Abstract. Energy heuristics predict global existence from small data for semi-linear Klein-Gordon systems when the non-linearity has order p > 1 + 2_n . We complement these heuristics and previous rigorous existence results by demonstrating blow-up from small data for p ≤ 1 + 2_n .

SMALL DATA BLOWUP FOR SEMILINEAR KLEIN-GORDON EQUATIONS

MARKUS KEEL, TERENCE TAO

Contents

1. Introduction 2

2. The Kato mechanism 6

3. Overview of strategy for Theorem 1.2 9

4. Euclidean Hölder spaces 14

5. Hyperbolic space 17

6. Asymptotics for the linear Klein-Gordon equation 21

7. A hyperbolic energy estimate for Λ^2_s 22

8. Local existence to a hyperboloid 24

9. Finishing the Proof of Theorem 1.2 26

10. Blowup for a semilinear equation with derivatives 32

1991 Mathematics Subject Classification. 35J10.

1

References 38

1. Introduction

Fix n ≥ 0, and let R^{n+1} be Minkowski space-time with the metric ds^2 = dx^2 − dt^2 and d’Alembertian^1

� = (−^{∂2}_{∂t2} + Δ).

We consider the global Cauchy problem for nonlinear Klein-Gordon equations with small Cauchy data at some given time t_0, { (� − 1)u = F (u, ∂tu, ∇xu), t > t0 u(t_0, ·) = εf, ∂_tu(t_0, ·) = εg (1) Here u is either a scalar field (i.e. real-valued) or a system of scalar fields, f, g are smooth functions supported on the unit ball, ε > 0 is a small parameter, and the non-linearity F = F_p satisfies^2 { |∂^αF (u)| . |u|^{p−|α|}, 0 ≤ |α| ≤ ⌊p⌋ |∂^αF (u) − ∂^αF (v)| . |u − v|^{p−|α|}, p − 1 < |α| < p (2) for some p > 1. Here ⌊p⌋ is the largest integer less than or equal to p. When F = F (u, ∂_tu, ∇_xu), (2) is modified in the obvious way - replacing u, v with the vector representing the arguments of F . In what follows, we will distinguish between the ‘semilinear’ nonlinearity F = F (u) and the ‘semilinear with derivatives’ F = F (u, ∂_tu, ∇u). This terminology is not universal.

By time translation invariance the choice of t_0 does not affect the well-posedness of this problem. If t_0 > 1, then by finite speed of propagation any regular solution u to (1) must be supported in the forward light-cone Γ_+ = {|x| ≤ t}.

A simple heuristic for the relationship between the power p and global regularity comes from the energy method, which is based on an estimate of the form ‖u(T )‖_Hs . ε + ∫ t<T ‖F (u)‖_Hs−1 dt . ε +^∫_{t<T} ‖u‖^{p−1}_∞ dt sup_{t<T} ‖u(T )‖Hs . 1Some authors prefer to reverse the sign of the metric, so that the Klein-Gordon operator

becomes � + 1.

2Examples to have in mind are F (u) = ±|u|p�1u or F (u_t) = ±|u_t|p�1u_t .

Thus, in order to close the argument, one presumably needs ‖u‖^{p−1}_∞ to be globally integrable. Since the linear solutions to the Klein-Gordon equation decay like t^{−n/2}, one obtains the heuristic constraint^n_2 (p − 1) > 1, i.e.

p > 1 + 2 n . (3) The same heuristic can be followed for semilinear F involving derivatives. Before presenting our results, we review how this heuristic has held up under previous investigations.

We disuss first the semilinear problem with derivatives F = F (u, ∂_tu, ∇_xu). For dimensions n ≥ 3, and smooth nonlinearity at least quadratic, global regularity of small smooth solutions was proven using distinct techniques by Shatah [26] and Klainerman [20]. These results were extended to dimension n = 2 in [24], [30], which according to the heuristic condition (3) would be sharp. For smooth cubic non-linearities one has global regularity for n > 1, and almost global existence for n = 1, while one has global existence for any higher order smooth non-linearity for all n ≥ 1. (Hörmander [14]. Note that this result is also in line with the condition (3).) For a restricted class of quadratic nonlinearities in n = 1, existence up to time ϵ^{−4} is proven in [8].

One aim of this paper is to complement the above existence results with a blowup theorem applicable to all dimensions. For simplicity^3 we restrict ourselves to solutions with finite energy; that is, we assume that

u ∈ C(H^1) ∩ C^1(L^2).

We will also assume finite speed of propagation, so that u is supported in the forward light cone Γ_+.

Theorem 1.1. If n ≥ 0 and 1 < p ≤ 1 +^2_n , then there exists a scalar equation (1) with the non-linearity F (u, ∂_tu, ∇_xu) satisfying (2), which does not have global finite-energy solution in Γ_+ for any non-zero smooth compactly supported data (f, g) and ε > 0.

See (78), (79) below for the choice of F in Theorem 1.1. The blowup argument also gives estimates for the lifespan of the solution (see (91), (92) below).

These lifespan estimates complement previous work. For example, in the case p = 3, n = 1, our nonlinearity is smooth and we show that the lifespan T_ϵ = O(e^{Cϵ2} ). This answers a conjecture posed in [14] where a lower bound of the same order is proven. We have learned that [41] also contains a proof of this sharp upper bound.

3One might ask whether the solution can be continued in a weaker norm than the natural

energy space.

For the semilinear problem F = F (u), it is by now well known that the estimates of Strichartz [37] give global well-posedness, asymptotic completeness, and scattering for small Ḣ^{1/2} × Ḣ^{−1/2} data if 1 +^4_n < p < 1 +^4_{n−1} (see e.g. Strauss [34]). By applying the arguments of Cazenave and Weissler [7] (or [21]) to the Strichartz estimate mentioned above, one has analogues of this result for higher powers p.

The local theory (e.g. [35], or more recently [31]) gives that (1) is locally well-posed in H^1 when 1 < p < 1 +^4_{n−2} . Thus one way to obtain a global solution for this range of p is to find uniform H^1 bounds. This is possible if (1) is Hamiltonian; that is, if there exists a scalar potential V (u) such that ∇V (u) = F (u). We may of course set V (0) = 0. For such systems we have the conserved quantity

H(0) = H(t) = ∫ 1 2 |u_t|^2 + 1 2 |∇u|^2 + 1 2 |u|^2 + V (u) dx (4) and so if V is positive (or satisfies a coercivity condition; see Cazenave [6]) one has global existence even for large H^1 data^4.

If V is not coercive then one cannot hope for global existence for large data, since blowup examples are easily gathered from blowup in the 0-dimensional problem. However, by an argument found in Cazenave [6] one still has global existence for small H^1 data, wherein the non-linear part of the energy ∫ V (u) dx can be controlled by the linear part. More precisely, we have from Hölder’s inequality and Sobolev embedding that | ∫ V (u) dx | . ‖u‖^{p+1}_{p+1}

. (‖u‖^θ_2‖u‖^{1−θ}2n_{n−2} )^{p+1}
. ‖u‖^{p+1}_H1

for some 0 < θ < 1. Hence (4) gives

‖u‖^2_H1 (t) . H(t) − ∫ V (u)dx . ϵ + ‖u‖^{p+1}_H1 (t).

For sufficiently small data, one immediately gets a uniform H^1 bound, and thus global existence for all p > 1. In particular one has global existence for any scalar semilinear Klein-Gordon equation, since every scalar non-linearity F has a primitive V . This is in stark contrast to the situation of zero rest mass (i.e., systems of nonlinear wave equations) where one has blow-up for small power nonlinearities. See John [16], Glassey [11], Sideris [29], [17].

It remains to discuss the small data global existence problem for non-Hamiltonian systems and powers 1 < p ≤ 1 +^4_n . By using the fixed-time estimates of Marshall,

4In fact, this large data global existence result follows from a more involved argument for H1

critical nonlinearities i.e. p = 1 + 4_n�2 , ; see [13], [27], [19].

Strauss, Wainger [23] and Brenner [3], Strauss [36] and Pecher [25] proved global existence and scattering in L^∞_t L^{p+1}_x for power nonlinearities in the range γ(n) < p ≤ 1 + 4 n where γ(n) is positive root of the quadratic n 2 γ(γ − 1) = γ + 1 ⇒ γ(n) = n + 2 + √ n^2 + 12n + 4 2n . (5) Note that 1 + 2 n < γ(n) < 1 + 4 n . As mentioned in the above discussion of the semilinear problem with derivatives, energy methods give sharp results to the semilinear problem in dimensions n=1, n=2. Recently, Lindblad-Sogge [22] extended these heuristically sharp n = 1, 2 results to dimension n = 3, proving that the semilinear system (1) admits a global solution if p > 1 +^2_n and n ≤ 3. For p = 1 +^2_n one has almost global existence. The restriction n ≤ 3 arises from the need to impose roughly n/2 orders of regularity on F . This is only reasonable if p ≥ n/2 or p is an integer, and for n ≥ 4 this restriction prohibits one from doing better than the results stated previously. Indeed, it is likely that one has blow-up for p = 1 +^2_n + ϵ for sufficiently high n.

The second aim of this paper is to complement the above semilinear existence results with a blowup result for small data. We show here that the power 1 +^2_n is sharp, even for radial data. In his PhD thesis, Glassey [12] showed that for a power nonlinearity with 1 < p ≤ 1 +^2_n and rather general initial data, there is no scattering theory for (1) even for the scalar problem. However, there are no previous semilinear blowup results for small-data in n > 0.

Theorem 1.2. If n = 0, 1, 2, 3 and 1 < p < 1 +^2_n , then there exists a (non- Hamiltonian) non-linearity F (u) satisfying (2), such that the system (1) does not have a global distributional solution supported in Γ_+ for any non-trivial smooth data f, g and any ε > 0.

The system we consider is given by equations (7), (15) below. ¿From the local theory, H^1 solutions of the problem (1) are guaranteed to be supported in Γ_+. We deduce that the H^1 local solution to the semilinear problem (1) cannot be continued globally, and that the H^1 norm blows up in finite time. The argument also yields lifespan estimates, see Proposition 9.2 below.

It is worthwile to compare the regularity and blowup results for a non-Hamiltonian semilinear Klein-Gordon system (1) with corresponding results for non-linear wave equations. In this latter, zero mass case, it has been shown that the system enjoys global existence for p > γ(n − 1), γ(n) as in (5). See [16] for n = 3, [10] for n = 2, and [9] for general n and further references. If p < γ(n − 1), blow-up has been established. See [29] for n ≥ 4, [16] for n=3, [11] for n = 2, and [17], [28] for n = 1.

For dimensions n = 1, 2, 3, the number 1 +^2_n therefore plays the role which γ(n − 1) played for wave equations. Indeed, Theorem 1.2 is inspired by [22] and the blowup results of [11], [16].

Note that in the case of the wave equation, the fundamental solution is positive in dimensions n = 2, 3, a fact central to the arguments of [11], [16] and (indirectly) [29]. For the Klein-Gordon equation, we do not have such positivity. Another moral difference between the wave and Klein-Gordon problems can be seen in zerodimensions, where (1) takes the form of a forced harmonic oscillator. As we make clear below, a good deal of intuition for the PDE blowup comes from looking at the ODE problem.

2. The Kato mechanism

In this section we demonstrate a mechanism which converts a system of Klein Gordon equations with polynomial in time growth into a system with finite time blow up. We will in fact prove that a fairly dramatic blowup occurs. The mechanism is applied in section 9 to prove blowup for the semilinear problem (1). For completeness, we state here the notion of distribution solution used in Lemma 2.2.

Write E^′(R^N ) for the dual of C^∞_0 (R^N ).

Definition 2.1. The function u ∈ E^′(R^{n+1}) satisfies (1) in the sense of distributions if F (u) ∈ L^1_{loc}(R^{n+1}) and for all ϕ ∈ C^∞_0 (R^{n+1}), ∫ t>0 ∫ ϕF (u)dxdt = ∫ t>0 ∫ u � ϕdxdt + ∫ R^n ∂_tϕ(0, x)f(x)dx − ∫ R^n ϕ(0, x)g(x)dx

Lemma 2.2. If (1) is a semilinear Klein-Gordon system with a global solution u that obeys

lim sup_{T →∞} 1 T^{n+1} ∫ t<T |u|^p dxdt = +∞ (6) for arbitrarily small ε > 0, then there is no global in time distributional solution

(u, w) supported in Γ_+ of the coupled system

(� − 1)u = F (u) (� − 1)w = |w|^p + |u|^p u(t_0, ·) = εf, ∂_tu(t_0, ·) = εg w(t_0, ·) = εf̃ , ∂_tw(t_0, ·) = εg̃. (7)

Here f, g, f̃ and g̃ are arbitrary C^∞_0 functions. Proof Suppose for contradiction that the right hand side of (7) is in L^1_{loc}(R^{n+1}). Hölder’s inequality then implies that the the mass functional M (t) = − ∫ |x|<t w(t, x) dx is locally in L^p.

Integrating (7) in space one obtains M^{′′}(t) = −M (t) + ∫ |x|<t |w|^p dx + ∫ |x|<t |u|^p dx. (8) in the sense of distributions^5. However, from Hölder’s inequality we have |M (t)| ≤ Ct^{n/p′} ( ∫ |x|<t |w|^p dx)^{1/p}, so that ∫ |x|<t |w|^p dx ≥ |M (t)|^p Ct^{n(p−1)} . Combining this with (8) gives M^{′′}(t) ≥ 1 Ct^{n(p−1)} |M (t)|^p − M (t) + ∫ |x|<t |u|^p dx. (9) We will show that this ODE blows up in finite time, thus obtaining the desired contradiction.

By elementary calculus we have inf_{a≥0} 1 Ct^{n(p−1)} |a|^p − a = −Ct^n. Applying this with a = M (t) to (9) gives M^{′′}(t) ≥ ∫ |x|<t |u|^p dx − Ct^n. 5In what follows, we supress the the necessary phrase “in the sense of distributions” from every displayed formula.

Integrating this twice and using the boundedness of M (t_0), M^′(t_0) we obtain for large T , M^′(T ) ≥ ∫ t_0<t<T ∫ |u|^p dxdt − CT^{n+1} (10) M (T ) ≥ ∫ t_0<t<T ∫ (T − t)|u|^p dxdt − CT^{n+2} ≥ T 2 ∫ t_0<t<^T_2 |u|^p dxdt − CT^{n+2}. (11)

Let A be a large number to be chosen later. Using (6) we can find a large T_0 so that ∫ t_0<t<^{T0}_2 ∫ |u|^p dxdt ≫ T^{n+1}_0 . Hence (10), (11) give M (T ) ≥ AT^n, M^′(T ) ≥ 0 ∀T ∈ [T_0, 2T_0].

(12)

Let T_∗ be the supremum of all times T ∈ [T_0, 2T_0] such that M (t) ≥ AT^n_0 (2T_0 − t)^{− 2p−1}

(13) for all T_0 ≤ t ≤ T . From (12) we see that T_∗ exists and T_∗ ≥ T_0. Since the right-hand side of (13) is not in L^p_{loc} we must have T_∗ < 2T_0. We will show that M (T_∗) > 2AT^n_0 (2T_0 − T_∗)^{− 2p−1} ,

(14) which by monotonicity implies that (13) holds for a neighborhood of T_∗, contradicting the definition of T_∗.

It remains to show (14). From (12) we see that M is nondecreasing in [T_0, T_∗], so that M (t) ≥ M (T_0) ≥ AT^n_0 for all T_0 ≤ t ≤ T_∗.

Thus, if A is sufficiently large, the first term on the right-hand side of (9) dominates the second. Discarding the non-negative third term, we have M^{′′}(t) & T^{−n(p−1)} 0 |M (t)|^p, which by (13) becomes M^{′′}(t) & A^pT^n_0 (2T_0 − t)^{− 2pp−1} , and (14) follows (if A is sufficiently large) by integrating this estimate twice and using (12). This finishes the proof.

Remarks.

The basic idea of the above mechanism goes back to Kato [17], and is very general. Informally, it states that once a PDE generates sufficiently large solutions, it can be coupled to another hyperbolic equation with a positive non-linearity to create solutions which blow up in finite time. This can be understood intuitively by considering the ODE analogue, namely

−w_{tt} = w + |w|^p + |u|^p, w(0) = w_t(0) = 0.

This is the equation of a one-dimensional particle in a potential well V (w) =^{w2}_2 + |w|^pw p+1 with a forcing term −|u|^p. If the forcing term is too weak, then the particle remains in the well and a solution exists globally, however if the forcing term is strong enough then the particle escapes to negative infinity in finite time regardless of the initial data. (See Figure 2).

Figure 1. Schematic depiction of the potential well for the particle w.

An examination of the proof gives a more quantitative estimate for the time of existence:

Corollary 2.3. If T is a large time such that ∫ t_0<t<T ∫ |u|^p dxdt > CT^{n+1}, where C is a large constant, then the maximal time of existence T_∗ of (7) is no greater than a constant multiple of T .

3. Overview of strategy for Theorem 1.2

In this section we motivate the strategy we will use to prove Theorem 1.2, by first considering the 0-dimensional case.

¿From Lemma 2.2 we see that to prove Theorem 1.2 it suffices to find a system (1) whose solutions obey (6) for all small ε > 0.

The idea will be to use an iteration scheme and obtain precise control on the iterates; the hypothesis p < 1 +^2_n will be used to ensure that each iterate grows faster than its predecessor. The system we will use is of the form

(� − 1)u0 = 0 (� − 1)uk = F (uk−1) 1 ≤ k ≤ M u_k(t_0, ·) = εf_k 0 ≤ k ≤ M ∂_tu_k(t_0, ·) = εg_k 1 ≤ k ≤ M, (15)

where F obeys (2). Here u = (u_0, u_1, . . . , u_M ) is a system of scalar fields, M > 0 is an integer; these parameters will be determined later. The model for our nonlinearity is F (u) = |u|^{p−1}u.

Eventually (in section 9) we will prove

Theorem 3.1. Let n = 0, 1, 2, 3 and 1 < p < 1 +^2_n . Then there exists a nonlinearity F and an integer M such that the solution to (15) obeys (6) for all small ε > 0 and all smooth f, g.

Combining Theorem 3.1 and Lemma 2.2 gives Theorem 1.2.

We perform a heuristic computation to estimate the size of the iterates u_k. It is well known that the linear solution u_0 decays like t^{−n/2}. Thus F (u_0) decays like t^{−np/2}. From the energy estimate it is then plausible that u_1 decays like t^{−np/2+1}. Note that the hypothesis p < 1 +^2_n implies that t^{−np/2+1} decays slower than t^{−n/2}. Applying this argument inductively, one expects |u_k| ∼ t^{αk} , where the α_k are defined by

α_0 = − n 2 , α_k = pα_{k−1} + 1.

(16)

Note that α_k is a strictly increasing sequence in k. Indeed, we have

α_k = − n 2 + n(1 +^2_n − p) 2(p − 1)

(p^k − 1) ≥ − n 2 . (17)

If the above approximation |u_k| ∼ t^{αk} held, the proof of Theorem 3.1 would be complete since u_k (and hence u) obeys (6) as soon as α_k > 0.

To formalize this we have to make the above approximation more precise. It turns out that an upper bound like |u_k| . t^{αk} is relatively easy to obtain from energy estimates. The difficulty is to complement this estimate with lower bounds. We shall accomplish this by finding a good approximation to u_k, which can be computed explicitly.

We illustrate this approach by proving Theorem 3.1 in the 0-dimensional case n = 0. In this case our non-linearity will be F (u) = |u|^{p−1}u. For technical reasons it is convenient to extend F to the complex numbers as F (w) = |w|^{p−1}w. In the 0 dimensional case, (15) is a solvable system of forced harmonic oscillators. The u_k have the explicit solution u_0(t) = εℜ(we^{it}) (18) u_k(t) = ∫_t t_0 ℜ(ie^{i(t−s)})F (u_{k−1}(s)) ds + O(ε), 1 ≤ k ≤ M. (19) where w ≠ 0 is a constant, complex number depending on the data f_0, g_0. We claim that u_k(t) = ε^{pk} t^{αk} (ℜ(w_ke^{it}) + o(1))

(20) for some w_k ≠ 0, where α_k were defined in (16).

Clearly (20) holds for k = 0. Now assume inductively that (20) holds for k − 1. Then one has F (u_{k−1}(s)) = ε^{pk} s^{pαk−1} (F (ℜ(w_{k−1}e^{is})) + o(1)), (21) so by (19)

u_k(t) = ε^{pk} ℜ( ∫ s<t ie^{i(t−s)}F (ℜ(w_{k−1}e^{is})) s^{pαk−1} ds + o(t^{pαk−1 +1}), where we have estimated the error using the “energy estimate” | ∫_t t_0 ℜ(ie^{i(t−s)})g(s) ds| . ∫_t t_0 |g(s)| ds. (22) Comparing this with (20) using (16), we see that we will be done as soon as we can show ∫_t t_0 ie^{−is}F (ℜ(w_ke^{is}))s^{pαk−1} ds = t^{pαk−1+1}(w_{k+1} + o(1)) (23) for some w_{k+1} ≠ 0.

To do this we use the following identity which is easily proved by integration by parts.

Lemma 3.2. If G is a periodic function on R with period 2π, and β > −1, then one has ∫_t t_0 G(s)s^β ds = G t^{β+1} β + 1 + H(t)t^β − ∫_t t_0 H(s)βs^{β−1} ds − G t^{β+1}_0 β + 1 , (24) for large t, where G = 1 2π ∫_{2π} 0 G(s) ds and H is the periodic function H(t) = ∫_t t_0 (G(s) − G) ds.

Apply (24) with G(s) = ie^{−is}F (ℜ(w_ke^{is})) and β = pα_{k−1} to (23) and use the estimates G, H = O(1). We will be done when we show that G ≠ 0. This follows from straightforward algebra which we record here for reference,

0 ≠ 1 2π ∫_{2π} 0 | ℜ(w_ke^{is}) |_{p+1} ds = 1 2π ∫_{2π} 0 ℜ(w_ke^{is})F (ℜ(w_ke^{is}))ds = 1 2π ℜ (∫_{2π} 0 w_ke^{is}F (ℜ(w_ke^{is}))ds )

= 1 2π ℜ (∫_{2π} 0 w_ke^{−is}F (ℜ(w_ke^{is}))ds )

from which 0 ≠ G follows.

Thus (20) holds for all k. ¿From this we see (6) whenever α_k > 0. By the previous discussion this concludes the proof of Theorem 1.2, when n = 0.

¿From the above arguments we observe two qualitative phenomena. First, the fields u_k that solve (15) tend to be “resonant” in the sense that they contain an oscillation of the form e^{it}; this resonance is preserved under the iteration scheme. Furthermore, if such a resonant function is placed in the non-linearity, then the next iterate will be quite large; indeed, for a large proportion of times t we have the reverse energy inequality |u_k(t)| & ∫_t t_0 |F (u_{k−1}(s))| ds. It is the existence of this reverse energy inequality that allows one to reverse the heuristic estimate |u_k| . t^{αk} mentioned earlier.

The proof in higher-dimensions will be a modification of the above arguments, though of course many further issues and complications will arise. We end this section by discussing in general terms how each of the steps in the above arguments are extended to n = 1, 2, 3.

For technical reasons we need F to have more than^n_2 degrees of differentiability. Accordingly, we will assume for the moment that p >^n_2 , so that one can choose F (u) = |u|^{p−1}u as in the 0-dimensional case. This assumption will be removed in Section 9.

The first step is to find an analogue of (18). Fortunately the asymptotics for the free Klein-Gordon equation are well-studied, and we can simply invoke the results in [14]. In particular, we will obtain the approximation u_0 ∼ ερ^{− n2} ℜ(we^{iρ}) where ρ = (t^2 − |x|^2)^{1/2}, w is a homogeneous symbol of order 0, and the error term is smaller than ρ^{− n2} in a certain sense to be made precise later.

Thus u_0 does not oscillate as a function of t, but rather as a function of ρ. Because of this and similar considerations, we will need to perform our calculations in hyperbolic polar co-ordinates (t, x) = ρω, where ω lies on the unit hyperboloid

H^n = {(t, x) ∈ Γ_+ : t^2 − x^2 = 1}.

(25)

This necessitates a certain number of preliminaries which we cover in Section 5. Also, for technical reasons it is convenient to move the Cauchy data from the constant-time surface t = t_0 to a hyperboloid ρ = ρ_0; this will be done using the local theory in Section 8.

To mimic the 0-dimensional arguments we need to find a substitute for (20). The first thing to do is to decide how to control the error terms rigorously.

In the classical energy method one controls the solution and any error terms using the Sobolev space H^s, where s is some number greater than^n_2 . It is therefore natural to control these errors in the hyperbolic version H^s(H^n) of these spaces. However, as the non-linearity F is only p times differentiable we will also need s < p. Thus s will most likely not be an integer.

The theory of fractional Sobolev spaces on H^n is technical and not well developed in the literature^6. To avoid these complications, we will not use these spaces, but instead rely on the Hölder spaces Λ^2_s(H^n) as an acceptable substitute; this follows the approach in [22]. These spaces are of comparable strength to the Sobolev spaces, but are more elementary and thus easier to work with. We review some relevant properties of Euclidean Hölder spaces in Section 4, and discuss the hyperbolic analogues in Section 5. We will also introduce some analogues of big-O and little-o notation for these Hölder spaces, so that we can control the error terms easily.

To adapt the inductive argument used to prove (20) we need three tools. First, we need a form of Schauder’s lemma, which states roughly that the map u → F (u) maps Λ^2_s to itself with a certain amount of Hölder continuity, for s >^n_2 . This type of result is needed to derive (21) from (20). This lemma will be proven in Sections 4, 5. Second, we need a hyperbolic energy estimate to replace (22), using the Hölder space norms Λ^2_s. For integer s versions of these estimates are wellknown (e.g. [14]); the fractional counterpart is deduced easily by the symmetries of the Klein-Gordon equation. We develop the fractional analogue in Section 7. Finally, we need a substitute for the explicit formula (19). This will be accomplished by approximating the n-dimensional Klein-Gordon equation by the 0-dimensional

6For recent use of these spaces, see [39], [15].

equation. The informal argument is as follows. If one writes the inhomogeneous Klein-Gordon equation

(� − 1)u = F

in polar co-ordinates and discards the angular portion of the D’Alembertian, one obtains (− ∂^2 ∂ρ^2 − n ρ ∂ ∂ρ − 1)u ≈ F. Making the substitution u = ρ^{−n/2}v, F = ρ^{−n/2}G, we obtain (− ∂^2 ∂ρ^2 − 1 + n(n − 2) 4ρ^2 )v ≈ G. Discarding^7 the^{n(n−2)}_{4ρ2} term we obtain the forced harmonic oscillator. Solving this in terms of u and F we obtain the approximation u(ρ) ≈ ρ^{− n2} ∫ σ<ρ ℜ(ie^{i(ρ−σ)})σ^{n2} F (σ) dσ. (26)

We present the above steps in rigorous detail in Section 9. For now, we turn to the many preliminaries indicated above.

4. Euclidean Hölder spaces

In this section we review the properties of the Hölder spaces^8 Λ^q_s(R^n) in Euclidean space. For simplicity we restrict ourselves to non-integer s > 0; for integer s, see [32]. For the further properties of these spaces, see [2]; see also [40], [32], [1].

Definition 4.1. [32] Suppose that 1 < q < ∞. If 0 < s < 1, then Λ^q_s is the completion of the Schwarz functions under the norm

‖h‖_Λq_s = ‖h‖_q + sup t∈R^n ‖h − h_t‖_q |t|^s , where h_t(x) = h(x + t) is the translation of h by t. For s > 1, we define the Hölder norms inductively by ‖h‖_Λ^q_s = ‖h‖_q + ‖∇h‖_Λ^q_{s−1} . 7One may keep this term and approximate u by Bessel functions instead, but we shall not do so here.

8The authors are indebted to M. Christ for simplifying many of the arguments in this and the next section.

In particular, when 1 < s < 2 the norm is

‖h‖_Λq_s = ‖h‖_q + ‖∇h‖_q + sup t∈R^n ‖∇h − ∇h_t‖_q |t|^{s−1} , (27)

Note that one can impose the restriction |t| < 1 without significantly changing the above norms.

We begin with a Sobolev embedding lemma for Hölder spaces; for a proof, see [2].

Lemma 4.2. Let 1 < r ≤ ∞ and 1 < s < 2. Then ‖h‖_r . ‖h‖_Λq_s whenever^1_q −^s_n <^1_r ≤^1_q , and ‖∇h‖_r . ‖h‖_Λ^p_s whenever^1_p −^{s−1}_n <^1_r ≤^1_p .

Corollary 4.3. If qs > n and 1 < s < 2, then for sufficiently small ε > 0 we have ‖h‖_∞ . ‖h‖_Λq_s (28) ‖∇h‖_{qs+ε} . ‖h‖_Λq_s (29) ‖h − h_t‖_{qs+ε} . |t|‖h‖_Λ^q_s . (30)

Proof The first two estimates are immediate from Lemma 4.2, the hypothesis qs < n, and the identity 1 qs = 1 q − s − 1 qs . The last estimate comes from the second estimate, Minkowski’s theorem, and the fundamental theorem of Calculus.

We now give a form of Schauder’s lemma for Euclidean Hölder spaces.

Lemma 4.4. Let u, v be functions in Λ^q_s for some 1 < s < 2, 1 < q < ∞, and suppose that F obeys (2) for some p > s. If qs > n, then ‖F (u)‖_Λq_s . ‖u‖^p_Λq_s .

Furthermore, there exists δ > 0 such that ‖F (u) − F (v)‖_Λq_s . ‖u − v‖^δ_Λq_s (‖u‖^{p−δ}_Λq_s + ‖v‖^{p−δ}_Λq_s ).

Proof Unlike the corresponding argument for Sobolev spaces (see e.g. [5], [18]), the proof will be quite elementary, consisting entirely of repeated applications of Hölder’s inequality, Sobolev embedding, and arithmetic manipulation.

We prove the latter inequality only, since the former follows by setting v = 0. We rescale so that ‖u‖_Λq_s + ‖v‖_Λq_s ∼ 1. We have to show that ‖F (u) − F (v)‖_q + ‖F^′(u)∇u − F^′(v)∇v‖_q + sup_t ‖F^′(u)∇u − F^′(v)∇v − F^′(u)_t∇u_t − F^′(v)_t∇v_t‖_q t^{s−1} . ‖u − v‖^δ_Λq_s (31)

for some δ > 0.

¿From Corollary 4.3 we see that u, v are bounded. Combining this with (2) we see that F is Lipschitz, and F^′ Hölder continuous of order s − 1 + ε for some ε > 0, in the range of u and v. In particular, we record the estimates |F (u) − F (v)| . |u − v| (32) |F^′(u) − F^′(v)| . |u − v|^{s−1+ε} (33) . ‖u − v‖^{s−1+ε}_Λq_s (34) |F^′(v) − F^′(v)_t| . |v − v_t|^{s−1+ε} (35)

The first term in (31) is controlled by (32) and (27).

to control the second term in (31) we use the identity f^′(u)∇u − f^′(v)∇v = f^′(u)∇(u − v) + (f^′(u) − f^′(v))∇v. the first summand is controlled by the boundedness of f^′(u) and (27), while the second summand is controlled by (34) and (27).

Finally we have to show that ‖f^′(u)∇u − f^′(v)∇v − f^′(u)_t∇u_t − f^′(v)_t∇v_t‖_q . t^{s−1}‖u − v‖^δ_λq_s . We use the identity

f^′(u)∇u − f^′(v)∇v−f^′(u)_t∇u_t − f^′(v)_t∇v_t = f^′(v)_t(∇(u − v) − ∇(u − v)_t) + (f^′(u) − f^′(v))∇(u − u_t) + (f^′(v) − f^′(v)_t)(∇(u − v)) + (f^′(u) − f^′(u)_t − f^′(v) + f^′(v)_t)∇u_t

(36)

and control the four terms seperately. the first term is controlled by the boundedness of f^′(v)_t and (27). the second term is controlled by (34) and (27). to control the third term we use (35) and hölder’s inequality to give ‖(f^′(v) − f^′(v)_t)(∇(u − v))‖_q . ‖v − v_t‖^{s−1+ε}_{q(s+ε)}‖∇(u − v)‖_{q(s+ε)}. (37) Now applying (30) and (29) gives us the desired estimate after discarding a positive power of t, which is bounded.

To control the fourth term in (36), we will show that ‖(f^′(u) − f^′(v))∇u_t‖_q . ‖u − v‖^{s−1}_λq_s . The other two summands are treated analogously. Apply (33) and Hölder’s inequality to get, ‖(F^′(u) − F^′(v))∇u_t‖_q . ‖u − u_t‖^{s−1+ϵ}_{q(s+ϵ)} · ‖∇u_t‖_{q(s+ϵ)} and the desired estimate now follows from (30) and (29) as before.

5. Hyperbolic space

In this section we define our notation for the hyperbolic space H^n, and extend the Hölder spaces in the previous section to this setting.

We will always model hyperbolic space by the unit hyperboloid^9 H^n which we endow with the Riemannian metric induced from the ambient Minkowski metric ds^2 = dx^2 − dt^2. The induced measure from this metric is dω =^{dx}_t . The Lorentz group SO(n, 1) acts isometrically on this space, and gives rise to the Lorentz vector fields Ω_{αβ} on H^n defined for α, β = 0, . . . , n Ω_{αβ} = x_α∂_β − x_β∂_α, where we have the usual conventions x_i = x^i, x_0 = −t, ∂_i = ∂ ∂x^i , ∂_0 = ∂ ∂t . We extend these vector fields to all of Γ_+ in the obvious way. We observe that the vector fields Ω_{αβ} span the tangent space at every point of H^n. Indeed, we have |∇_H u|^2 = c ∑ αβ |Ω_{αβ}u|^2

for some constant c > 0, where ∇_H u denotes the gradient of u in H^n with respect to the induced metric.

9Defined in (25).

We will often parameterize Γ_+ by polar co-ordinates (t, x) = ρω where ρ = √ t^2 − |x|^2 and ω ∈ H^n. We recall that the D’Alembertian in this co-ordinate systems is

� = −^{∂2}_{∂ρ2} −^n_ρ^∂_{∂ρ} +^1_{ρ2} ΔH ,

(38)

where Δ_H denotes the Laplace-Beltrami operator on H^n applied to the ω variable.

We now define the hyperbolic Hölder spaces Λ^q_s(H^n), following [22]. In analogy with the Euclidean case, we define theses spaces using the norm ‖h‖_Λ^q_s = ‖h‖_q + sup_{Ω∈SO(n,1)} ‖h − h_Ω‖_q ‖I − Ω‖^s for 0 < s < 1 and ‖h‖_Λq_s = ‖h‖_q + ‖∇_H h‖_Λq_{s−1} for s > 1. Here h_Ω(ω) = h(Ωω) is the pullback of h with respect to Ω and ‖I − Ω‖ is the distance from Ω to the identity in SO(n, 1).

Note that one can impose the restriction ‖I − Ω‖ . 1 on Ω without significantly affecting the above norms. This implies the following localization property for the Λ^q_s norm. If one partitions H^n into a finitely overlapping family of unit balls B (as measured by the induced Riemannian metric) and constructs a partition of unity ψ_B subordinate to that family, then ‖h‖_Λq_s ∼ ( ∑ B ‖hψ_B‖^q_Λq_s )^{1/q}. This allows us to reduce the study of Hölder spaces on H^n to Hölder spaces on unit balls in H^n, which by Lorentz invariance we can shift to the unit ball around the origin e_0.

If B is a ball in H^n, let Λ^q_s(B) be the closure of the Schwarz functions on B under the Λ^q_s(H^n) norm. Similarly if B is a ball in R^n.

Lemma 5.1. Let B, B̃ are closed balls of roughly unit radius on H^n and R^n respectively, and suppose that ϕ is a diffeomorphism from B to B̃. Then the map f → f ∘ ϕ^{−1} is an isomorphism from Λ^q_s(B) to Λ^q_s(B̃).

This is essentially the well-known fact that Hölder spaces are invariant under diffeomorphisms (see e.g. [40]). For completeness we sketch a proof below.

Proof We will show this for 0 < s < 1; the general case is similar. By Lorentz invariance (for H^n) and affine invariance (for R^n) we can take B and B̃ to be centered at the origins e_0 and 0 respectively. Let f be a test function on B. We will show that ‖f ∘ ϕ^{−1}‖_Λq_{s(B̃)} . ‖f‖_Λq_{s (B)};

the reverse inequality is proved similarly. We may normalize so that ‖f‖_Λ^q_{s(B)} = 1. The estimate ‖f ∘ ϕ^{−1}‖_q . 1 follows from the chain rule, so it suffices to show that ‖f ∘ ϕ^{−1} − (f ∘ ϕ^{−1})_t‖_q . |t|^s (39) for all |t| . 1.

For each k ≥ 0, let ϕ_k be a non-negative bump function of height 2^{kdim(SO(n,1))} adapted to the ball {Ω ∈ SO(n, 1) : ‖I − Ω‖ . 2^{−k}}, normalized so that ∫ SO(n,1) ϕk(Ω) dΩ = 1 for all k; here dΩ is some fixed Haar

measure. We adopt the convention that ϕ_{−1} = 0. We write f = ∑ k≥0 f^k, where

f^k = ∫ SO(n,1) (ϕ_k(Ω) − ϕ_{k−1}(Ω))f_Ω dΩ.

¿From the triangle inequality, (39) will follow if we can show that ‖f^k ∘ ϕ^{−1} − (f^k ∘ ϕ^{−1})_t‖_q . min(2^{−ks}, |t|2^k2^{−ks}) for all k ≥ 0. We show this for k > 0; the proof for k = 0 is similar. To prove the estimate for 2^{−ks} it suffices to show that ‖f^k‖_q . 2^{ks}.

But this follows from Minkowski’s inequality, the identity f^k = ∫ SO(n,1) (ϕ_k(Ω) − ϕ_{k−1}(Ω))(f_Ω − f) dΩ

and the estimate ‖f_Ω − f‖_q . 2^{−ks} when ‖I − Ω‖ . 2^{−k}.

(40) To prove the estimate for |t|2^k2^{−ks} it suffices by Minkowski’s theorem and the fundamental theorem of Calculus to show that ‖∇(f^k ∘ ϕ^{−1})‖_q . 2^k2^{−ks}.

By the chain rule and the fact that the Ω_{αβ} span the tangent space of H^n, it thus suffices to show that ‖Ω_{αβ}f^k‖_q . 2^k2^{−ks} for all α, β. ¿From an integration by parts on SO(n, 1) we see that Ω_{αβ}f^k = ∫ SO(n,1) (ϕ_k(Ω) − ϕ_{k−1}(Ω))Ω_{αβ} f_Ω dΩ = ∫ SO(n,1) (ϕ_k(Ω) − ϕ_{k−1}(Ω))Ω̃_{αβ} f_Ω dΩ = ∫ SO(n,1) (ϕ_k(Ω) − ϕ_{k−1}(Ω))Ω̃_{αβ} (f_Ω − f) dΩ = − ∫ SO(n,1) Ω̃_{αβ}(ϕ_k(Ω) − ϕ_{k−1}(Ω))(f_Ω − f) dΩ where Ω̃_{αβ} is the vector field on SO(n, 1) generated by the Lie algebra element corresponding to Ω_{αβ}. The result then follows from (40), Minkowski’s inequality, and the pointwise estimate

|Ω̃_{αβ}(ϕ_k(Ω) − ϕ_{k−1}(Ω))| . 2^k2^{kdim(SO(n,1))}.

Because of this equivalence, many properties of Hölder spaces carry over from the Euclidean setting to the hyperbolic setting. In particular, lemma 4.4 holds on H^n with the obvious changes.

We also define hyperbolic Sobolev spaces H^m(H^n) for integers m ≥ 0 by the norm

‖h‖_Hm_(Hn_) = ‖h‖_L2_(Hn_) + ‖∇^m_H h‖_L2_(Hn_).

We will not need the non-integer Sobolev spaces, relying on the Hölder space analogues instead. Note that the H^m norm controls the Λ^2_s norm whenever s < m.

In order to control the error terms in the proof of Theorem 3.1, sup-norm control is not sufficient, and we must resort to Λ^2_s norms; by (28), these norms are stronger than the sup norm when s >^n_2 . This motivates the following definition. In the sequel 0 < δ ≪ 1 will be a small parameter which we will choose later.

Definition 5.2. Let 1 < s < 2 be such that s >^n_2 , and let f(ρ) be a positive function on R^+. Suppose that e = e(ρ, ω) is a function on Γ_+ that may depend on the parameter δ. If ‖e(ρ, ·)‖_{Λ2s(}Hn_) . f(ρ)

then we write e = O_s(f(ρ)). If

lim sup_{ρ→∞} ‖e(ρ, ·)‖_{Λ2s(}Hn_) f(ρ) ≤ c(δ) for some function c(δ) that tends to zero as δ → 0, then we write e = õ_s(f(ρ)).

The hyperbolic version of Lemma 4.4 can be used to control the action of the non-linearity F on expressions given by O_s and õ_s notation.

Corollary 5.3. Suppose that s is as in Definition 5.2 and F obeys (2) for some p > s. Suppose that u, v are functions on Γ_+ and f is a non-negative function on

R^+ such that_{u = Os(f(ρ)), u = v + õs(f(ρ)).}

Then F (u) = O_s(f(ρ)^p ), F (u) = F (v) + õ_s(f(ρ)^p ).

6. Asymptotics for the linear Klein-Gordon equation

In this section we quote some well-known asymptotics for solutions to the free Klein-Gordon equation. We will not need the full asymptotics given in [14], but content ourselves with finding the qualitative form of the leading term.

Definition 6.1. A complex-valued function w on Γ_+ is said to be a homogeneous symbol of order 0 if w = ϕ(^x_ρ ) for some Schwarz function ϕ.

Note that if w is a homogeneous symbol of order 0, then w = O_s(1). We will often abuse notation and write w = w(ω).

Lemma 6.2. If u solves { (� − 1)u0 = 0, t > t0

u_0(t_0, ·) = f, ∂_tu_0(t_0, ·) = g

(41)

for some C^∞ functions f, g supported on the unit ball which do not both vanish, then for any 1 < s < 2 we have

u_0 = ρ^{− n2} ℜ(we^{iρ}) + õ_s(ρ^{− n2} )

(42)

for large ρ, where w is a homogeneous symbol of order 0 which is not identically zero.

Proof We have to estimate the error term in (42) in Λ^2_s; it will suffice to estimate it by a Sobolev space such as H^2(H^n). It suffices to produce L^2(H^n) bounds for the error, since one can recover the Sobolev bound by differentiating the equation (41) with respect to the Lorentz vector fields Ω_{αβ}, and adjusting the initial data accordingly.

¿From Plancherel’s theorem we see that u_0, as a function of R^{n+1}, is the spacetime Fourier transform of a non-zero smooth rapidly decreasing measure on the two-sheeted hyperboloid {(τ, ξ) : τ^2 − |ξ|^2 = 1}. Thus, by the usual stationary phase computations, (see e.g. [33], or [14]) we have

u_0 = t^{− n2} (w_+e^{iρ} + w_−e^{−iρ}) + O(t^{− n2 −1} ( 1 + t − |x| 1 + t + |x| )_N ) for arbitrarily large N > 0 and some homogeneous symbols w_+, w_− of order 0 which cannot both vanish. Since u is real we must have w_+ = w_−, and (42) follows (with L^2 control on the error term).

A more precise version of this computation (with explicit formulae for w, etc.) may be found in [14], Chapter 7.

7. A hyperbolic energy estimate for Λ^2_s

Let 1 < s < 2, ρ_0 ≫ 1 be a large constant, and suppose that u = u(ρ, ω), F = F (ρ, ω) are given in polar co-ordinates on the upper hyperbolic region ρ > ρ_0. To avoid technicalities we make the a priori assumption that u and F are Schwarz functions; this assumption can be removed by the usual methods. The aim of this section is to prove the energy estimate

Proposition 7.1. If ρ_0 is sufficiently large, s > 0 is a non-integer and

(� − 1)u = F

(43)

for ρ > ρ_0, then ρ^{n2} [ ‖∂_ρu(ρ, ·)‖_Λ2_{s(}Hn_) + ‖ 1 ρ ∇_H u(ρ, ·)‖_Λ2_{s(}Hn_)+ ‖u(ρ, ·)‖_Λ2_{s(}Hn_) ]

.

ρ^{n2}_0 [ ‖∂_ρu(ρ_0, ·)‖_{Λ2s(}Hn_) + ‖ 1 ρ ∇_H u(ρ_0, ·)‖_{Λ2s(}Hn_) + ‖u(ρ_0, ·)‖_{Λ2s(}Hn_) ]

+ ∫_ρ ρ_0 σ^{n2} ‖F (σ, ·)‖_{Λ2s(}Hn_) dσ. (44)

This estimate essentially appears in [22] in the form of a mixed spacetime estimate; versions of it for integer numbers of derivatives appear in many places ([14], [20]).

Proof It will suffice to prove the L^2 energy estimate ρ^{n2} [ ‖∂_ρu(ρ, ·)‖_{L2(}Hn_) + ‖ 1 ρ ∇_H u(ρ, ·)‖_{L2(}Hn_) + ‖u(ρ, ·)‖_{L2(}Hn_) ]

.

ρ^{n2}_0 [ ‖∂_ρu(ρ_0, ·)‖_{L2(}Hn_) + ‖ 1 ρ ∇_H u(ρ_0, ·)‖_{L2(}Hn_) + ‖u(ρ_0, ·)‖_{L2(}Hn_) ]

+ ∫_ρ ρ_0 σ^{n2} ‖F (σ, ·)‖_{L2(}Hn_) dσ. (45)

Indeed, since � commutes with Lorentz transformations Ω we see that

(� − 1)∇^k_H u = ∇^k_H F (� − 1)^{∇kH u − (∇kH u)Ω} ‖I − Ω‖^{s−k} = ∇^k_H F − (∇^k_H F )_Ω ‖I − Ω‖^{s−k} , for all k ≥ 0 and Ω ∈ SO(n, 1), and so (44) follows by applying (45) to each of these equations and using the definition of the Λ^2_s(H^n) norm. It remains to prove (45). For all ρ > ρ_0 ≫ 1, let E(ρ) ≥ 0 be defined by E(ρ)^2 =ρ^n ∫ H^n |∂_ρu(ρ, ω)|^2 + 1 ρ^2 |∇_Hu(ρ, ω)|^2 + |u(ρ, ω)|^2 dω + nρ^{n−1} ∫ H^n u(ρ, ω)∂_ρu(ρ, ω) dω. (46)

The first integral is a familiar energy density. The second integral is a correction term arising from the fact that the Klein-Gordon equation is not completely invariant under scaling. Because of this we will expect the energy identity to only be approximate.

¿From the Cauchy-Schwarz inequality we see that the second integral is O(^1_ρ ) of the first integral. Thus, if ρ is sufficiently large, we have ρ^{n2} (‖∂_ρu(ρ, ·)‖_L2 + 1 ρ ‖∇_H u(ρ, ·)‖_L2 + ‖u(ρ, ·)‖_L2 ) ∼ E(ρ). (47) In particular, (45) reduces to E(ρ) . E(ρ_0) + ∫_ρ ρ_0 σ^{n2} ‖F (σ, ·)‖_{L2(}Hn_) dσ. (48)

Differentiating (46) with respect to ρ we obtain 2E(ρ)E^′(ρ) =

ρ^n ∫ H^n

2∂_ρu∂^2_ρu + 2 ρ^2 ∂_ρ∇_H u∇_H u − 2 ρ^3

|∇_Hu|^2 + 2∂_ρuu + n ρ (|∂_ρu|^2 + 1 ρ^2 |∇_H u|^2 + |u|^2) dω +nρ^{n−1} ∫ H^n

|∂_ρu|^2 + u∂^2_ρ u + n − 1 ρ u∂ρ dω. Simplifying using integration by parts, this becomes E(ρ)E^′(ρ) =ρ^n ∫ H^n (− n 2ρ u − ∂_ρu)(−∂^2_ρ u − n ρ ∂_ρu + 1 ρ^2

Δ_H u − u) + n(n − 1) 2ρ^2 u∂_ρu − 2 ρ^3 |∇_Hu|^2 dω. (49)

However, from (38) we have −∂^2_ρ u − n ρ ∂_ρu + 1 ρ^2 Δ_H u − u = −F. Inserting this into the above estimate and using Cauchy-Schwarz we obtain E(ρ)E^′(ρ) . ρ^n[( 1 ρ ‖u‖_2 + ‖∂_ρu‖_2)‖F (ρ)‖_2 + 1 ρ^2 ‖u‖_2‖∂_ρu‖_2]. Note that we have discarded the last term in (49) since it was negative.

¿From (47) we thus obtain

E(ρ)E^′(ρ) . (1 + 1 ρ )E(ρ)ρ^{n2} ‖F (ρ)‖_2 + 1 ρ^2

E(ρ)^2.

Since we are taking ρ large, we have

E^′(ρ) . ρ^{n2} ‖F (ρ)‖_2 + 1 ρ^2 E(ρ). The claim (48) follows from Gronwall’s inequality and the global integrability of^1_{ρ2} for large ρ.

¿From (44) we see that there is a smoothing effect of one derivative in the ∂_ρ and 1 ρ ∇_H directions. We will not use this smoothing, however, and content ourselves with the following weaker corollary.

Corollary 7.2. Suppose that

‖∂_ρu(ρ_0, ·)‖_{Λ2s(}Hn_) + ‖u(ρ_0, ·)‖_Λ2_{s+1(}Hn_) . 1.

If F = 0, then u = O_s(ρ^{− n2} ). If F = O_s(ρ^{β−1}) for some β > −^n_2 , then u = O_s(ρ^β ). If F = o_s(ρ^{β−1}) for the same β, then u = o_s(ρ^β ).

8. Local existence to a hyperboloid

The objective of this section is to show that the problem (15) can be continued from the constant time slice t = t_0 to the hyperboloid ρ = ρ_0, where ρ_0 = t_0 + 1, and that the solution is in a Hölder space on this hyperboloid.

Proposition 8.1. Let n = 1, 2, 3, and let 1 < s < 2 be such that^n_2 < s < p. If t_0 is chosen to be sufficiently large, then

‖∂_ρu_k(ρ_0, ·)‖_{Λ2s(}Hn_) + ‖u_k(ρ_0, ·)‖_Λ2_{s+1(}Hn_) . ε

(50)

for all k ≥ 0. The functions u_k as in (15). The constant in (50) can depend on everything except ε).

Proof This will be a routine modification of the standard energy method techniques for non-Minkowskian spacetime.

¿From Huygens’ principle we see that the support of the u_k between the constant time surface t = t_0 and the hyperboloid ρ = ρ_0 is contained in a cube Q of bounded size. Thus we may change co-ordinates (t, x) → (t̃, x̃) diffeomorphically so that the surface {t = t_0} ∩ Q maps into {t̃ = 0}, {ρ = ρ_0} ∩ Q maps to {t̃ = 1}, and the normal vector ∂_ρ on {ρ = ρ_0} ∩ Q maps to the normal vector ∂_{t̃} on {t̃ = 1}. The induced metric g^{αβ} on the cube will not be flat, but it can be made as close to the Minkowski metric η^{αβ} in C^∞ as desired, if t_0 is chosen to be sufficiently large. Let ũ_k denote the function u_k in these new co-ordinates.

The equation (15) is still satisfied in these new co-ordinates, with the understanding that � = �_g is now the D’Alembertian with respect to the metric g^{αβ}. Also, the hyperbolic Hölder space norm on ρ = ρ_0 is equivalent (by at most a power of ρ_0) to the Euclidean Hölder space norm on t̃ = 1. Thus (50) will follow from

‖ũ_k(t̃, ·)‖_Λ2_{s+1(}Rn_) + ‖∂~_tũ_k(t̃, ·)‖_{Λ2s(}Rn_) . ε

(51)

for all 0 ≤ t̃ ≤ 1.

We will use the following energy estimate.

Lemma 8.2. If g^{αβ} is sufficiently close to η^{αβ} in C^∞ norm, and { (�g − 1)u = F, 0 <^~t < 1 u(0, ·) = f, ∂_tu(0, ·) = g (52)

then for all 0 < t̃ ≤ 1 we have

‖u(t̃, ·)‖_Λ2_{s+1(}Rn_) + ‖∂~_tu(t̃, ·)‖_{Λ2s(}Rn_) .

‖f‖_Λ2_{s+1 (}Rn_) + ‖g‖_{Λ2s(}Rn_) + ∫~_t 0 ‖F (τ, ·)‖_{Λ2s(}Rn_) dτ. (53)

Proof It suffices to show the Sobolev space estimates ‖u(t̃, ·)‖_Hk+1 + ‖∂~_tu(t̃, ·)‖_Hk . ‖f‖_Hk+1 + ‖g‖_Hk + ∫~_t 0 ‖F (τ, ·)‖_Hk dτ (54)

for all k ≥ 0, since the Hölder space analogues of these estimates then follow by real interpolation (see [2]). When k = 0, (54) is just just the energy estimate for manifolds with mild curvature (see [31], Proposition 2.1 for the wave equation; the extension to Klein-Gordon is routine.) To prove the estimate for k > 0, we differentiate (52) to obtain the identity

(�g − 1)∇^ku = ∇^kF + [�g, ∇^k]u

where ∇ is the Euclidean spatial gradient. Applying this to (54) with k = 0 we obtain ‖∇^ku(t̃, ·)‖_H1 + ‖∂~_t∇^ku(t̃, ·)‖_L2 .‖∇^kf‖_H1 + ‖∇^kg‖_L2 + ∫~_t 0 ‖∇^kF (τ, ·)‖_L2 + ‖[�_g, ∇^k]u(s, ·)‖_L2 dτ.

(55)

However, [�_g, ∇^k] is a (k+1)^{th}-order differential operator with bounded co-efficients. Thus we have the pointwise estimate |[�g, ∇^k]u| .^∑_{i+j≤k+1} |∇^i∂^j_t u|. However one can use (52) and the assumption g^{αβ} ≈ η^{αβ} to eliminate any term with two or more time derivatives. Ultimately we obtain |[�g, ∇^k]u| .^∑_{i≤k+1} |∇^iu| +^∑_{i≤k} |∇^i∂tu| +^∑_{i≤k−1} |∇^iF |. Inserting this into (55) we obtain ‖u(t̃, ·)‖_Hk+1 + ‖∂~_tu(t̃, ·)‖_Hk .‖f‖_H2 + ‖g‖_Hk + ∫~_t 0 ‖F (τ, ·)‖_Hk + ‖u(τ, ·)‖_Hk+1 + ‖∂~_tu(τ, ·)‖_Hk dτ, and (53) follows from Gronwall’s inequality.

¿From this lemma we see that (51) holds for k = 0. Assume (51) holds for k − 1. From (15) and (51) we get

‖ũ_k(t̃, ·)‖_Λ2_{s+1(}Rn_) + ‖∂~_tũ_k(t̃, ·)‖_Λ2_{s(}Rn_) . ε + ∫~_t 0 ‖F (ũ_{k−1}(τ, ·))‖_Λ2_{s(}Rn_) dτ.

However, from Lemma 4.4 and the induction hypothesis we have ‖F (ũ_{k−1}(τ, ·))‖_{Λ2s(}Rn_) . ‖ũ_{k−1}(τ, ·)‖^p_{Λ2s(}Rn_) . ε^p . ε.

Thus (51) holds for all k, as desired.

9. Finishing the Proof of Theorem 1.2

With these basic tools it is short work to finish the proof of Theorem 3.1 (and hence Theorem 1.2) for n = 1, 2, 3 and 1 < p < 1 +^2_n . Fix now p, n. We temporarily assume that p >^n_2 , removing this assumption at the end of the section. Fix 1 < s < 2 such that^n_2 < s < p.

Fix t_0 to be any time for which Proposition 8.1 holds; it turns out that t_0 = 2 will suffice. We reserve M to be chosen later. We also let 0 < δ ≪ 1 be a small number to be chosen later; the õ_s notation will depend on this parameter δ. Our non-linearity will be F (u) = |u|^{p−1}u. For technical reasons, we break up the non-linearity F into a smooth function F_δ and a small function G_δ, where G_δ(u) = F (u)ψ(δ^{−1}u) F_δ(u) = F (u)(1 − ψ(δ^{−1}u))

(56) and ψ is a bump function that equals one near the origin. The core of the argument is the following analogue of (20).

Proposition 9.1. For all 0 ≤ k ≤ M we have u_k(ρ, ω) = { O_s(ϵρ^{− n2} ) for ρ ≤ T_0 ε^{pk} ρ^{αk} ( ℜ(w^δ_k(ω)e^{iρ}) + õ_s(1) ) for ρ ≥ T_0.

(57) where T_0 = ε^− 2(p−1) n(1+ 2n −p) (58) and w^δ_k(ω) is given recursively by w^δ_0(ω) = w(ω) w^δ_k(ω) = 1 2π(β_k + 1) ∫_{2π} 0 ie^{−iσ}F_δ(ℜ(w^δ_{k−1}(ω)e^{iσ} )) dσ. (59)

Here β_k = pα_{k−1} + n 2 = α_k + n 2 − 1 (60) and w,α_k are as in (42),(17) respectively.

Note that the w^δ_k are all homogeneous symbols of order 0.

Proof ¿From (42) we see that (57) holds for k = 0. Now assume that (57) holds for k − 1, where 1 ≤ k ≤ M .

For ρ ≤ T_0, (57) follows easily from the definition of T_0, Corollary 7.2, and induction. For ρ ≥ T_0 we apply F to (57) and use Corollary 5.3 to get

F (u_{k−1}) = ρ^{pαk−1} ε^{pk} (F (ℜ(w^δ_{k−1}e^{iρ})) + õ_s(1)) = ρ^{pαk−1} ε^{pk} (F_δ(ℜ(w^δ_{k−1}e^{iρ})) + G_δ(ℜ(w^δ_{k−1}e^{iρ})) + õ_s(1)).

(61)

To estimate the contribution of G_δ to (61) we observe the identity G_δ(ℜ(w^δ_{k−1}e^{iρ})) = δ^pG_1(δ^{−1}ℜ(w^δ_{k−1}e^{iρ})).

Let p̃ be any number such that s < p̃ < p. One can easily verify that the nonlinearity G_1 obeys (2) for all p̃. Also, note F_δ(w) = O_s(1), and hence w^δ_{k−1} = O_s(1), where both bounds are independent of δ for all k. Combining these observations with the hyperbolic version of Lemma 4.4 we get

G_δ(ℜ(w^δ_{k−1}e^{iρ})) = δ^pG_1(δ^{−1}ℜ(w^δ_{k−1}e^{iρ})) = δ^pO_s(δ^{−p̃}) = õ_s(1). Thus the contribution of G_δ to (61) can be absorbed into the error term. ¿From these considerations we see that the field u_k obeys the approximate differential equation (� − 1)uk = ρ^{pαk−1} ε^{pk} Fδ(ℜ(w^δ_{k−1}e^{iρ})) + õs(ε^{pk} ρ^{pαk−1} ). (62)

¿From (26) we expect u_k ≈ ũ_k, where ũ_k = ρ^{− n2} ε^{pk} ∫_ρ ρ_0 ℜ(ie^{i(ρ−σ)})F_δ(ℜ(w^δ_{k−1}e^{iσ} ))σ^{pαk−1 + n2} dσ (63) More precisely, we claim that u_k − ũ_k = õ_s(ε^{pk} ρ^{αk} ).

(64) Assuming this for the moment, the proof of (57) is now straightforward as we need only verify (57) with u_k replaced by ũ_k. ũ_k = ρ^{− n2} ε^{pk} ∫_ρ ρ_0 ℜ(ie^{i(ρ−σ)})F_δ(ℜ(w^δ_{k−1}e^{iσ} ))σ^{βk} dσ = ρ^{− n2} ε^{pk} ℜ ( e^{iρ} ∫_ρ ρ_0 ie^{−σ} · F_δ(ℜ(w^δ_{k−1}e^{iσ}))σ^{βk} dσ )

Now applying Lemma 3.2 and using the definition of w^δ_k = ρ^{− n2} ϵ^{pk} ℜ(e^{iρ}ρ^{βk+1}w^δ_k + õ_s(ρ^{βk +1})) = ρ^{αk} ϵ^{pk} (ℜ(w^δ_ke^{iρ}) + õ_s(1)) as desired. Note that we could apply Lemma 3.2 here because ie^{−iσ} F_δ(ℜ(w^δ_{k−1}e^{iσ} )) is smooth and rapidly decreasing in ω, and bounded and periodic in σ and because β_k > −1. It remains to show (64). In order insure that all dependence on ϵ in (57) is explicit, we note first that the initial data’s contribution to u_k can be included in the error term. This follows from (50) and a straightforward calculation which gives ϵT^{− n2}_0 = ϵ^{pk} T^{αk}_0

We may therefore assume that f_k = g_k = 0. By Corollary 7.2 it suffices to show that (� − 1)(uk − ũk) = õs(ε^{pk} ρ^{pαk−1} ) = õs(ε^{pk} ρ^{αk−1}). Thus we need only show that (62) holds with u_k replaced by ũ_k. ¿From (63) ρ^{n2} ũ_k is a solution to the forced harmonic oscillator; in fact, (−∂^2_ρ − 1)(ρ^{n2} ũ_k) = ρ^{pαk−1 + n2} ϵ^{pk} F_δ(ℜ(w^δ_{k−1}e^{iρ})).

Expanding this gives (−∂^2_ρ − n ρ ∂_ρ − n(n − 2) 4ρ^2 − 1)ũ_k = ρ^{pαk−1} F (ℜ(w^δ_{k−1}e^{iρ})). Combining this with (38) we obtain

(� − 1)ũk = (−∂^2_ρ −^n_ρ ∂ρ +^1_{ρ2} ΔH − 1)ũk = ρ^{pαk−1} ϵ^{pk} F (ℜ(w^δ_{k−1}e^{iρ})) + 1 ρ^2

(Δ_H ũ_k + n(n − 2) 4 ũ_k). (65)

But from (63) and the smoothness of F_δ, w^δ_{k−1} we see that ũ_k, Δ_Hũ_k = O_s(ρ^{pαk−1 +1}) = õ_s(ε^{pk} ρ^{pαk−1 +2}).

Thus (65) implies (57), and Proposition 9.1 follows by induction.

¿From (17) we see that α_k → ∞ as k → ∞. Thus, we may choose M to be the integer such that α_M > 0 ≥ α_{M−1} > . . . > α_0 = − n 2 . (66)

¿From Proposition 9.1 we have |u_M (t, x)| & ε^{pM} ρ^{αM} (|ℜ(w^δ_M e^{iρ})| − õ_s(1)). ¿From (28), the error term õ_s(1) can be made arbitrarily small in sup-norm by choosing δ small. Since α_M > 0, we see that (6) will hold once we can show that |w^δ_M (ω)| & 1 on a non-empty open set in H^n.

Since w^δ_M converges uniformly to w^0_M as δ → 0, it suffices to show that w^0_M ≢ 0. Suppose to the contrary that w^0_M vanished identically. Using (59) and discarding non-zero factors, we thus see that ∫_{2π} 0 e^{−iσ} F (ℜ(w^0_{M−1}e^{iσ} )) dσ ≡ 0. Multiplying this by w^0_{M−1} and taking real parts, we obtain ∫_{2π} 0 ℜ(w^0_{M−1}e^{−iσ})F (ℜ(w^0_{M−1}e^{iσ})) dσ ≡ 0.

But this simplifies to ∫_{2π} 0 |ℜ(w^0_{M−1}e^{iσ})|^{p+1} dσ ≡ 0, whence w^0_{M−1} ≡ 0. Iterating this argument eventually gives w ≡ 0, contradicting Lemma 6.2. Thus w^0_M does not vanish identically, and we are done.

This concludes the proof of Proposition 3.1 for^n_2 < p < 1 +^2_n . To handle the case when 1 < p ≤^n_2 , we first apply the above arguments to nonlinearity with power n 2 < p_0 < 1 +^2_n . ¿From (66), (57), and (28) we have

‖u_k‖_∞ . ε for all 0 ≤ k < M.

(67)

Thus, if ε is sufficiently small, one may replace the non-linearity F (u) = |u|^{p0−1}u by F̃ (u) = |u|^p0^{−1}uψ(u) for some bump function ψ such that ψ(u) = 1 near the origin, without affecting any of the u_k. Since F̃ obeys (2) for p Proposition 3.1 is thus established for this range of p.

The proof above also gives an estimate for the solution’s lifespan. By Corollary 2.3, the solution will blowup at time T_∗ where ∫ t_0<t<T_∗ ∫ |u|^p dxdt > CT^{n+1}_∗ (68)

The asymptotics in (57) show we’ll satisfy (68) once we have T_∗ > T_0 and ϵ^{pk} T^{αk}_∗ & C Allowing k to be arbitrarily large and using (17), (58) we see that blowup occurs before time T_∗ satisfying

T_∗ . T^{1+γ}_0

(69)

where γ > 0 is an arbitrarily small number.

We obtain lower bounds for the lifespan of (1) with F = F (u) by combining Proposition 7.1, the hyperbolic version of Lemma 4.4, and a variant of the classical iteration argument: by Lemma 8.1 we may assume our data ϵf, ϵg is given on the hyperboloid ρ = ρ_0 and is small as in (50). For some T > 0 to be determined, define the spaces

X_T = { u(ρ, ω) | ‖u‖_{XT} ≡ sup_{ρ0 ≤ρ≤T} ρ^{n2} ‖u‖_L2_{(H}n_)(ρ) . ϵ } ∩ Y_T (70)

Y_T = { u(ρ, ω) | ‖u‖_{YT} ≡ sup_{ρ0≤ρ≤T} ρ^{n2} ‖u‖_Λ2_{s(H}n_)(ρ) . ϵ } . (71)

Define the mapping S on X_T as S(v) = u where

(� − 1)u = F (v) u(ρ_0, ω) = ϵf ∂_ρu(ρ_0, ω) = ϵg. We will argue as in e.g. [22] that when F satisfies (2) with p < 1 +^2_n , and

T . T0 given by (58), the mapping S is a contraction on XT and bounded on

Y_T . Assuming this for the moment, define u_{−1} ≡ 0 and u_m = S(u_{m−1}). If S is a contraction on X_T , we have u_m → u for some u ∈ X_T which is therefore a weak solution of (1). If S is bounded on Y_T , Fatou’s lemma shows that u must also belong to Y_T . Sobolev embedding given by the hyperbolic version of Lemma 4.2 implies u ∈ L^∞([ρ_0, T ] × H^n). Using standard local arguments one easily concludes u ∈ C([ρ_0, T ], Λ^2_s(H^n)).

We prove first S : Y_T → Y_T is bounded provided T . T_0. The hyperbolic energy estimate, Lemma 4.4, and the definition of Y_T yield

ρ^{n2} ‖S(v)‖_Λ2_{s (H}n_)(ρ) . ϵ + ∫_ρ ρ_0

σ^{n2} ‖F (v)‖_Λ2_{s(H}n_)dσ

. ϵ +^{∫ ρ}_{ρ0} σ^n2 ‖v‖^p_Λ2_{s(H}n_) (σ)dσ
. ϵ +^{∫ ρ}_{ρ0} σ^n2 σ^{− n}2^pϵ^pdσ.

In order to conclude ‖S(v)‖_{YT} . ‖v‖_{YT} , we need only have ∫_ρ ρ_0 σ^{n2} σ^{− n2 p}ϵ^pdσ . ϵ ⇒ ρ . T0. A completely analogous argument gives that S : X_T → X_T is a contraction in the X-norm:

ρ^{n2} ‖S(v_1) − S(v_2)‖_L2_{(H}n_)(ρ) . ∫_ρ ρ_0

σ^{n2} ‖F (v_1) − F (v_2)‖_L2_{(H}n_)(σ)dσ

.^{∫ ρ}_{ρ0} σ^n2 ‖(|v1|^{p−1} + |v2|^{p−1})|v1 − v2|‖L2(Hn )dσ
. ‖v1 − v2‖Y_T ·^{∫ ρ}_{ρ0} σ^{− n}2^{(p−1)}ϵ^{p−1}dσ.

We can conclude that S is a contraction if

ρ^{− n2 p+ n2 +1} . ϵ^{1−p}.

That is, T . T_0. We have shown

Proposition 9.2. Consider the problem (1) where F = F (u) satisfies (2) with p < 1 +^2_n .

With T_0 given by (58), the lifespan T_∗ satisfies T_0 . T_∗ . T^{1+γ}_0 where γ > 0 can be made arbitrarily small.

10. Blowup for a semilinear equation with derivatives

We now consider non-linear Klein-Gordon equations in which the non-linearity F is allowed to depend on the time derivative u_t as well as u. In other words, we consider the problem { (� − 1)u = F (u, ut), t > 2 u(2, ·) = εf, u_t(2, ·) = εg (72)

for smooth data f, g supported in the unit ball, where F satisfies (2) in both variables. For simplicity we restrict ourselves to solutions with finite energy; that is, we assume that u ∈ C(H^1) ∩ C^1(L^2).

We will also assume finite speed of propogation, so that u is supported in the forward light cone Γ_+.

Theorem 1.1: If n ≥ 0 and 1 < p ≤ 1 +^2_n , then there exists a scalar equation (72) with the non-linearity F satisfying (2), which does not have global finite-energy solution in Γ_+ for any non-zero smooth compactly supported data (f, g) and ε > 0.

Proof Before we begin the actual proof, we consider the 0-dimensional scalar equation as motivation: u_{tt} + u = −F (u, u_t), u(2), u_t(2) = O(ε). If we define the energy E(t) by E(t) = 1 2 |u_t|^2 + 1 2 |u|^2, then we have E^′(t) = −F (u, u_t)u_t. (73) To create blow-up we must make the energy increase, and so it is plausible to choose the forcing term −F to have the same sign as u_t. An obvious candidate for the blowup equation is therefore u_{tt} + u = |u_t|^{p−1}u_t. (74)

One may think of this equation as representing a child on a swing, always pushing to increase the energy of the system.

An informal argument that this equation blows up can be given as follows. ¿From (73) we have E^′(t) = |u_t|^{p+1}.

However, in the free harmonic oscillator the energy E(t) is (on the average) evenly distributed between |u_t|^2 and |u|^2. Assuming that this equipartition also holds in the non-linear oscillator, we thus expect E(t) ≈ |u_t|^2 (75)

in some averaged sense. Combining these two equations we see that

E^′(t) ≈ E(t)^{p+12} ,

(76)

which should blow up in finite time as^{p+1}_2 > 1.

This argument works well when the non-linearity F is small. However, when u_t gets large the non-linearity begins to dominate the rest of the equation, and (74) ceases to behave like a harmonic oscillator. Indeed, for large u, u_t the equation (74) is an (unstable) perturbation of the equation u = |u_t|^{p−1}u_t, which admits global solutions with polynomial growth. Thus one expects global (but highly unstable) solutions to (74) for special choices of initial data, which frustrates any attempt to prove blowup from arbitrary data. (As an example of this phenomenon, we note that the equation

u_tt + u = |u_t|^2u_t + 3 u_t , which behaves qualitatively like (74) when u, u_t is large, has exact solutions u(t) = √_8

27 (t + C)^{32} for all C, t > 0, even though the equation blows up in finite time for most choices of initial data.)

In the above situation we did not obtain blowup because (75) broke down, and the forcing term expended its effort fighting against the spring term u. In higher dimensions the problem is aggravated by the surface tension term −Δu, which also can fight against the forcing term. Thus, to make the previous blow-up argument work, we should try to preserve the equipartition relationship (75) even for large u, u_t. In other words, we need to keep the system behaving like a harmonic oscillator. To do this we shall make the spring term u so large as to dominate the forcing term |u_t|^{p−1}u_t. This suggests an equation of the form u_{tt} + |u|^{p−1}u = |u_t|^{q−1}u_t (77)

for some arbitrary 1 < q < p. Depending on the relative strengths of u, u_t, and u_{tt} this equation should oscillate between u_{tt} = |u_t|^{q−1}u_t or |u|^{p−1}u = |u_t|^{q−1}u_t, and from the assumption 1 < q < p, both of these equations will blow up in finite time.

¿From these (very informal) heuristics we are led to an equation which behaves like (74) for small u,u_t but behaves like (77) for large u, u_t. Accordingly, fix 1 < q < p and let F (v) be a function obeying (2) such that F (v) has the same sign as v, and F (v) ∼ { |v|^{p−1}v |v| . 1 |v|^{q−1}v |v| & 1. (78) We will show that the equation (� − 1)u = |u|^{p−1}u − F (ut) t > 2 u(2, ·) = εf, u_t(2, ·) = εg (79) cannot have global H^1 solutions.

We will assume to the contrary that a global H^1 solution u does exist, and obtain a contradiction. As before, we define an energy functional E(t) by E(t) = ∫ R^n 1 2 |u_t|^2 + 1 2 |∇u|^2 + 1 2 |u|^2 + 1 p + 1 |u|^{p+1} dx. (80) Since p ≤ 1 +^2_n < 1 +^4_{n−2} , the problem is sub-critical with respect to H^1, and the above expression exists by Sobolev embedding. A standard calculation using integration by parts gives E^′(t) = ∫ R^n F (u_t)u_t dx > 0. (81) In particular, this implies that ∫ R^n F (u^t)u^t dx is locally integrable, and that the energy E is increasing and bounded away from zero.

To obtain substantial energy growth we need to somehow bound the right-hand side of (81) from below, preferably by some strongly increasing function of the energy E(t). To do this we will need some analogue of the equipartition relationship (75). To this end we introduce the action I(t) defined by I(t) = ∫ R^n uu_t dx. (82) A standard calculation gives the equipartition identity I^′(t) = ∫ R^n |u_t|^2 − |∇u|^2 − |u|^2 − |u|^{p+1} + uF (u_t) dx. Combining this with (80) we obtain a version of (75): E(t) = ∫ R^n

|u_t|^2 + 1 2 uF (u_t) − p − 1 2(p + 1) |u|^{p+1} dx − 1 2 I^′(t).

We estimate the second and third terms using the elementary pointwise inequality 1 2 uF (u_t) − p − 1 2(p + 1) |u|^{p+1} ≤ C|F (u_t)|^{p+1p} . To deal with the fourth term we need to average in time. Integrating the above identity on [T, T + A] for some T, A > 0 we get ∫_{T +A} T E(t) dt ≤ ∫_{T +A} T ∫ |u_t|^2 + C|F (u_t)|^{p+1p} dxdt − 1 2 (I(T + A) − I(T )). Using the definition of F in (78), the assumption 1 < q < p, and the monotonicity of E(t) we thus obtain

Proposition 10.1. There exists ε > 0 such that,

AE(T ) . ∫_{T +A} T ∫ |u_t|.1 |u_t|^2 dxdt + ∫_{T +A} T ∫ |u_t|&1 |u_t|^{q+1−ε} dxdt + |I(T )| + |I(T + A)| (83)

for all T, A > 0.

On the other hand, integrating (81) on [T, T + A] and using (78) we obtain ∫_{T +A} T ∫ |u_t|.1 |u_t|^{p+1} dxdt + ∫_{T +A} T ∫ |u_t|&1 |u_t|^{q+1} dxdt . E(T + A) − E(T ). (84)

We will use (83) and (84), together with some easy estimates on I(T ), I(T + A), to obtain blowup of the energy E(T ) in finite time, thus contradicting the existence of a global finite energy solution.

The first step will be to show that E(t) exhibits at least polynomial growth. More precisely, we will prove that

lim sup_{T →∞} E(T ) T^n = +∞. (85)

Suppose this were not true, so that E(T ) . T^n for all T . Let A be a large constant to be chosen later, and suppose that T ≫ A. From (84) and Hölder’s inequality we have ∫_{T +A} T ∫ |u_t|.1 |u_t|^2 dxdt . (E(T + A) − E(T ))^{2p+1} (AT^n)^{1− 2p+1} .

Also, from (84) we trivially have ∫_{T +A} T ∫ |u_t|&1 |u_t|^{q+1−ε} dxdt . E(T + A) − E(T ).

Finally, from (82) the Cauchy-Schwarz inequality and (80) we have |I(t)| ≤ ( ∫ R^n

|u|^2 dx)^{1/2}( ∫ R^n

|u_t|^2 dx)^{1/2} . E(t).

Inserting these three estimates into (83) and using monotonicity of the energy we obtain AE(T ) . (E(T +A)−E(T ))^{2p+1} (AT^n)^{1− 2p+1} +(E(T +A)−E(T ))+E(T )+E(T +A). Subtracting a constant multiple of E(T ) from both sides gives (with A a sufficiently large constant)

E(T ) . (E(T + A) − E(T ))^{2p+1} (T^n)^{1− 2p+1} + (E(T + A) − E(T )). Since we are assuming E(T ) . T^n, we have E(T + A) − E(T ) . T^n, and so the first term on the right is larger than the second. Thus we are reduced to E(T ) . (E(T + A) − E(T ))^{2p+1} T^{n(p−1)p+1} , which can be rearranged as E(T + A) − E(T ) & E(T )^{p+12} T^{− n(p−1)2} .

(86) This is the analogue of (76). We claim that (86) contradicts the assumption E(T ) . T^n. To see this, we first observe that (86) can be improved to E(T + A) − E(T ) & E(T + A)^{p+12} T^{− n(p−1)2} .

(87) If E(T + A) ≤ 2E(T ) this follows immediately from (86). However, if E(T + A) > 2E(T ), then E(T + A) − E(T ) ≥ 1 2 E(T + A) & E(T + A)^{p+12} T^{− n(p−1)2} , where the last inequality follows from the assumption E(T + A) . T^n. ¿From the mean-value theorem applied to f(x) = x^{1−p2} and energy monotonicity we see that

E(T )^{1−p2} − E(T + A)^{1−p2} ≥ p − 1 2 (E(T + A) − E(T ))E(T + A)^{− p+12} .

Combining this with (87) gives E(T )^{1−p2} − E(T + A)^{1−p2} & T^{− n(p−1)2} .

(88) The left-hand side is a telescopic series and therefore summable. However the righthand side is divergent since p ≤ 1 +^2_n . This is a contradiction, and so (85) must hold.

By (85) we can find a large time T_0 such that E(T_0) ≥ BT^n_0 , where B is a large constant to be chosen later. We will show that E(t) blows up before time 2T_0, contradicting the assumption of finite energy.

To do this we return to (83), but estimate the various terms in a different manner from before. Let T_0 ≤ T ≤ 2T_0, and suppose that 0 < A ≪ 1 is small. We have the trivial estimate ∫_{T +A} T ∫ |u_t|.1 |u_t|^2 dxdt . AT^n, and from (84) and Hölder’s inequality we have ∫_{T +A} T ∫ |u_t|&1 |u_t|^{q+1−ε} dxdt . (E(T + A) − E(T ))^{1−ε1} (AT^n)^{ε1} for some ε_1 > 0. Finally, from (82) and Hölder’s inequality we have

|I(t)| . (t^n)^{12 − 1p+1} ( ∫ R^n

|u|^{p+1} dx)^{1p+1} ( ∫ R^n

|u_t|^2 dx)^{12} ,

so by (80) we have |I(t)| . E(t)^{1−ε2} (t^n)^{ε2} for some ε_2 > 0. Inserting these estimates into (83) as before, we obtain AE(T ) . AT^n + (E(T + A) − E(T ))^{1−ε1} (AT^n)^{ε1} + E(T + A)^{1−ε2} (T^n)^{ε2} .

(89) Fix T , and suppose that A is shorter than the doubling time of the energy E(T ), i.e. E(T + A) < 2E(T ). Then by dividing (89) by AE(T ) we obtain

1 .^{T n}_{E(T )} +^{T nε1}

A^{1−ε1} E(T )^{ε1} + T^{nε2} AE(T )^{ε2} . Since E(T ) & BT^n, we thus obtain (if B is sufficiently large)

A . T^{nε}_0 E(T )^{−ε}

for some ε > 0. In other words,

E(T + A) ≥ 2E(T ) whenever T_0 ≤ T ≤ 2T_0 and a & T^{nε}_0 E(T )^{−ε}.

(90) Write E(T_0) = E_0. From (90) and induction we see that

E(T_0 + A) > 2^kE_0 whenever T_0 ≥ A & k−1∑ j=0 T^{nε}_0 (2^kE_0)^{−εj} .

However, since E_0 ≥ BT^n_0 , the summation is O(1) for all k. Since T_0 was assumed to be large, we see that E(2T_0) > 2^kE_0 for all k, contradicting the finite energy assumption. This finishes the proof.

One can go through the above argument carefully and obtain a quantitative upper bound on the time of existence; we sketch the argument as follows. It is enough to obtain upper bounds on T_0, the first time T for which E(T ) ≥ BT^n. To do this we use the fact that (88) holds for T < T_0.

The left-hand side of (88) is telescopic and sums to O(ε^{1−p}). The right-hand side sums like T^{1−n p−12}_0 if p < 1 +^2_n , or log T_0 if p = 1 +^2_n . Thus one has T_0 . ε^{− 2(p−1)2−np+n} (91)

if p < 1 +^2_n , and T_0 . e^{Cε−(p−1)} . (92)

if p = 1 +^2_n .

We expect the bounds in (91), (92) to be in general sharp. This sharpness is in some cases known. For the example p = 3, n = 1, [14] proves a lower bound T_0 & e^{Cε−2} and conjectures the upper bound (92).

Acknowledgements: We thank Mike Christ, Tom Sideris, and Chris Sogge for timely conversations, and M.S.R.I. for it’s hospitality during the duration of this work. T. Tao was supported by NSF grant DMS-9706764.

References

1. R. Adams, ”Sobolev Spaces”, Academic Press 1975.

2. J. Bergh, J. Löfström, Interpolation Spaces: An Introduction, Springer-Verlag, 1976. 3. P. Brenner, On space-time means and everywhere defined scattering operators, Math. Z., 186 (1984), 383–391.

4. A. R. Brodsky, On the asymptotic behavior of solutions of the wave equations, Proc. Amer.

Math. Soc., 18 (1967), 207–208.

5. M. Christ, M. Weinstein, Dispersion of small amplitude solutions of the generalized Kortewegde Vries equation, J. Funct. Anal. 100 (1991), 87–109.

6. T. Cazenave, Uniform estimates for solutions of nonlinear Klein-Gordon Equations, Jour.

Func. Anal., 60 (1985), 36–55.

7. T. Cazenave, F.B. Weissler, Critical nonlinear Schrödinger Equation, Non. Anal. TMA, 14 (1990), 807–836.

8. J. Delort, Sur le temps d’existence pour l’equation de Klein-Gordon semi-lineaire en dimension 1, Preprint 1997.

9. V. Georgiev, H. Lindblad, C. D. Sogge, Weighted Strichartz estimates and global existence for semilinear wave equations, preprint, 1996.

10. R. Glassey, Existence in the large for �u = F (u) in two dimensions, Math. Z., 178, (1981), 233–261.

11. R. Glassey, Finite-time blowup for solutions of nonlinear wave equations, Math. Z., 177, (1981), 323–340.

12. R. Glassey, On the asymptotic behavior of nonlinear wave equations, Trans. Amer. Math.

Soc., 182, (1973), 187–200.

13. M. Grillakis, Regularity for the wave equation with a critical nonlinearity, Comm. Pure Appl.

Math., 45, (1992), 749–774.

14. L. Hörmander, Lectures on nonlinear hyperbolic differential equations, Mathematics & Applications, 26. Springer-Verlag, 1997.

15. A. Ionescu, Radial Fourier integral operators in hyperbolic space, preprint. 16. F. John, Blow-up of solutions of nonlinear wave equations in three dimensions, Manuscript.

Math., 28 (1979), 235–268.

17. T. Kato, Blow-up of solutions of some nonlinear hyperbolic equations, Comm. Pure Appl.

Math. 33 (1980), 501–505.

18. T. Kato, G. Ponce, Commutator Estimates and the Euler and Navier-Stokes Equations, Comm. Pure Appl. Math. (1988), 891–907.

19. L. Kapitanski, Global and unique weak solutions of nonlinear wave equations, Math. Res.

Letters, 1 (1994), 211–223.

20. S. Klainerman, Global existence of small amplitude solutions to nonlinear Klein-Gordon equations in four space-time dimensions, Comm. Pure Appl. Math., 38,(1985),631–641.

21. H. Lindblad, C. D. Sogge, On Existence and Scattering with Minimal Regularity for Semilinear Wave Equations, Jour. Func. Anal., 130 (1995 ), 357–426.

22. H. Lindblad, C. D. Sogge, Restriction theorems and semilinear Klein-Gordon equations in (1+3) dimensions, Duke Math J., 85 (1996), 227-252. preprint.

23. B. Marshall, W. Strauss, S. Wainger, L^p − L^q estimates for the Klein-Gordon equation, J.

Math. Pures Appl., 59, (1980), 417-440.

24. T. Ozawa, K. Tsutaya, Y. Tsutsumi, Global existence and asymptotic behavior of solutions for the Klein-Gordon equations with quadratic nonlinearity in two space dimensions, Math Z., 222, (1996), 341-362.

25. H. Pecher, Low energy scattering for nonlinear Klein-Gordon equations, J. Funct. Anal., 63, (1985), 101-122.

26. J. Shatah, Normal forms and quadratic nonlinear Klein-Gordon equations, Comm. Pure.

Appl. Math., 38, (1985), 685–696..

27. J. Shatah, M. Struwe, Well Posedness in the energy space for semilinear wave equations with critical growth, Inter. Math. Research Not., 7 (1994).

28. T. Sideris, PhD Thesis, Bloomingon: Indiana Univ., 1981.

29. T. Sideris, Nonexistence of global solutions to semilinear wave equations in high dimensions, J. Diff. Eq., 52, (1984), 378-406.

30. J. Simon, E. Taflin, The Cauchy problem for nonlinear Klein-Gordon equation and applications, Comm. Math. Phys., 152, (1993), 433–478.

31. C. D. Sogge, Lectures on Nonlinear Wave Equations, Monographs in Analysis II, International Press, 1995.

32. E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton University Press, 1970.

33. E. M. Stein, Harmonic Analysis, Princeton University Press, 1993. 34. W. Strauss, Nonlinear Wave Equations, Regional Conference Series in Math, 73, 1989. 35. W. Strauss, Nonlinear invariant wave equations, Lecture Notes in Physics, 78, Springer, (1978), 197–249.

36. W. Strauss, Nonlinear scattering theory at low energy, Journ. Funct. Analy., 41, (1981), 110–133.

37. R. S. Strichartz, Restriction of Fourier Transform to Quadratic Surfaces and Decay of Solutions of Wave Equations, Duke Math. J., 44 (1977), 70 5–774.

38. R. S. Strichartz, Asymptotic behavior of waves, Jour. of Funct. Analy., 40 (1981), 341-357. 39. D. Tataru, Strichartz estimates in the hyperbolic space and global existence for the semilinear wave equation, preprint.

40. H. Triebel, Interpolation Theory, Function Spaces, Differential Operators , North-Holland, 1978.

41. B. Yordanov, Blow-up for the one-dimensional Klein-Gordon equation with a cubic nonlinearity, preprint, 1996.

Department of Mathematics, UCLA, Los Angeles CA 90095-1555

E-mail address: keel@math.ucla.edu, tao@math.ucla.edu