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Hamiltonian mechanics

Phase space: R*", z = (q1,.. -, Gns P1; - - - » Pn)-

cordinates momenta

Hamiltonian function: H (g, p, t).
Smooth path: z(t) = (g(t), p(t)) : [0, 1] — R*"
Action form: Ag(z,t) = 3., pidq; — Hdt

VARIATIONAL PRINCIPLE: z(t) satisfies the Hamiltonian

equations
2 = XH(Z)

iff 2(¢) is a critical pt of the action functional

Br(z(t)) = / Au(z(), t).

z(t)

Here X gy = —JV H is the Hamiltonian vector field of H,

VH = (0H/dq, 8H/0p) and J = ( ? ‘0’ )
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Symplectic manifolds

STANDARD SYMPL. FORM: wg = Y_._, dg; A dp;.

Vector bundle isomorphism &g : TM — T*M :

(@o(X))(Y) = wo(X,Y).

X g defined by Xy = @o(dH).

SYMPLECTIC MANIFOLD (M?", w):

1. wis closed: dw = 0.

2. w is non-deg. : @ is an isomorphism.
SYMPLECTOMORPHISM: ¢ € Diff(M), ¢*w = w.
LOCAL STRUCTURE (Darboux): Around a pt z,
(M, w), dim(M) = 2n, “looks like” (R*", wy).
VOLUME FORM: Q = Lw A ... A w;

TOTAL VOLUME vol(M, w) = [,, Q2 — symplectic invariant.



Symplectic embeddings

Question:

_.'/ N\ , J

P S s o

(- —= T:-RT

e /
B (%)- ¢att of vaclius « zw-z‘“‘“
, IR A
Theorem. (Gromov’s non-squeezing) Synaplectic JLise

A symplectic embedding B(r) — Z(R) exists iff = < R.

REMARKS:

1. Necessary condition: vol(B(7)) < vol(Z(R))(holds Vr, R).
2. 3 (Linear) vol.-preserving embedding ¢ : B(r) — Z(R):

L2

Y2 r
P(z, y) = (E:'B]_, '?) L3y+++yLn; €Y1, ;5 Y3s-++1Un), €< =i

R
However, 1 is symplectic iff e = 1, which implies » < R.

Thus, invariants other then total volume are needed.

Gromov’s widths (a symplectic capacity):

weg(M,w) = m;_p){av'rfr2 : B(r) embeds symplectically into M}.
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Capacities

Let M?" = {(M,w) : dim(M) = 2n}.

DEF. Capacity ¢ : M*™ — RZ° U {40} satisfies

A1 (Monotonicity) If ¢ : (M,w) — (N, ) is symplectic,
then c(M < w)<c(N,7). |

A2 (Conformality) c(M, aw) = |a|e(M, w).

A3 (Normalization) ¢(B(1)) = = = ¢(Z(1)).

PROPERTIES AND REMARKS:

1. c is a symplectic invariant.

2. 3 ¢ & Gromov’s squeezing thm.
3. If ¢ exists, might not be unique.
4. If dim= 2, c is the total volume.

5. If dim # 2, total volume is not a capacity.

QUESTION: Does a capacity exist?
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Capacities Exist!

BUT THIS IS HARD TO PROVE! (see lecture 2)
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Linear case

Mnfld == Ellipsoid (image of B(1) under linear map)

Capacity == Linear capacity (only linear maps are allowed)

Lemma. FE can be put gnfo the standard form
Eo=¢(E)=> ., '—‘:}11- by a symplectic map.

r=(ry,...,rn) isthe spectrumof £,0 < r; < ... €< ry.
Let E, E' be two ellipsoids with spectra r and »’.

Theorem. Linear symplectic embedding ¢ : E — E’ exists
iffr < r'.

Linear width (a linear capacity): wy(E) = nri(E).
Since B(r;) C ¢(E) C Z(r;), for any symplectic capacity

c(E) = ﬂ'r? = wr(E).
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Dynamical interpretation of Linear capacities

Let E = E(q) = {¢(z) < 1} be an ellipsoid.
OE = {q(z) = 1} is a compact hypersurface.
Distinguished periodic orbits of X, on 0 E:

wi(t) = (0,...,zigt), ...,0),
where z;(t) = e'i  2(0), |z:(0)]| = ;.

Action on distinguished orbits:
i 27 _ .
Albsibithy = -/ it w
2 Jo
Lemma. Forall:=1,...,n:
mre = A(w;(t)).
In particular,

c¢(E) = wrf = min{|A(z)| : z is a periodic orbit on OF }.
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Symplectomorphism < preserves capacities
(Linear case)

Lemma 1. Linear orientation-preserving map ¢ : R" —
R?" is symplectic iff it preserves the capacities of all ellipsoids.

Proof. ” <= ”: If ¢ is not symplectic, 3 v, u such that
0 < A = w(p(v), p(u) < w(v,u) = 1.
Consider two bases:

6 = = {vau1v23u2a*-'avnau‘n}a

~Ep = e(v) o(u) , , '
3 = Y * R y UgyUgyeveyUpy U, ¢ .

Lety = {ey, fi1,...,en, fn} be the standard basis.

Let ¢, ¢’ € Sp(R®") be such that ¢(8) = v = ¥'(8').

Let A = ¢ 'py. Then A(e;) = e, Afy = Afy.
This implies AT (B(1)) C Z()).

On the other hand, AT preserves capacities.

For A < 1, this gives a contradiction. O
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Symplectomorphism < Preserves capacities

Lemma 2. The capacity of convex sets is continuous with re-
spect to Hausdorff metric:

d(U, V) = max(min ||z — y||) + max(min ||z — y|]).

Proof. If d(U, V) < 6, then 3¢ > O sit.
(1—-e)-UCV C(1+¢)U.
Apply A1; then take the limit. O

Theorem. (Ekeland-Hofer) A diffeomorphism  is symplectic
iff it preserves the capacities of all open sets.

Proof. Consider the maps

pt(z) = (P(IZ)-

o, € Difft (R?") and ¢, preserves capacity of ellipsoids.
Let ® = lim;_o ¢ = de(0)(uniform on compact sets).
Hence, @ is linear and preserves capacities of ellipsoids.
Thus, ® is symplectic, and ¢ is symplectic at 0.

Similar argument works for ® = dp(z) Vz € R*". O
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Rigidity

Corollary. Symp(M) is C°-closed in Diff M).
In other words, if

® ; —  uniformly on compact sets;
e p; are symplectic;

Then ¢ is symplectic.

Proof. Let lim;_,,¢; = ¢ (uniform convergence).
Let ¢; € Symp(M). Since c is continuous w.r.to Hausdorff
metric, ¢ preserves ¢, and, thus is symplectic. O

This is analogous to

Theorem. If f,, — f uniformly on compact sets, and f, :
C"™ — R is analytic, then f is analytic.

[y f(2)dz

“behaves well” w.r.to uniform limits on compact sets. O

Proof. The integral
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Symplectic Homeomorphisms

Q: How to define a symplectic homeomorphism?
VOLUME-PRESERVING CASE:

Homeomorphisms preserving the measure.

SYMPLECTIC CASE:

A homeomorphism ¢ is symplectic if ¢ preserves c.
Thus, each c defines a subgroup Hom.(M).
Hom.(M) is C°-closed in Hom(M).

If ¢ € Hom.(M) is smooth, itis in Symp(M).
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The Hofer-Zehnder capacity

Consider Hamiltonians H € H (M, w) such that

1. HM \ K) = m(H), K is compact.
2. H(U) = 0forsomeopenU C K.
3. 0< H(z) <m(H)forallz € M.

Here m(H) = max(H) — min(H) is oscillation of H.

Definition. Admissible Hamiltonians H,(M) C H(M):
a periodic solution of z = HYz) is either constant or T > 1.

Ny
Note: VH € HqfM) 3¢ > Dsuchthate - H € Ha(M).
Definition. The Hofer-Zehnder capacity is
co(M,w) =sup{m(H) | H € Ho(M,w)},

the maximal possible oscillation of admissible functions on M.

If co( M) is finite, then VY H € H (M) with m(H) > co(M),
X u has a non-constant periodic orbit which is “fast” (T" < 1).
Moreover, co( M) if the infimum of numbers with this property.
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Monotonicity and Conformality of c,.

Lemma. ¢, satisfies Al.
Proof. ¢ : (M, w;) = (M, wy) — symplectic embedding.
For H, € H.(M,) define

_ [ Hi(e™'(w)), “ y € p(M);
Haly) = { 0, y € Mz \ p(M);

Since m(Hz) = m(H;), and ¢ intertwines X, and Xy,,

the periodic orbits correspond to periodic orbits.

Thus co(M) < ¢o(N). O

Lemma. ¢, satisfies A2.

Proof. Let ¢ : H(M,w) — H(M, aw) be the bijection
Y(H) = Hy, = |a| - H.

Since

(aw)(Xtiq, -) = —dHo = —|a| - dH = |a] - w(Xn, -).

By non-degeneracy, Xy, = +Xg. The periods are equal. O
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Normalization (easy part)

Lemma. co(B(1)) > .

Proof. Let f : [0, 1] — R be such that

e f(r)=m—cforrnearl;
e f(r) = 0for r near0;
e f'(r) € [0, ).

Let H(z) = f(|z|?). Then H € H(M) and m(H) = 7 — &.
The solutions of 2 = X g(2) is z(t) = e*’*2(0),
where a = 2f'(2(0)) € [0, 27).
If a = 0, 2(t) = const.
If @ > 0, z(t) is periodic with T" = 2% > 1.
Thus, H € H.(M,w). Thus, co(M) > m(H) = 7 — €.
Taking the limit ¢ — 0, we obtain co(M) > 1r O

Since 3 a symplectic embedding B(1) — Z(1),

it follows that ¢o(Z (1)) > co(B(1)).
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Normalization (difficult part)

To prove that ¢, satisfies A3, it remains to show that
co(Z(1)) < m,
which is equivalent to
Theorem. If H € ﬂ(Z(l)) andsup(H) > 7r,l
then X y has a non-constant periodic orbit of period 1.

(In particular, H ¢ H.(Z(1))).

Beginning of proof: Assume that H vanishes near the origin.
-(If not, compose with appropriate symplectomorphism).

MAIN IDEA:
1. extend H to a function H € C*(R*", R).

2. find the 1-periodic solutions of 2 = X z(z) as the critical
points of the functional

®(2(t)) = /01 (% (—J%,2) — Er(z(t))) dt

defined on the loop-space C*°(S*, R*").
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Step 1: quadratic extension of H € H(Z(1)).

Extend H € H(Z(1)) to H € C*(R?), such that

e H = Hon Z(1) N B(R) for some R;
e ||d2H|| < cforsome ¢ > O (i.e., H has quadratic growth)

Let 2 = (23, w), where w = (22,..., 2,).

—— H(z), z € Z(1) N B(R),
——— { fzil*) + g(lwl), = ¢ Z2(1) N B(R),

where R > 1is such that K C B(R).
KN
/ N
.. E 8(R)
\ O
\f/ 4
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Step 2: 1-periodic solutions with ®(z(¢)) > 0

Lemma. A 1-periodic solution z(t) of Zz = X g(z) such that
®(z(t)) > 0 is non-constant and lies in K.

Proof. If z(t) = const, then ®(z(t)) < 0 since H > 0.
Claim: If z(to) C R*" \ K, then ®(2(t)) < 0.
Proof: Let z(t) have T' = 1, ®(z) > 0, z(to) € R*"\ K.
Then H(z(to)) > m(H), implying H(z(t)) > m(H) Vt.

Hence, z(t) € R* \ K.
In this region, H(z) = f(|z1]*) + g(Jw|?), and

A 2 . 2
2(t) = o2 (I21] )21(0), w(t) = o219 (|w| )w(0).
Since f' € [0, 7 +¢€), g’ € [0,7), ®(2) < —¢|z1|* < 0. O

Thus, a 1-periodic solution of 2 = X g(2) with ®(2(t)) > 0
lies in K and is a solution of z = Xy(2).
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Step 3: The analytical setting

Need to show that 3 1-periodic solution with ®(z(t)) > 0.
Extend ® : C*°(S*, R*") — R to a Hilbert space.
Represent z(t) € C®(S*,R*") by 2(t) = 3,z €"* ' 2.

First term in ®(z(t)) is

14 . ,
a(z, z) =/(; 5(—Jz,z) dt = WZklzk| :

keZ

can be extended to the Sobolev space E = H/2(S%)

HY2(8Y) = {z € L}(SY) : 3 Ik*F|zl? < o0},

keZ

(2,2') = (20, 20) + 21 > |K| - {2k, 24).
keZ

I|H(2)|] € M - |z|? implies that b(2(t)) = [, H(z(t))dt
extends to (a differentiable) functional on L?(S").

The extension @ : E — R is given by
®(2) = a(z) — b(2), with V®(z) = 27 — 27 — Vb(2).
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