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1 The Haar basis

We shall construct a nice orthonormal basis of L?(R). An interval [z,y) is called
dyadic, if it is of the form [2Fn,2%(n + 1)) with integers k and n. In other words,
its length is an integral power of 2, and its distance to the origin is a multiple of its
length. Each dyadic interval is closed on the lower end and open on the upper end.
Let Z denote the set of all dyadic intervals.

We list the following immediate and useful properties of dyadic intervals:

1. For each x € R and k € Z there is exactly one dyadic interval of length 2*
which contains z.

2. Each dyadic interval is the disjoint union of two dyadic intervals of half the
length.

3. If two dyadic intervals have nonempty intersection, then one of them is contained
in the other.

If I is a dyadic interval, let I; and I, its lower and upper half, i.e., I; and I, are
again dyadic intervals. For each dyadic interval we define the Haar function h; by

1
hi=—41r—11) ,

VI

where 1; denotes the characteristic function of I.
Lemma 1 The set {h;: I dyadic} is an orthonormal basis of L*(R).

Proof We have
1
(hi, i) = 1 (/[ 1,,(z) dx—i—/lu 1, (x) dw) 1

thus all Haar functions have norm 1. Assume I and J are two different dyadic
intervals. If I and J are disjoint, then (hr, h;) = 0 because the supports of h; and
h; are disjoint. Assume that I and J are not disjoint. By symmetry we can assume
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that J is contained in I. Since I # J, we conclude that |J| < |I|. Thus |J| < |[;| and
|J| < |I,|. Since J intersects at least one of I; and I, we have that J is contained in

I, or I,,. Thus .
(hi,hy) = + (/ dz — dx) —0
11 Mo

Thus we have seen that the Haar functions are pairwise orthogonal.

It remains to show that the Haarfunction are a complete orthonormal set. We
shall prove more generally that the closure of the linear span of all Haar functions
is dense in IP for all 1 < p < oo. Fix p. By Hahn Banach we have to show that
every continuous linear functional f on L? (thus f € L*') which vanishes on all Haar
functions is already 0.

Fix f € L” such that (f, h;) = 0 for all I.

Let I, be any dyadic interval and define ¢ by

|, f(a)dz = |1

Assume |I| = 2%, For k > 0 let I* be the unique dyadic interval of length 2FoT*
which contains I°. We claim that

| (@) da=clL,

k

for all £ > 0 and prove this by induction. We conclude from (f, h;x,) = 0 that

/ka(x)dxz/lkf(x)dx

1 u

Since one of the intervals IF and I is equal to I 1, both sides of this equation are
equal to c|I; 1|, which proves the induction statement for k. By Hélder’s inequality
we have

et = | [ (@) da| < 11315y
k

By letting k£ tend to infinity we conclude ¢ = 0.

Now let J be any open interval in R. It is the disjoint union of the collection of
maximal dyadic intervals in J. (Every point in J is contained in some dyadic interval
contained in J, and two maximal such intervals are disjoint because none of them is
contained in the other.). Thus we conclude

/If(a:)dac:O

By Lebesgue’s differentiation theorem, f has an indefinite integral whose deriva-
tive is equal to f almost everywhere. But the indefinite integral is constant by the
previous observation, so f is zero almost everywhere. Thus f is 0. This finishes the
proof of the lemma. m

Thus we have also proved the following lemma
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Lemma 2 The linear span of the Haar functions is dense in LP(R) for 1 < p < oc.

Observe that this statement is not true for p = 1, because taking the mean of a
function is a continuous operation in L'(R), and all Haar functions have mean zero,
whereas L'(R) certainly contains functions which do not have mean 0. The statement
is also false for p = oo, because all linear combinations of Haar functions are compactly
supported, and the compactly supported functions are not dense in L*(R)).

The set of Haar functions is also a minimal set of functions such that the closure of
their linear span is dense in LP. Namely, if we remove one Haar function A; from this
set, hy € L? is a nonzero continuous linear functional that vanishes on all other Haar
functions, which therefore do not span a dense subspace. In this sense {h; : I dyadic}
is a basis of LP.

Let #(R) denote the linear span of the Haar functions, i.e., the set of all finite
linear combinations of Haar functions. Let f € LP(R) and assume f; € H(R) converge
to f as 1 — oo. For each 7 write

fi = Z agz) h[ y
1
where a% # 0 only for finitely many I. Then an easy calculation gives
s A0 (@) _
lim a;” = lim <; ay b, h1> = (f, h1)
Therefore we would like to write

f:Z<fahl>hI

In L2, this infinite sum is easily interpreted and shown to be well behaved by Hilbert
space techniques, but in LP, convergence of this infinite sum is not so clear, e.g. it
may depend on the order of summation. We will come back to this issue later.

2 The Calderon Zygmund decomposition

We begin to prove estimates in LP involving expansions of Haar functions. The
operator 7, in the following lemma is a discrete model for what is called a singular
integral operator in Fourier analysis.

Lemma 3 Let {¢; : I dyadic} be a collection of numbers bounded by 1. Then the
operator

Tf =Y e (f,hr)hr
T

mapping H(R) to itself extends to a bounded operator on LP(R) for all 1 < p < oo.
More precisely, we have

ITefl, < Coll £l

with a constant C, depending only on p.



The statement of this lemma can be expressed by saying that {h;} is an uncon-
ditional basis of LP.
Proof For p = 2 the lemma follows trivially from the fact that the Haar functions
are an orthonormal basis of L?(R). Namely, we have

ITefll5 = D" ler (fs b [P < S IKF b P = (IF113
I I

We observe that it suffices to prove the lemma for 1 < p < 2. Namely, suppose it
is true for some 1 < p < 2, we conclude by duality and self adjointness of 7T, that it
is also true for p':

\T.flly =  sup  (Tef,g) = sup Y _(f, hr){hs,g)
gEH(R): |gllp=1 lglls=1 T
S||S|1|1p1||f||p' > (g, hry hi|| < Gyl flly
9llp= I

p

By the Marcinkiewicz interpolation lemma (see next section and a technical re-
mark further down) it suffices to prove the following socalled weak type 1,1 estimate
for the operator T:

{z : [Tof(2)] > AH < CAHIFls

Let Z' be the collection of all maximal dyadic intervals such that

(1) J1£@)lde > A1

Then the intervals in 7’ are pairwise disjoint, because if two such intervals were not
disjoint, one was contained in the other and therefore not maximal. Thus we have

S <A Y S @) de <A [ |f@) de <Al

IeT IeT R
By a similar argument, we see that each interval satisfying (??) has length bounded
by A7Y|fll1, and is thus contained in a maximal interval satisfying (??) (there are

not infinite increrasing chains of such intervals).
For each I € 7' define

b= (f hs)h;

JCI

Observe that by is supported in I and has mean 0. If J is a dyadic interval not
contained in I, then hjy is constant on I, and therefore (b;,h;) = 0. Thus T.b; is
supported in ' = ez I. Define

g:f_zbl )

IeT

then it remains to show that

(2) {z : [Teg(z)| > AH < CA M f Il
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We shall prove that |g| is bounded by 2A. Assume this is correct, then we have

lgll3 = [ lg(@)? da
< 2)2|E| +2/ 2)[|\| da

<oflh+2 [ 1F@)IN dz < 4],

This gives
ITegllz < llgllz < 4MI£]l:

This implies (??) by Chebyshev’s inequality, wich states that for any function F' and
any 0 < p< oo
{o: \F@| >NV < [ [F@)Pdo

To see that |g| indeed is bounded by 2\, let J be any dyadic interval. If J is not
contained in any I € 7', then 1, is constant on any I € Z'. Therefore [, b;(x)dz
vanishes for all I € 7' and we have

e

o]

by definition of Z'. If J is contained in some I € 7', then, because g is constant on [
and equal to the average of f over I,
171 /
f(z
‘ 1

J, o

Let I' be the dyadic interval of length 2|I| containing I. Then we have, again by
definition of Z:
‘/ )de| < |I||/ (@) dz < || |‘,\|1'\ — 2]

Thus the average of f over any dyadic interval is bounded by 2A. Since f € H(R),
this proves that f is bounded by 2\.

This completes the proof of this lemma, up to the Marcinkiewicz interpolation
theorem which will be proved in the next section.

Technical remark: In order to apply the Marcinkiewicz interpolation operator, we
need to extend the operator to a slightly larger space than #(R). Let A(R) denote
the linear span of the characteristic functions of all dyadic intervals. It is easy to
see that A(R) = H(R) + Rljg1) + Rl_;0). We easily observe that for any numbers

e € [—1,1] the sum
> e <1[0,1), h1> hr
T

< \|J|

Nl

converges pointwise regardless of the order of summation and similar for the function
1i_1,0)- This defines T¢(f) for f € A(R) as a measurable function.
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Since A(R) C L*(R), T, satisfies the L? bound on A(R). We prove that T,
satisfies the weak type 1,1 estimate on A(R). First we observe

‘ 22 k102k W )

k>0

so the weak type estimate is satisfied for functions in the space R1lp,1). Moreover we

have for any f € H(R):
A A
{IT(f + clpp)l > A} < S ITef] > 0+ 1Tl > 5

S C)\_1||f||1 + C)\_IC S C/\_1 max(||f||1, C) S C“f + 01[0’1)”1

Here the last inequality follows from the fact that f has mean zero and thus

el = [~ (f(@) + clpy @) do < |If + clpp

0
Il =2/ 1f@lde<2] [7)+elon)|de <207 +eloplh

Similarly we proceed with functions in R1;_; ) and thus conclude the weak type 1,1
estimate for all of A(R). Thus we can apply the Marcinkiewicz interpolation theorem
to the extended operator.

|

Remark: The function ¢ in this proof is called the good function at level A, and
the function b = f — g = Y ;<7 by is called the bad function. The crucial properties of
these functions are that ¢ is bounded and thus the L? result can be applied, whereas
b is built up from mean 0 functions, which makes the operator 7, act locally on the
building blocks of . The decomposition of f into g and b is called the Calderon-
Zygmund decomposition at level A.

3 Marcinkiewicz interpolation lemma

Suppose f € L?(R). Then we have Chebyshev’s inequality:

{z = [f(2)] > A AP < | fII7
On the other hand, we can write by Fubini

/\f(a;)|pdz=// PN dA dx
0<AL| f()]

—/ /W DY dmdA= p/ N {z: | )|>>\}|—

If the measure space [0, 00] with measure d\/\ had finite measure, then we could
conlude the converse of Tschebyscheff’s inequality with soem constant C,. This of-
course is not the case, but on the range of power functions, A~! only fails barely to be
integrable at 0 and oo. This is one of the themes behind the following interpolation
lemma.



Lemma 4 Let T be a sublinear operator mapping A(R) to the set of measurable
functions on R. (Sublinear means that

T(fr + f2) (@) < [T(fo)(2)] + |T(f2)(2)|

for almost every x.) Let 1 < p. < ps < 00 and assume that there is a constnat C
such that for j € {<,>} we have

{z : Tf(x) > A < CAP IS
Then T extends to a bounded operator from LP to LP for every p. < p < ps, i.e.,

1T fll < Goll fll

with a constant C, depending only on C, p<, ps, and p.

Remark: the constant C, in general tends to co as p tends to p or ps.
Proof

By multiplying 7" with a constant we can assume C' = 1 for j € {<,>}. Let
f € A(R) and assume || f]|, = 1.

The idea of the proof is to decompose f into small part and large part and control
the small part by the p-- norm and the large part by the p.- norm.

Thus, for each A\ define

f>:max(f,)\) ’
f<=F—-1

Then we have

00 d d
WhV>—/fWHMA>%%§=AMWNHﬂ>@%£

Pl < [T A< > ) s [ el e

We do the decomposition

+)\_

{.’L‘ : Tf] > %}‘

Each term on the right hand side is estimated by (here C, depends on p, p-, p<)

{Tf(=) > A< X

Je{<,>}

AP £l

d
<O [ ameif> e}
KjA K
Thus we have

dA
ITIE=p [ XHITS > AN
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dA dk

<GY [ [ s>

<X [wlis > m

= Gl fII7

This proves the lemma.
|

4 The Littlewood Paley Square function

The Calderon-Zygmund type Lemma ?? which we proved earlier is closely related to
the following lemma. Indeed, if we estimate ||T¢f||, and || f||, as in Lemma ?? from
above and below by the expression given by the following lemma, then boundedness
of T, follows immediately. Conversely, we will se in the next section, that Lemma 77
can be deduced from Lemma ??7 with the aid of Khintchine’s inequality. However, we
prove Lemma ?7 directly, because we plan to deduce Khintchine’s inequality from it.

Lemma 5 Let f € H(R) and 1 < p < co. Then

DR )

I

< Clpl

p

(3) —||f||p <

In view of this lemma we define the square function Sf of f by
<Z (k) P )
T M

The lemma, states that the L? norms of f and Sf are comparable.
Proof For p =2 we have

171 = [ S K31 @) o = 501 4 2 = 11

I

We observe that it suffices to prove the second inequality in (??) for all 1 < p < oo,
because then we obtain

Ifll,= sup  (f,g) =sup > (f, hr) (b, g)
9 1

geH(R):lglly =1

<sup [ SIS bl Ghr, )] () da



< sup
g

I

H > | (g,m )

< ISl

We prove the second inequality in (??). For 1 < p < 2 the proof is again done by
interpolation with a weak type 1,1 estimate, which itself is proved by a Calderon
Zygmund decomposition. The essential property of S that we need for this is that if
b is supported on an interval I and has mean zero, then Sb is supported on I. This
is obviously the case. We shall omit further details.

In the proof of Lemma 77 we used duality to pass to estimates for 2 < p < oco.
Since taking the square function is not a linear operation, this idea is not immediately
applicable here. One could bypass the nonlinearity by interpreting the square function
as the norm of a vector valued linear operator. We shall take a different route and
prove the estimate for 2 < p < oo directly.

Let f € A(R). It is easy to see that the sum defining f converges pointwise
absolutely (and in L?) to a function in L2, which is constant on small dyadic intervals.
Define

pl

={z:Sf(z) > \}

and let Z, be the collection of maximal dyadic intervals contained in E). Let v be a
small constant to be determined and call a I € Z, exceptional if

1fLellz < yAIT|2
If I is not exceptional, we have with Holder’s inequality:
1
YAUL? < [ f1llp

Assume I € 7, is exceptional and let I’ be the dyadic interval of length 2|I| containing
I. Then we have for z € I

Sf(x)2zz‘<fa|(’]l=‘]>| +I§J‘ fa‘ﬁil ‘ J(x)

< Z ‘<f115 hJ) |21J(l‘) _|_/\2

The last inequality follows because I’ ¢ E\. This gives
Hzel:Sf(x)>2)\}

2
< {.Z‘EI Z ‘ .f hJ (.T) >)\2}‘ < ||f)\121||2 S72|I|

ia

This gives

Exl< > U+ X

I€Zy\,] not exc. I€Ty\,I exc.
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[
(4) < W + 7 |EA|

Assume we have for certain ) that

p
5) B <8 2pllle

then (??) shows that (??) also holds for A replaced by 2\. However for very small A
inequality (?7) is satisfied because, for fixed f € A(R), we have

which for small A turns into (?7?).

Inequality (??) is a weak type p,p inequality for the sublinear operator S. By
Marcinkiewicz interpolation we obtain boundedness of S in L? for 2 < ¢ < p. Since
p < oo was arbitrary, this finishes the proof. m

At this point we return to the question of expanding arbitrary LP functions into
Haar series. Lemma ?? has the following striking consequences.

Let a; be a collection of numbers and let Z, be an increasing family of finite
subsets of Z with U,,Z, = Z. Then the sequence

0 (5 )

is monotone increasing. Assume the limit is finite. By Lebesgue dominated conver-
gence theorem we find a function S € I” with

p

, : a?, )’
S =lim5, = lim, (2 T 1,>
Define

E.,:={x:5,(z)<(1—-¢€S(z)}

For fixed 0 < € < 1, the sets E, shrink to 0 as n — co. Hence
||S]‘Es,m||p S €

for all m greater than or equal to some appropriate n. Then we have for alln <m <

ml

Z arhr — Z arhr

I€eZ, ., I€T,,

Z arhr

I€Z,\Tn,m

p

3

2

< ( y 11>
IEIm/\Im |I|

p

p
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<|s? =823,

|, + 1516,

.

<1 = (1= €)?)2S], + € < 23||9]], + €

This proves that
Jm = Z arhy

1€y,

is a Cauchy sequence in I”. Let f be its limit, then we have for each I € Z:
<f7hl>:1ir¥bn<fmahl>:aff )

hence the limit f is what one expects and does not depend on the choice of the
sequence Z,,. Vice versa, let f € LP(R). We aim to prove that with a; := (f, hr) the
sequence (??) has a finite limit. Let f, be a sequence of functions in H(R) such that
lf — fallp < 27" Set aryn = (fn, hr). Then we have

lara? )
17(z
H 27
y4

i gl

<C||f0||p+02”fk_fk 1||p<022 k<

k=0

k=1 »

Since obviously lim,, ar,, = a;, we easily see that for every finite subset Z'o fZ we have
for sufficiently large n that 7' C Z,, and

Z ‘GIP :
ier N

a2\
<14+ (Z |;| 11) <C

IeZ,

This proves (??) has a finite limit.
In particular, we see that if f € LP, then Y;(f;, hr) h; converges to f in LP
regardless of the order of summation.
5 Khintchine’s inequality
Define the k-th Rademacher function on the interval [0, 1) by
To = 1[0,1)
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T = > 12 hy

I€T:IC[0,1):[I|=21—F

Thus the Rademacher function r; has modulus 1 on the interval [0,1) and oscillates
between 1 and —1, taking each value on intervals of length 27*.

Lemma 6 Let (ax)r>o0 be a sequence of coefficients with

Z lax|? < oo

k

Then Y72 axrr converges in LP for all 0 < p < co and we have

1 2
AL

k

Zam
k

<q (Z |ak\2)
V4

k

for all 0 < p < 0.

Remark: Conversely, assume we didnt know that (a;)$2, is square summable, but

limy, o0 D j—o kT, converges to a function in LP, 0 < p < oo. Then we have for each
n:

n
Zakrk

k=0

<G
p

(Z\aﬁ) <q
k=0

hence (ay) is square summable.
Proof Since the Rademacher functions are an orthonormal set of functions in L?(R)
(beware: not complete), the inequality of the lemma holds in the case p = 2 with

Cy = 1. Define
f=" ar
%

Assume 2 < p < oo. Then we have by Holders’ inequality

(Z W)Q 1Al < I,
k

To obtain the reverse inequality, we apply Lemma 7?7 as follows:

1£1, < fJaoton ], +

2( ) ak|lk|%h1>

k>0 \|T|=2—*,1C{[0,1) P
} }
<laol +C (Z ( ) \Gk|211>> = lao| +C (Z \ak\21[0,1)>
k>0 \|I|=2—*,1c{[0,1) k>0
P P
; ;
=|a0|+C’ Z|ak|2 SC Z|ak|2
k>0 k>0
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The finiteness of the square function in this line of arguments also implies the con-
vergence of >, agry in LP.
Now let 0 < p < 2. We have again by Holder

1AL < 171 < (2 w)z
k

Holder’s inequality also implies that >, axr, converges in LP. It remains to show a

lower bound for || f||,.
Pick 2 < ¢ < o0. Since Khintchine’s inequality is already proven for ¢ we have

£l < Hfl{z:ﬂmns%nm} , T Hfl{ﬂlf(w)Z%llfllz} )

1 174

<3 e s @1 = 5051}

1 37

< Sl +Cllflla {17 = 5011}
This implies ” ”

1 5

& < |{e: @1 = 51| < ope
And thus

171l < Cif1l,

|

Vice versa, we can use Khintchine’s inequality to deduce L? bounds for the square
function operator from Lemma ?7.

Namely, let f € H(R) and 1 < p < oo. Let I, I,,... be an enumeration of Z.
Then Lemma ?? implies that for each ¢ € [0, 1)

> ralt) (fhe,) hr|| < Gyl fllp
n=1 D
and hence - »
) (f, h1,) b, || dt < CPIfIID

On the other hand we have with Khintchine’s inequality

1| oo p
/ S ra(t) (f, hr,) b, | dt
0 n=1 P
1 1| % p
= [ [ ra®) (b b (o) |t de

13



(NS

o0

>0 [ (S 1P @F)
= clissi

This proves the square function estimate.

Observe that although Lemma ?? does not hold in the case p = 1, we can make
the same argument as above for p = 1. Namely, if f € H(R) and ||T.f|: < C||f|I
for all choices ¢; € [—1, 1], then

n=1

ISfllh < C'llflk

for a possibly different constant C’. The L' norm of the square function will be
further discussed in the following section about the Hardy space H'(R)

Finally, we point out the following probabilistic interpretation of expressions of the
type f = >y_; axrg. If for each 1 < k < n we flip a coin whether to add or subtract
the number a;, then each possible event of this “Markov process” corresponds to
an interval of length 27" in [0,1), on which f takes the value of the random sum
corresponding to the event.

6 The Hardy space H' and BMO

The square function estimates show that we can identify the space LP(R) with the
space H, of all sequences (ar)rezr which satisfy

la;|”

7) Nan) ezl = ‘(z . 1I>% .

p

More precisely I” and H? are equivalent normed spaces if H? is equipped with the
norm ||.|| z»-

Since the square function estimates break down at p = 1 and p = oo, we do no
expect such an equivalence to be true for p =1 or p = .

However one can study the spaces H' and H* of all sequences (aj);er which
satisfy (??) with p = 1 or p = oo respectively. Indeed H' and H* are normed
spaces with norms ||.|| g1 and ||.||ge~. (Ofcourse one would like to think of an element
(ar) € H' or H* as a function

> arhr
I

and this can be done, but at this time the meaning of such an infinite sum has not
been clarified.)

For 1 < p < 00, the dual space of H? is H”', as one can see from the identification
with L? and L?. However, it turns out that H™ is not the dual space of H'. The
main purpose of the current section is to identify the dual space of H! which will be
called BMO.
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If \ is a continuous linear functional on H'(R), denote by b the number A((as)rez)
where ay = 1 if I = J and a; = 0 otherwise. If (as)ez is any sequence with finitely
many nonzero entries, we then have

al IEI Z arbr

Since the space of sequences with finitely many nonzero entries is dense in H!
(Lebesgue dominated convergence), the sequence (by);cz determines the functional
M. Vice versa, if (br)rer is any sequence of real numbers, it extends to a bounded
linear functional on H' if and only if

(8)

< C|(ar)rezl g1

for all sequences (ay) ez with finitely many nonzero entries. Thus we can identify the
space (H')* with the space of all sequences (br)rer satisfying (??). The norm

166l -

of an element in the dual space of H' is given by the best constant C in (??). In
what follows we shall give a more direct characterisation of the elements in the space
(H')".

Suppose A = (by)rez € (H')*. Let J be any dyadic interval and assume a; vanishes
when I ¢ J. Then we have by Cauchy-Schwarz

(s

= [[All ¢z

2

< | Mll¢zry-

Z a]b]
I 1

(1) ] it ()

Let 7' be any finite collection of intervals contained in .J and set a; = b; if I € T’ and
ar = 0 otherwise. Then the previous line of inequalities shows

1

< ll¢ay-| 12

> [brl* < My

< g} (Z w)
IeT’ T

Taking the sup over all sets Z' gives

1
(9) ]2 (Z |bz\2) < (Ml
ez’
Thus a necessary condition for a sequence (b;);ez to be in (H')* is that the left hand
side of (??) is bounded by a constant independently of J. The following lemma states
that boundedness of the left hand side of (??7) independently of J is also sufficient for
the sequence (br); to be in (H')*.
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Lemma 7 A sequence (br)ier is an element of (H')* if and only if

(10) sup |J|”> (Z lbzl2>1 < 00

IcJ

The quantity on the left hand side of (??) is a norm equivalent to the (H)* norm.

We call the quantity on the left hand side of (??) the BMO norm of the sequence
(br)rez and write

1(br) rezllmo
for it. The lemma states that the space BMO of alls equences with bounded BMO
norm is equivalent to the space (H')* under the identity map.

Proof After the preceding discussion it remains to prove that there is a universal
constant C such that for any sequences b; and any finite sequence a; we have

< Clazl g 11(or)1]lBMo0

b= (24 00) 2]

Let Z,,, be the set of dyadic intervals contained in E,, but not in E,,, and let Z/7®*
be the set of maximal dyadic intervals contained in E,,.
Then we have by Cauchy-Schwarz

For each m € Z let

<y (Z ) (;W)%

m IeZ,

(/ > Yl dm) <||<bJ>J||§Mo 5 w)

1€Ty, I€Tmax

< 11G)sllmvo 3 (1B l227)* (1Bl

Here we have used that )
2 2
(1) [ ¥ @) ao
I€T, |I|

is bounded by 2?"*!. This is clearly true on the complement of E,, ;. Let J be
a maximal dyadic interval in F,,;; and let J' be the dyadic intervals of length 2|.J|
containing J. Then clearly (??) is constant on J’, and since J' is not contained in
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Ei1, (7?) is bounded by 2™ on J'. This shows that (??) is bounded by 2™*! on
E..+1. Now we easily see that

1(65)1]lmn0 3 (IEm|22m)% (1En))? = 1(bs)sllrr0 3 27| En

[ (5 5) =}

(51 m)

dA

< 2/|(b) s llamo /0 A

= 2||(bs)llB™mO

1
This finishes the proof of the lemma. m

7 The space BMO as function space

In this section we discuss how to make sense of the expression > ; byh; as a function
if (by); is a BMO sequence.

Thus let (by); be a sequence in BMO. For each n > 0 define I,, = [0,2") and
define a function f, on I, by

=3 bihi(z) = 3 b7

ICI, IgCICI,

Obviously this sum converges in L?: the first summand because of the BMO estimate,
the second because it is a finite sum. Thus this expression as well as other expressions
of this type below are understood to hold for almost exvery x.

If n < n', then f, and f, coincide on I,,, because we have on I,

for (2)
=Y () + Y b)Y bIE— S b
ICI, InC#£ICI,, IoCICI, I.CAICI,,

which is equal to f,(z) because the second and fourth term on the right hand side
cancel each other on [,.
Thus we can define a function f on [0, 00) by defining unambiguously

f(@) = fulx)

whenever 2" > z. Similarly we can define a function on (—o0,0], by first defining a
sequence of functions on the intervals [—2",0). This defines a function on all of R.
If I is any dyadic interval, define f; to be the average of f on I. Then we have

(12) 1£1r = filly < 11121150 1]lmmo
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Namely, if I C [0, 00) say, then we have for some sufficiently large n with I C [0,2")

f(@) = fr(@) = falz) = (fa)1(2)

and

fn(.’L') = Z b[h[ + Z b[h[ — Z b[

JCI IC#JCI, IpcJcIy,

The first term on the right hand side has mean zero on I, whereas the other two
terms are constant on I and therefore

fa(@) = (fa)1(x) = 3 brhs

JCI

Thus (??) follows form the BMO property of the sequence b;. The assignment (b;); —
f we have defined is injective, because one easily verifies

bI:<f5h1> ’

so if f =0 then (b;); = 0.
Vice versa, let g be any function locally in L? and satisfying

(13) 7211 = fill oy < €

Then we can define a sequence (by) by

bI = <g: h’I)

Then (??7) implies that b; is a BMO sequence. This assignment g — (by); is not
quite injective, because if by = 0 for all I, then all we can conclud is that if J is any

interval, then
Z <ga h’I> h’I =0

cJ

in L2 sense, and since {|J| 21,} U{h; : I C J} is an orthonormal basis of L2(.J) we
conclude g is a constant on I in L? sense. By letting J being [0,2") and [—2",0) for
larger and larger n we conclude that g coincides with a function

C10,00) T €100,

almost everywhere.

By the above identifications, we can therfore identify BMO with the space of all
locally L? functions satisfying (??) modulo the space ¢; 1) + ¢-1(—o00. We will
be somewhat sloppy and call these equivalence classes of functions themselves BMO-
functions.

Obviously every function in L* defines a BMO- function because it is locally in
L? and satisfies

_1 _1
(1720 = Sall oy < T2 A2 + 1 ll2) < 2] flloo
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Moreover, if f € L®, then also
f+ C+10,00) T -1~ 00,0 € L>*

for all ¢} and c_, so L /{c41j,00) + - 1(—a0,01} is @ continuously imbedded subspace
of BMO.

However, a function in BMO does not necessarily come from a function in L*°, an
example is given by the function

f(z) =log|z|

Let I = [a,b) be a dyadic interval contained in [0, 00). We shall prove

1 = Fillagry < 1 = F Oz < ©

The first inequality is clear by an orthogonality argument: the constant function is
orthogonal to f — f; in L?(I) and thus

1f = Fillzy = If = FOzaqy + 11 = Oy

For the second inequality we shall decompose I = |J,, I, where I; is the right half
of I, I, is the right half of I\ I; and so on. Then I,, sits between (1/2)"b and b, hence

log |z —log [b] < n|log(1/2)]

on I,. Thus . )
1f = FO)l2r,y < Cnllnl> = Cn272 12
Summing over n gives

1f = fO) 2y < CH

A similar argument holds for intervals contained in (—oo, 0]. This proves that log |z|
is a BMO function. However, log |z| is not in L because it is unbounded near 0 and
00.

To make the point that H* is not the dual of H', we present a function which
is in L* and thus in BMO, but whose square function is not in L°°, therefore its
sequence of coefficients (f, h;) is not in H*. Define

f == Z 1[22k’22k+1] - 1[22k+1’22k+2)
kEZ

Then f is a bounded function. Obviously we have

f(z) = —f(2z)

Therefore an easy scaling argument shows that
<fa h[0,2k)> = (_1)%2_%
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for a certain constant c. Since f changes sign on the left half of [0, 2%) but not on the
right half of [0, 2*) it follows that ¢ # 0. Thus we have for the square function:

I

(It is actually not hard to see that we have equality here. The right hand side however
is not in L, since its values tend to co as x tends to +0.

The following definition shows that in the condition (??) for BMO functions we
could have used any 0 < p < oo instead of p = 2. As before we denote by f; the
average of f on [.

Lemma 8 Let f € BMO and I and interval. Then
1 _1 _1 _1
14) I = fillpoy 77 <A = frllpagny 177 < Gyl = Frll oy 11177
p

and
(15) E,={z €I:|f(z) - fil = A\}| < ceTiao ||

Proof We first consider the case p > 2. Then the second inequality in (??) follows
by Holder, therefore it suffices to prove the first inequality.

Fix an interval I. Let Sg denote the square function of g. For any function
g € LP(I) with mean 0 on I we have

> {f hi) (g, hr)

I

< Clfllamo 189l < C 1 f leao 19, 111> < Cl fllgnio llgll, 111

Thus there is an element f’ in L¥' (I) (which we can assume to have mean zero) such
that

1
1y < 11 lgpao 17
and

S (ki) (g ha) = [ f(@)g(w) do

for all g € LP(Z). Since for all g € L?(z) we have

S (k) (9.h) = [(F(2) = f)g(x) da

I

we conclude that f — f; coincides with f’ on I. This proves the first inequality in
(7?).

For 0 < p < 2 the first inequality follows by Hdélder, whereas the second inequal-
ity follows by a short calculation with Chebysheff’s inequality as we have done for
Khinchine’s inequality. We omit further details.
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It remains to prove (??). Using (??) we have for p > 2
{z e I:[f(z) = fil > AH < CAP(fIIG < CoA [ f[lwiol |

For small A, (??) simply follows from p = 2. So far we have not discussed the constant
C,, but tracking it down we obtain the bound C}, < (Ap)P for some A independent of
p. This we leave as an exercise. For large A we pick p so that 2Ap|| f|[mo = A. Then
(?7?) follows again.

n

Inequality (?7?) is called the John-Nirenberg inequality. It clearly implies inequal-
ity (?7?).

8 Maximal truncated singular integrals

We consider again the discrete singular integral operators

Tf =Y e (fyhr) hs

IcT

which are well defined on LP for 1 < p < oo. Assume we wanted to calculate the
value of f(z), then we could write the following series:

(16) lim Z €r <f, h[) h[(x)

k—o0
2-k<|I|<2k

Since hy(x) # 0 only if z € I, the sum in this expression is really a finite sum. The

expression
z €r <f ) hI> hy

2-k<|I|<2k

is called a (discrete) truncated singular integral.

Thus we are naturally interested in convergence of the truncated singular integrals.
If1<p<ooand f € LP, then all we know so far is 7. f € LP. Thus point evaluation
makes only sense almost everywhere, and we can only expect this limit to exist almost
everywhere.

The general approach to such almost everywhere convergence problems is to con-
sider the corresponding maximal function

Tr*f(z) == sup

> e (f, hr) hi(z)

|I|<2k

This is a measurable function which takes values in R™ U {oo}, it is also called the
maximal truncated singular integral.
Suppose we knew the following lemma
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Lemma 9 For all1 < p < oo there is a constant C, such that for all f € LP(R) and
all sequences (er)r with |er| <1 for all I we have

1T fllp < Goll £l

Then we could prove almost everywhere convergence to f(z) of the series (??) as
follows. We need to prove, that for each ¢ the series (?77) converges to f(z) outside
a set of measure . Thus we have to prove that for each n there is a k¢ such that for
all £ > ky, we have

> z—n}

(-

because then the series converges outside a set of measure >, 627" = Cd. Fix 6 and
n. Let g € H(R) such that ||f — g||, is smaller than a certain number depending on
p, 9, and n, and let kg be large enough so that

Yo eal{ghryhi=g

2—ko <|I|<2k0
> 2712}

- w}

{z:1f@) - g(x)| > 22}
< CIT(f = g)|Ih + 0+ G2 || f — g?
< C(p,n, o) f —glly < 627"

where the last inequality follows by appropriate choice of g. Thus we have almost
everywhere convergence of the truncated singular integrals for all f € L*.

It remains to prove the Lemma ?7.
Proof Let 1 <p < oo and f € LP, then

f:Z€I<fahI>h’I
T

<27

> alf by hu(z) - fz)

2-k<|I|<2k

I

Then the above set can be estimated by

> e l{f—g hi) () +

2-k<|I|<2k

> e g, hi) hi(z) — g(z) +

2-k<|I|<2k

is in L? with || f|l, < C||fl,, and we have
€r <fah1> = <Jz:’h1>
By replacing f by f it therfore suffices to prove the lemma with e; = 1 for all 1.
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If J is an interval, then integrating over J is a continuous operation in L? and we
have
17 [ f)dy
=1 [ X (k) haly

[T1>]J]
= | |Z |<fa hr) hi(z)

for each z € J. Thus
T f(z) = sup

This is bounded by the (dyadic) Hardy Littlewood maximal operator

Mf@) = swp [ 1w

J:xeJ

By Marcinkiewicz interpolation it suffices to prove a weak type p, p estimate for the
Hardy Littlewood maximal operator for all 1 < p < oo. (observe that trivially M is
bounded in L*.)

Let E) be the set where M f(z) > A. By definition of f, for each x in this set
there is a dyadic interval I containing = such that

A< |1 [If1w) dy < 1173171
Let 7' be the collection of maximal dyadic intervals satisfying
115 = A7P|I|
Then we have

[Ex < 30 IS AP Ll < AP

Ie?’ Ie7’

This proves the weak type p, p estimate for the sublinear operator M and thus finishes
the proof of Lemma ?7?.
|

9 Paraproducts and a discrete 7'1 theorem

So far we have studied discrete singular integral operators of the type

T.f = ZEI <f, hI) hi
I

They are bounded in L? if and only if €; are bounded. The if part follows from square
function estimates, whereas the only if part is easily seen from

Teh[ = EIhI
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To complete the picture, we need to study another type of discrete singular integral
operators. For a sequence (¢r); define for f € H(R)

(17) Pef:Z<f,XI>hI )

where xr = |1 |_%1 7, and the infinite sequence is easily seen to converge pointwise
absolutely if f € #(R). The operator P, is called a discrete paraproduct and obvi-
ously has similar localization properties as T,. Again we would like to know for which
sequences €; the paraproduct (??) defines a bounded operator from L? to LP. As a
first observation, since the x; do not form an orthonormal set in L2, we do not expect
P, to be bounded in L? for all bounded sequences ¢;.

The answer to this question is given by

Lemma 10 If |I|%6] 1s a BMO sequence, then the operator P, satisfies

IPflly < Coll (112 €0 llmmoll £ 1

for 1 < p < oco. Vice versa, if P, is bounded in LP for any 1 < p < oo, then ‘I|%€] I8
a BMO sequence.

Proof Assume |I|z¢; is a BMO sequence. Observe that

I [(f, xa) | 1 < Mf

where M denotes the Hardy Littlewood maximal function. Thus we have, denoting
by Sf the square function of f,

|Pfll, = ” S”up 1 (P.f,q)
gllr=

= ;q (fyxr) (h1, 9)

1
2

< |I(er) ”BMO

(ZI (f,xr) (hr, >|2\1|‘11,>

1

(z| b, o) |f|—111) My
1

< [len)tllsmo 1M fllpllSgller < Copll(er)rllgao £

Here we have used boundedness of the Hardy Littlewood maximal operator in LP
and boundedness of the square function in L”'. The same calculation shows that the
expression (??) converges in L? regardless of the order of summation.

Vice versa, assume P, is bounded in LP. Let J be any dyadic interval and let
f =1,. Then we have

< || 6I ”BMO

Z |I|%61h1 =

1cJ

Zel<f7XI>h

1cJ

p p
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< Gl fllp < Gyl J|»

Lp

<Cp

261 <f,XI> hr

Here the passage from the first to the second line is easily seen from passing to the
norm of the square function, which is equivalent to the norm of a function. This
calculation and Lemma ?? show that (e;); is a BMO sequence. m

If we formally apply P. to the constant function 1, then we have

P(1) =S I|7erhy
I

Thus the condition in the previous Lemma can be described as P.(1) € BMO. A
variant of this condition gives the 7'(1)-theorem below its name.
By duality, we have that the adjoint operator P’ of P, is bounded in LP for

1 < p < oo if and only if €; is a BMO sequence. Since we have

(Pef, 9) :Z€I<f7XI> (h1,9)

we obtain for the adjoint operator P’ of P, formally the expression

(18) P f=>e{f,hr)xr
T

which is a finite sum if f € #(R) and which converges weakly in L? if (¢;); is a BMO
sequence and f € LP. To see that (??) actually converges strongly in L? regardless of
the order of summation, observe that by Lebesgue’s dominated convergence theorem
(??) converges strongly in some order of summation if

P f =3 led [Kf, )l xr
I

converges in LP in that order of summation. But by Lebesgue’s monotone convergence
theorem the latter converges strongly in I” in any order of summation.
More generally, we have the following discrete T'(1) theorem

Theorem 1 Let (egj))lez be bounded sequences of real numbers for j =1,2,3. Then
the operator T, originally defined on H(R) by

Tf =SV (fohy e + 3 €2 (foxy e + 3 €2 (f hi) xa
I I I

is bounded in LP for 1 < p < oo if T(1) € BMO and T*(1) € BMO.

Here ofcourse the conditions 7'(1) and 7*(1) in BMO are to be interpreted in the
sense that (652)) rer and (eg?’)) 1ezr are BMO sequences.
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10 The continuous 7'(1) theorem

10.1 The Theorem

Each topic in the discrete theory of Part I translates into a continuos counterpart
more closely related to Fourier analysis. Rather than discussing the whole theory
in the continuous case again, we shall focus on the continuous 7°(1) theorem. This
theorem was originally proved in 1984 and is one of the highlights of the theory of
singular integral operators. We formulate the theorem in R", but since we would like
to focus on the ideas, we shall for simplicity prove the case n =1 only.

A Calderon Zygmund kernel (with parameters A > 0 and v > 0) K is a measurable
function on R™ x R™ which satisfies

1
19 K(x,y)| < A
(19) Ko <A~
for all = # y,
—
K(o.y) — Ko y)| < A2 =%
K (z,y) — K(2',y)| < Py
for all z, 2,y such that |z — 2’| < |z — y|/2, and
_
K (z,y) — K(z,¢)| < =

for all z,y',y such that |y —¢'| < |z — y|/2.

Observe that these conditions imply that K is continuos away from the diagonal
x =y, in fact it is Holder continuous of degree . The Calderon Zygmund conditions
become weaker as «y approaches 0, with v = 0 the conditions reduce to (??), which
turns out to weak by itself to give a reasonable boundedness theory.

To compare this with the discrete 7'(1) theorem observe that the kernel

(20) S eV hr(@)hi(y) + €2 xr(z)hi(y) + € hr(x) X1 (y)

satisfies the conditions
(K (z,y)| < A|Iw,y|71

for all positive z # y, where I(x,y) is the smallest dyadic interval containing z and
Y,

|K(z,y) - K(",y)| =0
for all pairwise distinct positive x, ', y such that the smallest dyadic interval contain-
ing z and z’ has smaller length than the smallest dyadic interval containing x and y,
and

|K($7y) - K(ﬂ?,y’)' =0

for all pairwise distinct positive z, %', y such that the smallest dyadic interval contain-
ing ¥ and y’ has smaller length than the smallest dyadic interval containing x and
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y; and similarly on the neagtive axis. These properties of (??) are easily seen, using
that ¢//) are bounded.

Given a Calderon Zygmund kernel, we would like to define an operator 7" mapping
S(R"™) to S'(R™) by

(21) f.9)= [ [ K@y i) dyde

However, it is not clear how to make sense of this expression, because K is not an
integrable function. We shall therefore not attempt to define 7" by (?7). However, we
observe that K is locally integrable away from the diagonal, therefore we make the
following definition:

Definition 1 An operator T : S(R™) — §'(R") is said to have a Calderon Zygmund
kernel K if (?7) holds for all compactly supported Schwartz functions f and g which
have disjoint supports.

It is easy to see that if 7" has Calderon Zygmund kernel K, then the adjoint
operator 1™ defined by

(T"f,9) = {f,Tyg)
has the Calderon Zygmund kernel

K*(z,y) = K(y,z)

the Calderon Zygmund conditions for K* being easily verified.

Observe that an operator can have at most one Calderon Zygmund kernel, because
we can obtain the value K(z,y) as a limit of (T'f, g) where the supports of f and
g shrink to z and y respectively. However, several operators can have the same
Calderon Zygmund kernel, e.g. for each z € R™ and each ¢ € R the operator defined
by (Tf,9) = cf(z)g(x) has the kernel K = 0.

The last example also shows, that an operator 7" with a Calderon Zygmund kernel
K is not necessarily bounded in L?(R"). The T'(1) theorem, which we are about to
state, characterizes the operators with Calderon Zygmund kernels which are bounded
in L?(R").

Recall the following notation:

D§f(z) = A% f(A"'w)
Tyf(m) = f(.’L' - y)
Do f = (2mi)~l*lo0r .. gon f
Xﬂf(x) = x?l .. xﬁ"f(x)
| fllivy = sup HDO‘XBfH2

laf,| BI<N
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Theorem 2 Let T be a continuos operator from S(R™) to §'(R") and assume T has
a Calderon Zygmund kernel K. Then T extends to a bounded operator from L*(R™)
to dtself if and only if there exist an N > 0 and an A" > 0 such that

(22) IT(TD3f)ll2 < ANl flliwy

(23) IT*(T D)2 < A'[| Flliwg

forallz e R", A € R, and f € S(R™). More precisely, we have
ITflle < Cn max(A, A)|| £l

forall f € S(R), where Cy depends only on N, and A is the constant in the conditions
on the Calderon-Zygmund kernel.

The necessity of the condition is immediately clear, because if 7" is bounded then
it follows that

IT(TD3A)l2 < Clifll2 < Cll flliwy

and likewise for 7. The proof of sufficiency of this condition will be done in the next
few sections.

10.2 Identifying the part corresponding to Y;e;h; ® hy

We begin to prove boundedness of 7" as in Theorem ??. For simplicity we discuss the
one dimensional case only. Moreover, for simplicity of notation we shall not discuss
the dependence of the constants on A, A’, and N.

First we observe that if f is a compactly supported Schwartz function with mean
zero, then T'f is actually in L'. By hypothesis of the theorem it is clear that T f € L?.
Let B be a ball with radius larger than 1 around the origin of R such that the support
of f is contained in B. Then it suffices to show that f restricted to the complement
of 3B is a finite measure, i.e.,

[(Tf,9) < Cliglle

for some constant C' and all ¢ € S(R) supported outside 2B. Since f and g have
disjoint support, we can write

(5.9) = | [ [ K@) fw)g(w) dudy

Using the mean 0 property of f this is the same as

‘/ / (K(2,y) — K(2,0))f(y)g(z) dxdy‘

Since |y — 0] < 3|z — 0| on the support of f(y)g(z), this is bounded by

/]

WP f ) l9(a)] ded
ap 9(x)| drdy
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<¢ [ gmlo)as
< Clglle [ 2/ do < Cllglls

This proves that 7'f € L' if f is compactly supported and has mean zero. By
symmetry the same holds for 7. Hence we can take the mean of 7'f and 7™ f for
such functions f.
Our plan is to first prove boundedness of 7" under the additional assumption that
all these means are zero, i.e.,
/ Tf(z)dz =

/T* )dz =0

and

for all compactly supported f € S(R) with [ f(z) dx = 0. To motivate this assump-
tion we discuss the meaning of this assumption in the discrete model. Assume we
have T' given by the kernel

(24) qum— 1) + €2 x1(@)hr(y) + €V hr () x1(y)

In the discrete setting the natural (“smooth”) function with compact support is a
Haar function h;. Observe that

/ Thi(z) de = €9|1]3

/T*hI(ac dz = 2|1}
(2

Thus the additional assumption in the discrete case is the same as saying that all €;
and 65—3) are 0. In this sense we are dealing with the }; egl)hl ® hr-part only.

The next step is to decompose the operator 71" similarly to the decomposition in
the discrete case. Pick a Schwartz function ¢ supported in the unit ball B;(0) with
$(0) = 1. Define ¢, and ¢, by

¢j=D5o

Y= ¢ — P

Obviously ¢,(0) = 1 and ;(0) = 0 for all j.
It is easy to see that for each f € S(R)

lim f+x¢;=f
j—o0
lim f*x¢; =0
j——o00

T T(f # 6,) x 6 =T
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lim T(f * ¢;) * ¢; =0

j——o0
Thus we can write T as a telescoping series

o0

T- Y 1

j=—c0

where T is defined by

T;f = T(f * ¢j) * O — T(f * ¢j71) * Qi1

Convolution with ¢; is a smoothing operation at scale 277. In the discrete model
this corresponds to replacing a function f on each dyadic interval of length 277 by its
average:

f— Z (f, hr) b1

|[I|>2—9

Thus the operatior f — T'(f*¢;) *¢; in the case of (??) with vanishing paraproducts
is given by

F= Y en{fihi)hs

|I|>2—7

The analogue of the operator 7} is then given by

f — Z 683 <f: hI) hI )

|1j=21-i

which is taking a single scale of 7.
We study the operators T;. First observe that we can write for T f

T(f x¢j) * ¢ = T(f x¢5) % pj1 + T(f x ¢3) % pj1 = T(f x ¢j-1) * $j1
=T(f * ¢;) x b + T(f x 1) x ¢
Since both pieces are similar we will only consider
T =T(f % 6;) ¥

Our strategy now is as follows. We will prove in the next section that the operators
T; are almost orthogonal, i.e.,

||TZTJ*|| <0277 li—j]

17773 < €277

for some ' < 7. (In the discrete model they actually are pairwise orthogonal). Then
we will prove a lemma by Cotlar and Stein which says that almost orthogonality of
the T); implies that 3,7} is a bounded operator in L2
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10.3 Estimates on T;T} and T;'T;

First we prove an easy general lemma, which will be applied to the operators 77T}
and T;T7.

Lemma 11 Let A > 0 and let K be a bounded continuous (weaker assumptions would
do) function on R? such that for all x,y € R we have

[IEEyld<a
ﬂK@MﬁSA
Then the operator S : S(R) — S'(R) defined by
(Sf,9) //K z,y)f (z) dydz

extends to a bounded operator from L? to L?. More precisely it satisfies

[(Sf.9) < 24 fl12llgll2

Proof By linearity it suffices to prove this for ||f||2 = ||g||]2 = 1. We observe that
|f(W)g(x)] < |f(y)|* + |g(z)?>. Hence

|(Sf,q \—‘//Kacy g(z) dydz

< [ [ 1K@l w)Pdady+ [ [ K (@9)llg() dedy

gA/u@P@+A/m@ngz4

This completes the proof. m

We return to the discussion of the operators T}.
Recall the formula

Ax f(z) = (A, f)

where A € S'(R), f € S(R), and f(z) = f(—z). Also, for f,g € S(R) we have the
formula

frxg= /f(t)Ttgdt

where the right hand side is a vector valued integral, which can be interpreted as
limit of the Riemann sums

1 K
E Z f(k/K)Tlc/Kg
k=—K2
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as K — oo, with convergence in S(R). Since T is continuous form S(R) to S(R’),
we obtain

T(f % ;) % w(@) = (T(f % 6;), o))

- (o (f o) )

= [ 1) (T(T05, Tty at

Thus the operator T} is given by a smooth kernel
By hypothesis (??) of the theorem we have
|Kj(z,8)| < 2|6l Iy lle < C2

If [ —t| > 27772 then Ti¢; and Tmzﬁj have disjoint support and we have

K, 1)] < \ / / K@, 1)¢;(t — 1)(a’ — z) d'da’

= |/ [ ) - K )60 = @ - )t

<C//| ! tl|1+7|¢ﬂ( _t)H@Lj(l“'—xﬂdt’dx’

< Cllglhla 1704 [ [la — a1y (o’ — )|t s

< Cllgllllelllz — ¢+ (277)
Putting both estimates together we obtain

|K (z,t)| < C27 min (1, <|$2_jt|> )

D¢DYK (2,1)] = | (T(DyTugy), DITy)|

< 0i(+al+Bl pin ( (|x - t|> )
2-J

The additional mean zero assumptions on 7" and 7™ yield

Similarly, we obtain

(25) /Kj(az,y) dx =0

(26) [ Ki(z.y)dy =0



Consider first (??). It is equivalent to

| [ Ki@.)f(y) dady = 0
which is the same as
/ Tif(xz)dz =0

However,

Tif =T(f x ¢5) *¢;
If T; f(x) was integrable, this would already imply (??) because 1; has mean zero.
Let B be a large ball centered at the origin such that f x ¢; is supported in B. We
consider T(f x @) separately on 2B and the complement of 2B. On 2B it is in L!
because it is locally in L?. Therfore we can apply the above argument. For x € 2B¢
we have that T'(f x ¢;)(x) is given by

[ K@ n)T(f «65)(y) dylase(2)

Convolving this with v; and taking the mean gives
|| [ K@« 6)@)ane(2)6(t — o) dydtdo

= [ 1K@, 5) = K (2, 0T(f % 6;) (4) Lop-(2)6(t — o) dydtds

Now the integrand is absolutely integrable, and we can use Fubini to integrate first
in x to see that this is equal to 0. (This is the point of throwing in K (x,0): before
that we couldn’t apply Fubini.) This proves (?7).

Equation (?7?) is equivalent to

/Tff(x)da:zo

We have

Trf =T(f ;) x5
which has mean zero by the special assumption on T* because f * 1/;7 has mean zero.
Now we have to calculate ||T;T}|| and ||T;T;||. By symmetry it suffices to calculate

the first norm only and assume % > j.
The kernel of 77T} is given by

Kij(z,y) = / Ki(t, ) K, (t, y) dt

By the cancellation condition (??) this is equal to
Kig(o,9) = [ Kalt2)[K;(t,y) = K (@, )] db
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First we consider this integral on the region E of all ¢ such that
it — x| < 271270
We have
[ R, () - Ko de

< HK,-(x, .)H1 |E|sup |01 K;(t,y)|
tek

14y
< 02797 ~)9% mip (1 ('x - y') )
_— b 2_J

In the last line we could replace the supremum over ¢ by evaluation at z (an loose
at most a factor of 2) because |z — t| < 277, Now we consider the integral on the
complement of E intersected with the set F' of all ¢ such that 2|z —¢| < |z —y|. There
we have

[ K@Dty - Kyl de

< HKZ'(-;:U)

L) SR K5 (7))

~77(=3) i z—y[\"”
< C277" " min | 1, 57

In the last line we have used that |z — y| and |t — y| are of comparable size within a
factor of 2. Finally, we consider the integral on £ N F°. There we have

~/ECOFC W[Kj(t’ y) — K;(z,y)] dt

<|%Cw)|, swp IIE(, ),
teEenFe

1+~
) —t
< (C2" sup min |1, |2 . |
te EenFe 27

io—7(i—=5) ns lz =y a
< C2727"" Y min | 1, 5=7

In the last line we have used that for each t € E°N F° the minimum in the previous
line is attained by the element

1+ 1+
2=t o g (29l
2 = 2-i

These three estimates together give
Kiy(z,9)| < €227 min (1’ <|x2—jy|> )

for some ~" > 0.
By Lemma (??) this easily implies ||7;T;||] < 277"1"~9/, which we had aimed to
prove.
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10.4 The Cotlar-Stein Lemma

The Cotlar-Stein lemma is a lemma on bounded operators on a Hilbert space. We
will write f for an element of this Hilbert space and || f||2 for its norm. The norm of
a bounded operator 7" form the Hilbert space to itself will be denoted by ||7||.

Lemma 12 Let (T])j:1 be a finite set of bounded linear operators on a Hilbert space.
Assume that for each j we have

1
STt <

Yl <c

Then

YT <C

J
Proof

First we recall that the operator norm of an operator 7" on a Hilbert space satisfies

(27) 17N = []7™]]
and
(28) IT|* = 77|

The first statement follows as

|71 = sup [Tfll= sup [Tf,g)
I£1l2=1 1112, lgllo=1

= sup  [(f,T°g)[=...=|T7
1112, lgllz=1

For the second statement we observe

IT]1* = Sup, ITfIlz = sup (Tf,Tf)= sup (I"Tf, f) < Sup IT*T flla = 17T
—

and on the other hand
IT*T|| < |TINT*) < |77

We make a few more observations to motivate the proof of Cotlar-Stein. We trivially
have

(29) DIEES
j j
if we assume T;'T; = 0 for all 7 # j we have

I TP = 132X T Tl = | 2T Tl = ST
j 7 j 7
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thus we can replace the sum in (??) by a square sum, which is clearly better. We
observe that the same would be true if we had assumed T;7;* = 0 for all j # %, because
then we could run this argument on }-; T and the invoke (?7?).

If we assume both T7T; = 0 and T;T; = 0 for all ¢ # 7, then we can continue
to estimate higher powers: For self adjoint operators T equation (??) gives ||[H?|| =
||H||?, which can be iterated to give

I1H"[| = H|"

for n some power of 2. Since T*T is self adjoint for any operator 7', we obtain

S T T,

J1=j2
j11j27"',]n
=1 22T )" < o NTF T30
J J

Thus we can replace the sum in (??) by an 2n- sum, which in the limit becomes a
supremum:

IS 70 < sup T30
7 j
which is clearly the best one can do.

We return to the proof of Cotlar Stein. We have for n any power of 2:

I =1 > GLIT - 15, Tl
J

J1:525---J2n

This is bounded by either one of the two following quantities

> T TS Tl -

|| j2n 1 .72n||

J1:J25-d2n
> T NTR T N T3 Tyl - - - 11Tl
J1,J25---J2n

For each tuple ji,...J2, we can take the geometric mean of the two terms, which
gives

L
| ZT Pr< > (TN TN T T - T T Tl
J15§25---J2n
Now we unravel the sum and use the assumptions of the lemma:

1 1
<c? ¥ Y (I TT T - T Tl Tll)?

J2s--J2n J1

1
<ct Y S (Il T, Tl

J3yeeJon J2
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4n—1 1
<. S0 TP
j2n

Taking roots gives

IS Tl <owms
J

which proves the lemma as n tends to co. m

10.5 The paraproducts

We have proved the 7'(1) theorem under the additional assumptions
(30) / Tf(z)de =0

(31) /T*f(x) dz =0

for all compactly supported f with [ f(z)dx = 0. Now we remove these additional
assumptions. Let 7" be as in the T'(1) theorem. It suffices to construct two operators
P; and P, which are bounded in L2, have Calderon Zygmund kernels, and satisfy

(32) /Pf(x) dx:/Tf(x) dx
(33) / P*f(z) dz =0
JQf@)dz=0

/Q*f(x) dx:/T*f(:r) dx

Namely, then T'— P — () has a Calderon Zygmund kernel, satisfies the assumptions of
the 7T'(1) theorem, and the additional cancellation assumptions (??) and (??). Thus
T — P —Q@ is bounded in L? by what we have seen before. Since P and @ are bounded,
so is T', which had to be shown.

There are many ways to construct such operators P and (). Given the discrete
theory, this becomes particularly easy if one assumes the existence of a compactly
supported sufficiently regular wavelet. We shall do so and prove the existence of such
wavelets later. (It turns out that the existence of such wavelets takes some work,
which in total makes our apporach not as economic as it migt appear at first glance.
However, since studying wavelets is of its own interest, we choose this approach.)

Thus we assume that there is a compactly supported, N times continuously
differenctiable function (the N from the 7'(1) theorem, which we can assume to
be larger than 1) ¢ with mean 0, such that, if we define for each dyadic interval
I = [2%n,2%(n + 1)) the function 1; to be

wI = ngan )
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we have

for all f € L?(R). Observe that the collection ¢; was an orthonormal basis of L?(R)
if ||¢|| = 1; however, to simplify the later task of constructiong 1 we shall not make
this assumption.

Let ¢ be a C*° function supported in [0, 1] with mean 1, and define ¢; in analogy

to w[.
By symmetry we shall only dicuss P. Define for f € S(R):

Pf =Y II7% {f,91) e
I

er = / Té:(x) dz

Assume for now that the sequence (e;); is a BMO sequence, we will prove this
fact later. Then we have for every g € S(R):

where

(PF.g) = 3 (00 T e <¢I,g>‘

1

1

2 2
|f|_111>

< Clle| (z £ | ) 1Mol
I

< CllezlllI fll=llgll2

Hence P extends to a bounded operator on L?. In this calculation we have used
that ¢; is dominated by a multiple of the characteristic function of I and therfore we
can estimate (g, ¢r) by the Hardy Littlewood maximal function Mg of g. The above
calculation also justifies the infinite sum in the definition of P.

We continue to assume that €; is a BMO sequence and therefore |I|2¢; < C for
all I. We have for the kernel of P away form the diagonal z = y:

< |lerllBmo (Z Z fyn) (o1, 9)
T

I

1

(35) K(z,y) = 3 |7 et (y)éi (x)

I

Let B be a large number so that the support of ¢ is contained in —B/2, B/2. Then
it is easy to see that the the support of 1 is contained in BI, where BI denotes the
interval with the same center as I and length B|I|. For each I with 2B|I| < |z—y| the
corresponding term in the sum (?7?) vanishes because either z is not in the support of
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¢r or y is not in the support of 1/;. Moreover, for each k there is at most 1 intervals
I of length 2F such that ¢7(z) is nonzero. Hence we easily see

K (z,y)] <C > 27F < Clz —y|™

k:2k>(2B)~1|z—y|

Moreover the same argument gives

|0: K (z, y)| = Z\I\ et (y) o' (x)

< C|B| > 272 < Olo —y| 2
k:2k>(2B)~1|z—y|
Likewise we obtain an estimate for d, K. By the fundamental theorem of calculus this
proves that K is a Calderon Zygmund kernel.

We now prove that ¢; is a BMO sequence.

Let ¢ be a compactly supported function which is constant equal to 1 on some
interval around the origin. Let J be any dyadic interval and consider zy, \y so that
Ao < C|J| and DT, ¢ is constant on 4B.J.

Then we have

<02\<wa DTl + 0

1cJ

/ Toa(a) da|

/ Ty (2) de

1cJ

By the reproducing formula (??) the first term on the right hand side is bounded
by \
C| T DETe|, <CX < ClJ]

Here we have used the full strength of the assumption in the 7°(1) theorem. For the
second term we consider each I separately:

(36) T (z) dz

4BJ¢

— K(z,¢(1))) ¥1(y) dy dx

<

AB']C/|I‘7$_C( W1 (y) dy da

[ e = e de
4BJc
1
SURCEY

For the square sum of these terms over all I C J we obtain

>

1cJ

< |13

2

Tyr(x) dz

2BJc¢
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<Cy > anaanT
k>0 ICJ:|I|=2-|J|
<OY [ <ol
k>0

Thus we have proved that
> lal* <l
icJ
for each dyadic interval J. This proves that ¢; is a BMO sequence.

It remains to prove that P satisfies (??) and (??). Let f be a compactly supported
smooth functiona with mean zero. Since P satisfies the assumptions of the 7T'(1)
theorem, the function P f is integrable.

We observe that

[P8@ = [ Sl b o) do

:;Q(fa'@/]I)

To justify this calculation, we need to show that the right hand side converges abso-
lutely, which follows from the easy observation that (f, ;) is an H' sequence because
er is a BMO sequence. Let ¢ be as above. We claim that

ZGI <fa1/)I> :/\ILIEOZ<J[’¢I> <T¢15D§o(p>
I I

To prove this claim let J = [—2¥ 2k0) be an interval around the origin that contains
the support of f. Let ¢ be a small constant so that ¢ is constant 1 on [—¢,¢| and
assume \ satisfies cA > 2F*1. Then we have

I

S e (i) = U ) (T, DK%D)‘

<

Sfon) [ o) ds

We split the sum into those I with I C J and those I with |I| > |J| and I N .J # 0.
The first part can be estimated by the calculations done in (??) by

<C IzJ (fr) |12 (| T)/N)
< C Y N flloolZI(1 /)

1cJ

< [ flloo | JI(1T1/2)
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The second part can be estimated by

(37) > (oD [T

LI, INT£0

Observe that if F' is a compactly supported function with F" = f then

(fr) = = (F) < I3 Fl
Moreover,
| T1|lr < [|[T%1l|pramry + |1 T%1|| Lt aBry
< C||Z|| Tyl + C|I7 < C|I|7
Hence (?7?) can be estimated by

>, cHlt<clt

LI>|J],INJ£0

Letting |J| and A\/|J| tend to oo proves the claim. Thus we have
[ P@)dz = Jim ¥ (f.60) (Ter, D)
1

11202 (fsr) (W1, T* DY)
I

1
A—

= lim <Z<f, Yr) ¢I,T*D§°S0>

I
= lim (£,T"D§%)

:/Tf(m) dz

This proves (?7?).
It remains to dscuss P*. Let again J = [—2F, 2%] contain the support of f. Let A
satisfy ¢\ > B2Fot! Then

< [P, D?\°g0> =3 I3 €r (f, é1) (vr, D)

</P*f,D§°<p>= S [ Zer{f, 1) (%1, DX)

L:|I)>| T INJ£D

The last reduction follows because if I N J = () then (f,¢;) = 0 and if |I| < |J]|
and I C J then BI is contained in [—c), cA] and therfore (¢;, Dy) = 0. However,
similarly to before,

(f,¢1) <C|I|"?
(1, DXy < |I]2A°
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and therfore

1 .
Z ‘I‘ 26I<fa¢f><wIaD)\ (P)
L I|>|J],INT£0
< X Tt
LT > J|,INT#D

This tends to 0 as A tends to oo, and thus proves

/P*f(x)da::()

This completes the discussion of the paraproducts and therfore the proof of the
T(1) theorem.

11 Wavelets

11.1 The scaling function

Let ¢ be a smooth compactly supported function with mean zero. We fix the notation
that for every dyadic interval I = [2%n,2F(n + 1)) we have

Then an easy consequence of the 7'(1) theorem is that the operator

Tf=) (fivr) ¢

is bounded in L?. One immediately observes that one can realax the assumptions
on 1 quite a bit, for example ¢ € S(R) or ¢ compactly supported and continuously
differentiable would suffice.

Ofcourse if one wants that T is the identity operator, as we did in the proof of
the T'(1) theorem, one has to impose stricter conditions on 1. Such a 9 is called
a wavelet. In the following sections we will study the existence and construction of
wavelets. Naturally this theory has a bit more of an algebraic flavor, because one is
interested in the algebraic identity that 7" as above is the identity operator.

The function % and its siblings ¢¥; we are looking for should resemble the Haar
functions h;. It turns out, that the theory becomes easier and somewhat more nat-
ural if on constructs parallel a function ¢ and siblings ¢; which take the role of the
characteristic functions x;. In fact we shall look at ¢; first.

We shall work entirely in the Hilbert space L?(R). A function ¢ is called scaling
function, if

1. For all dyadic intervals I and J of the same length with I # J we have

<¢I:¢J> =0
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2. The function ¢ is in the closed linear span of all ¢; with |I| = 1/2. (Then an
analog statement holds for all ¢;.)

3. The functions ¢; are a complete set in L?(R). Define V} to be the closed linear
span of {¢r : |I| > 2F}, then the intersection of all V}, is empty.

The spaces Vj, in this definition are sometimes said to form a multiresolution analysis.

At this stage of our discussion it is still not completely clear how to obtain scaling
functions other than the Haar function. We postpone this point and first discuss how
the scaling function leads to a wavelet.

From the analogy to the Haar system, it is plausible to look for wavelets in the
orthogonal complement W, of V{ inside V_;. We shall first find a nice characterisation
of such functions.

Every function in V_; is given as a linear combination

f= > eadr

I]=1/2

for some square summable sequence ¢€;. It will be useful to take the Fourier transform
as follows

~

f= (Z €In2, (n+1)/2)Tn/2D1/z¢)

Z €[n/2,(n+1)/2) ”/2D§$: mf(f)D§<$ )

n

where m; is the Fourier transform of ¢; in the sense

mp(€) =Y €y, ey e

n

Observe that my is periodic with period 2. The map F : f — my is obviously (up to
a scalar factor of v/2) an isometry F : V., — L2([0,2]) of Hilbert spaces.

The orthonormal basis {¢; : |I| = 1/2} is mapped to the exponential basis. In
particular we have ~ . R

¢ =m¢r = ngqﬁ

We can read this equation as a constraint on ¢ to be a scaling function: (;5/ D2 ¢, if
suitably defined, should be a 2-periodic, locally L? function.

Observe that

(Tng,6) = (Mudd) = [ emn(3(6) " de
1 PN
B zz:/o ™™ p(n +1)|* dn

This gives
S lb(E+ D)2 de = ||g]3 =1

l
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This gives the following identity for the function m:
~ 2
1= 3 |mo(€ +m)D3g(E + n)
~ 2 ~ 2
= Y |mg(O)DZbE+n) + 3 |me(©)DEG(E +n)

n  even n odd

(38) = 5 (mel€) + Imyle + 1)P)

Clearly the image F(Vp) is the closed linear span of all functions mg(€)e*™%n.
We know that these functions form (up to scalar) an orthonormal basis of F(V}).
We could have derived (??) from this information without reference to the scaling

function.
We can identify L?([0,2]) with the space L*([0,1], R?) (all square integrable func-
tions on [0, 1] with values in the Hilbert space R?) via the map G defined by

Gm(£) = (m(£), m(€ +1))

The space GF(V}) is then the space of all uG(my) with p € L?*[0,1], and the identi-
fication of f € Vp with py € L?([0,1]) is (up to scalar) an isometry.

Define ¢y € V_; by

my(€) = e my(€ +1)

Then for all £ € [0, 1] we easily see that Gmy (&) is orthogonal to Gmg(§). Thus the
orthogonal complement of GF'(1}) is easily seen to be the set of all functions pG(m,,)
with € L2([0, 1]).

Since we have

1= L (ma(©F + Imo(e + 1)

we see that the set of all T},7) forms an orthonormal basis of its span. Moreover, this
span is clearly equal to the complement Wy of V in V_;.
Thus the set of 7 with I dyadic forms an orthonormal basis of L?(R)

11.2 Regularity of wavelets

So far we have only discussed the L? theory of wavelets. In general one is certainly
interested in having smoothness and decay of wavelets. However, just as in the Balian
Low theorem for Gabor bases, it turns out that one cannot have Schwartz functions
which are wavelets.

Lemma 13 Let vy € L*(R) be a generating wavelet, i.e., the set 1y is an orthonomral
basis of L*>(R). If ¢ has n bounded continuous derivatives and

6(2)| <CA+ 2| ™),

then (0) has a zero of order at least n.
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Observe that the conclusion of the lemma can be read that ¢ has vanishing mo-
ments, i.e., its integral against all polynomials of degree at most n — 1 vanishes. The
idea of the proof is that we will pair ¢ with ¢; with |I| very small, the scalar product
being 0. Then The decay of ¢; allows to pretend ¢; is supported only near I. The
differentiability assumption on ¢ allows us to pretend it equals its Taylor polynomial
of degree n near the small interval I. Thus ¢; integrated against this polynomial
vanishes. By varying I we can vary the polynomial, in fact we can obtain a basis of
the set of polynomials of degree n this way. This will prove the lemma.

Proof

The proof goes by induction by n. The lemma is trivial for n = 0. Let n > 0 and
assume the lemma has been proved for all n’ < n.

If n is large, we can easily see that we find a primitive D¢ (abuse of notation)
of ¢ which satisfies

D7) < CL+ [z

Namely, we just consider the integral [ z¢(t) dt, which gives the correct decay for
r — —oo, and the integral — [ *° ¢(t) dt, which gives the correct decay for z — +o0,
and we observe that these two functions coincide because by induction hypothesis ¢
has mean 0. Inductively we see that there is a n-th primitive of ¢ which satisfies

D[ < C(1+ [2))7?

An easy argument using the full induction hypothesis shows that F (D '¢) vanishes
of order n — 1.
We do n partial integrations to obtain

0= (¢s,6) = (D™"¢1, D"9)

The right hand side is given by an abslotely integrable integral.

Now let J be any interval and I be a dyadic intervals such that AI C J for some
large A. Let M be the mean of D"¢ on J,and let M’ be the mean of D "¢. If we
assume that M # 0, then

M| = |1]3

/D’”QSI(:E) dx

< |13 /]D—"¢I(x) da| + 11|73 D"y | 1 e
< M7YI3 /]D—”¢,(x)D"¢(x) dz| + 1] [ D76, ]| D" g0 + CA™
< M| [ D71() Do) do [+ M| D13y | D" lloo+CL | +C A7

<CA'+ClJ|+CA™?

Choosing A large enough gives M' < CJ. If M’ was not zero, this would imply that
the averages of ¢ over all sufficiently small intervals where 0, which would imply that
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¢ was 0. This is a contradiction. Hence M'" = 0 and D "¢ has mean 0. This proves
that ¢ vanishes of order n + 1.
|

Assume we have a scaling function which does not have mean 0 (which is natural
to assume). Then the conclusion of the above lemma says that

¥ =myD3d

vanishes of order n at 0. Hence m, vanishes of order n at 0. This implies that my
vanishes of order n at 1.

11.3 Construction of the scaling function

We would like to see examples of scaling functions. The characteristic function of [0, 1]
is a scaling function. It is interesting to observe by an easy calculation (exercise) that
teh above framework gives the Haar function as corresponding wavelet 1.

Next, we try for V; being the set of all coninuous, piecewise linear functions with
discontinuities in the derivative at most at the integer points. Clearly the scaled
copies of V; are nested as required, and qualify for a multiresolution analysis.

The point is to find an orthogonal basis of translates in V5. We can make the
ansatz (L1 i n<0

—L)™ I n<
fn) = ay ™" if n>0
The parameters v and a can be chosen so that f is orthogonal to 7T f and 7, f. Then
it follows easily (exercise) that f is orthogonal to all 7} f with [ > 0, which is what we
needed. The corresponding set of wavelets is called the Franklin system, it consists
again of linear splines.

One can do such constructions for splines of any order. These spline constructions
however do not give compactly supported wavelets.

It turns out that one obtains compactly supported wavelets if one starts with a
compactly supported scaling function. Then only finitely many terms in

b= Y e¢r

I1=1/2

are nonzero, because (@, ¢;) = 0 for all I sufficiently far away from the origin. Thus
mg is a trigonometric polynomial. By definition, m,; is also a trigonometric polyno-
mial. Thus ¢ is also a finite linear combination of ¢; with |I| = 1/2, and hence it is
also compactly supported.

Before w econstruct v, we will try to find candidates for the function my. In fact
we start with M = 2|my|?. Then M is also a trigonometric polynomial of period 2,
is positive, satisfies
(39) ME+ME+1)=1
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and, since we would like differentiability of the wavelet, vanishes of order 2n at 1. We
make the ansatz

M(€) = P(1 — cos®(1€/2)) cos®(n€/2)

where P is some polynomial. This guarantees the vanishing of the right order at 1.
Setting cos?(£/2) = y then (??) will be satisfied if we have for P the identity

(40) y"P(1-y)+(1-y)"Py) =1

The polynomials y" and (1 —y)" have no common divisors, hence abstract algebra
(Euclid’s algorithm) tells us that the equation

y"(1-y)+(1-9y)"gy) =1

has exactly one solution g;, go with two polynomials g; and g, of order at most n — 1.
By symmetry and uniqueness we observe ¢;(y) = g2(1 — y). Hence (??) has exactly
one solution P of degree at most n — 1 (there are more solutions of higher degree
ofcourse). We try to calculate the Taylor series of P around y = 0. We observe for y
close to 0:

Ply)=Q1-y) "1 -y"P(1—y)]
This gives
Ply)=Q0-y)™"+0@")
By taking derivatives we can easily calculate the first n —1 coefficients of P and since
we know P has order at most n — 1 we obtain

n—1

Ply) =3 (n_;ﬂf)y’”

k=0

Observe that P is nonnegative for y > 0, hence M is nonnegative. Thus we can find
a function m such that |m|? = M. The point however is to choose m so that it is
again a trigonometric polynomial.

Obviously we can write

M(€) = g ax cos* (r€)

with real numbers a;. We can find and o and roots ¢; such that

n—1

a [ (cos(m€) — ¢;)

j=1

=

N

o
I




I and we can write

n—1 =
z”ozH (z—i—z —cj)
j=1 2

Since |z| = 1 we have Z = 2z~

[M(&)] =

2 " ﬁ (1-2¢;2+2%)
j=1

On the right hand side we have a polynomial in z. We plan to split this polynomial
into linear factors. The factor

1—2¢cjz+ 22
has two roots whose product is 1, hence they aree of the form r; and rj_l. If rj is

complex, then since r; + T’j_l is real we have that |r;| =1. Thus r; = T’j_l corresponds
to a zero of M and therfore must be a double (or higher, but even) zero because M
is positive. If ¢; is not real, then the complex conjugate ¢; also appears and we have
a quadruple of roots r;, rj_l, 7; and F

Thus we see that we can pair a root r; always with F, and therfore we can write

n—1
IM@©O] =2 [](z=r)(z =77
j=0
For |z| =1 we have
|z —r;71 = ‘2_1 - Tj_1| = |rj| %]z — 1y
Therefore )
2
(M) = o/ T] |z =74l
j=0
Defining

m(e) = «mwﬁ (€ — 1,)

We see that m is a trigonometric polynomial with |m|?> = M.
From the above discussion we also see that each r; is either real or can be paired
with its complex conjugate. Therefore we can assume that

(41) m(€) = nf cpe™
k=0

with real coefficients cy.

Now that we have a candidate for m = mg, we try to find ¢. To avoid factors of
V2 we define m = v/2m

The identity we need for ¢ is

#(€) = m(€)d(27'¢)
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Assuming that ¢(0) = 1 and ¢ is continuous at 0 we obtain by formal iteration

(42 86 = [[ 2 76) .

We shall study the existence of the limit on the right hand side.
We know that m is a trigonometric polynomial, hence it is an entire function, and
it satisfies satisfies m(0) = 1. Thus we have the estimate

Im(z) — 1] < Clz|
for |z| <1 and, using (??) again,
m(z) < CeCIml2)
for all .
First we study (??) on the ball |z| < 1. Since
i M(z) —1| < f:czﬁ' <20
- =

is finite uniformly in |z| < 1, by elementary calculus the product (??) converges
uniformly for |z| < 1. Since all factors are holomorphic, it converges to a holomorphic
function.

Let By, the ball around the origin of radius 2. We have

00 k
I m(277¢) = ] m(277¢) Hm 27927F=1¢)
=0 J=0

We see from the previous result that the second factor on the right hand side con-
verges, hecne the whole product converges. To estimate this function, weonly have
to estimate the first factor on the right hand side (the second one being bounded by
a constant)

k
H C2 7| Im(z)]|

< CkeQC\Im(z)\

For all z in the annulus By, \ Bx_; we therefore have

< C‘Z|C C|Im(z)|

[

By the Paley Wiener theorem we find a compactly supported distribution ¢ such that
o
m(277¢)
7=0
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We would like to see that ¢ or equivalently QAS is in L?. To this end define on R
for k>0

k
Jro =TI Mm277€) 1ok 2% (€)
j=0

Then we have, using that m has period 2,

i3 = [ H (277€)? de

2k‘+1 k

Il = [} TLim@ Je)fde

ok k—1

5= [ I @O (i ) + 2 e+ 1)F] de

ok k—1

1A= [ T im(27e) e

= ||fk,1||2
By induction

17l = Nfolls = [

Since fj converges pointwise to (E, we have that qb is in L? by Fatou’s lemma.

Thus we have our compactly supported ¢ € L? as a candidate for the scaling
function.

Given ¢ we define 1) as before. We claim that for each f € L? we have

I£115 =" 1, wn)?
I

m(€)?] de = /1d§_1

To this end we first observe that

o Kfonl =Y [ enl?+ X [(fvnf

[1|=1/2 IT|=1 Ij=1
Namely, the left hand side is equal to
A a2
Z ‘<fa ¢1>‘
I|=1/2

_22 1

By Plancherel, this is equal to

:Zn:g——/

[ F©dte/2e

2

S FE+2k)p(E/2+ k)| de

k
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2

+ 1N FE+ 2k +1)((€+2k+1)/2)] d

k

3" F(E+2K)((€ + 2k) /2

k

:z/

n

F(E+2K)p((€ + 2k)/2)my (€ + 2k) /2+

2

ST F(E + 26+ 1)((€ + 2k + 1)/2)my(€ + 2k +1)

dg

F(€ + 2k)D((€ + 2k)/2)my (€ + 2k)/2+

2

S°F(E+ 2k + 1)B((E + 2k + 1)/2)my(€ + 2k + 1)| de

k

-x)

2

FE+ k(€ +k) de

S FE+ k)b £+k

k
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