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The classical paradigm of Calderon and Zygmund provides a set
of techniques invariant under translations and dilations that allow to
prove estimates for operators acting on function spaces on IRn. We
focus on the real line as underlying space and further concentrate on
estimates for operators that are themselves invariant under translation
and dilation. The only such operators bounded on Lp(R) are the linear
combinations of the identity operator and the Hilbert transform

p.v.

∫
f(x− t)

dt

t
.

Passing to invariant sub-linear operators, we have the well known ex-
amples of the maximal operators and maximal truncated Hilbert trans-
form

sup
ǫ

1

ǫ

∫ ǫ

−ǫ

f(x− t) dt, sup
ǫ

∫
R\[−ǫ,ǫ]

f(x− t)
dt

t
.

To obtain further invariant operators we may replace the supremum
norm in the parameter ǫ by other norms such as the V r variation norm

sup
N,ǫ0,ǫ1,...,ǫN

(
N∑

j=1

|f(ǫj) − f(ǫj−1)|
r)1/r

or variants thereof with names such as jump counting norms and os-
cillation norms that we shall not elaborate on in detail. For r > 2 the
operators

‖
1

ǫ

∫ ǫ

−ǫ

f(x− t) dt‖V r(ǫ), ‖

∫
R\[−ǫ,ǫ]

f(x− t)
dt

t
‖V r(ǫ)

are bounded in Lp for 1 < p <∞.
By a classical transfer principle bounds on the former can be used

to prove Birkhoff’s ergodic theorem: For a probability space X and
a measure preserving transformation T of X, and for f ∈ Lp(X), the
ergodic averages

1

N

N∑
n=1

f(T nx)
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converge for almost every x in X.
Time-frequency analysis provides an additional paradigm to Calderon-

Zygmund analysis that allows to estimate operators that are invariant
under translation, dilation, and modulation. Modulation is defined as

Mηf(x) = f(x)eiηx .

There are no bounded linear operators on Lp(IR) with non-trivial trans-
lation, dilation and modulation symmetry other than the identity op-
erator, so we immediately turn to sublinear operators. The classical
operator in this class is Carleson’s operator. It is the maximal oper-
ator over the family of operators formed by precomposing the Hilbert
transform with a modulation:

Cf(x) = sup
η
p.v.

∫
f(x− t)eiη(x−t) dt

t
.

Boundedness of this operator in Lp(R) is the celebrated Carleson-Hunt
theorem [2],[8] with alternative approaches by Fefferman [5] and by
Lacey and the author [11].

Taking a supremum or variation norm over the dilation parameter
one obtains the operators

C∗f(x) = sup
ǫ

sup
η
p.v.

∫
R\[−ǫ,ǫ]

f(x− t)eiη(x−t) dt

t

CV f(x) = sup
η

‖p.v.

∫
R\[−ǫ,ǫ]

f(x− t)eiη(x−t) dt

t
‖V r(ǫ)

While the first operator can somewhat surprisingly be bounded by a su-
perposition of the classical Carleson operator, it is not known whether
the second operator is bounded. Lacey and Terwilleger have estimated
a variant of the second operator with variation norm replaced by some
oscillation norm, motivated by a family of Wiener-Wintner theorems
in ergodic theory [10].

For another strengthening of Carleson’s operator we recall that the
L∞ norm of a function f is the same as the M2 Fourier multiplier norm,
i.e. the norm of the operator

g → F−1(fF (g))

where F denotes the Fourier transform. Given a family fǫ of function,
one can form the maximal operator associated to the family of mul-
tipliers. We denote by ‖f‖M∗

2
the norm of this maximal operator on

L2(R):

g → sup
ǫ
F−1(fǫF (g)) .
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We then have the sublinear operator

CMf(x) = ‖p.v

∫
f(x− t)eiη(x−t) dt

t
‖M∗

2
(η)

This operator has been estimated in Lp for 1 < p < 2 in [4]. By
transfer to ergodic theory this result implies Bourgain’s Return Times
theorem [1] as well as an extension of the range of exponents p and q
in that theorem compared to previously known results. The Return
Times Theorem states: If Y is a probability space and S a measure
preserving transformation on Y and g in Lp(Y ), then for almost every
y ∈ Y the sequence an = g(Sny) is a good sequence for a weighted
Birkhoff theorem: Given a probability space X, a measure preserving
transformation T on X and f ∈ Lq(X), then the averages

1

N

N∑
n=1

anf(T nx)

converge for almost every x ∈ X.
Another class of objects with translation, dilation, and modulation

invariance can be found among multilinear operators and forms. Fix
a vector β = (β1, β2, β3) of unit length in R3 that is perpendicular to
(1, 1, 1). Then the trilinear form

Λ(f1, f2, f3) =

∫
p.v.

∫
f1(x− β1t)f2(x− β2t)f3(x− β3t)

dt

t
dx

is invariant under simultaneous translations and dilations of the three
functions, as well as under the modulations

Λ(f1, f2, f3) = Λ(Mα1
f1,Mα2

f2,Mα3
f3)

where (α1, α2, α3) is perpendicular to (1, 1, 1) and β.
One has to distinguish two cases: If two of the components βj coin-

cide, then the trilinear form is called degenerate and can be reduced
to the combination of a pointwise product and a bilinear form. In this
degenerate case Lp(R) bounds follow trivially by Hölder’s inequality
and bounds for the linear Hilbert transform. In the non-degenerate
case, the trilinear form has been proved to be bounded in [12] and [13]
for

∑
j 1/pj = 1 and 1 < p1, p2, p3 ≤ ∞.

Interesting questions concern uniform bounds in the vicinity of the
degenerate cases. For any triple of exponents p1, p2, p3 for which one
has bounds both in the non-degenerate case and at some degenerate
point β, one may expect that one has uniform bounds in the vicinity
of this degenerate point. This has been established only for a certain
sub-optimal range of triples (p1, p2, p3) in a series of papers [15],[7],[14].
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Maximal and oscillation norm operators derived from the dual bilin-
ear operator (the bilinear Hilbert transform) have been considered in
[9] and [3] in connection with ergodic averages of the form

1

N

N∑
n=1

f(T nx)g(T 2nx) .

A longstanding open problem in ergodic theory concerns the almost
everywhere convergence of ergodic averrages formed using two com-
muting but otherwise arbitrary measure preserving transformations S
and T on a probability space X:

1

N

N∑
n=1

f(T nx)g(Snx)

for two bounded measurable functions f and g. An approach to this
problem using time frequency analysis suggests the study of the two
dimensional analogue of the above trilinear Hilbert form with x ∈ IR2

and β1, β2, β3 vectors in IR2. No Lp estimates are known for this form.
An apparently easier question arises when one replaces t by a variable
in IR2. Thus we consider the trilinear form∫

IR2
p.v.

∫
IR2

f1(x− B1t)f2(x−B2t)f3(x− B3t)K(t)dt dx

where K is some Calderon Zygmund kernel on IR2 and B1, B2, B3 are
2 × 2 real matrices.

In all interesting cases one may by a change of variables and possible
permutation of indices assume that B1 = 0, B2 = id and B3 is in
Jordan canonical form. As in the one dimensional case one encounters
certain degenerate behaviour when eigenvalues of B3 coincide with the
eigenvalues of B1 and B2. We have five essentially different cases:

(1) Neither of 0 and 1 is an eigenvalues of B3.
(2) B3 is equal to B1 or B2.
(3) B3 has two different eigenvalues of which exactly one is equal

to 0 or 1.
(4) B3 is a Jordan block of size 2 with eigenvalue 0 or 1.
(5) Both 0 and 1 are eigenvalues of B3.

Cases 1 and 2 are relatively straight-forward generalizations of the
non-degenerate and the degenerate cases in one dimension. Cases 3 and
4 are discussed in [6] and bounds are proved in the range

∑3
i=1 1/pi = 1

and 2 < p1, p2, p3 < ∞. Interestingly, while evidently Case 3 implies
bounds for the one dimensional Hilbert form, the bound in Case 4 can
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be used as a an alternative approach to the Carleson-Hunt theorem.
This provides a somewhat unified approach to these two objects.

It is not known whether the trilinear form satisfies any Lp bounds in
Case 5. This is a basic challenge in harmonic analysis. In the following
paragraphs we rephrase it in more concrete terms.

Let φ be a smooth approximation to the characteristic function of
[−1, 1] in the Schwartz class S(IR) with integral 1. Define

φk(x) = 2kφ(2kx) ,

ψk = φk − φk−1 ,

and define the “sum” and “difference” operators

Pkf(x) = f ∗ φk ,

Qkf(x) = f ∗ ψk .

Let Pk,1 and Qk,1 be the corresponding operators on functions in IR2

that act only in the first variable, e.g.

Pk,1f(x, y) =

∫
f(x− t, y)φk(t) dt

and define similarly Pk,2 and Qk,2. The bounds for the trilinear form
in Case 5 essentially reduce to finding any Lp bounds for the bilinear
paraproduct type operator

B(f, g) =

∞∑
k=−∞

(Pk,1f)(Qk,2g) .

No such bound is known. Any bound together with analoguous bounds
for the dual forms and interpolation would imply the bound

‖B(f, g)‖3/2 ≤ C‖f‖3‖g‖3

which may therefore be the main estimate in question.
There is an analoguous question when Pk and Qk are replaced by

the natural dyadic martingale sum and difference operators on the real
line. No Lp bounds are known for this dyadic analogue, which therefore
presents another closely related and possibly simpler problem.
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