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0.1 Schwartz functions

We plan to develop a theory of very general “functions” in R™ which handles problems
of differentiability and similar questions in an elegant manner. We start by introduc-
ing a vector space of nice functions, on which all operations in question such as mainly
differentiation and Fourier transform are defined. This is the class of Schwartz func-
tions which we discuss in this section. This space of functions is ofcourse very limited,
but the idea is to define the discussed operations on the dual space of the Schwarz
space by transposition. The dual vector then contains a sufficiently large class of
objects.

We discuss complex valued functions on R". We define the partial differential
operator
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Let C*(R") be the set of infinitely often differentiable functions, i.e. the functions
f for which all partial derivatives D f exist in the classical sense (as limits of difference

quotients) and are continuous.



Definition 1 (The N- norm) We define for every f € C*(R")

Ifll vy == sup sup &*DPf(z)|

laf,|B|<N z€R™
Observe that || f||(x) may be infinite, and it is monotone increasing in N.

Definition 2 The Schwartz space S(R") is the set of all functions f € C°(R™) such
that || f||ny < oo for all N > 0.

Observe that any linear combination and any product of Schwartz functions (Leib-
nitz rule) is a Schwartz function. The product of a Schwartz function and a polyno-
mial is a Schwartz function. Any partial derivative of a Schwartz function is again a
Schwartz function. The product of a Schwartz function with a polynomial is again a
Schwartz function.

Examples

1) For any two (complex) polynomials P, Q with R(Q(x)) > c¢|z| for some ¢ > 0
and all x € R™ with |z| > ¢! the function

f(z) = P(z)e”®®

is in S(R™). Namely, we have

P deg(P))!
s 1760 < mx{ s, 500, sup, [PONSEEIN

and z*DPf is by an easy algebraic argument of the same form as f with a new
polynomial P' and the same polynomial Q.

A frequent choice for @ is Q(z) = (z, Ax) for a positive definite real matrix A,
in which case e~ is called a Gaussian, or Q(z) = (z, Az) + (£, z) for a positive
definite real A and a complex valued B, in which case e~?(®) is called a coherent state.
Here we use the notation (z,y) for the standard scalar product of two vectors.

2) Every compactly supported function in C*°(R") is in S(R™). The space of such
functions is denoted by D(R™). There are lots of such functions, e.g. f € D(R")
where

flz)=0 iflz| >1
flz) = T iflz| <1
3)If f € S(R™), then T,,f , M, f and D3 f are in S(R) for all y,7 € R™ and A > 0,
where
Tyf(z) = f(z—y) ,
M, f(z) = f(z)e*m
DYf(x) =A"7 f(A ')

4) Sometimes S(R™) is called the space of rapidly decaying function. But observe
that the function f(z) = e~ " is not in S(R). Hence rapid decay of the value of
the function alone does not satisfy to assure membership in S(R).
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0.2 The space S(R") as Frechet space.

We first define a Frechet space. The notions in this definition will be explained
gradually in this section.

Definition 3 A Frechet space is a locally convex topological vector space which is
induced by a complete invariant metric

In order for S(R") to qualify as Frechet space, we have to first define a topology
for it. We shall do this by defining a metric on S(R").

Definition 4 For f,g € S(R") define

o0

v =gl
=Y 27V
p(f,9) Ngo L+ 1f = gl

That p is a metric means that it satisfies positive definiteness, symmetry, and
triangle inequality, which are easily verified.
It is also easy that p is invariant, which means

p(f —h,g—h)=p(f,g)

for all f,g,h € S(R™).

Now we equip S(R™) with the topology T induced by the metric p, thus a set
U c S(R) is open if and only if for all f € U there is an € > 0 such that the e- ball
about f in S(R) is contained in U:

{g:0(f,9) <€} CU

This is clearly a topology, i.e., ) and S(R) are open and finite intersections as well
as arbitrary unions of open sets are open.

Moreover, T makes S(R) a topological vector space, which means that every point
is a closed set and the vector operations

(f,9) = f+9, (o f) > af

are continuous (product topology on the product spaces). By invariance of p we only
need to see that if p(f,0) — 0 and p(g,0) — 0 then p(f + g,0) — 0 and similar for
the multiplication with . This is easy.

The following fundamental convergence lemma is useful

Lemma 1 A sequence f, in S(R™) converges to f € S(R") if and only if for all
N > 0:
(1) lim [|fn = fllny =0

n—oo



Proof
Assume that f,, converges to f. Since

5 — 0N fn = fllv
@ 22 T =l

converges to 0, so does

9= fn — Fllv
L+ fo = fllw

for each N because all summands in (2) are positive, and therefore so does

1fn = Fllw)

This proves (1).
Now assume (1) holds and let € > 0. Pick Ny such that 270 < ¢. Then

X . frn — fllev

ny — 27N
AP DL

By (1) each of the finitely many terms in the second summand converges to 0 for
n — 00, hence this term is smaller than e for large n. Thus f, converges to f. m

For € > 0 and NV € N define
Ven ={f € SR") : | fllw) < €}

The proof of Lemma 1 shows that each V. y contains in a ball B.(0) and vice versa
each ball B.(0) contains a Vi y. Thus the set of all V, y is a neighborhood basis of
the point 0 of the topology T.

A topological vector space is locally convex, if 0 has a neighborhood basis con-
sisting of convex sets. Here a set V' in a vector space is convex if for all z,y € V we
have Az + (1 — A\)y € V for all A € (0,1). Since all V, y are convex, S(R") is locally
convex. It is not true, that the balls B.(0) are convex (exercise).

Finally, we have to show that S(R") is a complete topological vector space. A
Cauchy sequence in a topological vector space is a sequence (fy)nen such that for
each neighborhood of 0 there is an m such that for n,n’ > m we have f, — fr € V. If
the topology is given by an invariant metric, this definition is easily seen to coincide
with the definition of Cauchy sequences in metric spaces. We have to show that if f,
is a Cauchy sequence in S(R"), then f, converges in S(R™). However, if f, is such
a sequence, then 2*D? f,, is a Cauchy sequence in the sup -norm, hence converges to
a bounded continuous function. In particular f, converges to a function f and an
standard lemma from calculus implies

7}1)1120 z*DP f, = 2z*DP f
in the sup norm. Now Lemma 1 shows that f, converges to f in S(R™).
We close this section with two more easy but fundamental lemmata.
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Lemma 2 Let A : S(R") — C be a linear functional. Then A is continuous if and
only if there exists a N > 0 and a C' > 0 such that

(3) IAHI < CNlFll vy
for all f € S(R).

Proof Assume A is continuous. Let B;(0) be the open 1 ball about 0 in C. Then
A~'(B4(0)) is an open neighborhood of 0, hence contains a V, n. Thus ||f|jv) < €
implies A(f) < 1, which implies (3) because

€
2[| fllevy

Now assume that (3) holds. By linearity it suffices to show that A is continuous
at 0, i.e., for each € > 0 there is a Vi y such that

AG) < 267l ( f) <2 fllw

A(Ven)| <e
However, this is immediate if we pick N as in (3) and ¢ = eC™".

Lemma 3 Let T : S(R") — S(R") be a linear map. Then T is continuous if and
only if for each N there is a N' and a C > 0 such that

1T (Pllwy < C My
for all f € S(R).

Proof This follows by the same ideas as the two preceeding lemmas. m

We have
I1D; fllvy < el fllveny

hence the linear map D; is continuous on S(R). Define the operator X; by
XiFy) =vif(y)
thus X is multiplication with the j-th coordinate. Again, we have
1Xi fllvy < ellfllwvny

hence X; is a continuous linear operator on S(R).
The operations T, M,, and D} are also continuous for all y,n, A, p (exercise).



0.3 The Fourier transform

Define for z,£ € R _
ela) 1= ¥

Hence x¢(z) = xz(&). For f € S(R") we define the Fourier transform

~

(4) FUNEO =F&) = [ F@)x-ea)do

Thus the Fourier transform is again a function on R".
Observe that this integral is well defined in the (improper) Riemann or Lebesgue
sense because the integrand is continuous and bounded by

C min(1, |z|™"1)

Moreover we have for all &:

-~

F& < Iflh = [ |f@)]da

The Fourier transform interchanges partial differentiation with multiplication by
monomials in the following sense.
Observe that

Djxe(w) = & xe(z) = Xjx2(§)

Hence we have by partial integration
X;f(€) == [ F@)Dix-e(e)dz = [ D;f(x)x-e(@)dr = F(D;f)
Moreover we have
FXGf) = [ Xf@)xela) do
=— [ F@Dix-(§)dz==D; | f@)x-e(a)dw = —D;f(e)

The interchange of differentiation and integration in the third equality ist easily jus-
tified with elementary calculus.
This shows that F f is infinitely often differentiable and we have

1F fllvy = sup | X°DPFf

laf,|8/<N

S e T L)

|el,| BI<N lef,|BI<N
<C sup |(1+["DXPf| < ClflInton
lal,|BI<N o0

Thus we have proved the following lemma:

Lemma 4 The Fourier transform is a continuous linear map F : S(R") — S(R")
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Example We determine the Fourier transform of f € S(R") given by

fla) = et

Observe that )
Djf = Z'.Ijei’,rm = ZXJf

Taking the Fourier transform on both sides gives
X;f=—iD;f

Thus for n = 1, f satisfies the same linear ordinary differential equation as f and
therefore f = c¢f because f does not vanish. If n # 1, then we have

fl) = I e

Jj=1

and hence

F6) = L e ™8 = e p(e)

i=1

To calculate ¢ we observe for n = 2
f(0) = / e dp = / e~ 2y dr = / e *ds=1= f(0)
R2 0 0

Hence ¢ € {—1,1}. But c is positive so ¢ = 1.

]

We observe the following easy formulas.
(5) ]:(Tyf) = M—y(]:f)
(6) f(Mnf) = Tn(}—f)
(7) F(DYf) = DY (Ff)

where p' is defined by 1/p+ 1/p’ = 1. They follow from the identities

n

/ f(.’L' . y)6727ri<w,§> dr = 627m'<fy,§>/ f(CE o y)6727ri<:cfy,§> dx

/ e27ri<z,77>f(x _ y)e—2m‘<m,§> dr = / f(x _ y)e—2m'<z,§—77> dr

R”

A—n/pf()\—lx)e—Qﬂ'i<z,§> dr = An)\—n/pf(x)e—%ri<m,)\§> dx
R R»
Define

(fo9) = [ f(@)g(a)de

and

FIE) = [ f(a)etm<oe dy
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For all f,g € S(R™) we have

(Ff.9)= (1. Fg)

This is the simply Fubini’s theorem:

[ ] e tm<oe (@) dodg = / / 9T <TE de du

The operator F is also a continuous linear map on S(R™). In fact it is the inverse of

F:
Theorem 1 We have for all f € S(R):
FFf=f . FFf=f
In particular F is an homeomorphic isomorphism and we have Plancherel’s formula
(f,9)=(Ff,Fg)
for all f,g € S(R™).

Proof It suffices to prove one of the inversion formulas, the other statements then
are obvious. Observe that we have for all f,g € S(R) and all A > 0

<M,(\>of:fg> <f: Alfg>

= (f,FM2g) = (Ff, M5°g)

Letting A — 0o, we obtain by Lebesgue’s dominated convergence theorem

= 1(0) [ Fg@de = 900) [ F(H)(©)de

R”

Letting g(z) = e~™*I" we obtain
£(0) = FF£(0)
Thus we have for all z:
f(@) =T o f(0) = FFT_,f(0) = FM_,Ff(0) = T_,FF[f(0) = FFf(z)

This proves one of the inversion inequalities. m

Observe that we have in particular for each f € S(R"):

I£l2 = {f, ) = (FLF) = 1713



0.4 Tempered Distributions

Definition 5 A continuous linear functional A : S(R") — C is called a tempered
distribution. The space of all tempered distributions with the weak star topology is
denoted by S'(R").

Thus the topology on &'(R") is the weakest topology such that for each f € S(R")
the functional
F:8R") - C,A— A(f)

is continuous.
Each element f € S(R™) can be identified as an element Ay € S'(R") via the
linear functional

SR")—>C:g9g— /Rn f(z)g(x) dz

We have to verify that this is a continuous linear functional. However, we have

[ S@@) da

< Ifll2llgllz < Clifllamlglln)

This proves continuity by Lemma 2.

If A € S'(R") and f € S(R"), then we also write (A, f) or (f,A) for A(f). If A
happens to be a Schwartz function, there is no ambiguity because of the symmetry
Af(g) = Ay(f). The pairing (f, g) is a bilinear and not to be confused with the pairing
(f,g), which is sesquilinear (antilinear in the second argument).

An example for a tempered distribution which is not a Schwartz function is the
Dirac distribution dy € S'(R") given by

do(f) = £(0)
To verify continuity of d, observe that f(0) < || f]|(0)-

Lemma 5 LetV be a topological vector space. A map T :V — §'(R™) is continuous
if and only if for each f € S(R™) the map

[foT:V—C:v—T()(f)
18 continuous.

Proof

If T is continuous, then f* oT" is continuous because f* is continuous for each f
by definition of the topology of S'(R").

Now assume f* o T is continuous for all f € S(R"). By linearity it suffices to
show that T is continuous at 0. Let V' be an open neighborhood of 0 in §'(R"™). Then
there is N > 0 and f1,..., fy and €, ...€ey such that the open set

U={A:|A(fj)| <¢ for all 1<j<N}



is contained in V. However, the pre-image of U under 7 is the set
{fveV:|ffoT()|<¢ for all 1<j<N}

which is open by the continuity of the maps f; oT'. This proves continuity of T" at 0.
[ ]

Let T : S(R") — S'(R™) be a continuous map. Then there is a unique map
" : S(R™) — S'(R") such that

(Tf,9)=(f,T"g)

for all f,g € S(R™). Namely, 77 g is the distribution g*oT". We call T7 the transpose
of T'. Obviously 7T is the transpose of 77

Lemma 6 Let T : S(R") — S(R™) and S : S(R™) — S(R") be two continuous
linear maps which are transposes of each other (via the embedding of S into S').
Then T extends to a continuous map

T:8(R") — S'(R™)

via the formula

(TA, f) == (A, 5F)

Proof Obviously TA = Ao S is a continuous linear functional on S(R™) and hence a
tempered distribution. If A happens to be a Schwartz function, then the two possible
definitions for T'A coincide because S is the transpose of T'. It remains to prove that
the extension of 7" to &'(R™) is continuous. By Lemma 5 it suffices to prove that
f* o T is continuous for each f € S(R™). However f*oT = (Sf)*, and the latter is
continuous by definition of the topology of S'(R). m

Examples: The operators D;, X;, F, T,, M,, D% have the transpose operators

-D,, X;, F,T_,, M,, Dfl_l. Hence they all extend to bounded operators on S(R").
Lemma 7 below will show that extension defined in Lemma 6 is the unique exten-
sion of T to a continuous linear operator on S'(R").
For example we have

~ Lo

271
(Xjdo, [) = (60, X;f) =0f(0) =0
(Foo, £) = (60, Ff) = [ f@)r@)do .
(Tyo0, /) = (00, T-yf) = f(y) .
(Myd, ) = (J0, My f) = £(0) = (6o, f)
(D86o, f) = (80, DE_ f) = A¥" £(0) = (A¥' by, f)

(Dj(so;f) = (50, —Djf) =
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Lemma 7 The space S(R") is dense in S'(R").

Proof Let A € §'(R™), we have to show that there exists a sequence f; € S(R")
converging to A. As tempered distribution A satisfies

IA(9)] < Cligllew
for some N > 0. Observe that
|X*D? flloo < |ID*XF f]];

<@+ [Pl (X + )" D XP Fy |l
<O(1+ D))" XD fl,
Here we have use theorem 1. Hence

2

\A(g)ISC( > IIX“DﬂgH%)

laf,| B|[<N+2n

Hence there is an element (fa,g)al,5/<N+2n in the Hilbert space L?(R™){ablfl<N+2n}
such that for every g € S(R")

A= ¥ [ XDig@)f(@)ds

lafs| BI<N+2n

Let (f(k%) be a sequence of tuples in S(R")HHBI<N+2n} converging to (fa5). (Here

(67

we are using that S(R") is dense in L*(R™). Then partial integration shows that
A(f) = lim [ g(x) ( Y DfXe fug(x)) dx
foe IR ol JBI<N-+n "
This provides the desired sequence of Schwartz functions. m
We observe that this lemma also proves that each distribution can be written as

S DPX%f,g

;| B|I<N

for a certain N > 0 and functions f, s in L*(R") C S'(R"). Thus the space of
tempered distributions is the most economic class of objects that contains L?(R™)
and allows for application of the operators X; and D; for all j =1,...n.
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0.5 Intermediate Banach Spaces, Regularity

Let ||.|[s be a norm on S(R™). As with the ||.||(y) norms we do not require S(R")
to be complete with respect to this norm. A variant of Lemma 2 shows that |.||p is
a continuous map from the Schwartz space to C if and only if for some C' > 0 and
N>0

115 < Cllfllw)

for all f € S(R™).

Lemma 8 Let ||.|p be a continuous norm on S(R™). Then the set of all linear
functionals on S(R™) which are continuous with respect to ||.||p is equal to the space
B’ of all distributions in S'(R™) for which the quantity

Allp == sup  |A(f)]
res@y|fla<t

is finite. The space B' is a Banach space under the norm ||.|| s

Proof Let A be a linear functional on S(R") which is continuous with respect to
||I||B- Then

ADI<CIAs <N fllvy

hence A is a distribution with [|Al[(z) < C" < 0o. Vice versa, if A is a distribution
with [|A]|(s) < 0o, then

A =7/ f1ls) < CliAlls

hence A is continuous with respect to ||.||s-

The space B’ is clearly a normed space. To show that it is complete let Ay be a
Cauchy sequence in B’. Then for each f € S(R") the sequence A f is Cauchy in C
because

[Acf = A fII < MMk = Amllp 1 £l 5

Define Af := limy_,, Axf, then it is easy to see that A € B’ and A converges to A
strongly (in B’- norm). m

The statement that a distribution A is in such a space B’ is called a regularity
statement for A. A regularity result usually is used to perform operations with distri-
butions that are not possible for general distributions. E.g. we see immediately that
if B is the completion of S(R™) under the norm ||.|| 5, then a distribution in B’ acts
as linear functional on all of B and B’- regularity is necessary for this. Frequently
the space
Example Consider on S(R") the continuous norm

1 lloy = 11flloo

Every complex Borel measure on R is a continuous linear functional on S(R™) with
respect to this norm, and these are all continuous linear functionals because S(R")
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is dense in Cy(R™). The space M;(R™) of complex Borel measures is a Banch space
under the total variation norm, which coincides with the norm of M;(R") as dual
space of Cyp(R"™). Thus M;(R") is a subset of S'(R"). m

Example It is trivial that S(R") C M;(R"). The total variation norm is again a
continuous norm on S(R"), which coincides with the L' norm. Moreover, S(R") is
dense in L' which is a closed subspace of M;. The dual space of L' can be identified
with L*°(R™), thus L*(R") is a space of the type B’ as in the above theorem. To
close the circle, S(R") is a subset of L*(R") whose closure is Cy(R"). m

Example Let n = 1. The space of distributions A such that D;(A) is L', My, Cy,
L, resp. consists exactly of the functions which are absolutely continuous, have
bounded variation, are continuously differentiable (with certain behaviour at foo,
are Lipschitz resp. m

Example The L? norms ||.||, are continuous on S(R™) for 1 < p < oco. The dual
space is then L. The most important example is p = 2, the only example for which
|l.I|z and ||.||z coincide on S(R™). Thus the Hilbert space L?(R™) in some sense is
exactly in the middle between S(R™) and S'(R"™). m

Let f € L}(R") C S'(R"). We can approximate f by a sequence of Schwartz
functions f, in the L' norm. Then f, also converges to f in the distributional sense.
The sequence F(f,)(&) converges to

/ f(x)672wi<cc,§> dx

uniformly (in the Cy norm). On the other hand, F(f,) converges toF(f) in the
distributional sense, therefore F(f) is given by the Fourier integral.

0.6 The Poisson Summation Formula

We consider the following distribution on S(R™):

A =X [

z€Z"

Using weights it is easy to see that [A(f)| < C|f||(2n), verifying that A is indeed a
distribution.

Lemma 9 (Poisson Summation Formula) We have FA = A.

Proof We first prove the lemma for n = 1. Observe that A satisfies Ti1A = MjA =
A. We claim that these properties determine A up to a scalar multiple. Since FA
obviously satisfies the same invariances, this proves FA = A ( the scalar is verified
by applying A to the Schwartz function e‘“|$|2).

To see the claim, assume A’ satisfies these invariances. We show that A’ coincides
with A on the set of compactly supported Schwartz functions, which proves the claim

13



by density. Let g be a fixed Schwartz function supported in B;/4(0) with g(0) = 1.
Then we have for every compactly supported f € S(R")

2€EZ 2€EZ

N(f) =N (f - f(Z)ng> +A(9) X f(2)

(The sums in here are really finite sums.) In the second summand we have used
invariance under all 7). Since the second summand is of the desired form, it remains
to prove that the first summand is 0. However, define

f(@) = ¥iez [(2)Tog(x)

1— e?m’z

h(z) =

The denominator vanishes of first order at all integers, but the enumerator also van-
ishes at these points and therefore h extends to a smooth compactly supported func-
tion. But we have

2€Z

A (f -y f(z)ng) =N(h—Mh)=0 |,

which completes the proof in the case n = 1.
For general n > 1 let F; denote the partial Fourier transform in direction j:

Fif(xi,...,&,. .., Tn) = /Rf(x)e%i‘”jg” dxz;
Then Fubini’s theorem implies
F=FF...F,
The statement of the lemma for n = 1 implies
FiA=A

Thus the Lemma follows by an iteration of this formula.
[ ]

0.7 Homogeneous distributions in S'(R)

We introduce a new symbol for the dilation operators by
S5 f(z) = N f(A"'x)

Thus D} = S/\_n/ P. The point is that we want to allow z to be an aritrary complex
number, so the association of p with an LP space becomes obsolete. The formal

2 3 —n—=z
transpose of S is S, 7%
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Clearly S% extends to a continuous operator on §'(R™). A distribution in &'(R")
is called homogeneous of degree z if

SEA = A

For example if z is a positive integer then homogeneous polynomials of degree z are
homogeneous distributions of degree z

We shall restrict attention to the case n =1 for now.

Let Q = {z € C: R(z) > 0}. For z € Q the function |¢|* is continuous and grows
polynomially, hence we can define homogeneous distributions by

AR = [ 1A at

AL = [ s

Thus A} is homogeneous of degree z. It is easy to see that for fixed f € S(R") the
function A} (f) is holomorphic in z in the region Q. Namely, the function [¢|?f(¢) is
pointwise holomorphic (complex differentiable) in z and both |¢|* f(¢) and its complex
derivative w.r.t. z are uniformly in L' on Q.

For all z € ) we have by partial integration

AR = [ 1A de

1 1
= - [ @ dt = —— AR )
By iteration we obtain
1

AL v (fO)

kR S R TP R e e

whenever z € €. The right hand side is a meromorphic function for £(z) > —N, thus
we can use this formula to extend A meromorphically to the region ®(z) > —N. By
uniqueness of meromorphic extensions these extensions coincide for different N on
the intersections of their supports. Thus we can extend A} (f) meromorphically to
all of C by taking the union of these extensions. Obviously A (f) has poles at most
at the negative integers and these poles are at most of order one.

Example We take f(z) = 2¢7™. Then for z € Q

A = A () = [ 1tre ™ de
R

We have - . .
Aﬂﬁ=/2wwﬁ:—/e*@=—
0 0

7r m
We derive the following functional equation for A} (f):

1 _27T

27
AL (f) =
z+1 =1(f) z+1

[

AX(f) = - -
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Thus AJ(f) has simple poles at exactly the negative odd integers. Define

['(2) = m* Ao i (f)
then I' has simple poles at exactly the non-positive integers and we have
P(l) = ﬂ-Al(f) =1 )

and with the previous functional equation

I(z) = sz—;rAgz_H( f) = %F(z +1)

We would like to argue that I' has no zeroes. Observe that I' is bounded in
the strip 1 < R(z) < 2 and hence on the set 0 < R(z) < 1, [¥(z)|] > 1. Thus
S(z) =T(2)T'(1 — z) is bounded in the latter set and we have

Sz+1)=T(z+1)I((1=2)—1)=2(—=2)"'T()I'(1-2)=-5(2) .

Thus S(z) is (anti)- periodic or period 1. It is bounded on the set |J(z)| > 1 and has
poles at all integers. Thus

1(z) =sin(7z)S(2)

is periodic with period 1 and satisfies
1I(z)] < Ce™SG)

Thus J(z) = I(log(z)/2mi) is a holomorphic function in C \ {0} growing at most of
order 1 and ) .
[1(z)| < Cmax(|z?, |2[72)

Thus J(z) is constant. Evaluating J at 0 gives 7 for this constant. Hence

™

PP —2) = sin(7x)

Therefore I" has no zeroes. m

Lemma 10 For each z € C the vector space of distributions in S'(R) which are
homogeneous of degree z has dimension 2.

Proof

We set n = 1. If A is homogeneous of degree z, then FA is homogeneous of degree
—n — z. Since F is an isomorphism of &'(R") (the inverse being F) it suffices to
prove the statement for z > —1.

Since we have seen the (linearly independent) distribution A} and A, for z > —1,
the main point is to prove that the vector space of homogeneous distributions of
degree z is at most 2 dimensional.
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Let z > —1 and A € §'(R) be a homogeneous distribution of degree z. Let C,(R)
be the class of continuous functions on R which grow at most polynomially (i.e. are

bounded by a polynomial). In particular the primitive of every element in L?(R) is
in C(R)NS'(R). We know that we can write A as

> X*DPf,s

a,f<N

for some large N > 1 with f, 3 € C(R)NS'(R). By Leibniz’ rule we can write it as

> D*XPg.p

a,B<N

with go 3 € C(R) N S'(R). Adding over j gives the expression

> D%,

a<N
Taking primitives and summing over o we can finally write this as
A=DVg

for some g € C(R) N S'(R).
Now we have for each A > 0

DNg= SjDNg = DNS§+Ng

Thus the distribution g — S;"Vg (which clearly is a continuous function) vanishes on
all Schwartz functions of the form DY h. This is a co-N- dimensional vector space of
S(R). Thus we conclude g — S;™"g is member of a N-dimensional vector space of
tempered distributions which is easily identified as the space of polynomials of degree
at most N — 1. Thus g — Si™g = YN ax(N\)z* in the sense of distributions and
thus in the sense of continuous functions. It is easy to see that for each A > 0, A # 1
there is a unique continuous function g, differing from ¢ by a polynomial of degree
at most N — 1 such that
n—=SitNg=0

namel
y B N—-1 ag ()\)
970 2 T N

By iteration we have
o —SiiNg =0

for all integers k. By uniqueness we have gy» = g, for all integers k£ and thus g, = gy
whenever )\ is a rational power of A\. By continuity of g, we have

92— S;Nga =0

17



for all positive . Thus gy(x) = |z|*TVgo(x/|z|) and g2(0) = 0 by continuity. Thus
DN=1gy(z) is continuous and member of the 2 dimensional vector space V of contin-
uous functions homogeneous of degree z + 1. Since D" g, = A, we have the D maps
V' surjectively to the space of homogeneous distributions of degree z. This finishes
the proof.

]

We now give various descriptions of the two dimensional space of homegenous
distributions of degree z.

For z not a negative integer, we do have introduced two homogeneous distributions
A% and AZ. For #(z) > —1 they are given by locally integrable functions.

Suppose R(z) < —1 and N > —R(z). Partial integration shows that if f vanishes
of order N at 0 then we have also the integral formulas

N = [ e

A= [ s e

This describes these distributions on a co-finite dimensional subspace. Obviously the
two distributions are nonzero and linearly independent. A general Schwartz function
f(z) can be written as g(z) + P(z)e~™" with a polynomial of degree N — 1 and g
vanishing of order N at 0. Thus to extend A} and A} to all of S(R") one only needs
to know the value of A (f) for the functions fi(z) = zFe™™ for 0 < k < N — 1.

For each z let (t)% be the holomorphic extension of the function ¢* on R* to the
slit plane C \ {is : s < 0}. Similarly let (¢)*> be the holomorphic extension of the
function ¢* on R to the slit plane C \ {is : s > 0}. By partial intagration we see
that

AP f = lim

Jim [ (¢4 )T f (1) de

and
ATV = lim [ (t+i€)® f(t) dt
e=—0J/R

exist and describe tempered distributions homogeneous of degree z. These linear
functionals are obviously homogeneous of degree z.
Let f(z) =€~ #* By partial integration one observes

A f = /R(t +ie): f(t+ ic) dt

for e > 0 and
AD)f = / (t +i€)" f(t + i€) dt
R

for € < 0, the right hand sides being independent of e. This observation holds for
any appropriate function instead of e~™” which extends analytically to the complex
plane.

18



If z is not an integer, A{t) and A(~) are easily seen to be linearly independent.
Let z be negative integer. Let again f(z) = e~™, then

AOF = ANF = [y F(y)dy = 2mi(=1 = 2 (0)

here I' is any contour counterclockwise around 0 and the identity holds by Cauchy’s
integral formula. Observe that this embeds the derivatives of the Dirac distribution
into an analytic family of distributions.

The distribution

1
— (=) (+) . z
5 (AZ f+ A f) =: p.. /Rt F(t) dt
is called the principal value distribution. It is easy to verify that

w. [ () dt = 1i L) dt
po- [ fdr=tim [ ()

for all f € S(R).

0.8 The Riemann ( function

Consider the homogeneous distribution
A, =AF+ A,
For R(z) > 0 this is an even and real distribution,

Af=Af =A7F

with f~(z) = f(—=x) hence it is even and real for all z. Its Fourier transform is also
real and even, so it follows easily that

FA, =c(z)A_,

—mt?

To obtain the (meromorphic) function c¢(z) we apply this distribution to g(t) = e
Hence
(8) (Aflfzg)]:Az = (Azg)Aflfz

The idea of the Riemann zeta function is to apply A_, formally to the distribution
A — §y where A is the Poisson distribution defined by Af =3, f(2) and J; is the

Dirac distribution: 1

1
=—(A_,,A—by) = —
() = 5 =%
The last equality gives sense to the a priori meaningless pairing of the two distributions
in the case R(z) > 1. Since FA = A, equation 8 suggests that if the function

(Azfla g) (Afza A)
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extends to a meromorphic function on C we expect it to be invariant under z — 1—z.
Once we know what we are going for we can verify it as follows. We have for ®(z) > 1

(Azm1,9)(Azy A)

]_ 2 2,2
=2y — e ™ dt/t =2 / e T dt [t
Z n? Jt>0 / Z t>0 /

n>0 n>0
—2y / T e g/t / @Y e ™ ) 41— 1) dift
n>0"1 1 n>0
=2y /oo e ™ dt [t + /oo 2 S e ™) £t — 1) di/t
n>071 1 n>0

o 2z —mt2n? o 1-2 —mt2n? 1
—2% [Tee Tt air [T Y e i+
1 1

n>0 n>0 zZ (1 — Z)
This expression is obviously meromorphic on C and invariant under z — 1 — 2. It
follows that the Riemann ( function extends to a meromorphic function on C. The
famous Riemann hypothesis is the conjecture that all zeroes p of ( satisfy R(p) = 1/2.

0.9 Paley Wiener theorems

The theme of Paley Wiener theorems is to characterize the Fourier transform of
compactly supported functions or distributions. To begin with, we would like to
characterize the space FC®(R™), i.e. the space of all Schwartz functions which are
the Fourier transform of a compactly supported Schwartz functions.

Theorem 2 The space FC°(R") consists of all functions f € S(R™) which have a
holomorphic extension to C", also denoted by f, satisfying

9) 1F(-+)llw) < Cwe?

for all N > 0 and appropriate constants C', Cn. The constant C' can be chosen as 2w
times the radius of a ball containing the support of the inverse Fourier transform of

f.

Before we prove the theorem, we start with a few remarks:

A function f on C" is called holomorphic if it is holomorphic in each argument. A
basic theorem in the theory of holomorphic functions of several variables is that this
definition is invariant under rotation of f, i.e., it is equivalent to requiring f(x + tx')
is holomorphic in ¢ for all z, 2" € C™. We shall take this theorem for granted.

Under the assumption that f is holomorphic inequality (9) is equivalent to

(10) IXVf (- +iy)[loo < One

for all N > 0, because one can calculate partial derivatives as

Dif(e) = e [
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where [' is the unit circle centered at z in the plane through z which is parallel to
the j-th coordinate plane. This is the dual phenomenon to the observation that
for compactly supported Schwartz functions one only needs to bound the partial
derivatives D®f in order to control the (N)- norms.

We scetch a proof that (10) implies (9). We have to show

‘XaDﬂf(x + zy)| < CecYl

for all multi indices «, 5, where z and D act in the z variable. We may assume that
whenever |z;| < 2 we have o; = 0. Let z = z + iy, Z; the multiplication operator by
zj, and Z% as usual. It suffices to show

‘ZaDﬂf(z)‘ <C (H |Zj/gjj|aj> eclyl

Observe that applied to a holomorphic function D? can also be viewed as complex
partial differentiation. Using Leibniz’ rule it suffices to show for every o/ < a and

B <B
DPz f(z)| < C (H \zy/xﬂ?) e
J

By the Cauchy integral formula there is a probability measure on the ball of radius 1
around z such that the left hand side is up to a universal scalar equal to

/ Z% f(2) dp
Bi(z)

Let 2" € Bi(z). Since |z;| > 2 whenever o} # 0, we have that z; and 2'; as well as
z; and z} are comparable whenever o’ # 0. Apply (10) with o/, then we have for all
Z' € Bi(z):

21 f() < C (H \Zj/l‘jl“9) e
J
This implies the desired inequality.
We turn to the proof of the Paley Wiener theorem.
Proof
Let f = Fg with g € C°(R), we aim to show that f extends to an entire function

and satisfies (10). For z € C" define

F&)= [ Qe <=

This integral is defined in the Riemann sense since the integrand is continuous and
compactly supported, and it is continuous in z since the support of the integrand is
constant and the integrand varies continuously in z w.r.t. the sup norm. Obviously
this definition of f coincides on R™ with Fg.
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Let v : [0,1] — C" be a closed differentiable curve in C™ such that all coordinates
7v;(t) with j # 1 are constant. Then by Fubini

[ e war= [ [ oe ey arc

2mi<z6> ig holomorphic. Hence f(z) is holomorphic by Mor-

This vanishes because e~
era’s theorem.

Integrations by part give

z“f(z) — Dag(c)672wi<z,c> dC ’

R”

hence
2| f(z +iy)| < |D*g|l1e“Y

which implies (9) by one of the previous remarks.

Now assume that f : C" — C satisfies (9). Let g be the inverse Fourier transform
of the restriction of f to R™, then obviously g € S(R"). We have to show that g is
compactly supported.

Let x € R". Then

g(x) — / ) f(6)627ri<§,$> df

Let n € R". By a change of contour we can replace this integral by

g(a) = [ flg+imermi<etne> ge

(We change the contour successively in each coordinate, using inequality (9)). Thus
we have

o) < [ (1 lgP)metrle s g

If we choose 7 in direction of = we obtain
D) < [ (141 mel Hiebilag

The right hand side tends to 0 as || tends to oo provided |z| is large enough. This
proves compact support of g.
u

If f € C, then the holomorphic extension of Ff to C" is called the Laplace
transform of f. (In the literature the definition of Laplace transform may vary, e.g.
by factors of i in the argument and other details)

Remark: Suppose g € S(R") is supported in a circle of radius r about the origin.
Then the Laplace transform f of the translate T,g, which is supported in a circle of
radius r around s, satisfies

XN (. A+ iy)loo < Cne2mrvl+<u.s>)
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because .
.7:(ng) (Z) — 6727rz<z,s>]:g(2)

A distribution A € S'(R") is said to vanish at a point z € R" if there is an open
neighborhood U of z such that A(f) = 0 for all f € S(R") supported in U. The
set U of all points where A vanishes is open. Its complement is called the support
of A. If the support of a compactly supported Schwartz function is contained in the
complement of the support of A, then A(f) = 0. This follows by covering the support
of f by finitely many balls B, (z)) such that A(g) = 0 for any ¢ supported in any of
the balls Ry, (xx), and then writing f as a sum of Schwartz functions each supported
in one of the balls. E.g., this decomposition can be achieved by iteratively replacing
f by f — for where ¢y is supported on Bsy,, (zx) and equal to 1 on B, (zk).

Now let f be any Schwartz function supported in the complement of the support
of A. Since we can approximate f by f = limy,. fDY¢ where ¢ is compactly
supported and ¢(0) = 1 we obtain A(f) = 0.

The analogue of the previous theorem for distributions is given by

Theorem 3 A distribution in S'(R™) is the Fourier transform of a compactly sup-
ported distribution A if and only if it is represented by a continuous function f which
extends holomorphically to C™ and satisfies

(11) 1f(z +iy)| < O + |z]?) Vel

for some N > 0, where C can be chosen to be any number larger than 2mr if A is
supported in B.(0).

Proof Assume A is a tempered distribution supported in B,(0). We write it as

A: Z Dﬂgﬂ
|BI<N

with continuous functions fz. Pick C' > 27 and ¢ € S(R") supported in B¢(0) such
that ¢ is constant equal to 1 on an open neighborhood of the support of A. Define
for z € C"

f(Z) — A(¢e—27ri<z,.>)

This function is continuous and holomorphicin C” as one can see by similar arguments
as before from writing it as the integral

1= % [ g (1)’ DP(ge 2> (@) do
By the Leibniz rule we can find certain ¢z with compact support such that

f(Z) — Z Z /Rn gﬁ(m)¢a,ﬁza672wi<z,.>(x) dz

IBI<N a<p
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This easily proves the estimate (11) for f. We still have to see that f restricted to
R™ is the Fourier transform of A. However, we have from the last expression

f=2 > (X%pdagp) ,

IBI<N a<f

because for compactly supported continuous functions the Fourier transform (in the
distributional sense) is given by the Fourier integral, as one can see from the continuity
of the Fourier integral from L!(R") into L*°(R"). This implies f = FA by undoing
the previous calculations in the distributional sense.

Now let conversely f be a holomorphic function on C™ satisfying (11) with certain
C. Then f restricted to R™ is a distribution. Let B¢(s) be any ball outside the circle
of radius C /27 about 0. We pair F f with an arbitrary Schwartz function g supported
in B.(s). Then we have

(Ff.0)= [ f@)Fg()ds

n

By a change of contour integrals (using decay estimates in x) we obtain
(Fro)l=| [ fla+iy)Fo(—z —iy) dal

S C|/R (1_|_ |$‘2)N62W|y|(1+ ‘x|2)fon627re|y\7<s,y> dx|

This tends to 0 if y pointss in direction of s and |y| tends to co. This proves that the
support of Ff is contained in B2, (0). Letting C tend to 277 we conlude that the
support of F f is contained in B, (0).

u

0.10 Distributions versus tempered distributions

Often it is necessary to have a more localized concept than tempered distributions.
E.g. any continuous function on R" looks locally like a tempered distribution, but
may fail to be a tempered distribution because of growth at infinity. Or one would
like to introduce distributions on manifolds.

Let U be an open set in R". Following the classical paper by Schwartz we write
D(U) for the set of functions in C*(U).

Definition 6 A linear functional A on the space D(U) is called distribution (on U),
if for every ¢ € D(U) the functional

f—=Ao fly), SR")—=C

15 a tempered distribution.
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As with S(R™) one can introduce a topology on D(U) which makes the space of
distributions coincide with the space D'(U) of continuous linear functionals on D(U).
We shall not discuss this topology in detail now, but adopt the notation D'(U).

Observe that D'(R) is strictly larger than §’'(R™), e.g. it contains all continuous
functions. Operations like D* and X can easily be defined on D(U), also M,, T,
S%, the latter two mapping into D(U’) with possibly different U’.

The Fourier transform of an element in D(R™) is in general not a distribution.
The formal identity

(FAf) = (A, FF)

suggests that for A € D(R"), FA is a linear functional on the space F(D(U)), which
we have identified in the theorem of Paley Wiener. By transport of structure we
can also equip this space with a topology so that F(D'(R")) becomes the space of
continuous linear functionals.

Lemma 11 A linear functional A on D(U) is in D'(U) iff for every compact set
K C U thereis a N and a C such that

(12) IA(f)] < C sup |[D*fllo
lal<N

for all f € D(U) with support in K.

Proof

Suppose A € D'(U). Let K C U be compact. We can find a ¢ € D(U) which
is constant equal to 1 on an open neighborhood of K. Then A¢ is in S(R") (in the
sense of the above definition), hence for each f € D(U) supported in K:

AN =A@ < Clifllwy < C supNIIX“Dﬁflloo

laf,|8]<

for some N. This implies (12) because z“ is bounded on K.
Vice versa assume that A satisfies (12). Let ¢ € D(U) and let K be the support
of ¢. Then (12) implies for every f € S(R"):

Ao f)] < Cnllofllm

Since multiplication with ¢ is continuous in S(R™), the right hand side is bounded
by C'|| f||(n+) for some N’, which implies that A¢ is a tempered distribution
n

If N in the previous lemma can be chosen independently of K, then the minimal such
N is called the (regularity) degree of the distribution. A distribution may not have
finite degree, as the example

Z T,D"§

n>0

in D'(R) shows.
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Lemma 12 Let U and V be two open sets in R™ and let ® : U — V be a diffeomor-
phism. Then there is an isomorphism of vector spaces

" D'(U) = D'(V)

defined b
' 2.(A)(6) = A(g 0 ®)

Proof All that needs to be shown is that ®,A is an element of D'(V) if A € D'(U).
Then the map is clearly linear and invertible with inverse given by the analogous
construction with ®=1.

If ¢ is supported in a compactum, then ¢ o ® is supported in a compactum, hence

|®.(A)(9)] < C sup [[D*(d 0 ®)l

la|<N

for some N > 0. However, we can easily prove by induction on |«| that
D*go®) = 3 ((¥sD"9)o @)
1BI<]a

for some smooth functions 3 on U. Namely,

Dj(¢o®) = ZJ #((Di) 0 ®)

D ((J(®)jk 0@ ) D) 0 @)

k

where J(®) is the Jacobian of ®. The statement for general a follows by induction
and the Leibniz rule.
Since smooth functions on V' are bounded on any compact subset of V', we obtain

D60 @)oo <C 3 D7l
18/<lad

This proves that ®,A € D'(V). m

Let Uy and U, be two open sets in R™ and let V' C U;NU; be open. If A; € D'(U;)
for j = 1,2, then then A; and A, are said to coincide on W if

Mg = Aso

for all ¢ € D(V) C D(Uy) N D(Us).

A n-dimensional smooth manifold M is a Hausdorff topological space with a cov-
ering by open sets U; together with homeomorphisms ®; : U; — V; C R™ with open
sets V; such that whenever U; N Uy, # () then

®, 0 (I)j_l : (I)(U] N Uk) — (bk(Uk N U])
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is a diffeomorphism.

A distribution A on M is defined to be a collection A; of distributions in D(V})
such that whenever U; N Uy # 0 we have that A, and (94 o ®;'),A; coincide on
@, (U, NU;). If ¢ is a compactly supported smooth function on M, we apply A by
writing ¢ = Y ¢; (the sum can be asusmed to be finite by compact support of ¢)
with ¢; supported in U; and defining

Ag) = ZAj(¢j o®; ")

The concept of support of a tempered distribution translates literally to the space
of distributions. In particular the set of compactly supported tempered distributions
coincides with the set of compactly supported distributions.

A related and dual concept to that of distributions is that of compactly supported
distributions. Let £(R™) be the set of all C* functions on R™ if A is a compactly
supported distribution, with support contained in a compact set K say, then we can
pair this distribution with any element f in £(R") by picking a function ¢ € D(R")
which is constant equal to 1 on a neighborhood of K and defining

A(f) = Mof)

This definition is independent of the particular choice of ¢, because if ¢’ is another
choice, then

Aof) — A f)=A(¢—¢)f)=0
because the support of (¢ — ¢')f is disjoint from the support of A. Thus A defines
a linear functional on £(R™). Again, one can define a topology on R" which makes

the set of compactly supported distributions be the dual space of £(R"), which we
denote by &'(R™).

0.11 Convolution

We shall work with tempered distributions in this section.
The convolution of two functions f,g € S(R™) is defined by the absolutely con-
vergent integral
frg@) = [ fa=tg)dt
It is easy to see by the Lebesgue dominated convergence theorem that f % g is a
continuous function. By Fubini we have

Ifeglh< [ [ 1f@=Dg®)dtds <[ flllgl .
(with actual equality if f and g are nonnegative real) in particular f * g € L'(R")
and f * g is a distribution. Since it is in L'(R™), the Fourier transform of f * g is
given by
FUreo)©) = [ [ fla—t)glt)em<es—t>¢=2m<6t 4y gy — F(f)(€)F(g) (€)
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Since the product of two Schwartz functions is a Schwartz function, we see that
F(f * g) as well as f x g are Schwartz functions. Moreover we immediately see the
identities
frxg=gxf ,
(fxg)xh=Ffx(gxh) ,
D*(fxg)=(D*f)xg=f*D%
Direct calculaion shows for Schwartz functions

/Rn f*g(x)h(z) = /g(i)f « h(z) dv

where f(z) = f(—z). Now let f € S(R") and A € §'(R"). We can formally define a
distribution fx A = A * f

(f % A)(9) = A(f * ¢) = FA(FfF9)

where f(z) = f(—x). If A is a Schwartz function, this definition ofcourse coincides
with the previous one.

Lemma 13 The distribution f * A is a continuous function given by
(13) f*A(z) = AT:f)

Proof First we observe that the right hand side of (13) is a continuous function
which describes a distribution. There is a NV such that

AT, f) < O Tefll )

<C sup sup |(y+2)*DPf(y)| < C sup [z¥||| |l
lof,|B|<N yeR™ la!|[<N

Thus the right hand side of (13) grows at most polynomially in z. To show that
it is continuous in z it suffices by an easy translation argument to show that it is
continuous at x = 0. We have

ATf) = AHI<C sup X DUTLf = fllw)

lel,[B|I<N
Since D? f € S(R") it suffice to prove for any Schwartz function f and any o that
|1 X*(Tef = f)lloo

tends to 0 as x — 0. Assume |z| < 1 we can estimate this by

|z| sup sup [y*f'(y)| < Clz|
YyER™ £€B1(y)

This proves continuity of (13) at x = 0.
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Let f,g € S(R™) and assume for simplicity that f is compactly supported. We
claim

frg=lime" 3 f(z)T.g

TEEL™

where the limit is in the sense of S(R") and the sum is actually a finite one. (This
is a vector valued Riemann sum). This claim proves the lemma immediately because
for all » € D(R™) we have by continuity of A

FxA@) =Agxf) =lime" > p2)A(Lf)

TEed™

= [ S@ATF) dz = (6, AL )
Here we have also used an ordinary Riemann sum. Since on both sides of this equation
we have a distribution applied to ¢, this equality holds for all ¢ € S(R").
We have to see the above claim. We have to show

Ifxg— Y f@)Tegllv—o

TEEL”

It suffices to show for every g € S(R") and «:
1 X*fxg— > f(a)XThgllc — 0

TEeZ™
We estimate this by

X~ F) )+ IX°(Ferg— Y F@XTog)lls -0
TEEZ™
Here f.(x) = f(z') if 2’ is the nearest point to z on the lattice €Z™ and convolution
with f. is defined in L' sense.
Since ||(f — fo)|l < Ce, X*g is bounded, and f is compactly supported we see
that
[X((f = f)*g) =0

as € — 0. Finally we have

IX*(fexg— > (@)X Tog)ll

rceZn
<suply®| D |f(@)|lg(y — =) = sup g(z — y + 1)
y T€eZ ItI<e
Again we can estimate the difference of the two evaluations of g by € times the
derivative of g nearby. Thus this expression also tends to 0 as € tends to 0. This
finishes the proof of the claim and therefore the proof of the lemma. m

Observe that the continuous function fxA is in fact C°, because its distributional
derivative is given by

D(fxA) = (D*f * A)

and is again a continuous function by the Lemma. (The equation holds for A € §'(R")
because it holds for A € S(R") by continuity).
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Lemma 14 If A € §'(R") is compactly supported, then f — f x A is a continuous
map from S(R™) to S(R™)

Proof We have to show that multiplication with the (continuous) function F(A) is
continuous. However, we have by the Paley Wiener theorem

IFA) fllvy < C - sup [I(1+ [X2)VD*(F(A)) D flloo

laf,lo/[<N

<C sup (14 X)L+ [XP)YDY flloo < Cllfllawn

laf,lo’|[<N

Thus convolution with compactly supported distributions can be extended to a
map S'(R") — S§'(R").
Examples: Let d,(f) = f(z). Then
5o*f:F(U'—f):f
(D%g) x f = D*(6o x f) = D“f

Rewmark, similarly to the last lemma we can define convolution of elements in
E'(R) with elements in D'(R).

0.12 The Central Limit Theorem
A finite measure g on R" is a distribution in §'(R™) such that

1(f) < Cllfll

for all f € S(R™). The best constant C is called the total variation norm of u. u
extends to a continuous linear functional on Cy(R™).

We observe that p * f is a bounded continuous function. Moreover, the map
f — [ *pis bounded in the L*™ norm. Also p * f is again a measure, because

o f(g) = p(f ) < ullllf * glleo < el f1l1llgllo

It follows that u * f € L'(R"). Together with D*(u * f) € L'(R™) this implies,
f € Co(R™). Thus convolution with p extends to a bounded operator from Cy(R")
to Co(R™). Thus (by a line as above) one can define a finite measure u * v for two
finite measures p and v with || * v|| < ||p||||v]]-

We claim that the Fourier transform of a measure is also given by a bounded
continuous function. First we observe that

(Fi £) < Nl F lloo < Apllllf1
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therefore Fy is represented by an L function and we have ||Fu|lo < ||p||- If p is
actually in L', then we can approximate it by Schwartz functions in norm, so Fu
is approximated by Schwartz functions in L* norm, therefore Fu € Co(R™). If p
is merely a finite measure, then p * f is in L' for all f € S(R"), hence FuFf is
continuous for all f, which implies that Fu is continuous. Observe that Fu is not
necessarily in Cp(R") as the example of the Dirac distribution shows.

A probability measure on R” is a finite measure with total variation norm 1 and

Fu)(0) =1

If 1 and v are probability measures, then so is u * v.
A probability measure is nonnegative, i.e., u(f) > 0 if f > 0. Namely, if p is a
probability measure, and g = e‘”2, then

(1, DY g) = lim (Fp, D31 Fg) = 1

fim

Assume f >0,/ f|| =1 and p(f) has nonzero imaginary part. Then
ID5g £ ief o < 1+ ¢

for sufficiently small €, but

R(u(Dg +icf)) = R(u(D9)) F e3(ulf))

which leads to a contradiction to ||u|| = 1 for sufficiently small € and large A. Similarly
one sees that p(f) cannot be negative.

A probability measure is said to have finite second moment if 3=, X ]Z,u is a finite
measure. If y has finite second moment, then F is twice continuously differentiable.
Assume p has finite second moment. We call the vector

m = (m;) = (D;Fu(0))

the mean of y. The mean of T_,,u is zero.
Assume the mean of y is zero. Then 3; D?(Fu)(0) is a nonnegative real number,
because it is the limit for A — oo of

(1, Y X7Dg) >0
J

We call

o= \/z DX(Fp)(0)

the standard deviation of .

If the standard deviation of y is 0, then y is supported in {0}. Namely, assume f
with || f|| < 1 is (compactly) supported outside 0 and u(f) # 0. we can assume f is
real (by taking real and imaginary part separately). Then

S XPu(DY £ f) = £ 3 X u(f)
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is positive for sufficiently large A by positivity of for both choices of +, which is clearly
absurd. By direct inspection we see that the only probability measure supported on
0 is dg, thus pu = dy.

If 1 has mean 0 and finite standard deviation o, then

Difl Tfmﬂ'

is a probability measure with standard deviation 1 and mean 0.

Let i be a probability measure, then it describes the probability “distribution”
of a (vector valued) random variable Y. If we have another random variable Z with
distribution v, then the probability distribution of Y + Z is given by u * v.

Suppose we have a sequence Y} of identically distributed random variables in R
with probability distribution p, mean 0 and standard deviation 1, then the distribu-
tion of k=2 Yo (Yy) is given by py = —D;,l ,2t*%. The central limit theorem states
that py converges in measure to a Gaussian.

Theorem 4 Central Limit Theorem Let p be a probability measure on S(R) such
that 3°; X3 is a measure,
FXp)0)=0

F(X?u)(0) =1
Then the sequence of measures

ik = =Dy 1o ™"

z2

2,

converges in the weak star topology on M, to the measure \/%e

Proof Consider the twice continuously differentiable function f = Fu. We have
f(0)=1, Df(0) =0, D?>f(0) = 1. Thus we have

f(z) =1 —4n%2? + h(x)x?
for some continuous function A with h(0) = 0. We have
fo(@) = F(E7V22)% = (1 — k7'27%2 + (k™Y 22)k~a?)k
Given any small € and fixed z, we conclude for sufficiently large k£ we conclude
(1—k12r + 2°)* < fi(x) < (1 — k71 (272 — €)z?)F
This implies for large k
e TP _ e < fu(z) < e P97 4 ¢

Thus Fu tends to e 27%” pointwise. This is the Fourier transform of

1 22

g(x) = \/%67
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By the Lebesgue dominated convergence theorem, (u, f) tends to (g, f) for all f €
S(R). Since S(R) is dense in Cy(R) and py is a bounded family, (u, f) tends to
(g, f) for all f € Cy(R) because

(k= 9 DL < Nk = 9L = Flloo + e = 9, H)I

where f € S(R) is an approximation to f € Cy(R), and both terms can be made
smaller than any e > 0 by choice of f and k. m

0.13 Malgrange Ehrenpreis

We have seen that for each integer k£ > 0 there is a tempered distribution Ay € S(R)
such that

(A, f) /t KF() di

whenever f vanishes of order k at 0. E.g., the derivatives of p.v.(1/t) do this. It
follows that

(X¥Ak, f) = (A, XEf) = [ 5f (0 dt = (1, f)

where 1 denotes the distribution which is constant equal to 1.

A corollary of this is that for every polynomial P in one variable of degree N > 0
there is a tempered distribution Ap such that P(X)A = 1. Namely, we can write for
x not a zero of P by partial fractions

x—ak

where 7y is less than the vanishing order of P at ay. Then for every f which vanishes
at least of the order of P everywhere we have

Ap(f) = ( Z beTayAny + Z (.— ) /
k:ap=R(ay) k:ap#R(ak)

and therefore P(X)Ap := 1.
For polynomials in several variables this is more subtle. We have

Theorem 5 Malgrange-Ehrenpreis For each polynomial P in n variables there is an
element Ap € F(D'(R") such that

PX)Ap(f) = (1, f)
for all f € F(D(R™)).
Proof
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A linear functional A on the space F(D(R™)) is continuous, if there are functions
C, and M, such that for all f € F(D(R")) there is a 74 > 0 such that for all v > v;

(A )] < 075;111/3 |f(z+iy)(1 + \$|2)Mwe—7|yl|_

In particular A satisfies this estimate if for some C, M

(A, ) < C sup [f(a+iy)(L+ [o*)"]

,|y|<1
(See the section on Paley Wiener.) We shall show that the functional

1

(AP;f): Rn P(.’E)

f(@)dz

defined on the space P(X)F(D(R")) satisfies this estimate. By Hahn Banach the
functional extends to a linear functional on all of FD(Rn) satisfying this estimate.
The extension is therefore is an element of FD'(R™), which had to be shown.
Assume P has degree N. Let Py be the homogeneous part of P of degree N. Pick
x € R" so that Py(z) # 0. Let V be the orthogonal complement of z in R™.
Let f be an element of P(X)FD(R"™). Then

is an analytic function satisfying
s [+ i) < O+ o)
P(x +1y) -

for z,y € R™ and |y| < N + 2. Thus we can change contours to write for any choice
of integers 0 < k(y) < N +1

1 1 .
e 5@ =/V/RP(y+(t+ik(y))x)f(y+(t—i—zk(y))x) dt dy

With appropriate choice of k£ this can be estimated by

(1+[¢*)7 (1 + |y*) ™" dt dy

1
C
/v /R Py + (t +ik(y))z)
inf s !
in
V k€0, N+1 thI{) P(y+ (t+ ik)x)

Thus it suffices to estimate

<C (L+]yl") ™" dy

1
inf S
k0L N +1 t;‘}i P(y+ (t +ik)x)

uniformly in y
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However, we can write

=

P(y+ (t+ik)x) =c || ((t +ik) — a;)

=1

I

with zeroes a; depending on y but ¢ independent of y (¢ depends only on the homo-
geneaous part of P(y + tz) of degree N in t). By the pigeon hole there is at least one
k €{0,...,N + 1} such that the strip [Im(z) — k| < 0 does not contain any zero q;.
Thus, for this £,

|P(y + tyo + kyo)| > 2V

This proves the theorem. m

0.14 The wave equation

As an example of fundamental solutions we consider the partial differential operator
n
Of = =Dy f+ > Dif
j=1

For each w € S(R™!) we would like to find a solution f € &'(R"*!) to the inhomo-
geneous wave equation
Of =w

(Eventually we hope to have better regularity of the solution that &'(R"*!). Taking
partial Fourier transform in the first n variables leads to

_Diﬂf"‘ ZXJQf =w
j=1

where

f=F ... F.f

and similarly for w. We write ¢ for the n+ 1-st variable and £ = (&, ..., &,) for first n
variables. For fixed £ we have the general solution to the homogeneous ODE (w = 0):

f(g, t) = Aemilelt + Be~2milz|t

To solve the inhomogeneous equation (w0 # 0) we read this as an ansatz with varying
coefficients A = A(t), B + B(t). We have

1
21

Dyi1f(&,1) = 5— (A ()™ + B'()e~2m181) 4 (Ag]e”™ I — B¢|e2miel)

Setting the first summand equal to 0 (as part of the ansatz) we have

(A'@)lle™ " — B (1)[¢e™>1) = (€, 1)

-1
o

—D} (&) + [ELFE )
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Solving for A" gives .
A'(t) = —milg (€, e el

and thus .
Aty == [ il e, ) ds

is a particular solution. Similarly

B(t) = /t | (g, 5)ermIe ds

Thus we have as one particular solution to the inhomogeneous equation

A

fle.0 = [ _2nlel e, s)sinznlel(t - 5)) ds

— o / €71 (E, )14 (¢ — 5) sin(2m|€] (¢ — ) ds
Consider the following distribution in S(R™):

Ag)= [, f@)du .

where S7'; 1is the sphere of radius r about ¥ and du is the standard surface measure
on the sphere. Since S(R™) is weak star dense in AM;(R"), by Lebesgue’s dominated
convergence theorem the Fourier transform of A(g) is pointwise given by

FA© = [ e <€ du(a)

By rotation symmetry this integral depends only on [£], we can therefore have £ point
to the north pole. Let a be the angle between ¢ and z, then

FAE) = ey /7r ¢~ 2mil€] cos(@) sin(a)" ?da

0

where ¢, is a certain constant. For odd n > 3 this can be calculated in closed form
by the following substitution:

1 ; n—3
FAE) = cn/ e~ 2mlle(1 — )5 dx |

-1

In particular we have for n = 3:

1 .
FAE = en [ e

—1

_cn

= g (el — 2milel) = e~ sin(2n|¢))
271 T
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Since we know that FA(0) = 47 we have
FA(E) = 2[¢] 7 2n[¢]

Inserting this into our formula for f gives

A~

flet) = [ (€, 5)L(t = 5)D, FAE) ds

- W/R(w + DX A)(€,8) 14 (t — 5) ds

:W/R[/n\t—sr?l/sl

w(n) d,u] e~ 2mi<tE> dm] 1o (t—s)A(€) ds

t—s,x

Here x denotes convolution in the first n variables only. The order of integration can
be interchanged by Fubini (actually not just Fubini, needs some extra justification),

thus we obtain, this time * denoting convolution in all variables:

f2,1) = (0 Acone)

where

T
Nenele) = 7= [ 10d
cone(9) V2 {(z,t)eR4:t<0,|$|:t}| ok

and p is surface measure. From this formula we can conclude the strong Huygens’
principle, wich states that light at time ¢ and location x influences at time ¢’ > t only
those locations which have distance ¢’ —¢ from x. The strong Huygens’ principle holds
only for n odd. For even n, one gets instead of A, a distribution which is supported
on the solid light cone, but does not vanish in the interior of the solid light cone.

As we have seen, Aone is a fundamental solution of the wave equation, i.e., FAcone
is equal to of (—t? 4+ x?) ! outside the set where the latter is singular.

Convolution with Agyye actually maps S(R™™!) into C*(R")NL*®. However, more
can be said about the regularity of this operaton. E.g., as we quote here without proof,
it maps L*/ to L* boundedly (for n+1 = 4). This may be used to solve the nonlinear
wave equation

Of = 2 +w
Namely, we obtain
f:Acone*(f3+w)

We can use this to define an iteration scheme
Jra1 = Acone * (fl? + w) = A(fk)

with fi = 0. If w € L3, then f; € L* by the mentioned regularity result. Thus f3

4
is again in L7% and we can iterate. In fact the iteration map A is a contraction in a
small ball around 0, because

IAf = Aglls < CIIF* = g°llays

< CONf = gllallf? + fg+g°ll2 < CIF = gllaCllFIZ +NgllZ) < 17201 = glla

provided f and g have sufficiently small norm. Thus the iteration converges it w has
sufficiently small norm (to ensure that the small ball is mapped to itself).
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1 Hermite functions

Hermite functions arise naturally in a number of ways. We shall introduce them from
the point of view of looking for eigenfunctions of the Fourier transform of the form
P(z)e~™"" with polynomials P. In fact we will obtain an entire orthonormal basis of
L*(R™) consisting of such eigenfunctions.

We shall first discuss the case n = 1. Consider the operators X +¢D and X —iD.
They satisfy the commutation identities

F(X +iD) = i(X +iD)F

F(X —iD) = —i(X —iD)F

Thus, if f is an eigenfunction of F with eigenvalue A, then (X +iD)f and (X —iD)f,
unless they are 0, are eigenfunction of F with eigenvalues ¢\ and —iA\.
Define fy(z) = e™™. We easily see that

(X +1iD)fo=0

It follows from linear ODE that the every function satisfying this identity is a multiple

of f().
Define the n-th hermite function as

Then f, is of the form P, (:16)6_”2 with some polynomial P, which is easily seen to
have real coefficients and has degree at most n. We shall see momentarily that the
degree is actually equal to n.

We observe the identities

1
(X —iD)(X +iD) = X* + D’ —i(DX = XD) =X’ + D* = I ,
m

1
(X +iD)(X —iD) = X*+ D* +i(DX = XD) = X+ D*+ I,
™

where [ is the dientity operator. Thus, for n > 0,
1
(X +iD)fy = (X +iD)(X ~iD)fu 1 = (X —iD)(X +iD)fu 1+ ~fr 1
This shows eaily by induction that
, n
(X +iD)fu = = furs
In particular, f, is an eigenfunction of (X —iD)(X + id) with eigenvalue 2. This im-

plies that all functions f,, are linearly independent and therefore P, () has necessarily
exact degree n.
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We observe that f, is also an eigenfunction of the Schroedinger operator of the
harmonic oscillator, X*+ D?, with eigenvalue 22, Since X? + D? is self adjoint, the
functions f,, are pairwise orthogonal.

We aim to show that the collection of Hermite functions is a complete orthogonal
set. This means that if f € L*(R) and (f, f,) = 0 for all n, then f = 0. Thus assume
f € L*R) and (f, f,) = 0 for all n. Then ff, is an integrable functyion and we have

ffO / f —7r:c2 2Tzt 1.

_ /Z[ g2 (2mizt)" ] s

n!

The term in brackets is clearly bounded by

C
ﬁe’mﬁe‘wf'(l + |z€])?

Thus we can interchange integration and summation and obtain

FURNO =3 [ 1) | o= O~

n!
becaus integrating f against any function of the form P(m)e‘”z
sumption.

Thus f, is a complete orthogonal set. We can make it an orthonormal basis by
normalizing. Define

gives zero by as-

1

g0 = 21 fy

because , .
1follg = [ e dw =274

and )

T 2 .

gn = (_> (X - ZD)gn—l

n

because

1X = D) facal; = (X +4D)(X = iD) fact, fat) = ~{facr: foc)

Then g, is an orthonormal basis of L?(R).
We can easily obtain an orthonormal basis of L?(R") by defining

n
jtyein (@) = [T 9jc (k)
k=1

Orthonormality is easily seen directly, and completeness can be proved in the same
way as for n = 1. (It also follows from very general principles).
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For each N > 0 define the norm

£l = ( > S Gian)” (1 +j1+---+jn)N>
J

150ensdn

This is defined (when allowed to be infinite) for all tempered distributions f. The
space of all distributions for which this norm is finite we denote by L[QN] (R™). It is
easily seen that this space is a Hilbert space with scalar product

(fg)= 2 (fo)A+ji+...+5a)"

It has an orthonormal basis consisting of suitably normalized multiples of the func-
tions gj,,..j,- The norms ||.||jn] are equivalent to the Schwartz norms in the following
sense:

Lemma 15 For each N > 0 there is a N' > 0 such that for all f € S'(R™) we have

I flliv) < Cllfllvy
vy < ClIf vy

Proof We shall prove this lemma in the case n = 1, the general case being very
similar. We have

[Rali Z|fgg 1+5)"
<CZ|< (X + D)N'g)) CZ|<X2+D2 f.9) 1

< ONX*+ D)V fIl; < CIl (1 + [a*)(X? + D)V fI5
< Ol fllenr+2)
Vice versa, we have
DX’ fllo < CII(1 + [D[*) XD f |l

< ||(1 + (X 4+ iD)(X —iD))((X +iD) + (X — iD))*(X +iD) — (X —iD))? ||

The latter is easily estimated by a constant time a sufficiently large [N]-norm.
This completes the proof.
n
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2 The Schwartz kernel theorem
Lemma 16 Let A be a bilinear form

SR") xS(R™) —» C
such that

A, 91 < Cllf Nl llgllvy

for all f € S(R™),g € S(R™). Then there exists a unique distribution A € S(R"™)
such that A(f,g9) = A(f ® g).

Proof Uniqueness: A is determined on all elements g;, ;.. ., because these are
elementary tensor products of Schwartz functions in S(R") and in S(R™). Thus it
is determined on any finite linear combination of the elements g, . ;.. .-

Now let f be arbitrary in S(R™*™). We can find finite linear combinations

— (k)
fk - Z ajla---;jngjlw-ajn

such that || f — fx||v) < 1/k, because the functions g;,,... ;, form a complete orthogonal
set in Ly,

Then the sequence fy converges in Lfy, for all K, hence in S(R™*™). Since A is
determined on all fi, it is determined on f.

Existence: Define A in the natural way on the elements g;, . ;... We will
show that there are constants C' and K such that for all finite linear combinations

20 inim it insm WE have

Thus A extends to a bounded linear functional in L[QK] and thus to a bounded linear

functional on S(R™*™).
But we have

|A(Z ajl,---,jngjl,---,jn” < Z |aj1,---,jn||A(gj1,---,jn ® Gjryrs -+ gjn+m)|
S CZ ‘ajly---yjn|(]‘ + jl +...+ jﬂ)N(l + jn+1 +...+ ]n—|—m)M
1
e A R € A T L R &

1
s¢ (Z (@[ (L+ 51+ jn+m)2(N+M+2n)) 2

This proves the desired estimate.
[ ]
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Theorem 6 The Schwartz kernel theorem
Let T : S(R") — S'(R™) be a continuous linear operator. Then there exists a
unique A € §'(R™™) such that

(Tf,9) =AMf®9)
for all f € D(R™) and g € S(R™).

Proof The bilinear map f,g — (T(f),g) is continuous in each argument. Since
S(R™) and S(R™) are complete metric spaces, an application of Banach-Steinhaus
shows that the bilinear map (f,g) — (T'(f), g) is continuous in the product topology.
Thus for each € there is a § such that

(Tf,9)| <e

follows from
p(f,0) + p(g,0) <6

The latter follows from
I fllvy < 0 Nlglliny < 6

for certain N and ¢’. By linearity in each argument we conclude

[(Tf,9)| < Cllf v llgllvy

The Schwartz kernel theorem now follows from the previous lemma. m

As an application of the Schwartz kernel theorem we prove the following little
statement.

Lemma 17 Let A: S(R) — S'(R) be a continuosu linear operator such that

and
ADYf) = DY (Af)

forallz € R, A >0, and f € S(R). Then A extends to a bounded operator from
L?(R) to itself and is a linear combination of the identity and the Hilbert transform
(convolution with p.v. 1/t).

Proof We pass to the Fourier transform: Define
M =FAF~!

Then M is again a bounded operator S(R) — S'(R). By the Schwartz kernel theorem
there is a unique distribution A € S(R?) such that (M f,g) = A(f ® g). We have

A(f®g) = (Mf, g) = (Mcc(Mf)aMfwg) = (M(M:cf)aMfzg) = A(waa Mfwg)
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By uniqueness of A we see
AF) = A(Mg,—)F)

This implies that A vanishes on all functions F' which vanish on the diagonal of R2.
(If F is compactly supported, we can divide by 1 — e2mi(<(z1=22)) )
Thus there is a linear functional A’ on S(R) which satisfies

Af) =N = f(z,2))
namely
N(f) = M(@1,22) = f(zr)e ™@ =)

and A’ is easily seen to be a tempered distribution. Dilation invariance of A implies
that A’ is homogeneous of degree 0:

A(f®g)=(Mf,g) = (DIMf,D3g) =
(MD3f,D3g) = A(Dyf ® Dig) = A(D*(f x g))

and
N(D3f) = Al(@r, 29) = A7 (A g e o))

= A((21,2) = ATLf(A Ly )em™ e
= A((z1,29) — f(xl)e—w(ml—m2)2 ()

Thus A is the element of a two dimensional space, which is easily identified as the
space of linear combinations of characteristic functions of R, and R_. Thus we have

Mfg)=a[  f@@)de+b [ f@)g)de

000

M(f,9) < C| fll=llgll2

The operator A itself is an element of a two dimensional space, which clearly contains
the multiples of the identity and the Hilbert transform, as an easy verification shows.
|

3 The Heisenberg uncertainty relation

The Heisenberg uncertainty relation is a principle saying that a function and its

Fourier transform cannot be simultaneoulsy well localized. It comes in many man-

ifestations. E.g., if a function is compactly supported, then its Fourier transform

cannot be compctly supported, because it is analytic, unless it is zero everywhere.
Another manifestation is given by the following inequality:

1
X D > ||IflI12
1 X f1l2]] f||2_47r||f||2 :

43



which follows from the following easy calculation:

=3 (DX — XD)f, f) = ;—;U,f,)

That this estimate is sharp follows from the example f(z) = 6_7””2, because X f and
DX are multiplies of each other and their product is purely imaginary.

If we assume ||f|2 = ||Ff||2 = 1, then we can interpret both |f|? and |Ff|?
as probability distribution. By applying translation and modulation operators we
can assume that the mean of both distributions is equal to 1. Then the Heisenberg
uncertainty relation gives a lower bound on the product of the standard deviations
of | f|* and |Ff|%

4 Reproducing formulas, Gabor frames

The phase plane transform of a distribution A with respect to a fixed Schwartz func-
tion ¢ (normalized so that ||@| = 1 is obtained by testing A against all translates
and modulates of ¢. More precisely, assume ||¢||; = 1, then we define V' =V}, by

VA, &) = AN MT,9)

We observe that this definition depends on the choice of order of translation and
modulation. However, we shall mostly be concerned with the product

VAI (.’L', 6) VA2 (37, f) ’
which does not depend on that choice because
Mng — e2ﬁi<z’§>TwM§

Lemma 18 The transform V is an isometry from L*(R™) to L?*(R?*"), i.e., we ahve
for all fi, fo € L*(RY) that V fi and V fy are in L*(R*) and

<Vf1avf2> = <f1:f2)

Proof
For Schwartz functions f we can write

Vi@ = [ f@)em <oy —a)dy

which is easily seen as the composition of the unitary map F(z,y) — F(y,y —z) and
the Fourier transform in y direction, applied to the tensor product f ® ¢. Thus V is
an isometry if restricted to S(R").
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It remains to show that V is continuous form &'(R") tro &'(R*"), which is an
exercise.
n

As a result of this lemma we have for all f € S(R") the reproducing formula

f= (f, M¢Ty¢) M Ty da dE
R»xR"™
which holds in the sense of a Bochner integral (in particular pointwise of f € S(R™)).
In the following we restrict ourselves to the case n = 1, similar results for general
n follow immediately.
We shall study whether there are Schwartz functions ¢ such that the distrcetized
reproducing formula

(14) (fLoy=c > (f MTuo) (McT:0,9)
r€aZ,f€aZ
holds.
Suppose the discretized reproducing formula holds for certain ¢, a, a, ¢, then
U {f,g) = / S (M Ty f, MTo) (McTp, MpTr,) da’ d€'
[0,a]x[0,0] r€aZ tcaZ

= (Mg Ty f, MeTyg) = ac(f, g)

[0,a]x[0,a]

Thus we necessarily have aac = ¢!, which we shall henceforth always assume. In

particular if ¢ = 1, we observe that the discrete reproducing formula with ¢ = 1
implies that the set of all M¢T,¢ is an orthonormal basis in L*(R) for all z € aZ and
€ € oZ. For ¢ # 1, the set of these functions is called an exact frame. (Gabor frame
in the current setting of wave packets.)

We have the following theorem:

Theorem 7 (Balian Low) For aa < 1 there exist Schwartz functions ¢ such that
the discrete reproducing formula holds. For acc = 1 no such Schwartz function exists,
but there exist L*>(R) functions ¢ such that the disrete reproducing formula holds.
Any such ¢ satisfies

max (| D%z, | X?ll2) = oo

For aa > 1 no L*(R) function ¢ ezists such that the discrete reproducing formula
holds.

Remark: The theorem does hold in the case aa = 1 if the second order operators
X? and D? are replaced by X and D, but for the sake of a nice proof we will prove
this weaker statement.

As we have seen, the case aa = 1 is particularly interesting, because (14) then

means that the collection M¢T,¢ with x € aZ and § € aZ is an orthonormal basis
of L*(R") (provided ¢ € L?(R™).). This is called a windowed Fourier transform with
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window ¢. An example for such a basis is given by a = 1, o = 1, ¢ the characteristic
function of [0, 1].

Proof We first study the case acw < 1. The first step is to find a C§° function ¢
which is supported in [0, '] and satisfies

S Tl =1

ne€aZ

We know that C§°(R) is not empty. Pick any such function, by multipying it with
its complex conjugate we can assume it is nonnegative real. By appropriate scaling,
dilating, and translating, we can assume that it has a primitive which is constant
—1/2 on [—o0,—1] and constant 1/2 on 1,00. By antisymmetrizing we can assume
it is odd. By adding 1/2 to the function we obtain a non-negative function, of which
we can take the square root, which we will denote by . Then we have

VP (2) + 9P (—x) = 1

From here some algebra yields the desired function ¢.

We claim that the function ¢ satisfies the discrete reproducing formula with a and
Q.

First we have

> {f, Meg) (Mo, f)

(€aZ

= S |[ f@d)ee da
(caZ [0,a]
= (6. f6) = (161 f)
by the Plancherel formula for the discrete Fourier transform. The same formula holds
with T,¢ in place of ¢.
Thus we have

2

S (f, McT,0) (MT, 0, f)

rc€aZ (caZ

= Y (fITdP, f)y = (f. f)
z€aZ

By polarization we obtain the cooresponding formula for (f,g) which had to be
proved.

Now we consider the case aae = 1. By dilation we can assume a = a = 1.

Assume there exists a ¢ € L*(R) such that the discrete reproducing formula
holds. This implies that the set of all M, T,,¢ with n,m € Z is an orthonormal basis
of L*(R).

We take what is called the Zak transform of ¢. It is defined for compactly sup-
ported functions f € L?*(R) by

Zf(z,&) =) TiMef()

lez

46



For any two integers n, m it satisfies

Zf(x—n,6—m)=Zf(2,6) Y T, TiM_m M f(z) = e "2 /0

leZ

and is thus determined by its values on the fundamental domain S = [0,1) x [0, 1).
Moreover the Zak transform satisfies

Z(M, T f)(z ZTlMgM Tnf(2)

— 627rnw Z EM§Tmf(x) — 627rnz627rmﬁzf(x)
l

This leads to the crucial observation that for a compactly supported f € L*(R)
the Zak transforms of the functions M, Ty, f form an orthonormal basis of L*(R") if
and only if the Zak transform of f has modulus 1 almost everywhere. Namely, by
Plancherel we have

S G, Z(Mu T ) = |GZ 12

n,m

In particular this holds for f the characteristic function of [0, 1), because

Zf(z,6) =Y TiMcf(z)

IeZ
M§ Z e27ril§/1-2f(m) — M§e27ri[z]§
I€Z
Since M, Ty f actually forms an orthonormal basis of L?([0,1]) we have that the Zak
transform extends to an isomorphism of L*(R) to L?(S). All the previous observations
continue to hold for all f € L?(R) under this extension of the Zak transform.

Now we are looking for a function f € L?(R) that satisfies || X2f||2||D?f|l2 < oo
and M, T,,f forms an orthonormal basis, which is the same as to say that |Z f| is one
almost everywhere. We will assume such an f exists. Then the regularity of f will
imply that Z f is continuous, but we will show that for Z f to be continuous it has to
vanish somewhere (from its invariance properties), which gives a contradiction to Z f

being 1 almost everywhere.
We fill in the details. First we observe that (for nice f),

Z(X[f)(x,8) = ZTzMng( )

=Y TiDeMe f(x) = DeZ f(x,€)
!

and

Z(Df)(z,€) = ZTzMst( )

= ZTZDMef ZTngMgf( ) = Do Zf(2,6) — XeZ f(2,€)
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Thus, if Xf and Df are in L?, so are DZf and D, Z [ (since X¢Z [ clearly in L?),
and similarly if X?f and D?f are in L?(R), then D2Z f and Dng are in L?. Hence
Z f is continuous.

However, consider the loop v in R? passing along straight lines from (0,0) over
(0,1), (1,1), (1,0) back to (0,0). Then Z oy has nonzero winding number around 0.
Since the curve vy is contractible, the image of Z f must contain 0.

This completes the proof of the Balian Low theorem in the case aa = 1.

The proof in the case acx > 1 is postponed.
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