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efficiency, the method relies on the dynamic adjustment of three key tunable parameters:
the scaling factor, a displacement of the basis functions, and the spectral expansion order.
In this paper, we perform the first numerical analysis of the adaptive spectral method
using generalized Hermite functions in both one- and multi-dimensional problems. Our

Iéglvggﬁsz'ed Hermite function analysis reveals why adaptive spectral methods work well when a “frequency indicator”
Unbounded domain of the numerical solution is controlled. We then investigate how the implementation of
Adaptive method the adaptive spectral methods affects numerical results, thereby providing guidelines for
Error estimate the proper tuning of parameters. Finally, we further improve performance by extending

the adaptive methods to allow bidirectional basis function translation, and the prospect of
carrying out similar numerical analysis to solving PDEs arising from realistic difficult-to-
solve unbounded models with adaptive spectral methods is also briefly discussed.
© 2022 The Author(s). Published by Elsevier B.V. on behalf of IMACS. This is an open
access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Unbounded domain problems require efficient numerical methods for computation. For example, resolving the decay
of the solution of Schrédinger’s equations at infinity requires efficient unbounded domain algorithms [8]. In population
dynamics, tracking cell volume blowup in structured population PDE models demands high-accuracy numerical methods in
unbounded domains [26,27]. Furthermore, in solid-state physics, numerical methods for unbounded domains are required
for studying long-range particle interactions [7,12]. Despite these numerous applications, there has been little research on
developing efficient and accurate algorithms for solving models in unbounded domains.

Adaptive methods, such as re-defining grids for finite difference methods [16] and re-generating meshes for finite ele-
ment methods [1,2,9,21], which are applied to PDEs defined on finite domains, can dramatically improve not only accuracy
but computational efficiency. Spectral methods provide a viable way to numerically solve differential equations defined in
unbounded domains [18], with unbounded-domain basis functions such as the Laguerre functions defined in R* [3,5] for
solving elliptic-type PDEs and differential equations with a fractional derivative term, the modified mapped Gegenbauer
function [23] and the generalized Hermite functions [19] defined in R for solving PDEs with a fractional Laplacian term,
the mapped Chebyshev functions for solving PDEs with an integral-fractional Laplacian term [20], and the fractional order
of rational Jacobi functions for solving the non-linear singular Thomas-Fermi equation [15]. Recently, novel adaptive tech-
niques for spectral methods have been developed and incorporated into efficient algorithms for numerically solving PDEs
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in unbounded domains that posed substantial numerical difficulties when using previous numerical methods [28,29]. The
adaptive spectral methods consist of three separate but interdependent procedures: (i) a scaling technique that adjusts the
shape of the basis functions to capture the varying decay rate of the function at infinity, (ii) a moving technique that adjusts
the displacement of the basis function to better assign allocation points and capture intrinsic translation of the solution,
and (iii) a p-adaptive technique that adjusts the expansion order of the numerical solution to deal with oscillations of the
solution. These adaptive spectral techniques require tuning of three key parameters: the scaling factor 8, the displacement
of the basis function xg, and the spectral expansion order N. For example, if we use the generalized Hermite functions [30]
as basis functions on R, the variables 8, xo, and N appear in a spectral expansion according to

N N
U g o= Do, U =300 = 3l F Bl — x0)), a
i=0 i=0

where quO is the coefficient of the it"-order generalized Hermite function 7:[{3
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For example, for PDEs involving a spatial variable x € R and a temporal variable t € [0, T], we typically impose a spectral
expansion using generalized Hermite functions of x and forward time t starting from an initial condition at t = 0.

Adaptive spectral techniques are implemented as shown in Fig. 1. Specifically, the algorithm changes the displacement
of the basis function xo to control an exterior-error indicator £ (Uf,,xo) that reflects the ratio of the numerical solution’s
error outside a given domain to the error in the whole domain. It also changes the scaling factor 8 as well as the spectral
expansion order N to control a frequency indicator F (Uﬁ‘XO) that measures the spread and oscillation of the solution. The
indicators are defined in [28] as

B
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where xg = xfz,\,ﬂ] is the [2’\’3—‘*2]th collocation point of the generalized, xo-shifted Hermite functions, and
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with M is taken to be [%].

The major advantage of the proposed adaptive spectral method Fig. 1 is that it depends only on the numerical solution
Uﬁ’XO and thus does not require any prior knowledge on how the solution will evolve. This feature is similar to that of the
adaptive mesh generating method which also only depends on the numerical solution [24]. However, unlike the posterior
error indicator that is usually used in finite element methods [10], the exterior-error and frequency indicators used in
our adaptive spectral method does not directly furnish the error. The exterior-error indicator is specifically designed for
spectral methods in unbounded-domain problems, and controlling it by properly translating the basis functions can lead to
a better approximation at infinity. On the other hand, the frequency indicator applies to spectral methods in both bounded
and unbounded domains, and more resembles a measure of the numerical error. Ultimately, the adaptive spectral method
aims at controlling the error by maintaining a small frequency indicator. While adjusting the scaling factor or changing the
expansion order directly controls the frequency indicator, changing the displacement of the basis functions to control the
exterior-error indicator also helps control the frequency indicator, as was shown in [28].

Despite the numerical success of adaptive spectral methods when applied on unbounded domains, there exists no the-
oretical analysis of how the parameters 8, xo, and N affect the algorithm’s performance and thus far no general rule on
how to best adjust these parameters in the moving (xg < Xp), scaling (8 < f), and expansion order adjustment (N < N)
subroutines in order to minimize errors. Since the improper adjustment of 8, xp, and N can lead to large errors [22,31],
properly choosing them is crucial for the effective implementation of adaptive spectral methods.

In this paper, we carry out a numerical analysis of the adaptive spectral method to specify how algorithm parameters
affect the accuracy of numerical results. We restrict ourselves to a parabolic model problem, in any dimension, and use
generalized Hermite functions as basis functions to explore numerical performances and how parameters in the adaptive
spectral algorithm control the tuning of the three key quantities 8, xg, and N in Fig. 1. Furthermore, we will explicitly show
how the frequency indicator is related to the lower error bound, justifying the maintenance of a small frequency indicator
in the adaptive spectral algorithm.

Depending on the inverse inequality for generalized Hermite functions [17], such analyses for numerically solving
unbounded-domain PDEs provide a posterior error estimate. This error estimate only relies on the numerical solution and
the adjustment of 8, xp, and N. Our main result is
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Find z¢ s.t. g(Uﬁ’,zo (z + 2o — 0,t)) < Ethres
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T

4
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Find N s.t. ]:(UN 10) < F threi
Set N + min{N, N + Npax}

Fig. 1. Flow chart of an adaptive Hermite spectral method equipped with scaling, moving, and p-adaptive techniques. Xy and X are the displacements before
and after the moving technique is used, and X is chosen such that the exterior-error indicator f,‘(Uf3 N) is below a moving threshold Epyes. f and B are
the scaling factors before and after scaling when the scaling technique is used, where the scaling factor £ is chosen such that ]—'(Ux0 n) is below a scaling
threshold 73 ... N and N are the expansion orders before and after adjusting the expansion order when the p-adaptive technique is used. N is chosen
such that F (Uﬂ ) is below a p-adaptivity threshold ]-'t‘lzres The three thresholds Etnres, Fiypesr aNd ]-'t‘l’1res are updated dynamically as time progresses.

Details are descrlbed in [28,29]. In addition, we impose constraints on the maximum allowable displacement dmax and expansion order increment Npmax
within a single step, and the minimum and maximum scaling factors g and B.

Theorem 1. The L%-error at time T when solving a parabolic PDE in (x,t) € R x [0, T] with the generalized Hermite functions and
using adaptive techniques is bounded by

e(T) :==u(,T) - NXO( D2 <eo+es+em+ec, (5)

where Uﬁ X0 is the numerical solution; e is the numerical discretization error from numerically solving the PDE. es is the error bound

arising from changing the scaling factor from B to B; ey is the error bound for changing the displacement from xq to Xo; ec is the error
bound for coarsening, i.e., reducing the expansion order from N to N. More specifically, es, ey, and ec take the forms

s Pp1+f [ ﬁl\/i

es = IX0xUR 4, - D)2,
scale

emi= Y Ixo —io|||axU5,xO(-,t>||z, (6)
move

eci= Y =g IR Ola
coarsen
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Table 1

Overview of variables and notation. List of the main variables and notations associated with the overall adaptive spectral method. Three key variables for
adaptive spectral methods with generalized Hermite functions are the scaling factor g that determines the shape of the basis functions, the displacement
of the basis functions xg, and the expansion order N of the spectral decomposition.

symbol definition

ﬁf,‘o generalized it-order Hermite function with a scaling factor B and displacement xo, defined in R as ﬂfx() = ﬁ,-(ﬁ(x — Xp))

PR function space Py, = {f[ﬁxO}{"zo

I the identity operator

71,/3')(0 the projection operator 715)(0 J2(R) — PP such that (TP ux), ux) — 70 Pux) =0

Iﬁ.m the interpolation operator I,‘?,AXO (L2(R) > P:f’ﬁ such that Iﬁ“’ﬂu(xi) =u(x;) where {XIN}XNZO are collocation points of
Al o

Uﬁ,.XD spectral expansion Uﬁ'm = Z,N:O quO ﬁi(ﬂ(x — X))

N expansion order of the spectral expansion

B scaling factor of the generalized Hermite functions

X0 displacement of the generalized Hermite functions

ER(Uﬁ,xo)’ EL(Uﬁ,xo) Eg: the right exterior-error indicator of the spectral expansion Uﬁvm; &1 the left exterior-error indicator of the spectral
expansion U,’?,_XU

]:(Ulfil,m) frequency indicator for the spectral expansion Ul{i,xO

q scaling factor update (8 to ) ratio (8 <—q"B or ¢ "8,n e N*1) in the scaling technique

v threshold for activating the scaling technique

8 minimal displacement of updating the displacement xo to Xo (X9 <— Xo 4+ nxg or xg — nxo,n € N¥) in the moving technique

N threshold for activating the moving technique

n threshold for increasing the number of basis functions

No threshold for decreasing the number of basis functions

y post-refinement adjustment factor for refinement threshold 7 < yn

L%(a,b; V) space of functions {f : [a,b] — V (V is a Banach space) such that f is measurable for dt and fab f(t)2dt < oo}

X(t1,2) function space {f : f(x,5) € L2((t1, t2), t; H'(R)), 35 f (%, 5) € L2((t1, &2), £; H'(R))}

e(t) L?-norm of the error |lu(-,t) — UI/?J,XO(" t)|l;2 at time ¢

where the sum ) is taken over all scaling steps, the sum Y_ is taken over all moving steps, and ) is taken over all coarsening
scale move coarsen

steps. The operators I and 715 L are defined in Table 1.
sX0

This result allows us to provide general guidelines for selecting the parameters in the adaptive spectral algorithm that
lead to the proper tuning of B, xg, and N. Specifically, the numerical discretization error eg in Eq. (5) we aim to minimize
depends on S, xg, N. The precise dependences will be given in Section 2. Since the adaptive techniques depend only on the
numerical solution and do not require any prior knowledge of the solution, the last three terms in Eq. (5) depend only on
the numerical solution. From this theorem, we can conclude that the smaller the adjustment in the scaling factor or in the
displacement of the basis functions, the smaller the error bounds es, ey for carrying out the adaptive techniques. However,
given that improper 8 or xp leads to very large eg, proper dynamic adjustment of 8 and xp are still needed to keep eg
small, possibly at the expense of accumulating more error in es, ey.

In Fig. 1, the threshold £7 _ is chosen to be the exterior-error indicator evaluated after the last adjustment of the

thres
displacement xg, multiplied by a constant i > 1. As shown in [28], if the exterior-error indicator grows above such a

threshold, the function is moving rightward, indicating that we should replace xo with Xy > xg. As _lim E(Uﬁ 0 X+Xx—
Xg—> 00 ’
Xp,t)) =0, we can always find a X¢ such that S(Uf,!x0 (X +Xx—x0.t) <& .. and renew Xo < min{Xo, Xo + dmax}. By the

form of ey in Eq. (6), we can conclude that finding the smallest Xy such that E(Uﬁ,x[]
X0 — Xo small can effectively reduce ey.

The scaling technique and the p-adaptive techniques are directly coupled to each other as they rely on monitoring the
same frequency indicator. If the function decays more slowly at infinity, then the frequency indicator is likely to increase,
whereas if the function decays faster, the frequency indicator is likely to decrease. When 8 is to be decreased (more slowly
decaying function), the threshold 7 .. is chosen to be the frequency indicator, multiplied by a constant v > 1, after the
most recent scaling or change of expansion order. When 8 is to be increased (faster decaying function), we set the threshold
to be the frequency indicator after the last scaling or expansion order change since a function that decreases more slowly
is harder to approximate requiring us to be more tolerant of an increase in the frequency indicator. The explicit form of es

in Eq. (6) suggests that to reduce es, it is desirable to find a B such that B — B is small. However, there is no guarantee

(X+X—x0, 1)) < & s While keeping

that one can find a 8 such that F(U f,qx(]) < Fiires If the frequency indicator cannot be suppressed below the threshold by
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choosing 8, a probable cause is that the function becomes more oscillatory, implying that the expansion order should be
adjusted.

The p-adaptive threshold fﬁlres is chosen to be the frequency indicator after the last adjustment of expansion order,
multiplied by a constant n > 1 if refinement is required. Alternatively, if coarsening is required, the threshold is chosen
to be the frequency indicator after the last change of expansion order, multiplied by another constant 1o > 1 but 1y <
n. n is allowed to increase with time as functions that oscillate rapidly are harder to approximate, requiring us to be

more tolerant of increases in the frequency indicator. Since lim f(Uﬁ (x t)) =0, we could always find a N such that
N—oo

F(Uﬂ (x t) < F, thres if refinement is needed. By maintaining the scaling factor below the p-adaptive threshold ]—'g]res

and usmg the relatlonshlp between the error and the frequency indicator, the lower error bound can be shown to be

always smaller than thres||u( il — 1A — n,{j Moo UG D2, where u is the analytical solution. However, tradeoffs arise.

For example, refinement itself does not bring about an additional error, but could result in additional computational cost.
On the other hand, if coarsening is implemented, a smaller N could lead to a larger error ec in Eq. (6) but also result in
smaller computational cost.

In the next section, we formulate the model problem using generalized Hermite functions and perform numerical
analysis. In Section 3, numerical analysis for applying the adaptive techniques is carried out and Theorem 1 is proved.
Furthermore, the relationship between the error and the frequency indicator is analyzed, explicitly explaining the efficacy
of the algorithm shown in Fig. 1. In Section 4, numerical experiments are carried out, and an additional improvement of
the adaptive spectral method in the moving technique is proposed and discussed. For completeness, we list the common
variables and notations in Table 1 that we use throughout this paper.

2. Errors in solving a model problem with generalized Hermite functions

In this section, we first formulate a parabolic equation in weak form [11]:

(Bu(, 0, v() +a(ux 0, v;t) = (F¢.0,v(), xeR,t€[0,T], Yv(x) e H'(R), (7)
(u(,0), ¥()) = (uo(-), V(). ¥¥(x) € H'(R), (8)

where ug(x) € L?>(R) is the initial condition, f(x, t) is the inhomogeneous source term (e.g. heat source in the heat equation),
and a(-, -; t) is a coercive symmetric bilinear form such that there exist constants 0 < cg < Cq satisfying

la(u(x, 0), v(x); 0] < ColluC, Ol vl and  collv()lIz <a(v,vit), Yu(,0),v(-) € H'(R). 9)

In Egs. (7), (8), and (9) and hereafter, the inner product is taken over the spatial variable x, and the norm | - || denotes the
L%-norm taken over x unless otherwise specified.

The solution to the model problem, Eqs. (7) and (8), exists and is unique [4], and the solution u is in the so-called
Bochner-Sobolev space

W (0.6; H'(R), HT'(R)) := {u :u(x,s) € L* (0, t; H'(R)) , dsu(x, ) € L* (0,6 H'(R)) } (10)
where H=1(R) is the dual space of H!(R). For simplicity, we assume that f(x,t) € C(R x [0, t]), dsu(x, s) € L%(0, t; HL(R))
and therefore u € X(0, t), and its norm is given by

t
00 = [ (1G9 g, + 1C. 1 g, )ds + uC. 01 (1)
0

Analysis of finite element methods for solving Egs. (7) and (8) for bounded x has already been performed [25]. Here,
we wish to numerically solve Egs. (7) and (8) using spectral methods with generalized Hermite functions. We first fix
the scaling factor 8, the displacement xg of the basis functions H o’ and the expansmn order N of the trial and test

functions. Integrating Eq. (7) w.r.t. time, we wish to find a UB nes s) e L(0, t; P (R)) such that for any test function
VR o ®. 1) €L2(0,t; PR, (R)) and ¥}y, € Py, (R),

N.,xo

t
/ 8SUI{}JxO Vﬁxo)'i_a(uﬁxo V'I‘ilxo )]ds—i—(Uﬁx( O) VNxo())
0

\ (12)
= [ (7 Vs ds + (€00, 7, 0)
0

V(vﬁ_xO va)eLz(O t; Py v (B)) X Pz,XO(]R).
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For notational simplicity, we denote

Vi 1= (Vhge Thing)s Y i= 120,55 PR (R)) x PR (R) € X(0,1), (13)
and equip v’,‘i,,XO S Y,’?, o with the norm
HV§JJ@Q = [[(VR o . D), vN&gx»ni !/nvao( 21 gy ds + 178 O (14)
The solution Uﬂ X = Zl -0 u;gXO (t)foO (x) of Eq. (12) can be explicitly evaluated through the matrix equation
t
B
“ﬁ,xo(t)=e uNX ) +e™ N[/eANsFN’XO(S)dS, (]5)
0
where
T
uﬁ X = (ug’xo(s), e, uggm(s)) ,
T
Nm@ (f5 ) fly ) (16)

Ly = (fas). 7, )

are the vectors consisting of coefficients in the spectral expansion Uf,,XO and the coefficients of the spectral expansion of
the RHS term f in Eq. (12). The matrix Ag is defined by

(AR =aHl, AL 0 (17)

J:X0’

where a is the bilinear operator in Eq. (7). The initial values uf (u( 0), foO( ))
Our goal is to analyze the error e(t) = ||UN Xo( t) — u(-, t)||, where u gives the solution to the model problem (Egs. (7)

and (8)) and UZ’XO is the numerical solution of Eq. (12).

Theorem 2. Suppose u solves Eqs. (7) and (8) and Uf, o solves Eq. (12), then the error e(t) = || ub
by

N.xo (» ©) — u(-, 0)|| can be bounded

bn,g + Bo
N,B

e(t) < inf - flu— 2z lix0)- (18)

2N X0 eyN X0

where By is a constant that depends on the bilinear operator a(-, -; t) and by g depends on a(., -; t), the scaling factor B, and the

dimension of the space PN o

Proof. For simplicity, we define the operator (denoting the LHS of Eq. (12))
t
B(u, VNX / (0su, vNX)—i—a(u VNX, )]ds—i—(uo,vNX) ueX(@,t), VNX eYﬁ,xO (19)
0

It can be proved that B(u, vﬁ XO) is a continuous operator, i.e., there exists a constant By such that
B, iy ) < Bollullx.0 Vi x, 2 (20)
> "N,xo’ — 0,t) N,xo YN>XO :

Furthermore, there exists a positive constant that depends on the dimension of the basis function space Pf,.XU as well as
the scaling factor 8 denoted by by g such that

B U V )
inf sup Unxe NXO > by g. (21)

B oxP
0=Uf 1y X0 0=V}, Xy, | UN,XO lx.t) II",\LX0 ”Y['Z,xo

Actually, we can take
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B Co
Vv =(U X, S
N = NXO( )+ (2N/32+1)(C0+1)2

SUR o (- 9). UR 4, (%.0) (22)

where cg, Cp are the constants in Eq. (9). Therefore, by substituting v as defined in Eq. (22) into Eq. (19), we find

B(UY . va0>_2(IIUNXO( )12 + U 4, ¢ OI2)

t
1
+Co/(|UNx0|IH1+ erEaa o ALY )
0

t
2
0 CO B 2
- 3/ ('U” ol + @NBZ F D2(Co + DA PN ””‘) @
0

a

1
i(IIU e 0lI* + IIUNXO( 02 +Co/ IIUN XO”Hld - —/ IIUN XO”H1dS
(23)
‘o B2
osU ds
TN T DG+ 172 / 10Ul
0
o B2
- asU ds
22NB2 +1)2(Co + 1)2 / 19Uzl
0
=minf-, 2 20 HUg 13
2’ 2 2Q2NBZ+ 1)2(Co + 12" Nxo 1X(©.0)
Co Co ] B
> min U Vv s
{4 4 2eNp 1 )22 )] Raallxeo | Nxollvg
where in the second inequality we have used the inverse inequality of generalized Hermite functions [17] that states
185UR 4 (- 1% < @NB + D[1sUR ¢ )12 (24)
Here, by g := mm{4 m} is the constant that satisfies Eq. (21).
For any VN’X0 € YI’S X0 if U,M0 solves Eq. (12) and u solves Egs. (7) and (8),
t
B(UR 4, vﬁxO):B(u,vﬁ,Xo):/(f,vf,’x())ds—i-(uo,\?,‘i,’x()). (25)
0
By combining Egs. (21) and (25), we find
P 1 B(UNX0 Vf,xo) 1 B(u,VﬁXO) Bo
1UR X0y < sup —— "0 R0% = sup - R < x o, (26)
B ||vN,XO||y5)XO v DB IV gl D
Finally, by the triangular inequality, we can conclude that the approximation error is bounded:
lu=UR sllxon < inf - (lu =23y lxo. + 1UR = Zhx, 0.0
ZN,XOGYN.XO
T obng B eyt Naxo IXOD:

zN,xo N,xg

Notice that the L2-error e(t) = ||u(-, t) —
holds. O

Uy Xo( t)|| at time t can be bounded by |u — ﬁ,xUHX(O»t)v and therefore Eq. (18)
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We can also use generalized Hermite functions to numerically solve the D-dimensional model problem Eq. (12),

t
/ [(85Ufl,xo (%, s), vﬁva (x,5)) + a(Uﬁv/x0 (x,5), v,’i,’xo (x,s; t))] ds
0

t (28)
+(Us, x,0),75 @) :/ F@,9), v o ®,9)ds + (ux,0), 7 . ®))
N,xo N,xo »2/ VN, %o\ ’ > "N,xo ?
0
where
=%, B=",.... D), x:=(x,....x0), N:=(N',...,ND) (29)
are the D-dimensional scaling factors, displacements, and expansion orders and
UR x, (®.5). Vi o ®.9) € L2(0.8; ®PNh h(R) Thx, e®PNh ) (R). (30)
h=1
A multiple dimension version of the error bound Eq. (18) can be similarly derived
bng+Bo .
I D) = UR (DI < =22 il = 2 llxco, 31)
N.B ZN.XOEYN,XO
-—min{l % o i
where by g :=min{g, 7, 2T N1 }. The function spaces are
X(0,t) := {u ‘U, s) € L2 (0, t: H1(RD)) 05U (R, 5) € L2 (0, t: Hl(RD)) }
(32)

D
B . B
YN = L7(0.t: ®PN,] ,,(R)) x ®PN,"X,6(]R).
h=1

3. Errors of adaptive techniques

In this section, we analyze the errors directly associated with the moving, scaling, and p-adaptive techniques that au-
tomatically change the shape, the translation, and the order of the numerical solution through adjustment of B, xg, and
N, respectively [28,29]. We derive the error bound when solving Eq. (12) and prove Theorem 1 presented in Introduction.
Doing so explicitly shows how changing 8, xo, and N affects the error, thus providing insight on how to choose parameters
in the adaptive algorithm that leads to the proper tuning of 8, xp, and N.

Instead of using collocation methods to carry out the scaling, moving, or p-adaptive methods as was done in previous
work [28,29] (i.e., enforcing the updated numerical solution to be the same as the original numerical solution on the new
collocation points), we now use the Galerkin method (i.e., projecting the numerical solution onto the space of adjusted
basis functions). For example, given the numerical solution Uﬁ,m (x,t) at time t, if we change its scaling factor from g

to B, previous implementation in [28,29] replaces UN 2@ 0 with If, X0 vl e Pﬁl,x(, as the new numerical solution. This

N.,xo

new numerical solution Z8 U takes on the same values as Uﬁ x, at the collocation points for the new basis functions

N,xo ~ N,xo
{’Hﬁ3 XO} . Therefore, the error after changing g to B and replacing U x & D) with I,‘?, X0 U,’?, x, €an be bounded by
lu—Zh b I < lu = Ul I+ 10— T8 U I (33)
N.xo ~ N,xg N.xo NXo N.xo
In this work, we project the numerical solution onto Pﬂ : {H,ﬂXO}, o l-e., using 71,6 %o Uf,’XO as the new numerical solution.
Therefore, the error bound after changing the scaling factor is
lu— 7 b < M= UG I+ 10 =7 U . (34)

The second term on the RHSs of Egs. (33) and (34) can be viewed as an additional error bound resulting from changing the
scaling factor. Furthermore, we are able to show

10— Zf US> 11 =7 U - (35)

The proof is straightforward. Assuming the spectral expansion of U ﬁl,)m under the new basis functions {7—[{} Xo} i
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00
B
UN,Xo = Z 1 X0® (36)
i=0

By definition,

B B
nN X0 Nxo Zul)(o i,x0°’ INxoUNxo Zul X0 lXo (37)
Therefore,
1
00 2
— B B N24B 2
I =25 U Il = Z(u, o — UL P Y @l MR
i=N+1
(38)
00 2
= S @l )R 2| =1 —af Ul
| i=N+1
With Eq. (35), using the projected nﬁquUﬁ x 35 the new numerical solution instead of the interpolated I,’\S, o Uﬁ o might

lead to a smaller error bound.
3.1. Posterior error estimate

We derive the posterior error estimates that depend on the numerical solution U,’?, x € Pﬁ o and on how g, xg, and N
are changed. Combining the error estimate of the adaptive techniques with Theorem 2, the error estimate for numerically
solving Egs. (7) and (8), our ultimate goal is to prove Theorem 1, the error estimate for adaptive spectral methods. To start,

we analyze the errors from the three adaptive techniques.

3.1.1. Scaling technique error
First, we derive the error bound associated with changing the scaling factor 8, which corresponds to the scaling technique
error es in Eq. (5) of Theorem 1. Suppose at time t, we change B8 to B and replace the numerical solution U,’?, %o with

”5,x0 Uﬁ x0 € Pﬁ xo» the error is
) =7 1 U 1y O < 160 = UR o O+ 10 = ) U (0 (39)

where the first term on the RHS is the error before scaling and the second term on the RHS is the additional error bound
from changing the scaling factor (“scaling error”). Denoting 8’ = /8, we can further bound the scaling error by

10 =] UB o GO < U (x8) = Ul (B0
- 2 43
X
- / / dyUR (v Ddy | dx
LR 'x
) 1 (40)
’ B 2
=| [1n=p| [ (3Uf0.0) dy |
X
“ D=PWVTEE 0l ol
V2p g O
Therefore, the error after changing the scaling factor from 8 to ,3 is bounded by
-BIVI+ P
luc,t) — 7TNX0 NXO( Ol = llu¢,t) - Nxo( t)||+ NeTT lIx3xU NXO(XJ)II- (41)
: Lo e : : -p'1/1+F
From Eq. (41), the second term in the last equality is the additional error bound resulting from scaling. The factor T

is directly related to how much the scaling factor is changed while ||xd,U fl,xO (x,t)|| depends on the spatial derivative of the
pre-scaled solution.
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3.1.2. Moving technique error
Next, we derive the error bound associated with changing the displacement xg, which corresponds to the moving tech-

nique error ey in Eq. (5) of Theorem 1. Given the numerical solution Uﬁyx(), if we change the displacement of the basis

B B
U

functions from xg to Xo and set Ty N.Fo

€ Pﬁ % 35 the new numerical solution, the error is

lu ) — ﬁXOUﬁXO(,t>||s||u(~,t>— UR o CONH I =7 UK GO, (42)

where the second term on the RHS is the additional error bound from changing xo (“moving error”). Furthermore, it is
bounded by

16T 2, = DUR o (DI S MUK o 68 = UR o (x— %o + X0, D)
» 3
< /le—iol f (3yUp o, (v. D) dy | dx (43)
—Xo+Xo
=d||axUj ,, (- Ol

where d := |xg — Xp|. Thus, the error after changing the displacement from xg to Xo is bounded by

luc-,t) — 7TNX0 NXO( Ol < fluc-,t) — Nxo( Ol +dlloxU Nxo(,f)ll- (44)

We see that the additional error bound associated with moving depends on the change in the displacement xy and the
spatial derivative dyU f, %o (x,t) of the pre-translated numerical solution.

3.1.3. p-adaptive technique error
Finally, we analyze the error associated with the p-adaptive technique, which corresponds to the p-adaptive technique
error ec in Eq. (5) of Theorem 1. When projecting the numerical solution Uf, x, Onto the new space Pg ..+ o extra error will
’ sX0

be introduced when N > N (refinement) because the basis functions {7—2? Xo}fl: o form an orthogonal set of basis functions
and 71: Uﬁ 0= Uﬁ X ie.,

luc,t) —?

Krg Ut Ol = U, 0) = Uy 0l N> N. (45)

When we reduce the number of basis functions from N to N < N (coarsening), we use 71’:} Uf, 0

numerical solution. nﬁ Uﬁ o leaves out the last N — N terms in the spectral expansion of ub N.xo* Therefore, the error after

= UP  as the new
N.,xo

coarsening can be bounded by

luc.t) -7 Uk

T g UNox O DIl = lu, ) — Nxo( O+ I =7 ’5 )UNXO(J)II,N<N- (46)

In Eq. (46), the second term in the last inequality is the additional error bound that results from truncating the spectral
expansion and leaving out the last N — N terms.
Next, we generalize Theorem 2 to forward time from ¢ty to t1 given Uﬂ (x to). We assume that no adaptive technique

is activated within t € (tp,t1) and denote e(x,t) = u(x,t) — x,t),t e [to,tl] where u is the solution to Egs. (7) and

N ,X0
(8). The error at tq, e(x t) =ux,t]) — §~X0(X, t1), can be decomposed as e(x,t1) = e1(x,t1) + ex(x, t1) where eq(x, t1) is

the error u(x,ty) — (x,t1) with 4 solving Eq. (12) with initial condition u(x, tg). The second error term ey (x,t1) €

N X0
L2(to, t1; Py %) Satisfies

N.,xo

/(Bsez,V)+a(ez,V;t)dS+(ez(~,to),\7(~,to))
to
= (e o), 7(,t0)), Vv eL (to, tr: PR ,), V€ Ph .
From Theorem 2,
bn,g + Bo
”el("“)”fsz”“ 7Tk 2o U X(t0u01)- (48)
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Additionally, since the bilinear form a(-,-) is positive definite, substituting v(x,t) =ea(x,t) and v = ey (x, t;) into Eq. (47),
we conclude that [lex (-, t1)]| < |le(-, to)|| = e(to). Therefore,

bn,p + Bo

e(t1) <e(to) +
bN,ﬂ

(1 — 7TN x) Ut (49)

Specifically, this error bound does not depend on the step size At =t;;1 —t; if we use

t+At
B B
ul @+ AD=e MWl (1) +e AN / eANG=DFy o (5)ds, (50)
t

Noxo defined by Eq. (16) and Aﬁ defined by Eq. (17).

Now, we are ready to prove Theorem 1, the overall error bound using the adaptive spectral methods. We define the
times of the ¢ scaling, the ¢! moving, and the ¢ changing of the expansion order to be t5.ty', and t{, respectively. We
denote the scaling factors right before the ¢t scaling, moving, and changing the expansion order to be B;, By, and g,
the displacements right before the ¢t scaling, moving, and changing the expansion order to be xg [,xoz , and xof, and the
expansion orders right before the ¢! scaling, moving, and changing the expansion order to be N5, N 7, and Nf, respectively.
After the ¢ scaling, we denote the new scaling factor to be ﬂg and the ratio 8’5 := ﬁz/ﬁzv after the ¢ moving, we denote
the new displacement to be X5} and dy = |x~021 — xo}'|; after the 2™ change of the expansion order, we denote the new
expansion order as Ng.

The times at which the scaling factor or the displacement of the basis functions is changed, or the expansion order is
reduced, are indicated by t; in chronological order 0 =ty < tj... <t; <tgsygmigc+1 = T, where K*, K™, and K¢ are the total
number of scalings, movings, and changing the expansion order within ¢t € [0, T]. Specifically, if t; =t;;1, then more than
one adaptation is triggered simultaneously. The corresponding constant that satisfies the inequality Eq. (18) during [t;, tjy1]
is denoted as (bn;,g; + Bo)/bn; p;- From the error estimates of the scaling, moving, and p-adaptive techniques in Egs. (41),
(43), (46), and Eq. (49), we conclude

; B B
with uy . F

1<5+K"‘+be + B
eM= Y TR —a Oulxegen
i=0 Ni.Bi
K3
=B IVTHRT oy g
+Z NG XU s s (. £

+Zd7nax N gn G- £

+le<’— )uNcXOC< £
K5+K"‘+l; (51)
by + Bo
< Z oy 10 TR o U Xt
i=0 Pe
=BT+ s B s
+Z gy N DU D
+ Z\/ QN7 +1)B)d} ||UNm wor LD
+le<’— )uNC s C D
1

where we have used the three-term recurrence relation for generalized Hermite functions and the inverse inequality Eq. (24)

to bound ||x8XUffs %o (x,t)|l and [|axU m m(~ t;H|l in the second inequality. Note that in the first term of Eq. (51), if
70

ti = ti+1 then we define |[(I — nN Xoi )u||xm tis1) := 0. The first term on the RHS of the last inequality corresponds to e in

Theorem 1, and the second, third, and last terms on the RHS of last inequality correspond to es, ey, and ec, respectively.
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Note that in Eq. (51), the first, second, third, and fourth terms on the RHS give the exact forms of eg, es, ep, and ec in
Eq. (5) of Theorem 1.

From Eq. (51), the errors caused by scaling and moving (the second and third terms of the equation) suggest that the
smaller the adjustment in 8 or Xg, the smaller the factors |1 — /3/2| and d}' in the scaling or moving errors. Therefore, we
should set the triggering parameters ¢ <1 (< means smaller but close to) and 0 < § in Table 1 so that the scaling factor g
and the displacement xy can be tuned more accurately without over-adjustment that may lead to larger errors.

When coarsening, decreasing the expansion order N too much will increase the coarsening error through the last term in
Eq. (51). Increasing the coarsening threshold 1o to make it harder to decrease N can preserve accuracy but possibly at the
expense of keeping a higher computational burden. Note that although the effect of refinement does not explicitly reveal
itself in the error bound Eq. (51), both a smaller initial refinement threshold n and a smaller y (the ratio of increasing the
refinement threshold) could lead to larger N and thus smaller errors (the first term of the second equation in Eq. (51)).
However, if N increases, so will the computational cost. Using the numerical example presented in the next section, we
will discuss how to set y and n so that high accuracy can be achieved without significant degradation of computational
efficiency. Since the adaptive techniques do not require prior information on the solution, the last three terms in Eq. (51),
i.e., errors from adaptive techniques, depend only on the latest numerical solution itself.

Note that the numerical error in solving Eqs. (7) and (8) is no less than the projection error

e(T) = [u(-.t) = Up o (- DIl 2 1T = 7§, JuC. D). (52)

and it has also been shown that improper scaling of generalized Hermite functions can lead to large projection errors [22].
Furthermore, in Examples 2, 3, 5 in [29] and Example 2 in [28], improper displacement xo or a too-small expansion order
N will also lead to projection errors, implying a large e(T). Therefore, timely and accurate implementation of the adaptive
techniques is important for controlling the lower error bound (the projection error) Eq. (52). Consequently, to adjust them
properly, we need to set 1 < v and 1 < u in the scaling and moving technique algorithms, respectively.

A D- dimensional generalization of Eq. (51) for spatial variables x = (x1, ...,xp) € RD can be similarly derived using

ND B D
Nxo(x ) _le =0 Ziu=0ui1 ,,,,, iD,xO(t)nh h h(x)

e(T) =u(-.t) — Uy 4, - Dl
KS+K™+K°

bN,-,ﬂi"r‘BO
< Z b—”(l_nN xo,)””X(fz tiy1)
i—o Ni.B;
D Khs h,s h,s
1= 11+ 8, h.s h,s
ZZ X (2N, +1)||U Nis, whs L
h=1£=1 /3, o (33)
Khm hm
h,m h,m jh,m h,m
+ZZ 2N, ™+ 18,y ||u Xhm( ty Ol
h=1 £=1 "o
Khe he
r h,
+ZZH<I—M WU e e O
h=1 t=1 xopt N

where B,X9, and N are the correspondmg D-dimensional scaling factor, displacement, and expansion order defined in
Eq. (29). K=Y P_ K"S K™ =Y P_ K'"™ K=Y P_ K" are the total number of times of performing scaling, moving,
and changing the expansion orders, across all dimensions (K-S, K™ Kh-¢ are the numbers of using the scaling, moving,

or p-adaptive technique in the h™ dimension, respectively), the constant (bn;,8; + Bo)/bn;,p; is the RHS constant in the
h.m (h,c

inequality (31) during [t;, tj+1], and tz ’tz ,t,’" are the times of the 2™ scaling, moving, or changing the expansion order in
the h™ dimension, respectively. The second, third and last terms in Eq. (53) describe scaling error bounds in all dimensions,
moving error bounds in all dimensions, and coarsening error bounds in all dimensions.

In Eq. (53), ﬂ’g’s = (ﬂz’s,...,ﬂf’s),ﬂlzm, and ﬂ'Z’C are the D-dimensional scaling factors right before the ¢ scaling,
moving, or changing the expansion order in the h® dimension. Similarly, XoZ'S = (xoz’s, ...,xof’s),xog’m, and XOZ’C are the
D-dimensional displacements right before the ¢ scaling, moving, or change of expansion order in the h" dimension, and
N?‘s = (N}, ...,Nf‘s),N’l}’m, and NZ'C are the D-dimensional expansion orders right before the ¢ scaling, moving, or

ah.s

change of expansion order in the h™ dimension. ﬁ’h‘s is the ratio ,B /ﬂ? $ where B, is the scaling factor after the oth

scaling in the h™ dimension, d’l}’ |x~02 m_ XO? ™ (xozl ‘™ is the new displacement) is the absolute value of the change
in displacement in the ¢ moving step in the h'" dimension, and NZ’C is the expansion order after the ¢" changing the

expansion order in the h'" dimension. ¢; is the time for carrying out the i scaling, moving, or p-adaptive technique in any
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dimension and if within the same time step more than one of those techniques in any dimension is used, those t; may be
the same but are listed in the order of carrying out those techniques.

Equation (53) can be proved in a dimension-by-dimension manner to evaluate the error caused by scaling Eq. (41),
moving Eq. (43), and coarsening Eq. (46). As with Eq. (51), we also conclude that in the multi-dimension case the optimal
strategy for choosing parameters is to set g" <land 0 < 8" in each dimension so that the change in the scaling factor or
the displacement results in numerical accuracy but does not result in over-scaling or over-shifting. From the error lower
bound in Eq. (52), 1 <v" and 1 < puh are required so that " and x} are adjusted in each dimension h without incurring
too large a projection error.

As for coarsening across higher dimensions, a larger ng could lead to a larger minimal expansion order in each dimen-
sion and improve accuracy, but larger expansion orders lead to higher computational cost, especially for high-dimensional
problems (as the total number of coefficients are l'[fl’=1Nh ). Similarly, decreasing the initial refinement threshold n" or yh,

or the adjustment ratio n" in the ht" direction, will lead to smaller errors and higher computational costs.
3.2. Prior error estimate

In addition to the posterior upper error bound of Eq. (51), we can also derive a prior error upper bound of using the
adaptive spectral method to solve Eq. (12) in which the error estimate only depends on the solution itself. First, for the

scaling technique, when we change the scaling factor from 8 to g and use nﬁ %o Uf, x S the new numerical solution, the

error ||u(-,t) — nﬁ xwUN XO( t)|| can be bounded by

luC ) = 7] Ul GO < 110 — anO)u< Ol + 7], (1 = UG )G, D,

(54)
< =75 UG Ol + a0 — UG 0.

In Eq. (54), the term ||(I — ”ﬁ.xo)“("t)” in the last equation is the increment in the error bound resulting from scaling

(scaling error). Similarly, if we carry out the moving technique and change the dlsplacement of the basis function from xq

to Xo and use nﬁ ;‘OU‘g as the new numerical solution, the error |ju — || can be bounded by

B
N.,xo N,Xo N ,X0

I, 8) =7y 5 Uh o G OIS 1A =70 UG Ol + e 5 (= UR G0

" (55)
S A = 7oy UG Ol + flu — NXO( Oll.
As for the p-adaptive technique, refinement will not bring any additional error since b Uﬁ

N.xo ~ N-%o
the error after coarsening and using n‘f} U ,’3 0 N < N to replace the original numerical solutlon ub N.x, €an be bounded by

_u?

N.xo* N > N. However,

IuC, 0 =7 UR o Ol = e, 0 = OF 4 t>||+||(an0—n’? ue. ol

(56)
<lu(,t)— Nxo( Ol + |I(7TN o —7T UGOI
where
1B B B B B
0N o =75 4 UNp + Z‘ af AL . 8l =0 A1 o). (57)
i=N+1
Finally, as with the derivation of Eq. (51), we can obtain an error bound which only depends on the solution u
KS4+-K™+K¢
bn;.g + Bo
e(T) < Z e U TR o UlX )
i=0 be
KS 5
12 S
+ 21 10 =ty D
(58)

Km
+>a -k N ~m>u< el
=1

KC
# i c
+ Zl HGTNE gt = e g U D
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Therefore, the posterior error estimate Eq. (51) gives us more information on how we should choose the parameters in the
adaptive techniques to determine 8, xp, N. Prior error bounds for adaptive spectral methods for (D + 1)-dimensional model
problems (x € RP) can be straightforwardly derived and takes a similar form to that of Eq. (58), but is excluded for brevity.

3.3. Frequency indicator and lower error bound

As proposed in [28,29], the major goal of implementing our adaptive techniques is to maintain a small frequency indi-
cator as defined in Eq. (4). Here, we explicitly show that the frequency indicator is closely related to the error and why
controlling it leads to the accurate implementation of our adaptive techniques. From Eq. (4) we have

FUR U0l —e®) < 10— 7f_y o uC, Ol +e), (59)
which implies
FUR KD UCON = U =7y, UG O
1+ F(UR,,) (60)

~ FUR UG O] = 10 =78y DuC. 0]

e(t) >

when the frequency indicator F (U g,xO) =0(1) for any t. Therefore, the relationship between the lower error bound and the
frequency indicator is nearly linear, and thus monitoring and controlling it leads to a small lower error bound.

Since a function that decays more slowly or is more oscillatory as time increases tends to have a larger frequency
indicator, as shown in [28,29], one should dynamically switch to basis functions that decay more slowly, or incorporate
more oscillatory basis functions. Therefore, in the adaptive spectral method shown in Fig. 1, controlling the frequency
indicator is achieved by either decreasing the scaling factor (“Scale”) or increasing the expansion order (“Refine”).

In the scaling and p-adaptive techniques, the scaling threshold v for the scaling technique, the initial threshold g for
refining, as well as the ratio of the post-refinement adjustment factor y defined in Table 1 determine the tolerable rate of
increase in the frequency indicator between two consecutive timesteps. Thus, we again justify that setting v > 1, n > 1, and
y 21 can suppress increases in the frequency indicator, thus effectively suppressing the lower error bound if |u(-,t)| is
uniformly bounded for ¢t € [0, T]. Because Eq. (60) does not depend on the underlying model or the numerical discretization,
controlling the frequency indicator works well within adaptive spectral methods applied in a variety of different models.

On the other hand, as the error tends to accumulate over time, it is usually the case that

e(T) 2 max FWUR o &GO = 1 = 7§y IOl (61)
Therefore if the frequency indicator decreases, one can consider increasing the scaling factor or reducing the number of
basis functions allowing for modest increases in the frequency indicator. As long as the frequency indicator does not surpass
the frequency indicator in previous timesteps, the error bound remains unchanged under the assumption that |u(-, t)|| does
not change significantly over time. By increasing the scaling factor, allocation points are more densely distributed making it
possible to reduce their number via coarsening and to improve computational efficiency by using fewer basis functions.

4. Numerical results

In our numerical examples, we numerically solve Eq. (12) by discretizing time according to tj = jAt and using the
scheme Eq. (50) to forward time from t; to t;;1. Adaptive techniques will be used to adjust the basis functions at different
timesteps t;. The matrix-vector product e‘AN“JH“l)uﬁYXO (tj) in Eq. (50) is calculated using a “scaling and squaring” method
in [13], ie., we rewrite

—Aﬁ(t' —t)),. B 7@ 3.8
e Ant+1—t uN’XO(tj):(e 3 ) uy . (€5) (62)

_w B . . tiq B B .
and evaluate e 3 ujy, . (t) by Taylor expansion. The integral ftj“ e~ AN ‘fi)FN’XO (t)dt on the RHS of Eq. (50) is
evaluated by the Gauss-Legendre formula described in [29].

In all examples, the error denotes the relative L2-error

B
lu(,t) = Uy, ¢ Ol
Nxo ' 7 (63)
luc, Ol
First, we numerically investigate how the parameters of the scaling and moving techniques affect the performance of the
adaptive spectral method and numerically verify the conclusions drawn from Eq. (51), namely, to set ¢ < 1,1 < v for scaling,
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and 0 < 68,1 < u for moving in order to accurately adjust the scaling factor and translation of the basis functions. We also
wish to explore how to appropriately set the parameters in the p-adaptive technique, the refinement threshold 5, the
coarsening threshold 19, and the 7 adjustment ratio to achieve higher accuracy while reducing the computational cost. In
this work, all computations were performed using Matlab R2017a on a laptop with a 4-core Intel(R) Core(TM) i7-8550U CPU
@ 1.80 GHz.

Example 1. We consider solving the following parabolic equation in the weak form

We(x, £), V) + (Ux(x, £), vx(x, 1)) = (F X, D), v(x, 1)), Yv(x) € H'(R), u(x,0) = eXe /4,

Cx=2)+(E+ D +2i- 00 +0 T (x—20)% (64)
fx,t)= TR exp [1(t+1)x—m]
which admits an analytic solution
u(x, t) = ! ex [i(t—i—l)x— M] (65)
IV act+n |

2
Not only is the center of the solution translating rightward at speed 2t, its magnitude |u(x,t)| = JtlJr_1 exp (—%) de-

cays more slowly for larger |x|. The solution also incurs higher frequency spatial variations as time increases due to the
exp (i(t 4+ 1)x) factor. Therefore, all three adaptive techniques are expected to be required. Upon setting At =2 x 10™4 and
solving Eq. (64) up to t =2, we investigate how the parameters in the three adaptive techniques affect performance. The
initial scaling factor, displacement, and expansion order are set to 8 =1, xo =0, and N = 40. First, we test how the scaling
threshold v, the scaling factor adjustment ratio g, the moving u, and the minimum displacement step § affect the per-
formance of the scaling and moving techniques. We keep the expansion order fixed since it has been illustrated that the
effects of improper scaling or moving can be offset by increasing the expansion order N but at the expense of increased
computational cost [28]. Initially, we set the parameters q =0.99,v =1.02,8 = 1074, and « = 1.00005, and then change
each of them one at a time. Imposing the maximal allowable displacement within each timestep dmax = 0.01, the upper
scaling factor limit 8 = 0.2, and lower scaling factor limit 8 = 5, we plot the relative L%-error e(t = 2) along with the scaling
factor when we change q and v, and we plot e(t =2) along with xo when we change § and .

Fig. 2(a) shows that g <1 is required for the scaling technique to properly adjust the scaling factor. When q <1 and we
vary v from 1 to 2, the error, as well as the scaling factor 8, do not change much, indicating that the scaling technique is
more sensitive to g than to v. Therefore, keeping g < 1 is more important than keeping 1 < v. Fig. 2(c) shows that the error
is highly correlated with xg, suggesting that it is critical to properly move the basis functions to capture the displacement
of the solution. Having 0 < § is important so that the displacement xo is not over-adjusted. Finally, as shown in Fig. 2(d),
increasing © will make the moving technique less sensitive to the translation of the basis functions and lead to a larger error.
Thus, 1 < p is recommended for the moving technique. Next, we investigate how the initial refinement threshold 7, the
refinement threshold adjustment ratio ), and the coarsening threshold 7o affect the p-adaptive technique’s performance
when ¢ =0.99,v =1.02,5 =10~%, and p = 1.00005 are fixed, and the initial variables are set to 8 =1,x%y = 0, N = 40.
Fixing the maximum increment in each timestep to Npax = 6, we start with the initial parameter values y = 1.02, n = 1.05,
and 1o = 1.02, and vary each of them one by one and plot the relative L?-error and N. Fig. 3(a) shows that apart from
translating rightward and decaying more slowly, the analytic solution is increasingly oscillatory which requires adjusting
the expansion order N of the numerical solution. Fig. 3(b) shows that if y is large, then the threshold for increasing
the expansion order 1 will increase more quickly. This renders the p-adaptive technique unable to sufficiently adjust the
expansion order, leading to smaller expansion orders N and larger errors. Fig. 3(c) shows that the larger the initial threshold
n for increasing the expansion order, the smaller the expansion order. In the depicted regime, larger initial values of n do
not degrade accuracy since N 2 65 is sufficient to maintain high accuracy. Therefore, to maintain accuracy while reducing
the computational burden, it is crucial to set 1 < y so that the p-adaptive technique can capture oscillatory behavior over
long periods of time. Using a smaller initial » may lead to more computational costs but does not lead to improvement in
accuracy. Overall, since the function exhibits higher frequency spatial oscillations as time increases, coarsening is typically
not activated. However, a large coarsening threshold 79 can still impede coarsening, resulting in a slightly larger N than a
smaller 1o (Fig. 3(d)).

Finally, as shown in Figs. 2 and 3, we numerically verify that the appropriate strategy for the adaptive spectral parameters
istoset <1,1<v,0<6, and 1 < u. In fact, for good performance, the scaling procedure strongly requires ¢ < 1 and the
moving procedure requires both 0 < é and 1 < u. For an effective refinement, it is more important to set 1 < y rather than
to set the initial 1 < n (ie., setting 1 < y rather than setting the initial 1 < 7 leads to more accurate results with smaller
computational costs).

When using the generalized Hermite functions defined in R, the desired solution might move leftward or rightward,
requiring both leftward and rightward displacement of the basis functions. Since only rightward basis function shifts have
been previously considered [28,29], here, we generalize the moving technique to allow for bidirectional adjustment of the
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Fig. 2. Plots of the error at t =2 and the scaling factor 8 or the displacement xo when tuning the scaling factor adjustment ratio q and the scaling threshold
v or the minimum displacement § and the moving threshold w. (a) The error tends to be smaller as q decreases to 1, indicating that g <1 is crucial for
proper adjustment of the scaling factor. (b) As v is increased, the scaling technique could be impeded, but the error is not very sensitive to v if q is small.
(c) The error is strongly correlated with xo and a large § can lead to over-adjustment of the displacement xo, resulting in a larger error. (d) A large p will
make it harder to activate the moving technique, leading to a smaller xy and a larger error.

displacement xp. It has been proposed that controlling an exterior-error indicator leads to small errors in the exterior
domain, relative to the total error, resulting in a better approximation of the solution in the exterior region. Therefore,
bidirectional moving might maintain relatively small errors in both left- and right-exterior regions of R. We first propose a
left exterior-error indicator

B
19xUN xo * Li—ooxp) I
SL(UfJ,xO)_ X Nxo (—00,x1) , (66)
||BXUN X0 H(—oo,-ﬁ-oo) ”

where we use x; = x’[gN] following the often-used %—rule [6,14]. The left exterior-error indicator (66) can be seen as the
3

upper bound for the ratio of the error in (—oo, x;) to the error across the whole space R, in analogy to the (right) exterior-
error indicator £ (Uf,,XO) defined in Eq. (3), which we shall denote below by ER(UQXO) for clarity. The number of nodes in

the left-exterior region (—oo, x;) and in the right-exterior region (xg, co) are both roughly % It was shown in [29] that if
the right exterior-error indicator (3) increases, then the ratio of the error in the right exterior region (xg, +00) to the total
error may also increase, suggesting that one should move the basis functions rightward (increase xg). In Fig. 4, we show the
positions of collocation nodes of generalized Hermite functions {# IXO}l:O with 8 =1,x9 =0, and N = 24. The endpoints
x; and xg are shown in red, showing that the right and left exterior regions, (xg, 00) and (—oo, x;), are near-symmetric.
The left exterior-error indicator (66) also measures the ratio of the error in the left exterior region (—o0, x;) to the total
error, and, if it increases, one can consider shifting the basis functions leftward (decrease xp). With both left and right
exterior-error indicators, we propose the following bidirectional moving scheme.

In Algorithm 1, the LEFT_EXTERIOR_ERROR_INDICATOR subroutine calculates the left exterior-error indicator by Eq. (66) and
the RIGHT_EXTERIOR_ERROR_INDICATOR calculates the right exterior-error indicator by Eq. (3). If the right or left exterior-
error indicator is larger than their corresponding thresholds, i.e, &g > u€g or & > &y, the moving technique is activated,
calculating the rightward displacement dy or the leftward displacement d; of the basis functions. In [29], the rightward
displacement dg = min{ngd, dmax} is determined by the MOVE_RIGHT subroutine in Line 12, where n is the smallest inte-
ger satisfying SR(U,(\?X[Z) (x —ngéd, b)) < pu‘fR. Similarly, the leftward displacement d; = min{n;§, dmax} is determined by the

MOVE_LEFT subroutine in Line 13, where n; is the smallest integer satisfying SL(UI(\f;g)(x +nié, t)) < MSL- Notice that the
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Fig. 3. Plots of the real part of the analytic solution Re(u)(x, t) at different times, the error and the expansion order N at t =2 when we vary the refinement
threshold adjustment ratio y, the initial refinement threshold 1, and the coarsening threshold 7. (a) The real part of the analytic solution, which translates
rightward, becomes more diffusive, and is increasingly oscillatory over time. (b) The error increases with y while the expansion order decreases with y. A
larger y implies a faster-increasing refinement threshold 7. (c) A larger initial refinement threshold » results in a smaller expansion order at t = 2, yet the
error is not reduced as 1 decreases and N increases with the initial y. This indicates that as long as y is small enough, a larger initial 7 can be tolerated to
lead to a smaller computational cost without compromising accuracy. (d) The expansion order N tends to increase as the coarsening threshold 7o increases.
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Fig. 4. Distribution of the collocation points of generalized Hermite functions {Hf’XO},N:O with =1, =0, and N =24. x| := foJ and xg := xfz,mj are
’ 3 -

filled circles with red. The number of collocation points that are in the right-exterior region (xg,oo) for calculating £g and in the left-exterior region
(—o00, x1) for calculating £; are both approximately N/3.

error estimate of the adaptive spectral method in Theorem 1 does not depend on the direction of displacements. Therefore
it applies to both the bidirectional moving technique Algorithm 1 and the one-sided moving technique proposed in [28].

Example 2. Consider numerically solving the following parabolic equation in the weak form in R x [0, 6]

(ue(x, £), v) + (ux(x, 1), vx(x, 1)) = (f (%, D), v(x, D)), Yv(x) € H'(R), u(x,0) = e~ sinx, (67)
where
_(3 —2(x+vt)(v+2(x+ vt))) sin(x + vt)

+(V +4(x+ vt)) cos(x + vt)]e—(X+vt)2
f(X, t) = _ (68)
(3-4(c+va—0)" +2v(x+ V4= D) ) sin(x = v(t — 4)

t>2.

+(4x +v(5— 4t)) cos(x — v(t — 4))}—0‘—”“—4))2

This PDE is solved by
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Algorithm 1 Pseudo-code of the bidirectional exterior-error-dependent moving technique.

1: Initialize N, At, T, B, %o, Uy (x.0), 1t > 1, dmay > 6 > 0

2:t<0

3: xR ‘*Xﬂzmz

[55=1
4: X exﬂN
[3]

5: Ep « RIGHT_EXTERIOR_ERROR_INDICATOR(UI/?, o (x,0))

6: £ « LEFT_EXTERIOR_ERROR_INDICATOR(U ﬁ Xo (x,0))

7: while t < T do

8: Uﬁny (X, t+ At) <~ Ev01_v1-:(U,’3‘XD (x,t), At)

9: ER < RIGHT,EXTERIOR,ERROR,INDICATOR(Uﬁ’XD (x,t + At))
10: &L« LEFT_EXTERIOR_ERROR_INDICATOR(Uf] X0 (x,t + At))
11: if &g > ué || £ > pé; then
12: dg < MOVE_RIGHT(Uﬁ_x0 (t + At), 8, dmax, peo)
13: dp < MOVE,LEFT(Uﬁ].XO (t + At), 8, dmax, 1L€1)
14: U %D < T g UR g (o £+ A
15: Xo < X0 +dg —d;
16: X, < x, +dg —d;

17: XR < XR +dgp —dL
18: ER <« RIGHT_EXTERIOR_ERROILINDICATOR(Uﬁ_xO (X, t+ Al))
19: éL <« LEFT,EXTERIOR,ERROR,INDICATOR(Uﬁ'XD (x,t + At))
20: end if
21: t<—t+ At
22: end while

_ 2 .
e~ VD% sin (x + vi) t<2,
u(x,t) = (69)

2
e~V Gin (x — vt +4v) > 2.

We set v =2 in Eq. (68) so that the center of the solution moves with velocity —2 from x =0 to x = —4 when ¢t € [0, 2],
and when t € [2, 6] the center of the solution moves from x = —4 to x = 4 with velocity +2. Since the solution displays
only convective behavior, we deactivate the scaling and p-adaptive procedures and apply only the moving technique. Since
the translation switches from leftward to rightward at t = 2, the moving technique needs to allow for both leftward and
rightward displacement of the basis functions. The parameters in the moving technique are set to be 4 = 1.0005, § = 0.0005,
and the maximal displacement within a timestep dm,x = 0.2. We take the scaling factor, the expansion order, and the initial
displacement of the basis function to be By = 1.2, Ng = 24, x9 = 0, respectively, and plot the results obtained with no
moving technique, the leftward-only moving technique, the rightward-only moving technique, and the bidirectional moving
technique.

Fig. 5(a) shows that the spectral method equipped with the bidirectional moving technique (red) can maintain the
smallest error because the displacement xo can be decreased when t € [0, 2] and increased when t > 2 (see Fig. 5(b)). The
spectral method with the leftward-only moving technique (blue) can maintain a small error in [0, 2] when the center of the
function moves leftward but fails to keep the error small when t > 2 due to its inability to increase xg. When t < 2, the
rightward-only moving technique (green) cannot decrease the displacement xy and therefore the error for the rightward-
only moving technique is large at t = 2. Furthermore, large error accumulation before t = 4 of the rightward-only moving
technique makes it unable to properly increase xg for t > 4 when the center of the solution moves to the right of the origin
x = 0. The right and left exterior-error indicators for the bidirectional moving technique Algorithm 1 can be well controlled
as shown in Fig. 5(c,d), while for the leftward-only moving technique the right exterior-error indicator grows dramatically
when t > 2 and for the rightward-only moving technique, the left exterior-error indicator grows when t < 2. Therefore, the
leftward- and rightward-only moving techniques both fail to maintain a small error in at least one exterior region (xg, co)
or (—oo,xr). The left exterior-error indicator grows when t < 2 (the center moves to the left of the origin) and the right
exterior-error indicator grows when t > 4 (the center moves to the right of the origin) for the spectral method without the
moving technique (black), suggesting that it cannot maintain a small error in both exterior regions.

5. Discussion and conclusions

In this paper, we carried out a numerical analysis of recently proposed adaptive spectral methods in unbounded do-
mains using generalized Hermite functions. Specifically, our analysis helps guide parameter choice across three adaptive
spectral techniques, i.e., the scaling procedure, the moving procedure, and the p-adaptive technique to properly adjust the
three key variables associated with these techniques, the scaling factor, the displacement, and the spectral expansion order.
Based on our analyses, rules for properly choosing parameters in the scaling, moving, and p-adaptive techniques to most
efficiently and accurately solve PDEs are derived. We also explicitly explain why controlling the frequency indicator by using
adaptive spectral methods effectively controls the error. Numerical experiments were carried out to verify our theoretical
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Fig. 5. Plots of the error, X, the left exterior-error indicator Eq. (66), and the right exterior-error indicator Eq. (3). (a) The bidirectional moving technique
Algorithm 1 can main the smallest error while failure to accommodate either leftward or rightward displacement leads to much larger errors. (b,c,d) The
displacement xg, the left exterior-error indicator, and the right exterior-error indicator of spectral methods with the bidirectional, the leftward-only, the
rightward-only moving technique, and the spectral method without any moving.

results. Furthermore, we developed a new bidirectional moving technique to accommodate both leftward and rightward
displacements.

Even though our analysis focused on a simple parabolic model, it nonetheless represents a first step towards understand-
ing how adaptive spectral methods work in solving unbounded-domain problems. In fact, for our parabolic model, the total
upper error bound is simply the sum of the errors from numerical discretization and from implementation of the adaptive
schemes, providing a clear overall picture of errors under our adaptive spectral algorithm. Additionally, the lower error es-
timate Eq. (60) holds regardless of the underlying model and numerical discretization, suggesting that controlling a small
frequency indicator always leads to a small lower error bound when applying adaptive spectral methods to any model.

Since adaptive spectral methods have been successfully applied to nonlinear PDEs or models containing nonlocal terms
[28,29], further analysis to explain why adaptive spectral methods work well in these more complicated models, particularly
in unbounded domains, will be the subject of future investigation. Understanding how adaptive spectral methods work in
complex unbounded-domain problems that arise across many disciplines and that are computationally challenging will pave
the way for their accurate solution.

Finally, one should also perform analyses of adaptive spectral techniques using other classes of basis functions of recent
interest [23]. These include generalized Laguerre functions in R* and the modified mapped Gegenbauer functions in R.
Another potentially useful extension is to explore developing methods to automatically determine and adjust the decay
rate of solutions at infinity by adaptively switching among different classes of basis functions in order to match underlying
physics or observations.
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