of weak type(1; 1), namely:

mf x : jf �
� (x)j � � g � C1(r )� � 1 k f k1

for every � > 0, and f 2 L1(X ).

2.3 Remarks

In pointwise ergodic theorems one seeks to establish, for a general sequence
of Markov operators Tk acting in Lp(X; B; m), the existence of the limit
limk!1 Tk f (x) = ~f (x) for almost all x and in the Lp norm. A natural
and interesting choice is to consider the sequence of operators � k of averag-
ing a function on balls Bk of radius k. In the case of a �nitely generated
Abelian group, the main ingredients which �gure in the proofof ergodic the-
orems are: the fact that the nested sequence of ballsBn is asymptotically
invariant under translation; the transfer principle (which uses the fact that

lim
N !1

]B N

]B N � n
= 1); and the covering argument. None of these ingredients

works if the group is a �nitely generated free non-Abelian group Fr . For

example, lim
N !1

]B N

]B N � n
= (2 r � 1)n , so the transfer principle does not apply.

In proving ergodic theorems for free non-abelian groups onr generators
di�erent methods are necessary. The following two observations lead to spe-
cial methods used to prove the ergodic theorems in the paper.

(I) The Markov operators � k and � k are comparable, in the sense that
a maximal inequality for one sequence implies the same inequality for the
other, up to a constant. (This fact follows since� n � Cr � n and � n is a
convex combination of� k ; k = 0; : : : ; n.) This means that one might use
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spheres rather than balls. The approach in the paper is to usemethods
similar to ones devised in [5] to handle singular means.

(II) The convolution identity

� 1 � � n =
1
2r

� n� 1 +
�

1 �
1
2r

�
� n+1 (1)

holds in the group algebral1(Fr ). It implies, by induction, that the elements
� n are linear combinations of the convolution powers� k ; 0 � k � n. There-
fore, the spheres� n generate a commutative convolution� -algebra, denoted
by A(Fr ). The algebra A(Fr ), introduced in 1963 (see [1]), has an explicit
spectral theory (see, for example, [3]). This spectral theory is important in
proofs of both theorems.

2.4 Outline of the proofs

We outline the proof of Theorem 2 �rst.
Part (2.) of Theorem 2 as well as the strongLp maximal inequality for the

maximal function f �
� (which is Lemma 1 in [4]) follows from the inequality

NX

k=0

� k � Cr

3NX

k=0

� k
1

and application of the Hopf-Dunford-Schwartz theorem ([2], Ch.8). The
above inequality is proved by using approximation of the binomial coe�-

cients to estimate coe�cients an (k) in � n
1 =

nP

k=0
an (k)� k . Here writing � n

1

as a convex combination of� k 's, 0 � k � n, follows from the convolution
identity (1).

The proof of part (1.) is more elaborate. First observe that maximal
inequalities for f �

� and f �
� follow from the maximal inequality for f �

� , since
� n and � n are convex averages of� k 's, 0 � k � n. The proof of the maximal
inequality for f �

� follows the method devised in [5].
For a sequencePk of bounded linear operators onLp(X ) and a function

f 2 Lp(X ) de�ne a sequence of Cesaro sums:

S�
n f (x) =

nX

k=0

A �
n� kPk f (x)

16



where A �
n =

nQ

k=1
(1 + �

k ) are complex binomial coe�cients. The asssociated

maximal functions are

S�
� f (x) = sup

n� 0

�
�
�
�

S�
n f (x)

(n + 1) � +1

�
�
�
�

Notice that when Pk = � k , we get S0
� f (x) = f �

� (x), while the singular
mean S� 1

� f (x) = f �
� (x). When Pk = � 2k , the singular meanS� 1

� f (x) =
supn� 0 � 2n f (x).

Step 1. Establish the maximalLp inequality

k S� + i�
� f kp� C� exp(2� 2) k S0

� jf j kp; 1 � p < 1 ; � > 0

This is Lemma 4 (with Pk = � k) in [4] which is proved by using some esti-
mates and the convolution formula for complex binomial coe�cients.

Step 2. Prove theL2 maximal inequality

k S� m+ i�
� f k2� Cmexp(3� 2) k f k2

for every nonpositive integer� m and � 2 R. Here we usePk = � 2k .
It is enough to enough to show theL2 maximal inequality for S� m

� . This
inequality is proved using the Littlewood-Paley square-function method. The
spectral theory for the algebraA(Fr ) plays a key role in estimating the
Littlewood-Paley square-function.

Step 3. Use maximal inequalities from Step 1 and Step 2 and apply an
analytic interpolation theorem ([6]). The result is a maximal inequality for
the singular meanS� 1

� f (x) = supn� 0 � 2n f (x) in every Lp; p > 1. This implies
the maximal inequality for f �

� in every Lp; p > 1, since forf � 0

1
2r

� 2n� 1f (x) � � 2n � � 1f (x)

which follows from the convolution identity (1).
The proof of Theorem 1 is based on strong maximalLp inequalities from

Theorem 2 and the spectral theory ofA(Fr ). It is shown �rst (using the
spectral theory) that the pointwise limits of Theorem 1 are valid for functions
in L2(X ), in particular, for a dense set of bounded functions. The proof of
the rest of Theorem 1 is a standard argument with an application of strong
maximal inequalities from Theorem 2.
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3 A pointwise ergodic theorem for amenable
groups

after E. Lindenstrauss [1]
A summary written by S. Zubin Gautam

Abstract
We summarize the proof of theL 1-pointwise ergodic theorem for

actions of amenable groups in [1], focusing on the discrete case. We
then present some results on the lamplighter groupZ2 oZ as a demon-
stration of the scope of the main theorem.

3.1 Preliminaries

In the sequel, all groups are assumed to be locally compact and second count-
able; j � j and mL will both denote the left Haar measure on a groupG.
(X; M ; � ) will denote a Lebesgue probability space. We begin by recalling
the F�lner characterization of amenability:

De�nition 1. A locally compact groupG is amenableif for any compact set
K � G and any � > 0 there is another compact setF � G such that

jF 4 KF j < � jF j:

Such anF is called (K; � )-invariant .

Equivalently, G is amenable if it has a \F�lner sequence":

De�nition 2. A F�lner sequencein a group G is a sequence of compact
subsetsFn � G such that for every compactK � G and � > 0, Fn is (K; � )-
invariant for all su�ciently large n.

Now consider a left actionG y X by measure-preserving transformations
with G amenable. Forf : X ! R measurable, we consider the averages off
over setsF � G,

A(F; f )(x) =
1

jF j

Z

F
f (gx) dmL (g):

Results on the pointwise convergence of these averages along suitable F�lner
sequences provide natural generalizations of the classical Birkho� ergodic
theorem forZ-actions; however, care must be exercised in the choice of F�lner
sequence (even in the classical case).
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De�nition 3. A sequence of subsetsFn � G is tempered(or satis�es the
Shulman condition) if there is someC > 0 such that for all n

�
�
�
�

[

k<n

F � 1
k Fn

�
�
�
� � CjFn j: (1)

It is not too hard to show that any F�lner sequence has a tempered subse-
quence; hence, any convergence result along tempered F�lner sequences will
apply to general amenable groups.

3.2 Statement of the main result

Theorem 4 (Pointwise Ergodic Theorem). Let G be an amenable group
acting on (X; M ; � ) by measure-preserving transformations, and letf Fng
be a tempered F�lner sequence forG. Then for any f 2 L1(� ) there is a
G-invariant �f 2 L1(� ) such that

lim
n!1

A(Fn ; f )(x) = �f (x) a:e:

In particular, if G acts ergodically,

lim
n!1

A(Fn ; f )(x) =
Z

X
f d� a:e:

(NB: This is both Theorem 1.2 and Theorem 3.3 of [1].)

3.3 Random selection of F�lner sets

We will use the following \randomized" covering lemma, Lemma 2.1 of [1]:

Lemma 5. Let � > 0 be given, and letG be a locally compact second count-
able group. LetF1; : : : ; FN be a �nite tempered sequence of compact subsets
of G with constant C > 0, and let F be another compact subset ofG. Take
arbitrary sets A j such thatFj A j � F for 1 � j � N , and set

�F = f Fj a j a 2 A j ; 1 � j � N g:

Then there is a probability space(
 ; P) and a map~! 7! F (~! ) from 
 to
the set of subcollections of�F satisfying the following conditions:
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1. F (~! ) is a.s. �nite and the counting function

� ~! (g) =
X

B 2F (~! )

1B (g)

of F (~! ) is a measurable function on
 � F .

2. For all g 2 F ,
E(� ~! (g) j � ~! (g) � 1) � 1 + �:

3. With the notation k Sk =
P

B 2S jB j for a collection of setsS, we have

E(kF (~! )k) = E
� Z

F
� ~! (g) dmL (g)

�
� 
 (�; C )

�
�
�
�

N[

j =1

A j

�
�
�
� ;

where
 (�; C ) = �=(1 + C� ).

(We use probabilistic notation for (
 ; P); E denotes expectation or con-
ditional expectation. E(� j A) is the value taken onA by the conditional
expectation with respect to the sub-� -algebraf; ; A; A c; 
 g.)

Intuitively, condition 2 of the lemma says that \on average"the subcol-
lectionsF (~! ) are almost disjoint, while condition 3 guarantees that a typical
F (~! ) will cover a large enough portion ofF .

3.3.1 Proof sketch of Lemma 5 for G discrete

For clarity, it is instructive �rst to consider the case where G is a discrete
group. Take the sample space 
 to be


 =
�

~! = f ! (j; a )g1� j � N; a 2 G j ! (j; a ) 2 f 0; 1g 8j; a
	

:

(One may think of 
 as a coin-
ipping experiment indexed by N copies of
G.) Let P be the probability measure on 
 such that

P
�
f ~! j ! (j 0; a0) = 1 g

�
=

�
jFj 0 j

=: pj 0

for all j 0, a0 (taking the � -algebra generated by all! (j; a ) as the domain); this
makes each! (j; a ) an independentf 0; 1g-valued random variable on (
; P)
that is 1 with probability pj .
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Given ~! = f ! (j; a )g 2 
, F (~! ) is given by the followingN -step recursive
algorithm:

Algorithm A:

1. Begin by settingj = N , and de�ne setsA i jN +1 = A i for 1 � i � N .

2. Set � j = f a 2 A j j j +1 j ! (j; a ) = 1 g and F j (~! ) = f Fj a j a 2 � j g.

3. For all i < j , de�ne A i j j = f a 2 A i j j +1 j Fi a \ Fj � j = ;g .

4. If j > 1, return to step 2 and replacej with j � 1; if j=1, proceed to
step 5.

5. SetF (~! ) =
S N

j =1 F j (~! ).

The sets A i j j = A i j j (~! ), 1 � i < j � N should be regarded as encoding
the \admissible" translates ofFi at stagej of the recursion; their de�nition
guarantees that the collectionsF j (~! ) are mutually pairwise disjoint. Note
that each A i j j only depends on the� -algebra � j generated by the random
variables ! (j 0; a0) for j 0 � j and a0 2 G. Similarly, the algorithm enjoys
a useful recursive property: OnceFN (~! ) (or equivalently � N ) is given, the
random collection

S N � 1
1 F j (~! ) has the same distribution (i.e. pushforward

measure) as that obtained by running the original algorithmon the sequence
f Fj gN � 1

1 and the setsA j jN , 1 � j � N � 1.
Condition 1 of the lemma is easily veri�ed. To prove condition 2, we write

� ~! (g) =
P N

1 � ~!
j (g), where

� ~!
j (g) =

X

B 2F j (~! )

1B (g)

is the counting function of F j (~! ). Now since the collectionsF j (~! ) are mu-
tually disjoint, it su�ces to show that E(� ~!

j (g) j � ~!
j (g) � 1) � 1 + � for all

j . But, viewing � ~!
j (g) as a random variable on 
, once � j +1 is given, we can

write
� ~!

j (g) =
X

a2 A j j j +1 \ F � 1
j g

! (j; a );

which is a sum of fewer thanjFj j i.i.d. f 0; 1g-valued random variables that
are 1 with probability pj . From here calculation yields

E(� ~!
j (g) j � ~!

j (g) � 1) = E
�

E(� ~!
j (g) j � ~!

j (g) � 1; � j +1 )
�
� � ~!

j (g) � 1
�

� 1 + pj jFj j = 1 + �:
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Condition 3 is proved by induction onN ; it is easy for N = 1. By the
recursive property of Algorithm A mentioned above, if the statement holds
for N � 1 we obtain

E
�
kF (~! )k

�
� � N

�
� kF N (~! )k + 
 (�; C )

�
�
�
�

N � 1[

j =1

A j jN (~! )

�
�
�
�

� kF N (~! )k + 
 (�; C )

 �
�
�
�

N � 1[

j =1

A j

�
�
�
� � CjFN j � j � N (~! )j

!

= kFN (~! )k + 
 (�; C )

 �
�
�
�

N � 1[

j =1

A j

�
�
�
� � CkF n(~! )k

!

;

where the second inequality follows from the Shulman condition and the fact
that

N � 1[

1

A j jN �
N � 1[

1

A j n

 
N � 1[

1

F � 1
j FN

!

� N :

Taking the expectation of both sides and computingE
�
kFN (~! )k

�
= � jAN j

yields the claim.

3.3.2 Proof sketch of Lemma 5 for general G

For G a general locally compact, second countable group, we take


 =
�

~! = f � j gN
j =1 j � j � G locally �nite 8 j

	
;

where the random subsets �j are chosen independently according to Poisson
processes onG with respect to the rescaledright Haar measures �

jF j j dmR

(this reduces to our original (
 ; P) when G is discrete). We then make the
natural modi�cation of step 2 in Algorithm A:

2'. Set � j = � j \ A j j j +1 and F j (~! ) = f Fj a j a 2 � j g.

Once we have constructed 
 and the mapF , the proof proceeds much as in
the discrete case, up to some minor modi�cations involving the basic prop-
erties of a Poisson process and the relationship between theleft and right
Haar measures onG. NB: Amenability is not necessary for Lemma 5.
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3.4 Maximal inequality and pointwise ergodic theorem

De�nition 6. Given a sequenceFn of �nite-measure subsets ofG, the max-
imal function of f 2 L1(G) is

M [f ](x) = sup
n

A(Fn ; f )(x):

Theorem 7 (Weak (1,1) maximal inequality). Let G y (X; M ; � ) as above
with G amenable, and letFn � G be a tempered sequence of compact sets.
Then the associated maximal operatorM is weak-type(1; 1); i.e., there exists
c > 0 such that

� f M [f ](x) > � g �
c
�

kf k1:

The constantc depends onf Fng but not on X .

Proof sketch: Fix n and " < 0. Set Dn = f x j max1� j � n A(Fj ; f )(x) > � g.
By the amenability of G, we can choose some large compact setF 0 � G such
that F :=

S n
1 Fj F 0 has measurejF j � (1 + ")jF 0j. The �rst step is to prove

the \group-side maximal inequality"
Z

F 0
1D n (gx) dmL (g) �

c
�

Z

F
jf (gx)j dmL (g) (2)

for all x 2 X and c = 2=
 (1; C), with C as in the Shulman condition (1).
Fix x and setA j = f g 2 F 0 j A(Fj g; f )(x) > � g for 1 � j � n. We will

apply Lemma 5 to these sets with� = 1. Let F (~! ) be a random collection
of subsets ofF as in the lemma with counting function � ~! (g). Firstly, the
de�nition of the A j implies the inequality

� jFj aj �
Z

F j a
f (gx) dmL (g)

for all a 2 A j . Combining this with condition 3 of Lemma 5 yields

�
 (1; C)
Z

F 0
1D n (gx) dmL (g) = �
 (1; C)

�
�
�
�

n[

j =1

A j

�
�
�
�

� E
�
kF (~! )k

�

� E
� Z

F
� ~! (g)f (gx)dmL (g)

�
: (3)
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But condition 2 of Lemma 5 can be used to get

E
� Z

F
� ~! (g)f (gx)dmL (g)

�
� 2

Z

F
jf (gx)j dmL (g): (4)

Combining (3) and (4) yields (2), and from there integrationyields

� (Dn ) �
c
�

(1 + ")
Z

X
jf (x)j d� (x):

Letting n ! 1 and " ! 0 yields the maximal inequality. �

The main theorem 4 now follows from the maximal inequality along the
standard lines (see e.g. Chapters 5 and 6 of [3] or pp. 92-93 of[2]). It is
worth noting, however, that the amenability ofG comes into play again when
showing that the theorem holds for the coboundariesh(gx) � h(x) for g 2 G
and h 2 L1 (G); we need to use the fact thatFn is a F�lner sequence.

3.5 Example: The lamplighter group

The lamplighter group ~G is the wreath product

~G = Z2 oZ :=
� M

i 2 Z

Z2

�
o � Z;

where � is the right shift action of Z on
L

Z2. ~G is well-known to be an
amenable group of exponential growth.

Theorem 8. For all C > 0 there are a �nite K � ~G and � > 0 such that if
A is (K; � )-invariant and C � 1jAj � j B j � j Aj, then jB � 1Aj � CjAj.

We omit the proof of this theorem, from which we immediately obtain:

Corollary 9. The lamplighter group has no F�lner sequences satisfying the
Tempelman condition

jF � 1
n Fn j . jFn j:

Corollary 10. If Fn is a tempered F�lner sequence for the lamplighter group,

jFn+1 j
jFn j

! 1 :

In particular, the growth of jFn j is super-exponential.
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Corollary 9 reveals the limited scope of earlier ergodic theorems along
similar lines that require the Tempelman condition (see e.g. section 6.3
of [3]). However, Corollary 10 shows that Theorem 4 only guarantees the
convergence of ergodic averages taken along a potentially \sparsely spaced"
sequence of F�lner sets; moreover, it is conjectured that the corollary should
hold for any group of exponential growth.
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4 Arithmetic progressions in primes I

after B. Green and T. Tao [3]
A summary written by Alexander Gorodnik1

4.1 Introduction

This chapter contains the �rst part of an exposition of

Theorem 1 (Green,Tao [3]). Let A be a subset of positive upper density in
the setP of prime numbers, i.e.,

lim sup
N !1

jA \ [1; N ]j
jP \ [1; N ]j

> 0:

Then for any k � 3, A contains an arithmetic progression of lengthk.

We start our discussion with the celebrated theorem of Szemer�edi, which
can be stated in several equivalent forms (see Section 4.1.1below for basic
notation):

Theorem 2 (Szemer�edi). 1. Let A be a set of positive integers such that

lim sup
N !1

1
N

jA \ [1; N ]j > 0:

Then for any k � 3, A contains an arithmetic progression of lengthk.

2. Given k � 3 and � > 0, there existsN0 = N0(k; � ) > 0 such that for
everyN > N 0 and everyA � [1; N ] with jAj > �N , the setA contains
an arithmetic progression of lengthk.

3. Given k � 3 and � > 0, there existsc = c(k; � ) > 0 such that for a
function f : ZN ! R satisfying 0 � f � 1 and E(f ) � � , we have

E(f (x)f (x + r ) � � � f (x + ( k � 1)r )jx; r 2 ZN ) � c

for su�ciently large N .

1The author is partially supported by NSF 0400631
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Although there are explicit estimates on the constantN0 in Theorem 2(2),
the set P of prime numbers is too sparse to deduce existance of arithmetic
progressions inP directly using known estimates. Recall that according to
the prime number theorem,

jP \ [1; N ]j �
N

logN
as N ! 1 .

The starting point of the Green-Tao argument is to considerP as a subset
of the setPR of almost primes, which consists of numbers all of whose prime
factors are at leastR. When R = N � for small � > 0, the setPR is relatively
well understood (for example, one can prove Theorem 1 forPR using sieve
methods), and by Mertens' theorem,

lim sup
N !1

jP \ [1; N ]j
jPR \ [1; N ]j

> 0:

The proof of Theorem 1 uses information about the structure of the set of
almost primes ingeniously combined with positive density argument as in
Theorem 2. In fact, it is proved that a subset of positive upper density in a
so-called pseudorandom set, which will be de�ned in Section4.1.2, contains
arbitrary long arithmetic progressions.

Theorem 3 (relative Szemer�edi theorem). Fix k � 3 and � > 0, and let
� : ZN ! R+ be ak-pseudorandom function such thatE(� ) = 1+ o(1). Then
for any function f : ZN ! R+ satisfying 0 � f � � and E(f ) � � , we have

E(f (x)f (x + r ) � � � f (x + ( k � 1)r )jx; r 2 ZN ) � c � ok;� (1) (1)

as N ! 1 , wherec > 0 is the same as in Theorem 2(3).

At this stage, we allow the reader to think naively that� is the normalized
characteristic function of the set of almost primes inZN and f is the nor-
malized characteristic function of the set of primes inZN . However, to give
a rigorous argument, one needs to consider \smoothened" version of these
function and to eliminate the irregularities coming for congruence properties
of primes. The construction of functions� and f for which Theorem 3 im-
plies Theorem 1 will be given in the following chapter. In this chapter, we
discuss the proof of Theorem 3.
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Sketch of the proof of Theorem 3.The main ingredient of the proof is The-
orem 8 below which implies that any nonnegative functionf which is majo-
rated by a k-pseudorandom� has a decomposition

f = f U + f U? + E (2)

with the error term E satisfying

E � 0 and E(E) = o(1): (3)

Decomposition (2) is analogous to the ordinary Koopman{von-Neumann de-
composition (see Remark 4), and it has the following properties:

f U + f U? � 0; (4)

0 � f U? � 1 + o(1); (5)

E(f ) = E(f U? ) + o(1); (6)

E(f 0(x)f 1(x + r ) � � � f k� 1(x + ( k � 1)r )jx; r 2 ZN ) is small; (7)

where eachf i is either f U or f U? , and f i 6= f U? for somei .
Now it follows from (3) and (4) that

E(f (x) � � � f (x + ( k � 1)r )jx; r 2 ZN )

� E((f U + f U? )(x) � � � (f U + f U? )(x + ( k � 1)r )jx; r 2 ZN ):

Because of (7), it su�ces to prove a lower estimate for

E(f U? (x)f U? (x + r ) � � � f U? (x + ( k � 1)r )jx; r 2 ZN ):

Using that the function f U? satis�es (5) and (6), this lower estimate follows
from the Szemer�edi theorem (Theorem 2(3)).

Remark 4 (comparison with ergodic theory). When k = 3, decomposi-
tion (2) is a �nitary analog of the Koopman{von-Neumann decomposition
of L2(X ), de�ned for a probability measure-preserving system (X; B; �; T ),
into weakly mixing and compact (almost periodic) parts. Note that the later
decomposition can be used to show that for any nonnegativef 2 L1 (X )
with

R
X f d� > 0, one has

lim inf
N !1

1
N

N � 1X

i =0

Z

X
f (x)f (T i x)f (T2i x)d� (x) > 0:
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This implies the Szemer�edi theorem (Theorem 2) withk = 3.
For generalk, similar decompositions appeared in the Furstenberg's proof

of the Szemer�edi theorem [1] and in the works of Host, Kra [2]and Ziegler
[4]. These decompositions are of the form

f = f U + f U? with f U = f � E(f jB0) and f U? = E(f jB0);

whereB0 is a T-invariant sub-� -algebra ofB, such that

lim
N !1

1
N

N � 1X

i =0

Z

X
f 0(x)f 1(T i x) � � � f k� 1(T (k� 1)i x) d� (x) = 0 ;

where eachf i is either f U or f U? , and f i 6= f U? for somei , and the average

1
N

N � 1X

i =0

Z

X
f U? (x)f U? (T i x) � � � f U? (T (k� 1)i x) d� (x)

can be analyzed using some additional structure.

4.1.1 Notation

� k � 3 is the length of the arithmetic progression (�xed).

� N is a large prime number (N ! 1 ).

� o(1) and O(1) denote the quantities that go to zero and bounded re-
spectively asN ! 1 .

� ZN is the �eld of residues modN .

� For a function f : Z l
N ! R and A 2 Z l

N ,

E(f (x) j x 2 A) :=
1

jAj

X

x2 A

f (x) and kf kL q := E(jf (x)jq j x 2 Z l
N )1=q:

In particular, E(f ) := E(f (x)jx 2 Z l
N ). Also, k � kL 1 denotes the

sup-norm.
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� Given a � -algebra B on ZN , we de�ne the conditional expectation
E(f jB), f 2 L2(ZN ), to be the orthogonal projection on the space
of B-measurable functions, i.e.,

E(f jB)(x) = E(f (y) j y 2 B(x))

whereB(x) denotes the atom of the� -algebraB containing x.

� For � -algebrasB1 and B2, B1 _ B2 denotes the smallest� -algebra con-
taining both B1 and B2.

4.1.2 Pseudorandom measures

A function � : ZN ! R+ is called ameasureif

E(� ) = 1 + o(1):

A measure� satis�es (m0; t0; L0)-linear form condition if for any m � m0,
t � t0, and linear forms

 i (x) =
tX

j =1

L ij x j + bi ; i = 1; : : : ; m;

whereL ij are rational numbers2 with the numerator and denominator bounded
by L0 in absolute value andb 2 ZN , such that the t-tuples (L ij ; j = 1; : : : ; t)
are not zero and not rational multiples of each other, we have

E(� ( 1(x)) � � � � ( m (x)) jx 2 Zt
N ) = 1 + om0 ;t0 ;L 0 (1):

Roughly speaking, the measure� will be supported on almost primes and the
linear form condition says that events \ j (x) is almost prime" are essentially
independent.

The linear form condition is motivated by the Hardy-Littlewood prime
tuples conjecture. Let �( n) denote the Mangoldt function, which is equal to
logp if n is a power of primep and zero otherwise, and �p(n) denote the local
Mangoldt function, which is equal to p

p� 1 if (n; p) = 1 and zero otherwise.
Let  i 's be the linear forms as above with positiveL ij and bi .

2Recalling that N is a large prime, we can viewL ij 's as elements ofZN .
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Conjecture 1 (Hardy-Littlewood prime tuple conjecure).

E(�(  1(x)) � � � �(  m (x)) jx 2 Zt
N ) =

Y

p

� p + om0 ;t0 ;L 0 (1)

where
� p = E(� p( 1(x)) � � � � p( m (x)) jx 2 Zt

p):

The linear form condition is analogous to the following property that holds
for any weakly mixing probability measure-preserving system (X; B; �; T ):
for any f 1; : : : ; f m 2 L1 (X ),

1
N

N � 1X

i =0

Z

X
f 1(T i x) � � � f m (Tmi x) d� (x) !

� Z

X
f 1d�

�
� � �

� Z

X
f md�

�
: (8)

A measure� satis�es m0-correlation condition if for every m = 2; : : : ; m0,
there exists a function� = � m : ZN ! R+ such that

E(� q) = Om;q(1)

for all q � 1 and

E(� (x + h1) � � � � (x + hm )jx 2 ZN ) �
X

1� i<j � m

� (hi � hj )

for all h1; : : : ; hm 2 ZN .
A measure� is calledk-pseudorandomif it satis�es ( k2k� 1; 3k� 4; k)-linear

form condition and 2k� 1-correlation condition.

4.2 Tools

4.2.1 Gowers uniformity norms

We de�ne d-th Gowers uniformity norm k � kUd inductively. Denote by Th

the shift operator: (Thf )(x) = f (x + h). For f : ZN ! R, we set

kf kU1 = jE(f (x)jx 2 ZN )j;

kf kUd = E
�

kf � (Thf )k2d� 1

Ud� 1 jh 2 ZN

� 1=2d

:
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Explicitly,

kf kUd = E

0

@
Y

! 2f 0;1gd

f (x + !h ) j x 2 ZN ; h 2 Zd
N

1

A

1=2d

:

One can show that ford � 2, k � kUd is a genuine norm.
Given a family of functions f ! , ! 2 f 0; 1gd, we de�ne d-dimensional

Gowers inner product:

h(f ! )! 2f 0;1gd i Ud = E

0

@
Y

! 2f 0;1gd

f ! (x + !h ) j x 2 ZN ; h 2 Zd
N

1

A :

Then we haveGowers Cauchy-Schwarz inequality:

jh(f ! )! 2f 0;1gd i Ud j �
Y

! 2f 0;1gd

kf ! kUd :

Gowers uniformity norms can be used to control the averages as in (1):

Theorem 5 (generalized von Neumann theorem). For a k-pseudorandom
measure � : ZN ! R+ and functions f 0; : : : ; f k� 1 : ZN ! R such that
jf i j � � + 1, we have

E

 
k� 1Y

i =0

f i (x + ih) j x; h 2 ZN

!

= O
�

min
0� i � k� 1

kf i kUk � 1

�
+ o(1):

Theorem 5 is a �nitary analog of (8). The proof uses van der Corput type
argument and the linear form condition.

We call a function f Gowers uniform if kf kUk � 1 is small. Theorem 5
shows that if at least one off i 's is Gowers uniform functions, the average
E

� Q k� 1
i =0 f i (x + ih)jx; h 2 ZN

�
is negligible. This is used to arrange (7).

4.2.2 Obstructions to uniformity and dual functions

For a function F : ZN ! R, de�ne the dual function of F :

DF (x) = E

0

@
Y

! 2f 0;1gk � 1 :! 6=0 k � 1

F (x + !h ) j h 2 Zk� 1
N

1

A :
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Note that
hF; DF i = kF k2k � 1

Uk � 1 : (9)

Hence, if the Gowers norm ofF is large,F correlates with its dual function,
and the dual functions provide obstructions to uniformity.

The following two properties of dual functions are used in the proof.

Proposition 6. For a function F : ZN ! R such thatjF j � � + 1, we have

kDF kL 1 � 22k � 1 � 1 + o(1):

Proposition 6 is deduced from the linear form condition.

Proposition 7. Let I = [ � 22k
; 22k

]. Given function F1; : : : ; Fn : ZN ! R
such that jDFi j � 22k

and a continuous function� : I n ! R, we de�ne

 (x) = �( DF1(x); : : : ; DFn(x)) :

Then
h� � 1;  i = on; 	 (1):

Proposition 7 is deduced from the correlation condition using the Gowers
Cauchy-Schwarz inequality.

4.2.3 � -Algebras generated by generalized Bohr sets

Fix "; � > 0. Given a function G : ZN ! I := [ � 22k
; 22k

], one de�nes a
� -algebraB";� (G) on ZN that satis�es the following properties:

1. For any � -algebraB on ZN ,

kG � E(GjB _ B ";� (G))kL 1 � ": (10)

2. The � -algebraB";� (G) is generated by at mostO(1=") atoms.

3. If A is any atom of B";� (G), then there exists a continuous function
	 A : I ! [0; 1] such that

k(1A � 	 A (G))( � + 1) kL 1 = O(� ): (11)

In fact, this implies that if G1; : : : ; Gn : ZN ! I and A is an atom
of B";� (G1) _ � � � _ B ";� (Gn), then there exists a continuous function
	 A : I n ! [0; 1] such that

k(1A � 	 A (G1; : : : ; Gn ))( � + 1) kL 1 = On (� ): (12)
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Roughly speaking, the� -algebraB";� (G) is generated by the level sets of
the function G: the atoms ofB";� (G) are G� 1([" (n+ � ); " (n+1+ � ))), n 2 Z,
for suitably chosen� .

4.3 Structure theorem

Theorem 8 (generalized Koopman{von Neumann structure theorem). Let
� be ak-pseudorandom measure andf : ZN ! R such that0 � f � � . Let
" > 0 be a small parameter andN > N 0(" ) su�ciently large. Then there
exists a� -algebraB and an exceptional set
 2 B such that

E(1
 � ) = o" (1); (13)

k(1 � 1
 )E(� � 1jB)kL 1 = o" (1); (14)

k(1 � 1
 )( f � E(f jB))kUk � 1 � "1=2k
: (15)

Now setting

f U = (1 � 1
 )( f � E(f jB)); f U? = (1 � 1
 )E(f jB); E = 1 
 f;

we have decomposition (2) satisfying (3){(7). Note that (3){(6) follow di-
rectly from Theorem 8, and (7) is derived using Theorem 5.

Sketch of the proof of Theorem 8.In the proof, we use a parameter� ! 0+ .
First, we set B0 = f; ; ZN g and 
 0 = ; . Then (13) and (14) obviously

hold. If (15) fails, we set

F1 := (1 � 1
 0 )( f � E(f jB0)) ;

B1 := B0 _ B ";� (DF1);

and de�ne the exceptional set 
1 to be the union of the atomsA 2 B1 such
that E(1A (� + 1)) � � 1=2. Then

E(1
 1 (� + 1)) = O" (� 1=2);

and using (11) and Proposition 7, one shows that

k(1 � 1
 1 )E(� � 1jB1)kL 1 = O" (� 1=2):

Continuing this procedure, we construct sequences of functions

Fn := (1 � 1
 n � 1 )( f � E(f jBn� 1)) ;
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� -algebras
Bn := Bn� 1 _ B ";� (DFn );

and exceptional sets 
n 2 Bn satisfying

E(1
 n (� + 1)) = On;" (� 1=2); (16)

k(1 � 1
 n )E(� � 1jBn)kL 1 = On;" (� 1=2): (17)

Note that one can check inductively that

k(1 � 1
 n )E(f jBn )kL 1 � 1 + On;" (� 1=2); (18)

jFn j � (1 + On;" (� 1=2))( � + 1) : (19)

By (19), (12) and Proposition 7 can be applied at every step todeduce (17).
It remains to show that after �nitely many steps, we get

kFnkUk � 1 � "1=2k
:

This follows from the following claim compared with estimate (18) when�
is chosen su�ciently small.

Claim (energy increment property). If kFnkUk � 1 > " 1=2k
, then

k(1 � 1
 n )E(f jBn )k2
L 2 > k(1 � 1
 n � 1 )E(f jBn� 1)k2

L 2 + 2 � 2k +1 ":

Heuristically, the claim follows from the observation thatif Fn is not
Gowers uniform, then by (9) it has a nontrivial correlation with the dual
function DFn .

Since the contribution of the exceptional sets can be controlled using (16),
we sketch the proof assuming that the exceptional sets are empty. Using that
by (9),

hFn ; DFn i = kFnk2k � 1

Uk � 1 > " 1=2;

and by (10),
hFn ; DFn � E(DFn jBn )i = O(");

we deduce that

hFn ; E(DFn jBn )i = hf � E(f jBn� 1); E(DFn jBn )i > " 1=2 + O("):
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In the last inequality, we can replacef by E(f jBn ). Then by the Cauchy-
Schwarz inequality and Proposition 6,

kE(f jBn ) � E(f jBn� 1)kL 2 � (22k � 1 � 1 + On;" (� 1=2)) > " 1=2 + O("):

Since E(f jBn ) � E(f jBn� 1) ? E(f jBn� 1), the claim now follows from the
Pythagoras theorem (with an appropriate choice of parameter � ).
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5 Polynomial extensions of van der Waerden's
and Szemer�edi's theorems

after V. Bergelson and A Leibman [BL]
A summary written by Michael Johnson

Abstract

We summarize the main ideas of V. Bergelson and A. Leibman's
multidimensional polynomial versions of Szemer�edi's andvan der Waer-
den's theorems, emphasizing the use of PET-induction in both proofs.

5.1 Introduction

In 1976, H. Furstenberg proved the following ergodic version of Szemer�edi's
theorem.

Theorem 1. [Fu1] Let (X; B; � ) be a probability space, and letT be a measure
preserving transformation ofX . Then for all A 2 B with � (A) > 0,

lim inf
N !1

1
N

N � 1X

n=0

� (T � nA \ : : : \ T � kn A) > 0:

In 1996, V. Bergelson and A. Leibman generalized this resultin following
manner: �rst they allowed for polynomial powers on the transformations,
and second, their result deals with a commuting group of invertible trans-
formations. We call polynomials that take integer values onthe integers,
integer polynomials .

Theorem 2. [BL] Let (X; B; � ) be a probability space, letT1; : : : ; Tl be com-
muting invertible measure preserving transformations ofX , let pi;j be integer
polynomials satisfyingpi;j (0) = 0 for all 1 � i � k; 1 � j � l , and let A 2 B
with � (A) > 0. Then

lim inf
N !1

1
N

N � 1X

n=0

� (
k\

i =1

T � pi; 1(n)
1 : : : T � pi;l (n)

l A) > 0:

By translating Theorem 2 back to combinatorics, we get the following
result as a corollary.
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Theorem 3. [BL] Let S � Z l have positive upper Banach density, and let
p1; : : : ; pk be integer polynomials withpi (0) = 0 for all i = 1; 2; : : : ; k. Then
for each �nite subsetv1; : : : ; vk of Z l , there exists ann 2 N, and u 2 Z l such
that u + pi (n)v i 2 S for all i = 1; 2; : : : ; k.

The following topological version of Theorem 2 correspondsto the multi-
dimensional polynomial version of Van der Waerden's Theorem.

Theorem 4. [BL] Let (X; d) be a compact metric space,T1; : : : ; Tl be com-
muting homeomorphisms ofX , and pij be integer polynomials satisfying
pi;j (0) = 0 for all 1 � i � k; 1 � j � l . Then for every " > 0, there
existsx 2 X such thatd(Tpi; 1(n)

1 : : : Tpi;l (n)
l x; x) < " for all i = 1; 2; : : : ; k.

In this summary paper, we present the main ideas in the proofsof Theo-
rem 2 and 4, emphasizing the use of PET-induction in both proofs.

5.2 Polynomial Expressions

Expressions of the formTp1(n)
1 : : : Tpl (n)

l with each pi an integer polynomial of
degree less thanD are calledpolynomial expressions . We note that prod-
ucts and inverses of polynomial expressions are again polynomial expressions.
Thus the set of all polynomial expressions, PE forms a group.

We de�ne the degree of a polynomial expressionTp1(n)
1 : : : Tpl (n)

l to be
max1;:::;l deg(pi ). Its weight is the pair (r; d) where deg(pr +1 ) = : : : =
deg(pl ) = 0 but deg(pr ) = d � 1. We say (r; d) > (s; e) if r > s or if
r = s and d > e.

Example 5. The polynomial expressionTn2+ n
1 Tn3 � 4n

2 Tn2+3 n
3 T3n2+ n

4 T0
5 has de-

gree3 and weight(4; 2).

The expressionsTp1(n)
1 : : : Tpl (n)

l and Tq1(n)
1 : : : Tql (n)

l are calledequivalent
if they have the same weight and deg(pr � qr ) < d .

A �nite subset of PE is called asystem . The degree of a system is the
maximal degree of its elements. For a systemA with l transformations and

degreeD, we form the weight matrix
� N1;1 : : : N1;D

...
...

N l;1 : : : Nl;D

�
whereNr;d is the the

number of equivalence classes inA whose weight is (r; d). We say the weight
matrix M precedes the weight matrixN if for some (r; d), M rd < N rd , and
M re = Nre for all e > d and M se > N se for all s > r , e = 1; : : : ; D.
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Example 6. The systemf Tn2+ n
1 T3n

2 ; T3n3+ n
1 T0

2 ; T3n3

1 T0
2 ; T0

1 T2n2+2 n
2 ; T4n

1 Tn2

2 g

has degree 3 and weight matrix
� 0 0 1

1 2 0

�
.

5.3 Theorem 4

Given a polynomial systemP = f g1(n); : : : ; gl (n)g with weight matrix A
where eachgi (n) = Tpi; 1(n)

1 : : : Tpi;l (n)
l . Suppose that Theorem 4 holds for

every system whose weight matrix precedesA. If we show that Theorem 4
holds for systemP, we are done. As an example, we prove Theorem 4 in the
case wherel = k = 1 and p1;1 = n2.

Let (X; d) be a compact metric space andT a homeomorphism ofX .
Without loss of generality, we assume thatT is minimal. Let " > 0. We
need to �nd x 2 X and n 2 N such that d(Tn2

x; x) < " . We will �nd a
sequence of pointsx0; x1; : : : and integersn1; n2; : : : such that

d(T (nm + :::+ n l +1 )2
xm ; x l ) < "= 2 for every l, m2 N with l < m:

Here we state the appropriate PET-induction hypothesis, which is the linear
topologial version of van der Waerden's theorem.

Proposition 7. [FW] Let (X; d) be a compact metric space and letT be a
homeomorphism ofX . Then for any " > 0, and p 2 N, and anyc0; : : : ; cp� 1 2
Z, there existsx 2 X and n 2 N such that d(T ci nx; x) < " for all i =
0; : : : ; p � 1. If (X; T ) is minimal, the set of suchx is dense inX .

SinceX is compact for somel < m we will have d(xm ; x l ) < "= 2. Thus
we will have d(T (nm + :::+ n l +1 )2

xm ; xm ) < " .
Pick x0 arbitrarily and set n1 = 1 and x1 = T � n2

x0. By continuity, choose
"1 < "= 2 be such thatd(Tn2

1y; x0) < "= 2 for everyy for which d(y; x1) < " 1.
Using Proposition 7 (with " = "1=2, p = 1, and c0 = 2n1), �nd y1 2 X , n2 2
N, such that d(y1; x1) < " 1=2 and d(T2n1n2y1; y1) < " 1=2. Set x2 = T � n2

2 y1.
Thus we have

d(Tn2
2x2; x1) < " 1=2 < "= 2

and
d(T2n1n2+ n2

2x2; x1) � d(T2n1n2 y1; y1) < " 1:

Thus by choice of"1, we have

d(T (n1+ n2)2
x2; x0) = d(Tn2

1T2n1n2+ n2
2 x2; Tn2

1x1) < "= 2:
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Given xm ; nm , we inductively �nd xm+1 ; nm+1 . By continuity, choose 0<
"m < "= 2 such that for all l = 0; 1; : : : ; m � 1, d(T (nm + :::+ n l +1 )2

y; xl ) < "= 2 for
everyy for which d(y; xm ) < " 1. Using Proposition 7 (with " = "m=2, p = m,
and cl = 2( nm + : : :+ nl+1 )) and l = 0; 1; : : : ; m� 1), �nd ym 2 X , nm+1 2 N,
such that d(ym ; xm ) < " m=2, and d(T2(nm + :::+ n l +1 )nm +1 ym ; ym ) < " m=2 for
l = 0; : : : ; m � 1. Setxm+1 = T � n2

m +1 ym .

d(T2(nm + :::+ n l +1 )nm +1 + n2
m +1 xm+1 ; xm )

� d(T2(nm + :::+ n l +1 )nm +1 ym ; ym ) + d(ym ; xm ) < " m ; forl = 0; : : : ; m � 1:

Thus by choice of"m , we have

d(Tn2
m +1 xm+1 ; xm ) < "= 2

and
d(T (nm +1 + :::+ n l +1 )2

xm+1 ; x l ) < "= 2; l = 0; : : : ; m � 1:

5.4 Theorem 2

We now direct our attention to ideas for Theorem 2. The following propo-
sition is instrumental in the proof of Theorem 2. We prove it using PET-
induction.

Proposition 8. [BL] Let � : (X; B; �; �) ! (Y;D; �; �) be a weakly mixing
extension relative to� , let � =

R
� yd� (y), let T1; : : : ; Tl 2 � , and let gi (n) =

Q l
j =1 Tpij (n)

j , be such thatgi and gi (n)g� 1
t (n) depend nontrivially onn. Then

for any f 1; : : : ; f k 2 L1 (� )

lim
N !1








N � 1X

n=0

� kY

i =1

gi (n)f i �
kY

i =1

� � (
Z

f i d� y)
� 







L 2 (� )
= 0:

We use the following version of the "van der Corput" Lemma.

Lemma 9. [Be] Let w0; w1; : : : be a bounded sequence in a Hilbert space
(H ; h; i ). If

D� lim
h

lim
N !1

1
N

N � 1X

n=0

hwn ; wn+ h i = 0;

then limN !1






 1

N

P N � 1
n=0 wn






 = 0.
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Using standard arguments we make the following reductions.First we
assume thatpij (0) = 0 for all i; j , and hencef g1(n); : : : ; gk(n)g form a system
A. Using the multilinearity of the integral, we also assume that

R
f i d� y = 0

for all i = 1; : : : ; k. We must then show

lim
N !1








1
N

N � 1X

n=0

kY

i =1

gi (n)f i








L 2 (� )
= 0:

Lastly, we assume that our group � is a �nitely generated freeabelian group
with basis T1; : : : ; Tl .

Proof. Set wn =
Q k

i =1 gi (n)f i .
We de�ne

L(n; h) = h
kY

i =1

gi (n)f i ;
kY

i =1

gi (n + h)f i i =
Z kY

i =1

gi (n)f i � gi (n + h)f i d�: (1)

Thus by Lemma 9 we need to show,

D� lim
h

lim
N !1

1
N

N � 1X

n=0

L(n; h) = 0 :

By reordering the polynomial expressions, we may assume that for some
q � k, degg1(n) = : : : = deg gq(n) = 1 and deggi (n) � 2 for q + 1 � i � k.
Thus gi (n + h) = gi (n)gi (h) when i � q. For a �xed h 2 N, we de�ne
a new system, ~Ah = f gi (n); gi (n + h)g� 1

i (h) : i = 1; : : : ; kg. We note that
gi (n) = gi (n + h)g� 1

i (h) if and only if i � q (ie deggi (n) = 1). Thus we can
write equation (1) as follows:

L(n; h) =
Z qY

i =1

gi (n)f i � g1(n + h)f i

kY

i = q+1

gi (n)f i

kY

i = q+1

gi (n + h)f i d�

=
Z qY

i =1

gi (n)( f i � gi (h)f i )
kY

i = q+1

gi (n)f i

kY

i = q+1

gi (n + h)g� 1
i (h)(gi (h)f i )d�

=
Z k0Y

i =1

~gi (n) ~f i d�
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where k0 = 2k � q, ~f i is either f m , gm (h)f m , or f m � gm (h)f m for some 1�
m � k, and ~gi is either gm for some 1� m � k or gm (n + h)g� 1

m (h) for some
q+ 1 � m � k. In this way, we order the system~Ah = f ~gi : i = 1; : : : ; k0g.

By reordering, assume that ~g1(n) has minimal weight in ~Ah. Set ĝi =
~gi (n)~g� 1

1 (n), for i = 1; : : : ; k0. We consider the new systemAh = f ĝi : 1 =
2; : : : ; k0g. We claim that the weight matrix for Ah precedes that ofA. We
note that replacing gi (n) with gi (n + h)g� 1

i (h) does not change the family of
equivalence classes. Thus,~Ah has the same weight matrix asA. Next, we
multiplied each element in ~Ah by the inverse of an element with the smallest
weight ~g1(n). Thus, all polynomial expressions that are not equivalentto
~g1(n) do not change their weights when multiplied by ~g� 1

i (n). However, those
expressions that are equivalent to ~gi (n), decrease in weight when multiplied
by ~g� 1

i (n). Thus, the weight matrix for Ah precedes that ofA.
We now apply PET-induction. Suppose that Proposition 8 is true for all

systems whose weight matrix precedes that ofA (namely Ah). Thus

lim
N !1

1
N

N � 1X

n=0

L(n; h)

= lim
N !1

1
N

N � 1X

n=0

Z
~f 1 �

k0Y

i =2

ĝi (n) ~f i d�

=
Z

~f 1 lim
N !1

1
N

N � 1X

n=0

k0Y

i =2

ĝi (n) ~f i d�

=
Z

~f 1 lim
N !1

1
N

N � 1X

n=0

k0Y

i =2

ĝi (n)� � (
Z

~f i d� y)d�

= lim
N !1

1
N

N � 1X

n=0

k0Y

i =1

ĝi (n)(
Z

~f i d� y)d�

�
k0Y

i =1








Z
~f i d� y








L 2 (� )

for h large enough.
If A has degree at least 2, then deggk(n) � 2 and ~f i = f k for some

i � k0. Thus by assumption onf k , the last product is zero. Thus D�
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limh limN !1
1
N

P N � 1
n=0 L(n; h) = 0. The linear case when A has degree 1,

is done previously in [FW] to prove the linear multidimensional version of
Szemer�edi's Theorem.

An extension � : X ! Y is primitive if � = � c � � w where � is compact
relative to � c and weakly mixing relative to � w.

Proposition 10. [FK] If 
 : X ! Z is a nontrivial extension, one can �nd
homomorphisms� : X ! Y and � 0: Y ! Z with 
 = �� 0 such thatY is a
nontrivial primitive extension of Z.

Proposition 11. The family of � invariant factors which are SZP-systems
have a maximal element.

Thus to prove Theorem 2 we need only check that the property ofbeing
a SZP system is preserved under primitive extensions.

Proposition 12. Given a primitive extension� : X ! Y , if Y is SZP, then
so is X .

Sketch of Proof.We �rst break each gi (n) into its compact and weakly mix-
ing parts as follows:gi (n) = R(i )(n)S(i )(n) where R(i ) (n) 2 � c and S(i )(n) 2
� w. Let f R1; : : : ; Rr g be the set of all the compact components ofgi (n),
i = 1; : : : ; k including the identity. Likewise let f S1; : : : ; Ssg be the set of all
pairwise distinct weakly mixing components ofgi (n), i = 1; : : : ; k.

It is su�cient to �nd a set P � N with d(P) > 0 (whered is the lower
density) and c > 0 such that

�
�

\ R� 1
i (n)S� 1

j (n)A
�

> c

for all n 2 P. To do this we �rst use a corollary of Proposition 8 to �nd a
subsetP0 � N such that �

�
S� 1

j (n)A
�

> c0. This would prove the theorem
in the case thatX is weakly mixing relative to Y .

To deal with the compact portion, we �nd a measurable subsetA0 � A
with � (A0) > 0 such that S� 1

j (n)A and R� 1
i (n)S� 1

j (n)A are su�ciently close
for all i = 1; : : : ; r , j = 1; : : : ; s. We use the following lemma.

Lemma 13. [BL] Let f; h 1; : : : ; hk 2 L2(� ) and " > 0 be such that for
almost all y 2 Y and all R 2 � c, there existsm 2 f 1; : : : ; K g such that
kRf � hmkL 2 (� y ) < " . Then for all B 2 D with � (B ) > 0 there existsP � N
with d(P) > 0, a family of setsBn 2 D , and b > 0 such that, for anyn 2 P,
1 � i � r , 1 � j � s
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1. � (Bn ) > b,

2. Sj (n)Bn � B ,

3. kRi (n)Si (n)f � Sj (n)f kL 2(� y ) < 2" for all y 2 Bn .
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6 Convergence of Conze-Lesigne Averages

after B. Host and B. Kra [5]
A summary written by Tamara Kucherenko

Abstract

For a measure preserving system (X; B; �; T ) we investigate con-
vergence of

1
N

N � 1X

n=0

f 1(Ta1n )f 2(Ta1n )f 3(Ta3n )

We are able to generalize a theorem of Conze and Lesigne and provide
an alternative proof.

6.1 Introduction

Suppose that (X; B; �; T ) is a measure preserving system andl � 1 is an
integer. Given a collection of bounded measurable functions f 1; : : : ; f l 2
L1 (� ) and a1; : : : ; al 2 N one can ask the question whether the multiple
ergodic average

1
N

N � 1X

n=0

f 1(Ta1nx)f 2(Ta2nx) � � � f l (Tal nx) (1)

converges and in what sense. The casel = 1, the existence of this limit in
L2(� ) is the von Neuman Ergodic Theorem.

A measure preserving transformationT : X �! X induces an operator
UT , on functions in L2(� ) de�ned by UT f (x) = f (Tx). We simply write T
in place of UT and henceT f (x) = f (Tx). The measure preserving system
(X; B; �; T ) is assumed to beergodic, i.e. the only setsA 2 B such that
T � 1A � A have either full or zero measure. This setting su�ces for most of
the theorems we consider since a general system can be decomposed into its
ergodic components.

When a system is ergodic, forl = 1 the limit of (1) in L2(� ) is the
integral

R
X f 1 d� and in particular is constant. On the other hand, without

that assumption andl � 2 , the limit of (1) is not necessarily constant. For
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example, ifX = T; T : T �! T is the rotation Tx = x + � mod 1 for some
� 2 T; f 1(x) = e4�ix and f 2(x) = e2�ix , then f 1(Tnx)f 2(T2nx) = f � 1

2 (x) for
all n 2 N. Consequently, the average

1
N

N � 1X

n=0

f 1(Tnx)f 2(T2nx)

converges to a nonconstant function.

A factor of (X; B; �; T ) can be de�ned in several ways.

(a) a T-invariant sub-� -algebraA of B

(b) a measure preserving system (Y;A ; �; S ) and a measurable map� :
X �! Y such that � � � � 1 = � and S � � (x) = � � T(x) for � -almost
all x 2 X

(c) a T-invariant subspaceF of L1 (� )

The �rst two de�nitons are equivalent by identifying � � 1(A ) with a T-
invariant sub-� -algebra ofA and noting that any T-invariant sub-� -algebra
arises in this way. The �rst de�nition implies the third by setting F =
L1 (A ), and the converse is obtained by takingA to be the � -algebra gener-
ated by F -measurable sets.

If ( Y;A ; �; S ) is a factor of (X; B; �; T ) and f 2 L2(� ), the conditional
expectationE(f jA ) of f with respect to A is the orthogonal projection off
onto L2(� ).

Taking the rotational behavior into account, the double averages

1
N

N � 1X

n=0

Ta1n f 1Ta2n f 2

can be understood. Furstenberg showed that to prove convergence of the
double averages it su�ces to replace eachf i for i = 1; 2 by its conditional
expectation E(f i jZ ) on the Kronecker factor (see de�nition in a subsequent
sections). The Kronecker factor is said to becharacteristic for the double
average. Projection to the Kronecker factor does not capture the limiting
behavior for l � 3 (see [3]). Instead, we use a an abelian group extension of
the Kronecker factor.
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6.2 Statement of results

Existence of the limit (1) for l = 3 with the hypothesis of total ergodicity,
meaning that T and all its powers are ergodic, was proven by Conze and
Lesigne (see [1]). Here, convergence is shown directly through an alternative
approach. Moreover, the assumption of total ergodicity canbe dropped.

Theorem 1. Let (X; B; �; T ) be a measure preserving system anda1; a2; a3

three distinct integers. Suppose thatf 1; f 2; f 3 2 L1 (� ). Then the limit

lim
N !1

1
N

N � 1X

n=0

f 1(Ta1nx)f 2(Ta2nx)f 3(Ta3nx) (2)

exists in L2(� ).

The proof separates into two parts. First, we reduce the problem to study
convergence on a simpler system following the approach of Furstenberg and
Weiss [4]. The second part shows convergence of that simplersystem an
involves techniques from harmonic analysis.

6.3 Reduction to a simpler system

6.3.1 Characteristic factors

De�nition 2. Given distinct integersa1; a2; : : : ; al and a factor (Y;A ; �; S )
of a system(X; B; �; T ), we say thatY is a characteristic factor ofX for the
schemea1; a2; : : : ; al if for any f 1; f 2; : : : ; f l 2 L1 (� ) we have

lim
N !1

 
1
N

N � 1X

n=0

lY

i =1

f i � Tai n �
1
N

N � 1X

n=0

lY

i =1

E(f i � Tai n jA )

!

= 0

in L2(� ).

Finding a characteristic factor Y for a system X allows us to restrict
to functions de�ned only on Y, and this restriction simpli�es computations
when Y has a simple form.

For a double average the characteristic factor is the Kronecker factor
which we denote by (Z; Z ; m; S). Most speci�cally, S : Z �! Z is the rota-
tion de�ned by Z = z+ � , and we use� : X �! Z for the natural projection.
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For f 2 L2(� ), we write ~f the functon on Z de�ned by ~f � � = E(f jZ ).

Furstenberg and Weiss showed the following (see [4]).

Theorem 3. Let (X; B; �; T ) be a measure preserving system, with notations
as above. Letb1; b2 be integers. Then for anyf 1; f 2 2 L1 (� ) we have that

1
N

N � 1X

n=0

f 1(Tb1nx)f 2(Tb2nx)

exists in L2(� ) and equals
Z

Z

~f 1(z + b1� ) ~f 2(z + b2� ) dm(� )

wherez = � (x).

Let ~Z be the closed subgroup

~Z = f (z + a1t; z + a2t; z + a3t) : z; t 2 Zg

of Z 3 and let ~m be its Haar measure. The subgroup~Z is invariant under
the transformation ~S = Sa1 � Sa2 � Sa3 . Then ~S~z = ~z + ~� where ~� =
(a1�; a 2�; a 3� ).

We denote by (~X; ~m; ~T) the product of the systems (X; �; T ai ) over ( ~Z; ~m; ~S).
Now by Theorem 3 forf 1; f 2; f 3 2 L1 (� ) we have

lim
N !1

1
N

N � 1X

n=0

Z

X

3Y

i =1

f i (Tai nx) dm(x) =
Z

~Z

3Y

i =1

~f i (zi ) d~m(~z)

=
Z

~X

3Y

i =1

f i (x i ) d~� (x1; x2; x3)

(3)

6.3.2 Reduction to the isometric extension of the Kronecker

For an ergodic system (X; B; �; T ) with Kronecker factor (Z; � ), let ( Ẑ; D̂; �̂; T )
denote the maximal isometric extension of (Z; � ) in (X; T ).

Theorem 4. (Furstenberg and Weiss [4]).Ẑ is a characteristic factor ofX
for all schemesf a1; a2; a3g.
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Thus in order to prove the existence of (1) inL2(m), it su�ces to show
the convergence for functions de�ned on the isometric extension Ẑ of Z . We
express the extension̂Z in such a way that the corresponding group extension
X 1 = Z � L (for suitable metrizable compact groupL) is ergodic. Since it
su�ces to prove the convergence for the systemX 1 we can from now on
assume thatX is itself a group extension of its Kronecker factorZ .

6.3.3 Reduction to an abelian group extension

Following the paper of Furstenberg an Weiss [4] we use the theory of Mackey
groups to obtain the next theorem.

Theorem 5. (Furstenberg and Weiss [4]). X has a characteristic factor
for all schemesa1; a2; a3 that is an abelian group extension of its Kronecker
factor Z .

>From now on we can assume that our systemX is a compact abelian
group extensionX = Z � G of its Kronecker with the natural projection
X �! Z given by � (z; g) = z. The transformation T on X is given by the
cocycle� : Z �! G and can be written as

T(z; g) = ( Sz; g+ � (z))

For every integer n we haveTn (z; g) = ( Snz; g + � (n)(z)) where � (n)(z) =
� (z) + � (Sz) + � � � � (Sn� 1z).

Now, ~X = ~Z � G3 and the measure ~� is the product ~m � mG � mG � mG

of Haar measures. The transformation~T on ~X is given by

~T(~z; g1; g2; g3) = (~z + ~�; g 1 + � (a1 )(z1); g2 + � (a2 )(z2); g3 + � (a3 )(z3)) :

Thus, the system (~X; ~�; ~T) is a compact abelian group extension of (~Z; ~m; ~S)
by the groupG3, given by the cocycle ~� : ~Z �! G3, where ~� = � (a1 ) � � (a2 ) �
� (a3 ) .

6.4 Sketch of the proof of the main theorem

It now su�ces to prove the existence of the limit (2) for the modi�ed system
described above. By density, it is enough to consider the case when the
functions f i are of the form

f i (z; g) = wi (z)� i (g)
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for i = 1; 2; 3 and wi 2 L1 (m); � i 2 Ĝ and x = ( z; g).

We denote byM the Mackey group of the cocycle ~� on ~Z. The proof
separates into two cases depending on whether or not the character ~� =
(� 1; � 2; � 3) belongs to M ? . The case ~� 62M ? is covered by the following
lemma.

Lemma 6. Let the functions f i = wi (z)� i (g) be given and assume that� 62
M ? . Then

lim
N !

1
N

N � 1X

n=0

f 1(Ta1nx)f 2(Ta2nx)f 3(Ta3nx) (4)

exists in L2(� ) and equals zero.

For the second case ~� 2 M ? we write

1
N

N � 1X

n=0

3Y

i =1

f i (Tai nx ) =
3Y

i =1

� i (g)
1
N

N � 1X

n=0

3Y

i =1

wi (z + nai � )� i (� (na i )(z)) :

First, we show that there exists a continuous mappingt 7! � (t) from Z
to L2(m) such that

� n� (z) =
3Y

i =1

� i (� (ai n)(z)) :

Using the Hilbert space Van der Corput lemma we obtain the following
result.

Lemma 7. Let Z be a compact metric space,S : Z �! Z a homomorphism
so that Z is uniquely ergodic with invariant measurem. Let f : Z �! H be
a continuous map into a Hilbert spaceH. Then, for all z 2 Z ,

lim
N !1

1
N

N � 1X

n=0

f (Tnz) =
Z

Z
f (u) dm(u)

in H .

By the lemma and the fact that (Z; S) is uniquely ergodic,

lim
N !1

1
N

N � 1X

n=0

3Y

i =1

wi (z + nai � )� i (� (na i )(z)) =
Z

Z

3Y

i =1

� t (z)wi (z + ai t) dm(t)

in L2(m).
This completes the proof of the main theorem.

51



References

[1] J.-P. Conze and E. Lesigne,Sur un th�eor�eme ergodique pour des mea-
sures diagonales.C. R. Acad. Sci. Paris, S�erie I,306 (1988), pp. 491{
493.

[2] H. Furstenberg,Nonconventional ergodic averages.Proc. Sympos. Pure
Math. , 31 (1990), pp. 43-56.

[3] H. Furstenberg,Ergodic behaviour of diagonal measures and a theorem
of Szem�eredi on arithmetic progressions.J. d'Analyse Math., 31 (1977),
pp. 204-556.

[4] H. Furstenberg and B. Weiss, A mean ergodic theorem for
1
N

P N
n=1 f (Tnx)g(Tn2

x): Convergence in Ergodic Theory and Proba-
bility, Walter de Gruyter & Co, Berlin, New York (1996), pp. 193{227.

[5] B. Host and B. Kra, Convergence of Conze-Lesigne Averages.Isr. J.
Math., 149 (2005), pp. 1{19.

Tamara Kucherenko, UCLA
email: tamara@math.ucla.edu

52



7 Pointwise Ergodic Theorems for Arithmetic
Sets, part 2

after J. Bourgain [1] A summary written by Victor Lie

Abstract

We discuss the Shift model associated to a pointwise Ergodicthe-
orem along polynomial iterates

7.1 Introduction

In what follows we will prove the Shift model for the following two results:

Theorem 1. Let (
 ; B; �; T ) be a dynamical system and letp be a polynomial
with integer coe�cients. Given r > 1, there is a constantC so that

k sup
N � 1

jAN f j kr � Ckf kr

holds for all f 2 L r (
 ; � ), whereAN is given by

AN f =
1
N

NX

n=1

f � Tp(n) :

Furthermore, the sequenceAN f converges pointwise almost everywhere.

Theorem 2. Let (
 ; B; �; T ) be a dynamical system and letp be a polynomial
with real coe�cients. For N � 1, let

AN f =
1
N

NX

n=1

f � Tbp(n)c:

If f is any bounded measurable function on
 , then AN f converges pointwise
almost everywhere.

It is worth to mention that the second result can also be extended with
some e�ort to L r functions ; we won't treat this extension in this presentation.
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7.2 The L2 case for Theorem 1

According with the �rst part of the presentation (see Andy Yingst),the max-
imal inequality and convergence problem for the averages:

AN f =
1
N

NX

n=1

f � Tp(n) :

with
p(x) = b1x + b2x2 + : : : + bdxd bj 2 Z & bd > 0

can be reduced to proving certain inequalities for the Shiftmodel (Z; S).In
the last case , one has :

AN f = f � K N where K N =
1
N

NX

n=1

� f p(n)g

( here � x stands for the Dirac measure atx 2 Z )
Now since this is anL2 problem involving convolution operators it is natural
to expect that the multiplier theory will play an important r ole;consequently,the
ideea will be to split the Fourier transform of eachK N in well localized pieces
and after that to use maximal and orthogonal methods to estimate each such
piece and combining all these estimates to obtain a global control for our op-
erator.
Following now these lines we write:

AN f = F � 1 [F [K N ] F [f ]]

whereF stands for the Fourier transform:

F : L2(Z ) ! L2(�) F (f )( � ) =
Z

Z
f (n)e� 2�in� d� (n)

with � 2 � ( � = [0 ; 1] ) and � the canonical measure onZ .

STEP 1 Obtaining informations about the multiplier F [K N ]

Clear for � 2 � we have:

F [K N ](� ) =
1
N

NX

n=1

e� 2�ip (n)�
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Now if � b j � a0
j =q0 ( mod 1 ) and (a0

1; :::; a0
d; q0) = 1 then de�ning :

S(� ) = S(q0; a0
1; :::a0

d) =
1
q0

q0� 1X

r =0

e
2�i

�
P d

j =1 r j
a0

j
q0

�

wN (� ) =
1
N

Z N

0
e� 2�i� f

P d
j =1 bj y j gdy

it can be shown that for some� = � (d) > 0 and � 0 = � 0(d) > 0 and for some
�xed � we have:
- if 9 � = a=qst q < N � and j� � qj < N � d+ � then:

F [K N ](� ) = S(� )wN (� � � ) + O(N � 1=2)

- else:
jF [K N ](� )j . N � � 0

Now for � = a=q( (a; q) = 1 ) we have:

jS(� )j . q� � 0

Also 8 � 2 � the function wN (� ) obeys the relations:

j1 � wN (� )j . j� jN d & jwN (� )j . (1 + j� jN d)� 1=d

( we use the notationA . B for A � CB where C is an absolute constant
independent ofA and B )

STEP 2 BreakingF [K N ] into well localized pieces

For s � 0 , de�ne an exhaustion of the rationals in �

R s =
�

� 2 Q \ [0; 1] j � =
a
q

; (a; q) = 1 & 2 s � q < 2s+1

�

Now using the notations from the previous step we introduce:

 s;N =
X

� 2R s

S(� )wN (� � � )� (10s(� � � ))

where by � we understand a smooth function onR with � = 1 on [� 1
10; 1

10]
and � = 0 outside [� 1

5; 1
5] .

With these notations , using the estimates from the step 1 we have the
following result:
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Lemma1 1. There exists� 1 > 0 such that the uniform estimates:
�
�
�
�
�
F [K N ](� ) �

X

s� 0

 s;N (� )

�
�
�
�
�

. N � � 1

holds.

STEP 3 Combining the estimations on the well localized pieces into a global
estimate

- we claim that :







 sup

N 2 Z1

jF � 1[ s;N F f ]j










2

. s22� s� 0
kf k2

whereZ1 =
�

2k j k = 1; 2; :::
	

.
If we believe for the moment this fact , setting N =

P
s  s;N and using

Lemma 1 we have:







 sup

N 2 Z1

jf � K N j










2

�








 sup

N 2 Z1

jF � 1[ N F f ]j










2

+

 
X

n2 Z1

kF [K N ] �  N k2
1

! 1=2

kf k2 .
1X

s=0








 sup

Z1

jF � 1[ s;N F f ]j










2

+ kf k2 . kf k2

and due to the positiveness of our maximal operator this willimply our l2

variant of the theorem 1:







 sup

N
jf � K N j










l2 (Z )

. kf kl2(Z )

-returning now at our claim , we want �rst to 'cut' the tiles of  s;N ; for this
we de�ne :

~ s;N (� ) =
X

� 2R s

S(� )� (N d(� � � )) � (10s(� � � ))

( with � = � [� 1;1] considered as function on R ) and remark that we have the
uniform estimate: X

N 2 Z1

j s;N � ~ s;N j . 2� s� 0
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Therefore , by a square function argument:







 sup

N 2 Z1

jF � 1[ s;N F f ]j










2

.








 sup

N 2 Z1

jF � 1[ ~ s;N F f ]j










2

+ 2 � s� 0
kf k2

Now for N 2 Z1 with N d � 2j let Rj be the 2� j - neighborhood ofR s �
�.Thus,setting:

F [gs] = F [f ]
X

� 2R s

S(� )� (10s(� � � )) & ~ s;N F [f ] = F [
 s]� R j

it follows from the main lemma of this paper ( see section 1.3 in the �rst part
of this presentation ) that :








 sup

N 2 Z1

jF � 1[ ~ s;N F f ]j










2

�








 sup

j 2 Z+

jF � 1[F [gs]� R j ]j










2

. (log jR sj)2 kgk2

Now jR sj < 4s , and from the Step 1 and Parseval we havekgk2 . 2� s� 0
kf k2;

putting these facts together we end the proof of our claim.

7.3 The almost sure convergence of AN f for f 2 l2(Z )

From the �rst part of the presentation it is enough to prove in the (Z; S)
setting ,that:

JX

j =1

kM j f k2 � o(J ) kf k2

with
M j f = sup

N j <N<N j +1
N 2 Z �

jf � (K N � K N j )j

where Z � = f (1 + � )n j n = 1; 2; :::g for � > 0 �xed , and N j is any rapidly
increasing sequence (N j +1 > 2N j ).
Again the main tool will be the Fourier transform used for a better localiza-
tion of the kernel K N ; indeed from Lemma 1 we deduce thatf � (K N � K N j )
may be replaced byF � 1[( N �  N j )F f ] when de�ning M j ;�xing s0 it follows
from the claim in the Step 3 that:

kM j f k2 �
X

s� s0














sup
N j <N<N j +1

N 2 Z �

�
�F � 1[( N �  N j )F f ]

�
�














2

+ C� � 12� � 00s0 kf k2
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where the second term will beo(kf k2) for apprpriate s0 ( you may think at
s0 = J

1
100 ) .Thus is su�ce to verify our statement for:

M j f = sup
N j <N<N j +1

N 2 Z �

jf � (wN � wN j )j

with wN de�ned at the section 2 , step 1.
Now cutting as before the tiles ofw we de�ne the auxiliary maximal function:

~M j f = sup
N j <N<N j +1

jf � (� N d � � N d
j
)j

where � = � [0;1] and � t = 1
t � [0;1] . Now since:

(
JX

j =1

~M j f

) 1=2

� J 1=4 kf f � � N j N = 1; 2; :::gkv4

it follows from the Part 1 that:

JX

j =1






 ~M j f








2

2
. J 1=2 kf k2

2

hence:

JX

j =1

kM j f k2
2 .

X

N 2 Z �




 F � 1[(wN � F [� N d ])F f ]




 2

2
+ J 1=2 kf k2 �

sup
�

[
X

N 2 Z �

jwN (� ) � �̂ (N d� )j2] kf k2 + J 1=2 kf k2 . � J 1=2 kf k2

Now using Cauchy-Scwartz we conclude:

JX

j =1

kM j f k2 . � J 3=4 kf k2

fact that ends our proof.
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7.4 The Lp case for Theorem 1

In this section we extend theL2 theory to Lp , with p > 1.Since the a.s.
convergence for functionsf in Lp reduces to bounded functions and hence is
taken care of by theL2 result , we need to show only the maximal inequality:

ksupjAN f jkp . kf kp

and only for the shift model (Z; S) .
More than that , due to the good properties of the kernelsf K N g our problem
reduces to: 











sup
k2 Z+

jf � K 2k j












p

. kf kp

In what follows we will treat only the case 1< p < 2 ; the remaining
range was established earlier in a paper written by the same autor - see [2].
Now for dealing with our problem we will need a much more careful analysis
of our operators and this is because the Fourier multipliersinvolved in the
argument need to have good bounds inLp .
Mentaining the previous notations we de�ne the following expressions:
-for s a positive integer: Qs = 2 s! & Ks = f k 2 Z j 4s � k < 4s+1 g
-for s0 � s and k 2 K s , the functions:


 k;s0 =
X

0� a< Qs0

S
�

a
Qs0

�
w2k

�
� �

a
Qs0

�
�

�
Q2

s0

�
� �

a
Qs0

��

The multiplier 
 k;s0 will substitute in Lp the role played by the expressionP
r � s0  r; 2k in the L2 case ; indeed the former one has a better distribution

of the support with respect to the rational numbers fact thatwill imply a
good control in theLp norm ; more over this multiplier will not lose the good
property of the last expression in approximating theF (K N ).More exactly we
have:
- if s0 � s and k 2 K s then jF [K 2k ](� ) � 
 k;s0(� )j < 2� � 0s0

- for 1 < p 0 < p < 2 k supk jF � 1[
 k;s0F f ]j kp0
. kf kp0

The �rst estimation is a simple consequence of the properties mentioned at
step 1 ( section 2 ) while the second one is obtained by a carefully study of
each component of 
k;s0 .
A very important intermediate step consists in obtaining the relation:








 sup

k2K s

jf � K 2k j










p

. skf kp
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where herep > 1 . This is solved by using duality and reducing it to an
L2 problem for which the Fourier transform method is well adapted . With
this done the proof of our result will become smooth making use of the
interpolation betweenLp0 and L2 results obtained in the previous sections .
Indeed we have:

sup
k

j f � K 2k j �
X

s0

sup
k� 4s0

�
�F � 1[(
 k;s0 � 
 k;s0� 1)F f ]

�
� +

X

s

sup
k2K s

�
�(f � K 2k ) � F � 1[
 k;sF f ]

�
�

Now from the facts mentioned before we have:











sup
k� 4s0

�
�F � 1[(
 k;s0 � 
 k;s0� 1)F f ]

�
�












p0

. kf kp0








 sup

k2K s

�
�(f � K 2k ) � F � 1[
 k;sF f ]

�
�









p0

. skf kp0

As anounced our aim now is to interpolate the above relationswith some
better L2 - estimates ; these last ones are obtained as follows:












sup
k� 4s0

�
�(f � K 2k ) � F � 1[
 k;sF f ]

�
�












2

� C
X

k� 4s0

2� k� 1 +












sup
k� 4s0

�
�
�
�
�

X

0� r � s0

F � 1[ r; 2k F f ] � F � 1[
 k;sF f ]

�
�
�
�
�












2

+
X

r>s 0








 sup

k

�
�F � 1[ r; 2k F f ]

�
�









2

where here we have used the lemma 1 . Now only the second term need
attention :


 k0;s0 �
X

r � s0

 r; 2k =

X

r � s0

X

� 2R r

S(� )w2k (� � � )[�
�
Q2

s0(� � � )
�

� � (10r (� � � ))]

+
X

qjQ s0

q� 2s0+1

X

1� a � q
( a;q )=1

S
�

a
q

�
w2k

�
� �

a
q

�
�

�
Q2

s0

�
� �

a
q

��
= (1) + (2)
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For (1) we have anl1 estimate ( k � 4s0
) :

(1) . 4s0
sup

j � j> Q � 2
s0

jw2k (� )j . 2� k=2

For the second sum one may prove ( using the same arguments as those pre-
sented in section 2 ) that the maximal function associated to(2) is bounded
in the l2 norm by C2� � 0s0

.Hence we obtain that:







 sup

k2K s

�
�(f � K 2k ) � F � 1[
 k;sF f ]

�
�









2

. 2� � 0s0
kf k2

and by substraction :











sup
k� 4s0

�
�F � 1[(
 k;s0 � 
 k;s0� 1)F f ]

�
�












2

. 2� � 0s0
kf k2

Now interpolating betweenp0 and 2 we obtain forp0 < p < 2 and some
� p > 0 :








 sup

k
jf � K 2k j










p

�
X

s0












sup
k� 4s0

�
�F � 1[(
 k;s0 � 
 k;s0� 1)F f ]

�
�












p

+

X

s








 sup

k2K s

�
�(f � K 2k ) � F � 1[
 k;sF f ]

�
�









p

. p

X

s0

2� � p s0
+

X

s

2� � p s < C

ending our proof .

7.5 The outlines of the Theorem 2

In this section we need to extend the a.s.converges ofAN f for polynomials
with real coe�cients ( this thing will be done only in the L1 - case ).
Remember that now:

AN f =
1
N

NX

n=1

f � Tbp(n)c

whereP(x) = b0 + b1x + ::: + bdxd ( bd > 0 & d � 1) is a polynomial with
real coe�cinets and and blc stands for the entire part of l.
Now we observe that since we can suppose that at least one ofb1; b2; :::bd
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is not rational ( otherwise we can reduce our problem at the one dicussed
before ) the sequence:

f p(n) � b p(n)c j n = 1; 2; :::g

is uniformly distributed in [0; 1] . Now �xing � > 0 small we de�ne the a�ne
continuous function � = � � on R by � = 1 on [�; 1 � � ] and � = 0 outside of
[0; 1].With this done we set:

~AN f =
1
N

NX

n=1

X

m2 Z

� (p(n) � m) Tm f

and from the uniform distribution property we have the pointwise estimation
( N large enough ) :

jAN f � ~AN f j �
kf k1

N
# f 1 � n � N j dist(p(n); Z ) < � g � 3� kf k1

Thus will be su�ce to show the a.s. convergence for~AN f with � �xed .
Transferring this problem for the Shift model (Z; S) as before , we realize
that the Fourier tranform of the kernel of ~AN is given by:

F [K N ](� ) =
X

k2 Z

�̂ (k � � )

(
1
N

X

n� N

e2�i (k� � )p(n)

)

Now this expression is very similar with the one appearing inthe section 2
and so using the same techniques as before one can show that:






 supj ~AN f j








2
. � kf k2

�nishing our argument .
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8 The Ergodic Theoretical Proof of
Szemer�edi's Theorem II

after H. Furstenberg, Y. Katnelson, and D. Ornstein [1] A summary
written by Anne E. McCarthy

Abstract

We complete the proof of H. Furstenberg's multiple recurrence the-
orem, via an analysis of factors of a measure-preserving system. We
prove the existance of a maximal factor satisfying propertySZ, and
that any proper SZ subfactor has a SZ extension.

8.1 Introduction

It is has been established in the preceeding expostion that Szemer�edi's The-
orem is equivalent to a statement about multiple recurrencefor measure-
preserving systems (m:p:s:) We will complete the proof of this ergodic theory
result:

Theorem 1. Let (X; B; �; T ) be am:p:s:, and A 2 B be set with� (A) > 0:
Then for any positive integerk there existsn � 1, such that

lim inf
N !1

1
N

NX

n=1

� (A \ T � nA \ � � � \ T � kn A) > 0:

The validity of this theorem has been established in the two prototypical
examples of weak mixing systems and compact systems. We havealso seen
that any m:p:s: that is not weak mixing has a compact factor. Therefore, it is
now known that theorem 1 holds for a factor of anym:p:s: In this exposition
we extend to the full generality of the theorem.

De�nition 2. We say that am:p:s: satis�es property SZ if the conclusion
of 1 holds.

We proceed with the proof as follows. For a �xedm:p:s:, (X; B; �; T );
we consider the familyF of all factors (X; B1; �; T ) that satisfy property SZ,
ordered by inclusion. We will show

1. The family F contains a maximal element.
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2. No proper factor of (X; B; �; T ) can be maximal.

These two facts taken together imply that the maximal element must be
(X; B; �; T ) itself. Therefore, the sytem satis�es property SZ.

The proof of item 1. is fairly straight forward, and will be proved in
8.3. To prove item 2. we will need to de�ne the notions of arelatively weak
mixing extension andrelatively compactextensions. Using these notions, we
proceed much like we did in showing that theorem 1 holds for some factor.
We prove that a relatively weak mixing extension is "relative weak mixing of
all orders," and hence SZ. We also show that a relatively compact extension of
a SZ system is also SZ. To conclude, we show that if an extension (X; B; �; T )
of a SZ system (Y;D; �; S ) is not realtively weak mixing, there must be an
intermediate extension that is relatively compact with respect to (Y;D; �; S ):
This �nal step is analogous to showing that a system that is not weak mixing
has a compact factor.

8.2 Factors

We begin by establishing intuition for a factor of am:p:s, as well as some
useful properties.

8.2.1 skew products

Let (Y;D; �; S ) be a m:p:s:, and (Z; E; � ) be a measure space. Lety 7! � (y)
be a function from Y into measureable transformations onZ , such that
(y; z) 7! � (y)(z) is a measureable. We de�ne the skew product ofY with Z
as follows. LetX = Y � Z , B = D � E , and � = � � �; and note that

T(y; z) = ( S(y); � (y)(z)) ;

preserves measure on (X; B; � ): Let � : X ! Y be the projection � (y; z) =
y: Setting B1 = � � 1D; we can identify (Y;D; �; S ) with the factor system
(X; B1; �; T ); becuase they are isomorphic asm:p:s: Furthermore, a theorem
of Rohklin states that given am:p:s:, any factor can be thought of as existing
within such a skew product.

Although we do not require the full strength of Rohklin's theorem, we
will discuss one useful consequence. BecauseX is a product space, we are
able to disintegrate the measure� . By Fubini's theorem, for any setA 2 B;

64



we have

� (A) =
Z

� y(A)d� (y)

Where � y = ( � y � � ), is a measure supported on the �ber� � 1(y): We also
note that our measure preserving transformations respect this measure in the
sense that� y(T � 1A) = � Sy (A):

8.2.2 projecting functions

We will denote X = ( X; B; � ), and Y = ( Y;D; � ); whereY ' (X; B1; � ) will
always be thought of as a factor ofX in the above sense. Given a function
g 2 L2(X); we de�ne the L2(Y ) function, g conditioned onY ; via

E(gjY )(y) =
Z

� � 1(y)
g d� y

Alternatively, L2(X; B1; � ) is a closed subspace ofL2X. It is equivalent
to de�ne E(gjY ) as the orthogonal projection ofg 2 L2(X) to E(gjY ) 2
L2(X; B 1; � ): Viewing L2(X; B1; � ) � L2(X); we can also view functions on
Y as functions onX as well. We note some useful properties of projected
functions:

E(gf jY ) = g E(f jY ) if g is B1measureable

SE(f jY ) = E(T f jY )

8.2.3 �ber squares (or relative squares)

Using the skew-product structureX = Y � Z , with assignemt� (y), we de�ne
a new spaceX � Y X as follows. Let ~X = Y � Z � Z , ~B = D �E �E , and ~� =
� � � � � . We de�ne the trasformation ~T(y; z; z0) = ( S(y); � (y)(z); � (y)(z0)) :

Given the projection � : X ! Y, we can also identify ~X = [ y2 Y � � 1(y) �
� � 1(y) � X � X . Also ~� =

R
~� yd� (y); where ~� y = � y � � y; and ~B is the

restriction of B � B to ~X . We denote this system~X = X � Y X: In the case
of relative weak mixing and relative compactness with respect to a factor, we
replace the role ofX � X with X � Y X: In this setting, the following identity
will be helpful:

Z

X � Y X
f (y; z)f (y; z0)d~� (y; z; z0) =

Z

Y
E(f jY )2d� (y)
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8.3 Maximal SZ Factors

De�nition 3. A factor (X; B1; �; T ) is said to be Szemeredi (SZ) if

lim inf
N !1

1
N

NX

n=1

� (A \ T � nA \ � � � \ T � kn A) > 0

for all k 2 Z+ , and for all A 2 B1 with � (A) > 0:

Recall that for everym:p:s: (X; B; �; T ); there exists a factor (X; B1; �; T )
that is SZ. Let F denote the family of all factors of (X; B; �; T ) that are SZ,
ordered by inclusion. We will show thatF has a maximal element. For
a totally ordered set of factorsB� ; the � -algebra sup� B� is characterized
by those A 2 B that satisfy the condition: given any " > 0, there exists
A0 2 [ � B� such that � (4 (A; A 0)) < ":

Theorem 4. Let fB � g be a totally ordered family of factors, and suppose
fB � g � F : Then sup� B� is SZ.

Proof. Fix k > 0 and A 2 sup� B� with � (A) > 0: Set � = 1
2(k+1) and

A0
0 2 B � 0 such that � (4 (A; A 0

0)) < �
4 � (A):

Consider the factor (X; B� 0 ; �; T ) ' (Y;D0; �; T 0); and let A00
0 = � (A0

0) 2
D0: A simple calculation shows that� (f y 2 A00

0s:t:� y(A) < 1 � � g) < 1
4 � (A):

We now de�ne the setA0 = f y 2 A00
0s:t:� y(A) > 1 � �: By the previous

comment, we can conclude that� (A0) > 1
2 � (A):

Because weB� 0 2 F ; the system (Y;D0; �; T 0) is SZ. Therefore,

lim inf
N !1

1
N

NX

j =1

� (A0 \ T � j A0 \ � � � \ T � kj A0) = a > 0:

We can show that fory 2 A0 \ T � j A0 \ � � � \ T � kj A0, we have the inequality,

� y(A \ T � j A \ � � � \ T � kj A) >
1
2

:

Since for anyB 2 B we have that� (B ) =
R

� y(B )d� (y), we can use the above
inequality to bound the measure of (

T
T � jl A) below by 1

2 � (
T

T � jl A0) >
a=2 > 0:

We now apply Zorn's Lemma toF , to conclude that there is a maximal
factor that is SZ.
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8.4 Relative Weak Mixing

In previous work, we have established that if a system is weakmixing it is
SZ. We will now de�ne the notion of an extension (x; B; �; T ) being weakly
mixing relative to a factor (Y;D; �; S ): The main goal is to show that if an
extension (X; B; �; T ) is weakly mixing relative to a SZ factor (Y;B; �; T ),
then the extension is SZ as well.

Let us brie
y highlight a few facts about weak mixing systems. We say
that ( X; B; �; T ) is weak mixing if the product T � T is ergodic. This is
equivalent to the statement that for all f; g 2 L1 (X; B; � );

1
N

X � Z
fT ngd� �

Z
fd�

Z
gd�

� 2

! 0:

We say that a system (X; B; �; T ) is weak mixing relative to a factor
(Y;D; �; S ) if the system (X � Y X; ~B; ~�; ~T) is ergodic. For a weakly mixing
system, we have that for allf; g 2 L1 (X; B; � );

lim
N !1

1
N

NX

n=1

Z �
E(fT ngjY ) � E(f jY )SnE(gjY )

� 2
d� = 0:

In the case wheref and g are characteristic functions of setsA and B,
the previous expression can be rewritten as

Z
1
N

NX

n=1

j� y(A \ T � nB) � � y(A)� Y (T � nB)j2d� ! 0:

This says that for a relative weak mixing extension, for mostn and y 2 Y,
the setsA and T � nB are independent with respect to� y: Interpret this as
`relative weak mixing gives weak mixing on the �bers.' The below theorem
can be explained intuitively bt saying that if the base action of (Y;D; �; S )
is SZ, and the �bers are weak mixing, then the whole system is SZ.

Theorem 5. Let (X; B; �; T ) be a relative weak mixing extension of the sys-
tem (Y;D; �; S ): If the action of S on D is SZ, then so is that ofT on X .

The proof follows the structure of the proof that weak mixingsystems
are SZ. We show that relative weak mixing gives a `relative weak mixing of
all orders.' Much like the weak mixing case, this statement is established
through an inductive argument using two inequalities: one the condition for
realtive weak mixing of orderk, and another giving strong convergence in
L2; however we now consider functions projected ontoL2(Y;D; � ):

67



8.5 Compact Extensions and Existence

A function f 2 L2(X; B; � ) almost periodic relative to Y (AP) if for all
� > 0 there exist g1; g2; : : : gn 2 L2(X; B; � ) such that for all j 2 Z we have
inf 1� s� n jjT j f � gsjj L 2(� y ) < �; for all y 2 Y: The extension (X; B; �; T ) is
a compact extensionof (y; D; �; S ) if the set of AP functions is dense in
L2(X; B; � ).

Theorem 6. Let (X; B; �; T ) be a compact extension of(Y;D; �; S ): If the
system(Y;D; �; S ) is SZ then so is(X; B; �; T ).

Some elements of this proof: Fix a setA 2 B: Since AP functions are
dense, we are able to slightly modify the setA so that f = 1A is an AP
function. We then remove fromA the �bers � � 1(y) for which � y(A) < � (A )

2 :
Let A1 be the set of y 2 Y, for which � y(A) � � (A )

2 . This set A1 has
� (A) > � (A )

2 : For y 2 A1 we consider the sequence of vectorsfL (k; f; y ) =
(f; T n f; � � � ; Tkn f )gn2 Z 2

L k
l=0 L2(� y): The fact that f is AP (all T j f close

to gi ; 1 � i � s), tells us that this sequence is totally bounded. This bound-
edness allows us to �nd maximal"-separated sets. We are then able to prove
that the system is SZ using ideas similar to those used in proving that a
compact system is SZ.

The proof of Szemeredi's theorem can now be concluded by establishing
that any proper SZ factor has either a compact extension, or an extension
that is relatively weak mixing. For then we can conclude thatthe maximal
SZ factor must be the original system itself. This result is proved in the last
section, and is similar to the proof that a system that is not weak mixing
has a compact factor.
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9 Multiple recurrence and Szemer�edi's theo-
rem

after H. Furstenberg, Y. Katznelson, and D. Ornstein [2]
A summary written by Richard Oberlin

Abstract

In [2] it is shown that Szemer�edi's theorem concerning arithmetic
progressions is equivalent to a statement about multiple recurrence of
measure-preserving transformations, and an ergodic theoretic proof of
this statement is given. We summarize the �rst �ve sections of [2].

9.1 Introduction

Let (X; B; � ) be a probability measure space, and letT be an invertible
measure-preserving transformation on (X; B; � ). Recurrence is the notion
that the orbits of T should return close to their initial position. This was
originally shown to occur by Poincar�e:

Theorem 1. Let A 2 B be a set of positive measure. Then for somen > 0

� (A \ T � nA) > 0: (1)

The proof of the Poincar�e recurrence theorem is simple. Suppose that
(1) does not hold for anyn. Then, sinceT is measure preserving,� (T � j A \
T � i A) = � (T � (j � i )A \ A) = 0 for every j > i . Thus,

S 1
j =0 T � j A is an

essentially disjoint union and has measure
P 1

j =0 � (A) = 1 : This contradicts
the fact that � is a probability measure.

The following \multiple recurrence" theorem of Furstenberg generalizes
Theorem 1, showing that for everyk the transformations T; T2; : : : ; Tk� 1

must exhibit simultaneous recurrence.

Theorem 2. Let (X; B; � ) be a probability measure space and letT be an
invertible measure-preserving transformation on(X; B; � ). SupposeA 2 B
has positive measure. Then for everyk > 0 there exists ann > 0 such that

�

 
k� 1\

j =0

T � jn A

!

> 0:
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The proof of Theorem 2 is decidedly more subtle than that of Theorem
1. Indeed, Furstenberg observed that Theorem 2 is equivalent to Szemer�edi's
theorem, a deep result in combinatorial number theory.

Let � � Z: We de�ne the upper-density of �

UD(�) := lim sup
N !1

sup
b� a= N

j� \ [a; b)j
N

;

wherej � j denotes cardinality. Szemer�edi's theorem, proven by Szemer�edi in
1975, answered a forty year old conjecture of Erd•os and Tur�an.

Theorem 3. Suppose thatUD(�) > 0: Then � contains arbitrarily long
arithmetic progressions.

Furstenberg's observation in 1976 that Theorem 3 is equivalent to The-
orem 2 thus proved Theorem 2. However, Furstenberg went muchfurther
by giving a direct ergodic theoretic proof of Theorem 2, thereby giving a
new proof of Szemer�edi's theorem. The method of Furstenberg's proof has
turned out to be 
exible enough to give certain generalizations of Theorem
3 which seem to be inaccessible by Szemer�edi's method, and Szemer�edi's
method gives quantitative estimates related to Theorem 3 which seem to be
inaccessible by Furstenberg's method.

9.2 Theorem 2 implies Theorem 3

Here, we focus on the more di�cult half of the equivalence of Theorems 2
and 3.

Let � � Z with UD(�) > 0; and let k > 0: We need to �nd a 2 Z and
b2 Z n f 0g such that

f a + bjgk� 1
j =0 � � : (2)

Consider the metric on 2Z, say,

d(x; y) :=
X

j 2 Z : x j 6= yj

2�j j j (3)

and let T be the shift on 2Z, (Tx) j := x j +1 . Let ! be the characteristic
function of �, and let X be the closure in 2Z of f Tn ! : n 2 Zg: Note that X
is compact (since 2Z is compact) andT-invariant.
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We de�ne the open subset ofX , A := f ! 2 X : ! 0 = 1g. Suppose that
for somen > 0 :

k� 1\

j =0

T � jn A 6= ; : (4)

Every element of the intersection (4) contains the arithmetic progression
f jn gk� 1

j =0 : Since eachT � jn A is open, the intersection (4) is open, and thus by
density contains some translate of!: Hence, we obtain (2).

To see (4) from Theorem 2, it remains to �nd aT-invariant probability
measure� on X such that � (A) > 0: Such a measure must exist based on
the assumption thatUD(�) > 0: Indeed, choose� > 0 and sequencesf aj g1

j =1
and f bj g1

j =1 such that
lim

j !1
(bj � aj ) = 1 (5)

and each
j� \ [aj ; bj )j

bj � aj
> �: (6)

De�ne the sequence of Borel probability measures onX

� j (E) :=
jf l 2 [aj ; bj ) : T l ! 2 Egj

bj � aj
:

By the Banach-Alaoglu theorem, the closed unit ball inC(X )� is weak� -
compact. Additionally, since X is a compact metric space,C(X ) is sepa-
rable and hence the closed unit ball inC(X )� with the weak� -topology is
metrizable. Thus, some subsequence off � j g1

j =1 converges to a probability
measure� on X (Alternately, one may use a simple diagonalization argument
in conjunction with the separability of C(X ).). From (6), we see that each
� j (A) > � and hence� (A) � �: From (5), we see that� is T-invariant.

9.3 Beginning the proof of Theorem 2

Associated to each measure-preserving system (X; B; �; T ) is the unitary op-
erator U on L2(X; B; � ) given by Uf (x) := f (T(x)) : We �rst consider Theo-
rem 2 under the assumption that the spectral behavor ofU lies on either of
two extreme ends, and later we treat the cases in between.
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9.3.1 Weak-mixing systems

For certain types of measure-preserving systems, we may strengthen the con-
clusion of Theorem 1. If (X; B; �; T ) is ergodic, it follows from a weak form
of the mean ergodic theorem that for anyA0; A1 2 B

lim
N !1

1
N

NX

n=1

� (A0 \ T � nA1) = � (A0)� (A1): (7)

In fact it is easily seen that this only holds when (X; B; �; T ) is ergodic.
If we make the stronger assumption that the product system (X � X; B �

B; � � �; T � T) is ergodic, then (X; B; �; T ) is said to beweak-mixing, and
we �nd that for every A0; A1 2 B

lim
N !1

1
N

NX

n=1

j� (A0 \ T � nA1) � � (A0)� (A1)j = 0: (8)

Again, if (8) holds for every A0; A1 2 B, then (X; B; �; T ) must be weak-
mixing. Additionally, it is well known that ( X; B; �; T ) is weak-mixing if and
only if the unitary operator induced byT has absolutely continuous spectrum
except for the eigenspace of constant functions (see [3]).

A measure-preserving system (X; B; �; T ) is said to be \weak-mixing of
all orders" if for every k > 0 and A0; : : : ; Ak� 1 2 B,

lim
N !1

1
N

NX

n=1

�
�
�
�
�
�

 
k� 1\

j =0

T � jn A j

!

�
k� 1Y

j =0

� (A j )

�
�
�
�
�

= 0: (9)

Theorem 4. Every weak-mixing system is weak-mixing of all orders.

Thus, for weak-mixing systems we obtain a stronger form of Theorem 2.
Let X = 2Z , B the Borel � -algebra with respect to (3),� the product over

Z of the probability measure onf 0; 1g: ~� (f 0g) = ~� (f 1g) = 1
2, and let T be the

shift as in Section 9.2. This system is a Bernoulli system. Bernoulli systems
are weak-mixing and one may verify directly that they are weak-mixing of
all orders.

9.3.2 Compact systems

If Tp is the identity for somep > 0 then T is said to be periodic and Theorem
2 is a triviality. If T is \almost periodic" for every f 2 L2(X; B; � ), i.e. if
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the set of orbits of f , f f; T f; T 2f; : : : g, has compact closure inL2, then the
system (X; B; �; T ) is said to becompact.

A system is compact if and only if the unitary operator induced by T
has discrete spectrum, and it is in this way that compact systems are the
opposite of weak-mixing systems.

Theorem 5. Suppose(X; B; �; T ) is compact. Then for everyk > 0 and
every setA 2 B of positive measure

lim inf
N !1

1
N

NX

n=1

�

 
k� 1\

j =0

T � jn A

!

> 0:

Thus, we obtain a stronger (though not as strong as (9)) version of Theo-
rem 2 for compact systems (and in fact this is the version thatwill be proven
for general systems).

The class of compact systems is exempli�ed by the system of irrational
rotations of the circle. Let X be the circle, represented by the reals modulo
the integersR=Z, with Lebesgue measure� and the collection of Borel subsets
of X , B. We set T(x) := x + � where � 2 R is �xed (and irrational if one
wants to avoid a trivial periodic system).

Let A 2 B be a set of positive measure, andk > 0: Since the convolution
� A � � � A is continuous, we may �nd � > 0 such that � (A \ (A + x)) >
� (A) � � (A )

2k when jxj < �: In particular, this implies that

�

 
k� 1\

j =0

(A + jx )

!

> 0 (10)

when jxj < �:
It is well known (see for example [4], page 302) that for any positive

integer n, we may �nd a rational number a
b with b � n and

�
�
� � �

a
b

�
�
� �

1
b(n + 1)

:

Choosing 1
n+1 < �; we see thatT � b is the rotation y ! y + x where jxj < � .

Hence, from (10) we obtain

�

 
k� 1\

j =0

T � jbA

!

> 0;

and thus Theorem 2 holds for (X; B; �; T ):
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9.3.3 Weak-mixing and compact factors

Given a measure-preserving system (X; B; �; T ), supposeB1 � B is a non-
trivial T-invariant � -algebra. Then we may form the new measure-preserving
system (X; B1; �; T ). Such a system is referred to as afactor of (X; B; �; T ).
Although we are still far from proving Theorem 2 for arbitrary measure-
preserving systems, the following theorem, when combined with Theorems 4
and 5, shows that Theorem 2 at least holds for a factor of everymeasure-
preserving system.

Theorem 6. A system (X; B; �; T ) is weak-mixing if and only if it has no
nontrivial compact factors

Sketch of proof.Suppose (X; B; �; T ) is not weak-mixing. Then, there is a
nonconstant B-measurable eigenfunctionf of T with eigenvalue� . SinceT
is unitary, j� j = 1. The orbit closure f Tn f g

1

n=0 is isomorphic tof � ng
1

n=0 , and
hence is compact. One may verify that ifg is B0-measurable, whereB0 is the
smallest � -algebra such thatf is B0-measurable, thenf Tngg

1

n=0 is compact.
Letting B1 be the smallest� -algebra containing

S 1
n=0 T � nB0; we see thatB1

is T-invariant and (X; B1; �; T ) is a compact system.
If ( X; B; �; T ) has a compact factor, then we may chooseA 2 B with

0 < � (A) < 1 such that f Tn � A g
1

n=0 has compact closure. This implies that
k� A � � T � j A kL 2 may be taken arbitrarily small for a set ofj 's with positive
density. Thus we may not have (8) withA0 = A1 = A.
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10 Entropy of Convolutions on the Circle, I

after E. Lindenstrauss, D. Meiri and Y. Peres [5]
A summary written by Robert C. Rhoades

Abstract

We begin with a brief introduction to the main theorems of [5]. Our
discussion focuses on the connections of this work with previous works
of Furstenberg, Lyons, Johnson, Rudolph, and Host. The starting
point is Furstenberg's paper [1].

10.1 Furstenberg's Conjecture

Lindenstrauss, Meiri, and Peres write

Let p � 2 be any integer (p need not be prime), andT = R=Z
the 1-torus. Denote by� p the p-to-one mapx 7! px (mod 1).
The pair (T; � p) is a dynamical system that has additional struc-
ture: T is a commutative group (with the group operation being
addition mod 1), and � p is an endomorphism of it. Even in such
a simple system, the interaction between the dynamics and the
algebraic structure ofT can be quite subtle; the present work con-
tinues the study of this interaction, inspired by the fundamental
work of Furstenberg [1].

Furstenberg [1] gave the following very general conjectureabout the connec-
tion between the group theoretic structure and the dynamicsof the system.

Conjecture 2 (Furstenberg's Conjecture, [1]). The only ergodic invariant
measures for the semi-group of circle endomorphisms generated by� p and � q

for p and q multiplicatively independent (i.e. logp=logq 62Q, that is p and q
are not integral powers of a single integer) are Lebesque measure, and atomic
measures concentrated on periodic orbits.

This problem was out of the reach of Furstenberg, however he was able to
prove the corresponding topological result. We say a setX � T is n-invariant
if for all x 2 X , nx (mod 1) 2 X . Then the corresponding topological result
is:

Theorem 1. Any in�nite closed set in T, invariant under multiplication by
two multiplicatively independent integersp and q must be all ofT.
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The original conjecture has had a long history and as stated above is still
open. The strongest result is due to Johnson [2], who assume the additional
condition that � has positive entropy.

A similar problem that has been studied more recently, and isperhaps
more general, is the one where the measure� is assumed to be� p-invariant
and we study the action of� cn on � for some sequencef cng. This problem
is perhaps most closely related to the conjecture of Furstenberg in the case
wherecn = qn . This particular case was studied by Host [3].

One variation of the problem, which seems to be the simplest to consider
is to investigate

1
N

N � 1X

n=0

� cn �:

In the paper of Host [3], the following theorem is obtained

Theorem 2 (Host, [3]). Let p; q > 1 and relatively prime integers. Let�
be a Borel measure on the torusT, invariant under � p, ergodic with positive
entropy, then

1
N

N � 1X

n=0

� qn � ! �

in the weak* topology.

This yields the following de�nition: Let f cng be a sequence of integers,
then a measure� of T is f cng-generic if

1
N

N � 1X

n=0

� cn � ! �

in the weak* topology.
In fact, Host proves a much stronger result. De�ne a sequencemeasure�

of T to be f cng-normal if f cnx (mod 1)g is uniformly distributed for � -almost
every x 2 T. Then Host proves the following

Theorem 3 (Host, [3]). Let p; q > 1 be relatively prime integers. If� is
a Borel measure on the torus, invariant under� p, and ergodic with positive
entropy, then � is f qng-normal.
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By Weyl's criterion this result is equivalent to the fact that for all a 2
Z n f 0g,

1
N

N � 1X

n=0

e(aqnx) ! 0 � � a.e.;

wheree(x) = e2�ix . In turn, this condition implies that � is f qng-generic.
To show how we can then deduce that� = � , when� q� = � , and thus ob-

tain the original desired result of Furstenberg, we apply the following lemma
due to Johnson and Rudolph:

Lemma 4 (Johnson and Rudolph [4]). Suppose that�; � 1; � 2; � � � are invari-
ant measures under� p, and that � is ergodic. Suppose also that

1
N

NX

n=1

� n ! �

in the weak* topology. Then there exists a zero-density setJ � N such that
� n ! � (weakly) asn ! 1 for n 62J .

This line of reasoning shows how Furstenberg's original conjecture is the
weakest in a string of results about the interaction betweenalgebraic struc-
ture of T and the dynamics onT. From here on out we will focus our
attention not on Frustenberg's conjecture but on the other results that are
more general and stronger.

10.2 Uniform Distribution and f cng-genericity

We have seen that via Weyl's criterion we can move from a uniform distribu-
tion result about a measure� and a sequencef cng to a result about the \on
average" behavior of� cn � . This approach was originally due to Host [3]. His
approach leads naturally to the de�nition of the p-adic collision exponent:
Given an integer-sequencef cng and an integerp > 1, we de�ne the p-adic
collision exponent of the sequence as

� p(f eng) = lim sup
n!1

logjf 0 � k; ` < p n : ck � c̀ (mod pn )gj
n logp

:

Remark 5. Since k = ` is allowed we know that we will always have1 �
� p(f cng) � 2.
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Meiri greatly generalized Host's result by proving the following theorem

Theorem 6 (Meiri [6], Proposition 2.2 [5]). Fix an integer p > 1 and a
sequencef ckg with p-adic collision exponent< 2. Then there exists a constant
h0 < logp such that everyp-invariant and ergodic measure� with h(�; � p) >
h0 is f cng-normal. In particular, � is f cng-generic.

The condition on the p-adic collision exponent does not seem too strict.
However, in contrast, the positive entropy condition seemsto play an impor-
tant role in this theorem. Having a large entropy means that the measure
is not structured. (Is the positive entropy here analogous to the positive
upper-density in Szemeredi's theorem?)

10.3 The Role of Entropy

The role of positive entropy seems to be an important one. Thebig idea from
the paper [5] is to take a measure that does not have large enough entropy
and some how create a new measure with greater entropy which will have
large enough entropy to have the desiredf cng-generic property. Then show
that the new measure having this property implies that the old one had this
property. This is the basic idea of the bootstrap.

The idea is that convolution will help us create new measuresthat have
increased entropy. Theorem 1 of [5] suggests that convolution may be a
helpful tool in this problem.

Theorem 7 (Theorem 1.1 [5]). Let f � i g be a sequence ofp-invariant and
ergodic measures onT whose normalized base-p entropieshi = h(� i ; � p)=logp
satisfy

1X

i =1

hi

j loghi j
= 1 :

Then
h(� 1 � � � � � � n ; � p) ! logp

monotonically asn ! 1 . In particular, � 1 � � � � � � n ! � weak* and in the
d metric (with respect to the base-p partition).

Convolution also has the following property

Proposition 8 (Proposition 2.4 [5]). An invariant measure� is f cng-generic
if and only if � � � is f cng-generic.
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Remark 9. This proposition deals withf cng-generic not f cng-normal. This
is the reason why Theorem 1.4 of [5] is aboutf cng-generic and not f cng-
normal.

With all this in mind we state the Bootstrap Lemma:

Theorem 10 (The Bootstrap Lemma, Theorem 1.7 [5]). Suppose thatC is
a class ofp-invariant measures onT with the following properties:

1. If � is p-invariant and ergodic and� � � 2 C, then � 2 C.

2. If � is p-invariant and almost every ergodic component of� is in C,
then � 2 C.

3. There exists some constanth0 < logp such that everyp-invariant and
ergodic measure� with h(�; � p) > h 0 is in C.

Then C contains all p-invariant ergodic measures with positive entropy.

Now we can get back to proving the type off cng-generic results that we
are looking for:

Theorem 11 (Theorem 1.4 [5]). Let f cng be a sequence withp-adic collision
exponent< 2, for some p > 1. Then any p-invariant ergodic measure� on
T with positive entropy isf cng-generic.

Proof. The proof follows from the Bootstapping Lemma withC being the
class off cng-generic measures wheref cng has p-adic collision exponent less
than 2. We apply Theorems 6 and 8 to check the �rst and third conditions in
the Bootstrapping Lemma. All that remains is verify that if � is p-invariant
and almost every ergodic component of� is f cng-generic then � is f cng-
generic.

In fact, with a modi�ed version of the Bootstrap Lemma it is possible to
give a strengthened version of this theorem. Fork 2 Z n f 0g, de�ne

g(k)
N =

1
N

N � 1X

n=0

e(kcnx):

With these functions f cng-generic is equivalent to
Z

g(k)
N (x)d� ! 0:

The following slightly stronger version of Theorem 11 is obtained as well:
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Theorem 12 (Theorem 1.5 [5]). Under the same conditions as Theorem 11,
� is f cng-normal in probability. Equivalently

Z
jg(k)

N (x)j2d� ! 0;

as N ! 1 for k 6= 0.

This �nishes the summary of the relation of the results in [5]to the
conjecture of Furstenberg as well as results of Lyons, Johnson, Ruldolph and
Host. In the talks I will give on this paper I will present somebackground
on topics such as Hausdor� dimension, Entropy, and their relationship with
one-another. I will also give in detail the proofs of Theorems 10 and 11. Time
permitting I will �nish with some discussion of examples andopen questions
related to [5].
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11 Entropy of convolutions on the circle

after Elon Lindenstrauss, David Meiri and Yuval Peres [3]
A summary written by Shuanglin Shao

Abstract

Given ergodic p-invariant measures f � i g on the torus T = R=Z,
we give a sharp condition on their entropies, guanranteeingthat the
entropy of the convolution � 1 � � � � � � n converges to logp. we also
prove a variant of this result for joinings of full entropy on TN. We
also obtain the following corollary concerning the Hausdor� dimension
of sum sets: For any sequencef Si g of p-invariant closed subsets ofT,
if

P
dimH (Si )=j log dimH (Si )j = 1 , then dimH (S1 + � � � + Sn ) ! 1

11.1 Introduction

Let p � 2 be any integer(p need not to be prime), andT = R=Z the 1-torus.
Denote by� p the p-to-one mapx 7! px(mod 1). The pair (T; � p) is a dynam-
ical system that has additional structure: T is a commutative group(with
the group operation being addition mod 1), and� p is an endormorphism of
it. Inspired by the fundamental work of Furstenberg([2]), the present work
continues the study of the intersection between the dynamics and the alge-
braic structure of T. Say that a measure� on T is p-invariant if � p� = � ,
where for every setA � T

(� p� )(A) = � (� � 1
p A)

(All measures we consider are Borel probability measure). Lebegue measure
on T, denoted by� , has entropy logp with respect to the� p, and is the unique
p-invariant measure of maximal entropy. Given twop-invariant measures�
and � , the group structure ofT naturally yields anotherp-invariant measure-
the convolution � � � . Our main results, Theorem 1 and Theorem 4, concern
the entropy growth for convolutions ofp-invariant measures and their ergodic
components. These results have applications to the Hausdor� dimension of
sum sets and to genericity of the orbits of measures with positive entropy
under multiplication by certain integer sequences.
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Theorem 1 (The Convolution theorem). Let f � i g be a sequence ofp-invariant
and ergodic measures onT whose normalized base-p entropieshi = h(� i ; � p)=logp
satisfy

1X

i =1

hi

j loghi j
= 1 : (1)

Then

h(� 1 � � � � � � n ; � p) ! logp; monotonically; as n ! 1 :

In particular, � 1 � � � � � � n ! � weak*.

It is relatively easy to see that under hypotheses of theorem, � 1�� � �� � n !
� weak*. This means that

Z
f (x)d� 1 � � � � � � n !

Z
f (x)d�

for all continuous f , and gives very little information on the dynamics of
� 1�� � �� � n . The entropy condition in Theorem 1 is sharp: iff hi g is a sequence
of numbers in the range (0; 1) with

P
hi =j loghi j < 1 , then there exists a

sequence ofp-invariant ergodic measuresf � i g, such that hi = h(� i ; � p)=logp,
yet � 1 � � � � � � n doesn't converge to Lebesgue measure� even in the weak*
topology. The convolution theorem has implications for Hausdor� dimension
of sum sets:

Corollary 2. Let f Si g be a sequence ofp-invariant closed subsets ofT, and
suppose that

1X

i =1

dimH (Si )
j log dimH (Si )j

= 1

Then dimH (S1 + � � � + Sn ) ! 1.

Is the dimension condition of Theorem 2 sharp as well? speci�cally,
given a sequence of numbers 0< d i < 1 such that

P
di =j logdi j < 1 ,

can one always �ndp-invariant closed subsetsSi � T with dim H Si = di and
lim dimH (S1 + � � � + Sn ) ! < 1? Currently we can construct sets satisfying
the desired conclusion, but only when

P
di =j logdi j is small enough.

Theorem 3. Let f � i g1
i =1 be a sequence ofp-invariant and ergodic measures

on T such that inf i h(� i ; � p) > 0. Suppose that~� is a joining of full entropy
of f � i g. De�ne � n : TN ! T by � n (x) = x1 + � � � + xn (mod 1). Then
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h(� n ~�; � p) ! logp; monotonically; as n ! 1 :

Theorem 3 is not valid under the weaker entropy assumptions of Theorem
1. Indeed, it is possible to �nd a joining of full entropy ~� with entropies
satisfying (1), such that � n ~� doesn't even converge weak* to� .

Theorem 4. Let f � i g1
i =1 be a sequence ofp-invariant and ergodic measures

on T such that inf i h(� i ; � p) > 0. Let f Si g be a sequence of Borel sets ofT,
and suppose that� i (Si ) > 0 for all i � 1. Then dimH (S1 + � � � + Sn ) ! 1.

This summary is organized as follows and we will list the maintheorems
in each section for convenience. In Section 11.2, we use the connection be-
tween entropy of measures and Hausdor� dimension, to deriveTheorem 2
and Theorem 4 from the results about convolutions of measures. In Section
11.3-11.5, we prove our main results, Theorem 1 and Theorem 4. Section
11.3 contains results about �nite cyclic groups which are crucial to the proof
of the convolution theorems. Lemma 7 and Lemma 8 study convolutions
of measures on a �nite cyclic group and contain one key idea inthe proof,
namely that the convolution of a sequence of measures on a �nite cyclic group
of order N (we shall useN = pk) tends to be invariant under a subgroup that
will typically rather large (in the cases we will be interested in, this subgroup
will be of order approximatelyp�k for some 0< � < 1). Lemma 9 shows that
if a measure onZ=pkZ is almost invariant under a subgroup of sizep�k , the
distribution of the �k high order digits is nearly uniform. In section 11.4 we
begin to show how convolutions of measures onZ=pkZ relate to convolutions
of measures onT, where we get measures onZ=pkZ from measures onT by
considering the conditional distributional of the �rst k digits in the basep
expansion ofx 2 T, given the rest digits. In section 11.5 we continue this
approach and prove Theorem 1. The basic argument is that if that if the
entropy of mu1 � � � � � � n is almost

sup
N 2 N

h(� 1 � � � � � � N ; � p);

then for any k � 1 the distribution of the �rst k digits of x given the rest
of the digits (chosen according to� 1 � � � � � � n ) must be nearly invariant
under a subgroupG 2 Z=pkZ of sizep�k -for if it was not, then the entropy
of mu1 � � � � � � n can signi�cantly increase by further convolutions. Using
Lemma 9, this implies that the �rst �k digits of x are distributed nearly
uniformly. Sincek is arbitrary, we it follows that h(� 1 � � � � � � n ; � p) w logp.
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11.2 Dimension of sum sets

For any any measure� , let

dim � = inf f dimH Sj S is a Borel set with � (S) = 1 g: (2)

De�ne the lower dimensionof �

dim� = inf f dimH Sj S is a Borel set with � (S) > 0g: (3)

Lemma 5 (Billingsley). Let � be a positive �nite measure onT. Assume
K � T is a Borel set satisfying� (K ) > 0 and

K � f x 2 T : lim inf
� ! 0

log� [B � (x)]
log�

� 
 g:

Then dimH K � 
 . If the lim inf is 
 a. e. , thendimH K = 
 .

In [4], Meiri and Peres proved that dim� � = ess-sup� dim � � in a more
general context. We have the equivalent statement for lowerdimension.

Theorem 6. Let � be a p-invariant measure onT, and denote its ergodic
decomposition by� =

R
� � d� . Then dim� � = ess-inf� dim � � .

11.3 Uniform distribution on subgroups

The following lemmas are the key to prove Theorem 1.

Lemma 7. Let f X ng be an in�nite sequence of independent random variables
with values inZN = Z=NZ, for some �xed integerN > 1. Suppose that for
some non-zerog 2 ZN ,

1X

j =1

N � 1X

x=0

minf P(X j = x); P(X j = x + g)g = 1 : (4)

Let Sn = X 1 + � � � + X n (modN ). Then for any x 2 ZN ,

lim
n!1

(P(Sn = x + g) � P(Sn = x)) = 0 : (5)
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Lemma 8. Let f X ng be an in�nite sequence of independent random variables
with values inZN = Z=NZ, for some �xed integerN > 1. Suppose that there
exists a subgroupG � ZN , generated byg1; : : : ; gr , such that (4) holds for
g = g1; : : : ; gr . let Sn = X 1 + � � � + X n (modN ), and let Sn mod G denote
the projection of Sn to ZN =G. Then

EH (Sn jSn modG) ! logjGj:

Lemma 9. Let Y be anZpk -valued random variable. Let G be a subgroup of
Zpk , and suppose thatn satis�es pn � j Gj. Then

H (� n(Y )) � H (Y jY modG) = H (Y) � H (Y modG):

11.4 Entropy and subgroups

Proposition 10. Let �; � be twop-invariant measures, andG a subgroup of
Z=pkZ for somek 2 N. Then

EH � � � (x1:::k modGjxk+1 :::1 ) � EH � (x1:::k modGjxk+1 :::1 )

Corollary 11. let f � i g be a sequence ofp-invariant measures, and denote
~� = � � i . Suppose thatG is a subgroup ofZ=pkZ for somek 2 N. Then

EH ~� (� n
1:::k modGj� n

k+1 :::1 )

is monotone nondecreasing inn.

Lemma 12. Let � be a measure onT, and suppose thatG � Z=pkZ is a
group of size� pl . Then

H (� 1:::l ) � (l � 1) logp � logjGj +
Z

H (� 1:::k j� 1:::k modG _ � k+1 :::1 )d�

11.5 The convolution theorem

Lemma 13. Let G � Zpk , and suppose that� and � are non-atomic measures
on T. Then

EI k (� � � ) � EI k (� ) = EI G(� � � ) � EI G(� ):
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Lemma 14. Let f � ng be a sequence of probability measures onT, and form
the product measure~� = � � i . Suppose that for some �xed numberk,

1X

i =1

E � 1(H � i (x
i
k jt i

k+1 :::1 )) = 1 : (6)

Then for ~� -almost everyt 2 TN there exists a groupGk(t) � Zpk
such that

EI Gk (t )(� 1 � � � � � � n) ! E logjGk(t)j: (7)

Furthermore, jGk(t)j � pk
� a. e. , wherep� is the smallest prime factor ofp.

Lemma 15. Under the assumptions of Lemma 14, de�ne

hk = sup
n

1
k

EH � 1 ����� � n (x1:::k jxk+1 :::1 ): (8)

For any m, if 1
k EH � 1 ����� � m (x1:::k jxk+1 :::1 ) > h k � � , then

H � 1 ����� � m (t1:::l ) � (l � 1) logp � (k + 1) �; (9)

Where l = l(k) = xk log p�
log p y.
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12 Bourgain's Entropy Estimates

after J. Bourgain [2]
A summary written by John T. Workman

Abstract
It is shown that if certain sequences of operators (Sn ) converge

almost surely on someL p, then there is a uniform estimate on the
L 2-entropy of f Sn f : n 2 Ng for all f in the L 2-unit ball. This shows
that there are bounded functions for which Bellow's averages do not
converge almost surely.

12.1 Preliminaries

Let (X; � ) be a probability space. Let (Tj ) j 2 N be a sequence of linear opera-
tors from the X -measurable functions to theX -measurable functions satis-
fying: Tj : L1(� ) ! L1(� ) are bounded;Tj : L2(� ) ! L2(� ) are isometries;
Tj are positive, i.e., iff � 0 a.s.[� ] then Tj (f ) � 0 a.s.[� ]; and Tj (1) = 1.

Also, assume theTj satisfy a mean ergodic condition. Namely, for every
1 � p < 1

1
J

JX

j =1

Tj f !
Z

X
f (x) � (dx) in Lp(� )-norm, for all f 2 Lp(� ):

Let (Sn )n2 N be another sequence of linear operators satisfyingSn : L2(� ) !
L2(� ) with kSn (f )kL 2(� ) � k f kL 2(� ) , and Tj Sn = SnTj for all j; n . With these
hypotheses, we gain the following results of Bellow and Jones [1].

Lemma 1. Suppose that for some1 � p < 1 , Sn f converges a.s.[� ] for all
f 2 Lp(� ). Then, there is a �nite-valued function C(� ), for � > 0, so that

�
n

sup
n

jSn f j � C(� )
o

> 1 � �

for every f 2 L1 (� ), kf kL p (� ) � 1.

Lemma 2. SupposeSn f converges a.s.[� ] for all f 2 L1 (� ). Then, there is
a �nite-valued function � (� ), for � > 0, so that � (� ) ! 0 as � ! 0 and

Z

X
sup

n
jSn f j d� < � (� )

wheneverkf kL 1 (� ) � 1 and kf kL 1(� ) < � .
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The theory of normal random variables and Gaussian processes plays a
pivotal role in the proofs of both entropy results. Let (
 ; P) be another
probability space. Recall, a random variableg on 
 is normal (or Gaussian)
with mean m and variance� 2 if it has the distribution function

f (! ) =
1

p
2�� 2

exp
�

�
(! � m)2

2� 2

�
:

A normal random variable with mean 0 and variance 1 is called astandard
normal random variable.

Let T be a countable indexing set. A stochastic process (Gt : t 2 T) is
called a Gaussian process if all �nite linear combinations

P
t atGt are normal

random variables, and eachGt has mean 0. We de�ne a pseudo-metric onT
by dG(s; t) = kGs � GtkL 2 (P ) . Denote the entropy number ofT by N (T; dG; � ),
the minimal number of � -balls, underdG, needed to coverT. The following
fundamental result is Sudakov's inequality.

Theorem 3. There is a constantR > 0 such that if (Gt : t 2 T) is a
Gaussian process, then

sup
�> 0

�
p

logN (T; dG; � ) � R








 sup

t2 T
jGt j










L 1 (P )

:

12.2 The First Entropy Result

For � > 0 and f 2 L2(� ), let N f (� ) be the � -entropy number of the set
f Sn f : n 2 Ng in L2(� ), i.e., the minimum number of� -balls in L2(� ) needed
to cover f Sn f : n 2 Ng. The following theorem is the �rst of Bourgain's
entropy results.

Theorem 4. Suppose that for some1 � p < 1 , Sn f converges a.s.[� ] for
all f 2 Lp(� ). Then, there existsC > 0 such that � (log N f (� ))1=2 � C for
all � > 0 and kf kL 2(� ) � 1.

We give a brief idea of the proof. Let (gj ) j 2 N be a sequence of independent
standard normal random variables on (
; P). As (X; � ) is a probability space,
L r (� ) � Lq(� ) when r < q . So, assume without loss of generality thatp � 2.
Fix f 2 L2(� ), kf kL 2(� ) � 1. As L1 (� ) is dense inL2(� ), we may also
assumef 2 L1 (� ).
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For M 2 N, denoteM = f 1; 2; : : : ; M g, and de�ne a pseudo-metric onN
by df (n; n0) = kSn f � Sn0f kL 2 (� ) . Note, supM N (M; d f ; � ) = N f (� ). Fix M .

As J � 1
P

Tj (f 2) ! k f 2kL 1(� ) = kf k2
L 2(� ) � 1 in Lp=2(� )-norm (because

p � 2), chooseJ so large that









1
J

X
Tj (f 2)










L p= 2(� )

� 2: (1)

For each pair n; n0 � M , J � 1 P
Tj ((Sn f � Sn0f )2) ! k Sn f � Sn0f k2

L 2(� ) =
df (n; n0)2 in L1(� )-norm, and thus in probability. So, also chooseJ big
enough that

X 0 =

( �
1
J

X
Tj

�
(Sn f � Sn0f )2

�
� 1=2

�
1
2

df (n; n0) for all n; n0 2 M

)

has large probability. De�ne F (x; ! ) = J � 1=2
P J

j =1 gj (! )Tj f (x).
Let F � (x; ! ) = supn� M jSnF (x; ! )j. From Lemma 1, (1), and some gen-

eral probability results, there is a \universal" constantR0 (independent off ,
M , and J ) such that

X 00=
�

x 2 X :
Z



F � (x; ! ) P(d! ) � R0

�

has large enough� -probability, so that � (X 0 \ X 00) > 0. Fix x 2 X 0 \ X 00.
De�ne a Gaussian process byGn (! ) = SnF (x; ! ) = J � 1=2 P

gj (! )Tj Sn f (x).
By Sudakov's inequality and asx 2 X 00,

sup
�> 0

� (logN (M; dG; � ))1=2 � R
Z



sup
n2 M

jGn (! )j P(d! )

= R
Z



F � (x; ! ) P(d! ) � RR0:

On the other hand, asx 2 X 0,

dG(n; n0) =
�

1
J

X
Tj (Sn f � Sn0f )2(x)

� 1=2

�
1
2

df (n; n0);

where the equality follows from a simple result on normal random variables
and the properties of (Tj ). Thus, N (M; d f ; � ) � N (M; dG; �=2) for all � ,
so that � (logN (M; d f ; � ))1=2 � 2RR0 =: C. Taking the supremum overM ,
� (logN f (� ))1=2 � C for all � > 0.

89



12.3 The Second Entropy Result

Theorem 5. SupposeSn f converges a.s.[� ] for all f 2 L1 (� ). Then, there
exists a �nite-valued function C(� ), for � > 0, such that N f (� ) � C(� ) for
all � > 0 and kf k2 � 1.

The proof is by contradiction. Suppose there is some� > 0 such that
N f (� ) is unbounded over theL2(� ) unit ball. Fix K 2 N, K > 1. Then,
there is somef 2 L1 , kf kL 2(� ) � 1 such that N f (� ) > K . In particular,
there is a subsetI � N with jI j = K (cardinality) and kSn f � Sn0f kL 2(� ) > �
for all n 6= n0 2 I .

Like in the previous proof, we must choose an appropriately largeJ , but
we suppress those details. De�neF (x; ! ) = J � 1=2

P J
j =1 gj (! )Tj f (x). Write

F (x; ! ) = ' (x; ! ) + H (x; ! ) where

' (x; ! ) = F (x; ! )� fj F (x;! )j� 6
p

log K g and

H (x; ! ) = F (x; ! )� fj F (x;! )j> 6
p

log K g:

Much like the �rst proof, here we must show that three sets (in
) have
su�ciently large probability, so that there is some ! in all three sets. This is
done by takingJ large enough initially, an application of Sudakov's inequal-
ity, and more results in probability theory. This gives! 2 
 such that

Z

X
sup
n2 I

jSnH (x; ! )j � (dx) � c1; (2)
Z

X
sup
n2 I

jSnF (x; ! )j � (dx) � c2(log K )1=2; (3)
Z

X
j' (x; ! )j � (dx) � c3; (4)

for universal constantsc1; c2; c3. By (2) and (3) we see
Z

X
sup

I
jSn ' (x; ! )j � (dx) � c2(log K )1=2 � c1: (5)

De�ne  K (x) = 1
6(log K )� 1=2' (x; ! ). Simply by construction, we have

j K j � 1. By (5),
R

X supI jSn  K (x)j � (dx) � c2=6� c1(log K )� 1=2=6. Finally,
by (4), we seek K (x)kL 1(� ) � c3(logK )� 1=2=6. As K 2 N; K > 1 was
arbitrary, we can create a sequence K satisfying these three conditions.
However,c3(logK )� 1=2=6 ! 0, while c2=6 � c1(logK )� 1=2=6 � c2=12 > 0 for
large K . This contradicts Lemma 2, and completes the proof.
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12.4 Application: Bellow's Averages

Let T = R=Z. Then, a function f : R ! C with period 1 can be viewed as
a function on T . Let m be Lebesgue measure, and consider the probability
space (T ; m). Let (aj ) be any non-zero sequence of real numbers which
converge to 0. For functionsf : T ! C, consider the operators

Sn f (x) =
1
n

nX

j =1

f (x + aj ):

Bellow asked whetherSn f converges tof a.s.[m] for all f 2 L1(m). The
answer to this turns out to be no. In fact, it is not even true for all f 2
L1 (m). We prove this using the second entropy criterion. First, we need the
following result.

Lemma 6. Let (aj ) be a sequence of non-zero real numbers converging to
0. Then, given anyr 2 N, there exist integersJ1 < J 2 < : : : < J r satisfying
the following: if �� = ( � 1; : : : ; � r ) is a vector of 0's and 1's, then there is an
integer n( �� ) such that for all 1 � s � r

�
�
�
�
�
1 � J � 1

s

X

j � Js

e2�ia j n(�� )

�
�
�
�
�

<
1
10

if � s = 0;

�
�
�
�
�
1 � J � 1

s

X

j � Js

e2�ia j n(�� )

�
�
�
�
�

>
1
2

if � s = 1:

The proof of this lemma is somewhat technical, but it is straightforward
and relies only on some basic complex arithmetic. We now proceed to the
solution of Bellow's question.

Theorem 7. Let (aj ) be any sequence of real numbers which converge to 0
and aj 6= 0 for all j . Then, there existsf 2 L1 (m) such thatSn f does not
converge a.s.[m].

Proof. For bj = ( j � 1)w, where w is irrational, it follows from Birkho�'s
erogdic theorem that the operatorsTj f (x) = f (x + bj ) satisfy the mean
ergodic condition. That theseSn and Tj satisfy the other conditions laid out
in Section 12.1 is immediate. By Theorem 5, it su�ces to show

supf N f (� ) : kf kL 2(m) � 1g = 1
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for some� > 0. In fact, we will do this with � = 1=10. Let r 2 N. By
Lemma 6, choose integersJ1 < : : : < J r . De�ne a function f by

f (x) = 2 � r=2
X

�� 2f 0;1gr

e2�in ( �� )x :

Note, kf k2
2 =

R1
0 f (x) �f (x) dx = 2 � r P

�� 1 = 1 by orthogonality. Also,

SJs f (x) = 2 � r=2
X

�� 2f 0;1gr

� s; �� e2�in ( �� )x ;

where
� s; �� = J � 1

s

X

j � Js

e2�ia j n(�� ) :

Fix an �� and suppose� s = 1 and � t = 0. By Lemma 6, we have

j� s; �� � � t; �� j � j � s; �� � 1j � j 1 � � t; �� j >
1
2

�
1
10

=
2
5

:

Hence, by orthogonality and above,

kSJs f � SJ t f kL 2(m) = 2 � r=2

 
X

��

j� s; �� � � t; �� j2
! 1=2

� 2� r=2

 
X

�� :� s 6= � t

j� s; �� � � t; �� j2
! 1=2

> 1=5:

As no two SJs f could be contained in the same 1=10-ball in L2, we see
N f (1=10) � r . As r is arbitrary, sup N f (1=10) = 1 .
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13 Pointwise Ergodic Theorems for Arithmetic
Sets, part 1

after J. Bourgain [1]
A summary written by Andrew Yingst

Abstract

We reduce a pointwise Ergodic theorem along polynomial iterates
to certain inequalities. We also prove a lemma to be used in part 2.

13.1 Introduction

Let (
 ; B; �; T ) be a dynamical system. (For us, this is a probability mea-
sure space, with a measure-preserving automorphism.) We are interested in
adaptations of Birkho�'s individual ergodic theorem whichreplace the usual
ergodic means with means along some polynomial:

AN f =
1
N

NX

n=1

f � Tbp(n)c;

wherep is a polynomial with real or integer coe�cients. We follow Bourgain's
arguments of the following two theorems. The �rst applies only to integer
polynomials and includes a maximal inequality.

Theorem 1. Let (
 ; B; �; T ) be a dynamical system and letp be a polynomial
with integer coe�cients. Given r > 1, there is a constantC so that

k sup
N � 1

jAN f j kr � Ckf kr (1)

holds for all f 2 L r (
 ; � ): Furthermore, the sequenceAN f converges point-
wise almost everywhere. IfT is weakly mixing andp is non-constant, then
the limit is given by

R
fd� .

In the second theorem, we generalize to all real polynomials.

Theorem 2. Let (
 ; B; �; T ) be a dynamical system and letp be a polynomial
with real coe�cients. If f is any bounded measurable function on
 , then
AN f converges pointwise almost everywhere.
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13.2 Reduction to Inequalities.

The section following this one will argue the maximal inequalities to be used,
and a certain lemma which follows from them. We begin by showing that
Theorems 1 and 2 follow from these. Hence, for this subsection we assume
that inequality 1 holds, as well as the following lemma.

Lemma 3. Let (
 ; B; �; T ) be the shift map onZ endowed with counting
measure, and letp be a polynomial with real coe�cients. Fix � > 0, and let
Z � = fb(1 + � )nc : n 2 Ng. Let (N j ) be a sequence of positive integers such
that N j +1 > 2N j for all j > 1. For j � 1 and f a function on Z, let

M j f = sup
N j � N � N j +1 ;N 2 Z �

jAN f � AN j f j:

Then there is a functiong : N ! R+ so that g(J )
J ! 0 as J ! 1 , and so

that for all bounded, measurablef on 
 , we have

JX

j =1

kM j f k2
2 � g(J )kf k2

2:

We �rst show that Lemma 3 holds if (
 ; B; �; T ) is any dynamical system.
(We do not state this identical lemma.)

Proof. Let f be a bounded measurable function on 
, �x J � 1 and x 2 
,
and let K be some large positive integer. Let� be a function on Z by
� (k) = f (T k(x)) for jkj � K , and 0 otherwise. Using the shift map onZ, we
have that AN � (k) = 1

N

P N
n=1 � (bp(n)c+ k) = AN f (T k(x)), if jk+ bp(i )cj � K

for all i = 1 : : : N:
From this it follows that M j � (k) = M j f (T k(x)), if jk + bp(i )cj � K for

all i = 1 : : : Nj +1 . Let M = maxfj p(i )j : i = 1 : : : NJ +1 g. Assume that K is
so large thatK > M . From Lemma 3, we have

JX

j =0

K � MX

n= � K + M

jM j � (n)j2 �
JX

j =0

kM j � k2
2 � g(J )k� k2

2 = g(J )

 
KX

n= � K

j� (n)j2
!

:

For the values ofn considered,� and M j � agree with an iterate off :

JX

j =0

K � MX

n= � K + M

jM j f (Tn(x)) j2 � g(J )

 
KX

n= � K

jf (Tn(x)) j2
!

:
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The above holds for allx, and we may integrate both sides with respect to
x. Since T is invariant, these terms no longer depend onn. Dividing by
(2K + 1 � 2M ), we �nd:

JX

j =0

kM j f k2 � g(J )
2K + 1

2K + 1 � 2M
kf k2:

This holds for all largeK , so letting K go to in�nity gives the desired result.

Next we show that the above lemma gives pointwise convergence of AN f
when f is bounded.

Theorem 4. Let (
 ; B; �; T ) be a dynamical system, and letp be a polynomial
with real coe�cients. If f is a bounded measurable function on
 , then An f
converges pointwise almost everywhere.

Proof. By way of contradiction, supposef is a bounded function for which
the above fails. We may assumejf j < 1. Let L � � f x 2 
 : An f (x) doesnt
convergeg; with L � 1=2. For � > 0 let E � denote the set of all pointsx so
that � witnesses that the sequence (An f (x)) is not a Cauchy sequence. Let
�̂ > 0 be such that� (E �̂ ) has measure greater thanL=2. Let � = L �̂=6, and
as above, letZ � = fb(1 + � )nc : n 2 N. We now inductively de�ne a sequence
(N j ) of positive integers withN j +1 � 2N j .

Let N1 = 1. Suppose thatN j has been de�ned. Forx 2 E = E �̂ , there
are arbitrarily large integersm and n so that jAm f (x) � An f (x)j > �̂ . Hence
there are arbitrarily large n so that jAn f (x) � AN j f (x)j > �̂=2. For such
an n, let n0 be the nearest element ofZ � to n. Using the de�nition of Z � it
can be veri�ed that for large n, jAn f (x) � An0f (x)j � jn� n0j

min f n;n 0g � 2�: Hence,
jAN j f (x) � An0f (x)j � �̂=2 � 2� > �̂=3:

As before, let M j f = supN j � N � N j +1 ;N 2 Z �
jAN f � AN j f j: By the above

argument, asN j +1 becomes large,f x 2 E : M j f (x) > �̂=3g increases toE.
Therefore, we may chooseN j +1 > N j so that � f x : M j f (x) > �̂=3g > L= 2:
Thus the sequenceN j is de�ned, and we havekM j f (x)k2 �

p
L=2�̂=3 > � .

But by Lemma 3, we have
P J

j =1 kM j f k2
2 � g(J )kf k2

2: In our case, this
givesJ� 2 � g(J )kf k2

2, contradicting that g(J )=J ! 0.

At this point, we have completed the proof of Theorem 2. To complete
Theorem 1, we use the maximal inequality in a typical way:
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Theorem 5. Let (
 ; B; �; T ) be a dynamical system, and letp be a polyno-
mial with integer coe�cients. If f 2 L r (
 ; � ), then An f converges pointwise
almost everywhere.

Proof. Let �; � > 0. By the maximal inequality, (1) we may �nd a bounded
function g with kf � gkr so small that k supn� 1 jAn(f � g)jkr � � 1=r �

3 . We
must then have supn� 1 jAn f � Angj � �=3 except on a set of measure at most
� . But Ang(x) converges: for almost everyx 2 
, there is N (x) such that
m; n > N (x) implies jAmg(x) � Ang(x)j < �= 3. Hence, for allx o� a set of
measure� , there isN (x) so that m; n > N (x) implies jAn f (x) � Am f (x)j < � .
Taking (� n ) to be a summable sequence, and (� n ) converging to zero, we �nd
that An f (x) is a Cauchy sequence except on a set of measure

P
� n .

13.3 A Lemma

In this subsection, we outline Bourgain's argument of an inequality for certain
Fourier multipliers. Let F denote the Fourier transform froml2(Z) to L2[0; 1],
or from L2(R) to L2(R). The goal of this section is to motivate the following:

Lemma 6. Let � 1; : : : ; � K be points inI = [0; 1], with d(� k ; � k0) > 2� 2� s for
k 6= k0. For j � 0, let Rj = [ K

i =1 B(� i ; 2� j ). Then for any function f on Z,
the following inequality holds:








 sup

j � s
jF � 1[� R j F f ]j










l2(Z)

� C(log K )2kf kl2(Z) ;

whereC is a constant independent of the choice off or f � i g.

Note that the above supremum is over all thosej so that the intervals of
Rj are disjoint. Bourgain also generalizes this to take the supremum over all
j , but in our applications, f is supported on some disjointRj , so this version
su�ces.

The argument begins by adapting a form of Doob's OscillationLemma
for Martingales. We won't go through the argument, but do outline the
adaptation. To avoid introducing terminology, we state only a special case
of Doob's Oscillation Lemma. Givenf a measurable function on [0; 1], let f n

denote
P

I 2 D n
( 1

jI j

R
I f )� I , where Dn is the collection of all dyadic intervals

in [0; 1] of length 2� n .
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Lemma 7 (Doob's Oscillation Lemma). For � > 0 and x 2 [0; 1], let N � (x)
denote the number of jumps of length� in the sequence(f n (x)) . Then for
each� > 0 and each measurablef , we have

k� (N � )1=2k2 � ckf k2:

In our adaptation, we replace the scalar valued functionf with a function
from f : R ! Rd. We also replace the sequencef n (x) with the similar
expression (f � � t )(x), where � t (y) = 1

t � ( y
t ). (Convolution with a vector-

valued function is de�ned coordinate-wise.) Finally, we replace our gap-
counting function N � (x) with M � (x), de�ned to be the number of balls of
radius � needed to cover the setf (f � � t )(x) : t > 0g, taken to be zero if this
set has diameter less than� .

Lemma 8. Let � be a smooth real-valued function onR which vanishes at
1 , with c� =

R
jx� 0(x)j < 1 . Then for every measurablef : R ! Rd and

every s > 2, we have

k sup
�> 0

� (M � )1=sk2 � c� (s � 2)� 1kf k2:

From this, we easily obtain the following lemma.

Lemma 9. With the notation above, there is a constantc0
� depending only

on � , so that for K � 1 we have

k
Z 1

0
min(K; M � (x))1=2d� k2 � c0

� (logK)2kf k2:

Proof. Let F (x) = 1
2 supt> 0 kf � � tk2. (The norm here is the vector norm.)

Applying the Hardy-Littlewood Maximal Inequality coordinatewise, we get
kF k2 � c� kf k2: Note that if � � F (x), then M � (x) = 0. Hence, we may
write
Z 1

0
min(K; M � (x))1=2d� �

Z F (x)K � 1=s

0
K 1=2d� +

Z F (x)

F (x)K � 1=s
K

1
2 � 1

s M � (x)
1
s d�

� K
1
2 � 1

s F (x) + K
1
2 � 1

s
1
s

log(K ) � sup
�> 0

�M � (x)1=s:

Now we are done, by applying the previous lemma and takings so that
1
s � 1

2 = 1
log K . (This makesK

1
2 � 1

s = e and 1
s� 2 = log(K )� 2

4 .)

97



We are now in a position to outline the proof of Lemma 6.

Proof. We begin with two reductions which we do not argue fully. First it
is su�cient to argue the equivalent lemma for functionsf on R. (We still
leave Rj a subset of [0; 1]; we do not make it periodic.) The idea comes
from noting that when f is a function onZ and 0< � is small, the function
f � = � � 1 P

n2 Z f (n)� [n;n + � ] on R has kf kl2(Z) = kf � kL 2(R) ; and f̂ � � f̂ on
[0; 1].

Second, we'd like to replace� R j by a smooth function. Let j j � 1
be some smooth function onR with  = 1 on [� 1=2; 1=2], and  = 0 o�
(� 1; 1). Let gj (� ) =

P K
k=1  (2j (� � � k)). The argument that it is su�cient

to argue the lemma withgj replacing � R j comes from the observation thatP
j � s jgj � � R j j is bounded.
We must now show the following inequality:








 sup

j � s
jF � 1[gj F f ]j










L 2 (R)

� C(log K )2kf kL 2(R) :

Let � = F � 1 and again let� t (x) = 1
t � ( x

t ). Note that  (2j � ) �  (2s� 1� ) =
 (2j � ). Taking the Fourier inverse of both sides of this gives� 2j � � 2s� 1 = � 2j .
Using this fact and usual rules of Fourier transforms, we maywrite the left-
hand side of the above as:

k sup
j � s

j
KX

k=1

e2�i� k x � (f k � � 2j )(x)) j k2; (2)

where f k = [ e� 2�i� k x f (x)] � [� 2s� 1 (x)].
The Hardy-Littlewood Inequality gives that k supj � s f k � � tk2 is bounded

by c(� )kf kk2. Using this we �nd an inequality of the form,

k sup
j � s

j
KX

k=1

e2�i� k x � (f k � � 2j )(x)) j k2 � A(
KX

k=1

kf kk2
2)

1=2;

where A = C
p

K . Let B = B(�; K ) be the least value for which the
above inequality holds. From Parseval's formula, we know

P K
k=1 kf kk2

2 =
P K

k=1 kf̂ kk2
2 = kf̂ � gs� 1k2

2 which is easily checked to be less than 2kf̂ k2 =
2kf k2. Hence, we are done if we can showB � C(logK )2.
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Becausef̂ k is supported on the interval [� 2� 2� s; 2� 2� s], we can estimate
that k(1� e2�i�u )f̂ (� )k2 � 1

2kf̂ k2 provided j1� e2�i�u j < 1
2 on [� 2�2� s; 2�2� s],

which will occur for example whenjuj < 2s=100: Taking F � 1 gives

kf k � � uf kk2 <
1
2

kf kk2; when juj < 2s=100

where� ug(x) = g(x + u). Writing f k = ( f k � � uf k) + � u f k and applying the
triangle inequality gives

(2) �
B
2

(
KX

k=1

kf kk2
2)1=2 + k sup

j � s
j

KX

k=1

e2�i� k x � � u(f k � � 2j )(x)k2:

Integrating this inequality over u 2 [0; 2s=100] and changing variables lets
us replace the last term with

10
p

2� s














 Z 2s

0
sup
t � 0

j
KX

k=1

e2�i� k (x � u) � (f k � � t )(x)) j2 du

! 1=2













2

:

If we can show the above is bounded byC(logK )2(
P K

k=1 kf kk2
2)

1=2; we'll
know that C(log K )2 + B

2 is a suitable choice ofA in our desired inequality,
and henceC(log K )2 + B

2 � B , and so we'll be done.
Let F map into RK by F (x) = ( f 1(x); : : : ; f K (x)), and consider the set

Ax = f (F � � t )(x) : t > 0g = f (( f 1 � � t )(x); : : : ; (f K � � t )(x))g: As in Lemma 9,
let M � (x) denote the minimal number of� balls needed to cover the setAx ,
or zero if diam(Ax ) < � . Fixing x, let q be the largest integer so thatM2q (x)
is positive. For j � q, let Cj be a collection of balls of radius 2j coveringAx

with jCj j = M2j (x). Next, for j � q, de�ne D j by choosing a point ofAx

from each ball inCj . Finally, de�ne B j for j � q by taking Bq = Dq, and for
j < q let B j consist of all points of the formd � d0 where d 2 D j and d0 is
the nearest point ofD j +1 to d.

Because of the covering properties ofCj , we know that if j � q and
y 2 B j , then kyk < 2 � 2j . (For j = q we note that limt !1 (F � � t )(x) = 0, so
we may assume 02 Ax .) Further, we know that for eacha 2 Ax , we can write
a =

P
j � q yj for some sequenceyj 2 B j . This sum holds coordinate-wise,

and we may write f k � � t (x) =
P

j � q � k(yj ), leading us to the inequality

p
2� s

 Z 2s

0
sup
t � 0

j
KX

k=1

e2�i� k (x � u) � (f k � � t )(x)j2du

! 1=2
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�
p

2� s
X

j � q












max
~y2 B j

j
KX

k=1

e2�i� k (x � u) � � k(~y)j2











L 2 [0;2s ];du

: (3)

Now on the one hand, the interior of the maximum above is always less thanP K
k=1 j� k(~y)j �

p
K k~yk. On the other hand, it also increases if we replace

the max by a sum. We write

max
~y2 B j

j : : : j � minf
p

K � 2 � 2j ; [
X

~y2 B j

j
KX

k=1

e2�i� k (x � u) � k(~y)j2]1=2g:

For positive functions, the norm of the min is less than min ofthe norms, so
we estimate theL2[0; 2s]; du norm of each of the above. For the �rst, we get
2j +1

p
K 2s. For the second, the fact thatj� j � � k j > 2� s for j 6= k gives the

following inequality, which we will not verify:

k
KX

k=1

ake2�i� k ukL 2 [0;2s ];du � C
p

2s(
KX

k=1

jak j2)1=2:

This gives that the L2[0; 2s]; du norm of the second element of the above min
is bounded by

0

@
X

~y2 B j

C22sk~yk2

1

A

1=2

�
�
C22sjB j j(2j +1 )2

� 1=2
= 2 j +1

p
2s(M2j (x))1=2

This gives us that (3) is bounded by

C
X

j � q

2j +1 (minf K; M 2j (x)g)1=2 � 2C
Z 1

0
(minf K; M � (x)g)1=2d�;

sinceM � (x) decreases as� increases. But now we are �nished, by applying
Lemma 9.
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