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ABSTRACT

There are four chapters to this dissertation. The first chapter is based on joint
work with Mark Hoffmann and Nigel Kalton. It is shown that R-bounded and
weakly compact semigroups on L; and C(K) can only exist for /; and ¢y. More
generally, R-bounded weakly compact commuting approximating sequences in Ba-

nach spaces are discussed.

The second chapter is based on joint work with Lutz Weis and was produced
while visiting the Universitat Karlsruhe, Germany, on a DAAD research fellowship.
As in chapter one, we focus on semigroups on L; spaces and the lack of H*°-calculus
thereof.

Precisely, we consider a sectorial operator A on a non-atomic L,-space, 1 < p < o0,
so that its resolvent consists of integral operators, or more generally, has a diffuse
representation. Then the fractional domain spaces D(A%) for a € (0,1) do not

coincide with the real interpolation spaces of (L,, D(A)). As a consequence, we
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obtain that no such operator A has a bounded H*-calculus for p = 1.

The third chapter is demonstrating the pathological properties a sectorial op-
erators on L, must have if it generates an R-bounded semigroup. Precisely we
show that if A is R-sectorial and ¢ > 0 then there is an invertible operator
U: L — Ly with |[U — I|| < € such that for some positive Borel function w
we have U(D(A)) D Ly(w). This actually improves some results from the first
chapter. Roughly speaking, this means A is very close to a bounded operator. A
central idea in the proof is to associate a family of representing measures to an R-
bounded family of operators on L; and then show that it forms a weakly compact

set.

The final chapter introduces absolute functional calculus for sectorial opera-
tors. We show that absolute calculus is stronger than H°°-calculus and establish
fundamental facts. We are able to improve a key theorem related to the maximal
regularity problem and hence demonstrate the power and usefulness of our new
concept. In trying to characterize spaces where sectorial operators have absolute
calculus, we find that certain real interpolation spaces play a central role. We are
then extending various known results in this setting. The idea of unifying theo-
rems about sectorial operators on real interpolation spaces permeates our work and

opens paths for future research on this subject.
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Chapter 1

R-bounded approximating
sequences and applications to
semigroups

1.1 Introduction

This chapter is based on joint work with M. Hoffmann and N. Kalton. Our results
were published in [28].

It is shown that on certain Banach spaces, including C[0, 1] and L;[0, 1], there
is no strongly continuous semigroup (7})p<t<1 consisting of weakly compact oper-
ators such that (7})o<;<1 is an R-bounded family. More general results concerning
approximating sequences are included and some variants of R-boundedness are also
discussed.

Recent work on semigroup theory ([32], [53]) has highlighted the importance of
the concept of R-boundedness . Let us recall the definition of R-bounded families

of operators (cf. [6], [15], [11]).

Definition 1.1.1. A family 7 of operators in £(X,Y) is called R-bounded with

R-boundedness constant C' > 0 if letting ()72, be a sequence of independent

Rademachers on some probability space then for every xy,...,z, € X and T},..., T, €
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7T we have

1 1
n 2\ 2 2\ 2

Z EkaZEk

k=1

n

E €L

k=1

E <C|E

(1.1)

By the Kahane-Khintchine inequality we can replace 2 above by any other
exponent 1 < p < oo to obtain an equivalent definition. We will also need the

following definition introduced in [32].

Definition 1.1.2. A family 7 of operators in £(X,Y) is called WR-bounded with
WR-boundedness constant C' > 0 if for every z1,...,z, € X, y},...,y: € Y* and

Ti,...,T, € T we have

N

1
n 2\ 2 2

E €L

k=1

n

Z XYy,

k=1

Y [ Tewryp) | <C | E E (1.2)
k=1

It is clear by the Cauchy-Schwarz inequality that R-boundedness implies WR-
boundedness. The converse is not true in general, but it holds for spaces with
non-trivial type ([46], [32]).

In [32] it was shown that no reasonable differential operator on L; can have an
H—calculus. In this note we consider the related question whether a differential-
type operator on L; can generate an R-bounded semigroup. Note that if A is an
R-sectorial operator (cf. [32]) with R-sectoriality angle less than 7 then the semi-
group (e7)g.4<; is necessarily R-bounded. In general, one expects a semigroup
generated by a differential operator on a bounded domain to consist of weakly
compact operators. We are thus led to consider the question whether one can have
a strongly continuous semigroup (7;)o<¢<1 on L; such that each T} is weakly com-
pact (or equivalently compact, since L; has the Dunford-Pettis property) and such

that the family (7})o<;<1 is R-bounded. In fact this leads to considering versions
4



of the approximation property; the only property of the semigroup needed is com-
mutativity. We consider the general question whether on a given separable Banach
space one can find an R-bounded sequence (7},)nen of commuting weakly compact
operators such that lim,_.. T,z = x for all x € X. Our main results show that for
the spaces L;[0,1], C(K) (except ¢y) and the disk algebra A(D) this is impossible.
These results may be regarded as extensions of classical results that the spaces
L,,C(K) do not have unconditional bases [38].

In the case of Ly we are led to consider a natural weakening of R-boundedness,

where we use the definition (1.1) but only for single vectors.

Definition 1.1.3. A family 7 of operators in £(X,Y) is called semi-R-bounded if
there is a constant C' > 0 such that for every x € X, aq,...,a, € Cand Ty,...,T, €

7 we have

n 2

E ekakax

k=1

E

<C (Zlakl2> [l]]- (1.3)
k=1

We note that semi-R-boundedness is equivalent to R-boundedness for opera-
tors on L;. In Theorem 1.2.2 we actually characterize all spaces where semi-R-
boundedness is equivalent to R-boundedness as spaces which are either Hilbert
spaces or GT-spaces of cotype 2 in the terminology of Pisier [45].

The authors would like to thank Dale Alspach for drawing their attention to

the notion of the /; index of sequences.

1.2 R-boundedness and WR-boundedness

In this section, we make some remarks about R-boundedness and related notions.
5



Note that in a space of type 2, any uniformly bounded collection 7 C L(X, X)

is semi-R-bounded. The converse is also true:

Proposition 1.2.1. A Banach space X has type 2 if and only if uniform bound-

edness is equivalent to semi-R-boundedness.

Proof. Suppose that every uniformly bounded family of operators is already semi-
R-bounded. Pick any x € X and z* € X* such that ||z|| = ||z*|| = 1 and 2*(z) = 1.
Notice that the family 7 = {z*®@u : |ju|| = 1} is uniformly bounded with constant
one and hence semi-R-bounded by assumption. Let C' be the semi-R-boundedness
constant of 7. Select any x,...,x, € X and write zy = ||z ||ur where ||ug| = 1.

Then {z* @uy : k=1,...,n} C 7T and

. 2\ 3 . 2\ 3
E (> en = |E|D_ erllzell(z® ® w)x
k=1 k=1
. 2\
<C|E|D ezl
k=1
n 3
= Clz|| ZH%!P)
k=1
n 3
:c:(zuka)
k=1
Thus, X has type 2. O

For some spaces, semi-R-boundedness is equivalent to R-boundedness and we
are able to completely characterize these spaces in the next theorem. Let us recall

that a Banach space X is called a GT-space if every bounded operator T': X — /5
6



is absolutely summing. Examples of GT-spaces of cotype 2 are L;, the quotient of
Ly by a reflexive subspace [45],[33], and L;/H; [13]. It is unknown whether every

GT-space has cotype 2.

Theorem 1.2.2. Suppose X is separable. Then the following are equivalent :

(i) Every semi-R-bounded family of operators on X is R-bounded.

(i1) X is isomorphic to s or X is a GT-space of cotype 2.

Proof. First we prove that (i) implies (ii). Suppose that every semi-R-bounded
family of operators on X is R-bounded. Let us note that this implies the existence
of a constant K so that if 7 has semi-R-boundedness constant C' then it has R-
boundedness constant K C'; for otherwise we could find a sequence 7,, of families
with semi-R-boundedness constant 1 and R-boundedness constant at least 4"; then
the family U,,>127"7,, contradicts our assumption. Fix M > 1 and take z € X.
Choose n € N. By Dvoretzky’s theorem [40] we can find ey, ..., e, € X such that

for any aq,...,a, € C we have

N|—=

n % n
= (Z ;ake) < IS0
k=1 k=1

Consider the family of operators 7,, = {u* ®¢;, : ||[u*|| =1,k =1,...,n}. Then
each 7, is semi-R-bounded with constant M as follows. A finite subfamily of 7, is

of the form {u};jGBek 1<k <n,1<j<my} for some my,...,m, € N. Then for
7



every aii, ..., anm, € C we have, (letting e;; denote independent Rademachers),

N

2

n  mg
E Z Z €kj ki Up; (T)eR
k=1 j=1
1
n my 2\ 2
<M ]EZ Zekjuzj(:v)akj
k=1 | j=1
1
n mi 2 2
<M ZE ZEijZj(x)@kj
k=1 |j=1
1
n  mg 2
<ar (325 it )
k=1 j=1
Our assumption implies that each 7, is R-bounded with constant K M. Let
T1,..., T, € X and write xp = ||y ||ur where ||lug|| = 1. Choose uj € X* such that
uf(ug) =1 and ||uj|| = 1. Now we have

n

1
(ZH%HQ) <M | E|) ellziller
k=1

k=1

n

=M (B | exllwnllup(u)ex

k=1

=

n 2\ 2

=M (B> exlleell (up  ex) (ur)

k=1

1
n 2\ 2

< KM | E|) exlzgl|ux
k=1

1
n 2\ 2

=~ KM? [ E Zekxk

k=1

This shows that X has cotype 2.
Let us assume that X has non-trivial type. Then by results of Pisier [45] and

also by Figiel and Tomczak-Jaegermann [25], ¢4 is uniformly complemented in X.
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Thus, for some constant C', for every n € N we can choose a biorthogonal system

{(ex,e;x) : k=1,...,n} in X x X* such that

(g

k=

N

n
E areg
k=1

and

NI

n
g axey
k=1

for all aq,...,a, € C. Note that for any x € X and aq,...,a, € C,

gc<zm|2) ol
k=1

<C (Z |ak|2)

k=1

and so

n 2
(Z !62($)|2> < Cll]].
k=1
Consider the family of operators 7, = {e; ® u : ||u|| = 1;k = 1,...,n}. Let
x € X. Then for any a4, ..., a, € C and every uq,...,u, € X of norm one we have

> erar(er ® up)(x)

k=1

n

Z exarer (x)uy,

k=1

n
< > llarei(@)u]
k=1

n
= laxllei ()]
k=1

< (zw) (Z!ei(z)?)

<C (Zlak\2> [l]]-

k=1

E =K

We conclude that 7, is semi-R-bounded with constant C' and hence 7, is R-

bounded for constant K'C' independent of n. This implies that X has type 2 as
9



follows. Choose any z1,...,z, € X and write x; = ||zg|/uxr where ||ug|| = 1. Then

R ) N
=1 1
n 2 2
= (B exllwrller(en)un
k=1
1
n 2 2
— [ E || ellaali(er @ un)(ex) (1.4)
k=1
1
n 2 2
SKC|E||) exllzille
k=1
1
n 2
< KC? (z w)
k=1

Now, X has type 2 and cotype 2 and is therefore isomorphic to ¢, by Kwapien’s
theorem [56].

Now suppose on the contrary that X has trivial type. We will show that X is
a GT-space, i.e. any T : X — {5 is 1-summing. Fix T": X — /5 of norm one.
Since X has cotype 2 we can equivalently show that any such 7' is 2-summing [19].
It suffices to check that for any n € N and operator S : 5 — X such that [|S]| < 1
we have mo(T'S) < C where C' does not depend on n [56]. One can assume that
TS : 05y — ¢4 and that TS is diagonal with respect to the canonical orthonormal
basis (ex) in £y, i.e. T'Ser = Agey, for some Aq, ..., \,. Then it suffices to show
uniform boundedness of the Hilbert-Schmidt norms || TS| gs = (3_,_, ||TS€;€||2)%.
Write fi = T%e; € X* and f, = Sex, € X. Consider {ff @u:k=1,...,n;|ul| =

1}. We will show that this family is semi-R-bounded with constant one. Take
10



Ui, ..., U, € X of norm one and ay,...,a, € C. Then for x € X we have

E > aafi(@u| < Y lallfi ()]
k=1 k=1
1 1
n 2 n 2
g( P (z\eyw)
k=1 k=1
1
n 2
=< lanl” | (| T]|
k=1
1
n 2
S( lanl” | ]|
k=1

Therefore, {ff @ u:k=1,...,n;||ul| = 1} is R-bounded with constant K.
Since X has trivial type, it contains ¢} uniformly [45]. Hence, for fixed M > 1

and every n € N there are yy,...,y, € X with ||yx|| = 1 for 1 <k < n such that

Sl < M| (1.5)
k=1 k=1
Choose any scalars by, ...,b,. Now using R-boundedness and Kahane’s inequality

for p = 1 with constant A we have
11



Z b [Ar| = Z 0| | £ (fx)]
h—1 k=1

n 2 2
<M|E Zﬁkbkfl:(fk)yk
k=1
=M | E|) " ebr(fi @ ui)(fi)
k=1
1
n 2 2
<KM|[E kabkfk
k=1
1
n 2 2
<SKM(E|D ebres
k=1
n 3
< KM ( |bk|2)
k=1

Thus, )
(i ])\k\2> 2 <KM
and so ||T'S||gs < KM. Therefore, any operator 7' : X — (5 is 2-summing. This
completes the proof of (i) implies (ii).

Now we will show that (ii) implies (i). Suppose that X is a GT-space of cotype
2, and that 7 is a family of semi-R-bounded operators. We will show that 7 is
R-bounded. Since X is separable, there is a quotient map @ : {1 — X. First, we
show that any semi-R-bounded family of operators from ¢; into X is already R-
bounded. Let S be such a family with semi-R-boundedness constant one. Suppose
Si,...,8, € S and x1,...,2, € ¢;. Then z;, = Z;’;lgjkej where (e;) is the
canonical basis of /7.

Let us denote by C' the constant in the Kahane-Khintchine inequality for any
12



Banach space:

1
E Zekxk < CE Z€k$k .
k=1 k=1
Thus
n 2 2 n
E Z ekSkxk S CE Z EkSk.Tk
k=1 k=1
Then
E ZekSkxk =K ZEkSkajkej ‘
k=1 k=1 j=1
< Z]E Zﬁkfjkskej
j=1 k=1
00 n 2\ 2
< Z E ZEkfijkeg
j=1 k=1
00 n 2
<> (Z |€jk|2>
j=1 \k=1

Combining and using the Khintchine inequality again we obtain

1

§C’2§:E

j=1

n 2

Z EkSkl‘k

k=1

n

Z ex&jk

k=1

E

[e.9]

= C°E Z

J=1

=CE(D D eline;

j=1 k=1

n

Z €xEjk

k=1

)

n

00

_ 2 2 :

= C“E €k fjkej
k=1 j=1

n

= CZE Zekxk

k=1

Combining the previous two computations gives that S is R-bounded.
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Now let 7 be a family of operators on X with semi-boundedness constant one.
Let @ : {; — X be a quotient map and note that the family S ={TQ : T € T} is
R-bounded with some constant B by the above calculation.

We will apply a characterization of GT-spaces of cotype 2 due to Pisier [45].

Proposition 1.2.3 (Pisier). X is a GT-space of cotype 2 if and only if there is
a constant C' > 0 such that for anyn € N,xy,...,x, € X there are yi,...,y, € {1

such that Qyp. = xi, k=1,...,n and

n

Z €LYk

k=1

n

E €LTk

k=1

E < CE (1.6)

Now take n € N, T3,...,7T,, € T and x1,...,x, € X. Choose y1,...,y, € {1

according to 1.2.3. Then

n n

E\> el =E (> elTiQu
k=1 k=1
< BE > ext
k=1
k=1
Thus, 7 is R-bounded. The proof is complete. ]

For a set 7 of bounded linear operators we will use the notation 7* = {T™ :

TeT}.

Lemma 1.2.4. (i) If T is R-bounded then T** is R-bounded (with the same

constant).
14



(it) If T is WR-bounded then T* and T** are WR-bounded (with the same con-

stant).

(iii) If T is semi-R-bounded then T** is semi-R-bounded (with the same constant).

Proof. The proofs of (i) and (iii) are similar. For (i) suppose 11,...,7,, € 7 and
that 7 has R-boundedness constant one. Let Q = {—1,1}" with P normalized
counting measure on ). Let ¢, be the sequence of coordinate maps on ). Let
Rad (€2; X) be the subspace of Ly(€2,P; X) generated by the functions ¢, ® x for
1 <k <nand 2z € X (this space is isomorphic to X™). Then Rad (£2; X**)
can be identified naturally with a subspace of Rad (Q2; X)**. Consider the map

T : Rad (Q; X) — Rad (€; X) defined by

T (Z€k ®Z‘k> = ZEk ®Tkxk

k=1 k=1

Then | T|| <1 and so ||T**|| < 1 and (i) follows.
Let us now prove (ii). Suppose 7 is WR-bounded with constant one and

Ty,...,T, € T. Suppose x7, ...,z € X* are such that
1
2\ 2
<1

n

E le'z

k=1

Then, using the identification of Rad (€2, X**) as the bidual of Rad (€2, X) we

E

observe that the set of functions of the form Y ,_, ez in Rad (€, X**) such that
> T« < 1
k=1

is weak*-closed and contains the unit ball of Rad (€2, X). By Goldstine’s theorem

it contains the unit ball of Rad (2, X**) and this implies that 7* is WR-bounded

with constant one. O
15



Now it is time to give an example of a family of operators that is uniformly
bounded but not WR-bounded. The previous lemma will imply that the corre-
sponding dual family is semi-R-bounded but not WR-~bounded.

FEzample. Let X = /,,1 < p < 2. Pick any non-zero element x € X and choose
u* € X* of norm one such that u*(z) # 0. Define T}, = u* ® e, where (ej) is the
canonical basis of X. The family {7}} is uniformly bounded, ||7%| = 1, but we will

show that it is not wR-bounded. Consider the dual basis (e}) in (¢,)*. Then

Z| T, ef) |—Z| P)er,€f) | = nlu’(2) (17)

On the other hand, we have

[NIES

1
n 2\ 2 2

E €T

k=1

n

g €xer,

k=1

E E = ||x||n%n1/q (1.8)

Here ¢ satisfies 1/p+1/q = 1. If p < 2 then ¢ > 2 and %—l—l/q <l,soforl1 <p<2
the family {7} can not be wR-bounded.

We have T} = e;* ® u* on X* = ¢, where 2 < ¢ < oo. Consider ¢ # oco. Since
by reflexivity 7;* = T} and using 1.2.4 we see that {7}} is not WR-bounded.

However, X* has type 2 and hence {7}} is semi-R-bounded by 1.2.1.

1.3 The main results

Suppose X is any Banach space. We shall say that a sequence 7 = (T})%2, is an
approzimating sequence if limy,_ o, ||z — Trx|| = 0 for every x € X. We will say that
7 is compact (relatively, weakly compact) if each T} is compact (relatively, weakly

compact). We will say that 7 is commuting if we have T, T; = T)T}, for I,k € N.
16



If 7 is a commuting approximating sequence, let us define the subspace E7 of

X* to be the closed linear span of U7} (X*). The following Lemma is trivial.

Lemma 1.3.1. If T is a commuting approximating sequence then Er is a norming

subspace of X*, i.e. for some C'" we have

[z <€ sup [a"(z)] zeX

$*€BET
and T is weakly compact, lim,, o T z* = x* weakly for x* € E7.

(T | g, )52, is an approxzimating sequence for Er.

Let us recall that a Banach space X has property (V') of Pelczynski if every
unconditionally converging operator 1" : X — Y is weakly compact. The spaces
C(K) have property (V) [42] and more generally any C*-algebra has property (V)
[44]. The disk algebra A(D) also has property (V) [33], [17]; see also [49]. We also
recall that a Banach space X is said to have property (V*) if whenever (z,,) is a

bounded sequence in X then either:
(i) (z,) has a subsequence which is weakly Cauchy, or

(ii) (z,) has a subsequence (y,) such that for some sequence (y) in X* and § > 0

we have |y (y,)| > 0 and

n

Z kY

k=1

< max |ay| ay,...,a, € C, neN.
1<k<n

Property (V*) was introduced by Petezyniski [42]. We note that Bombal [8] shows
that every Banach lattice not containing ¢y has property (V*). Any subspace of a

space with property (V*) also has property (V*).
17



Lemma 1.3.2. Let X,Y be Banach spaces and let T = (T})52, be any sequence
of operators in L(X,Y). Suppose either (i) T is semi-R-bounded or (ii) T is WR-
bounded and Y has property (V*). Then for every x € X the sequence (Trx)52,

has a weakly Cauchy subsequence.

Proof. If not, by passing to a subsequence we can suppose (1x)72, is equivalent
to the canonical ¢;-basis ([48], [41]). If T is semi-R-bounded we observe that for

some C' we have

1

2

n
§C<Z|ak|2> |||,  ai,...,a, € C, neN.
k=1

This gives a contradiction.

n

E ekakax

k=1

E

In case (ii), we can pass to a subsequence and assume the existence of y* € Y*
such that

< max |a| ai,...,a, € C, neN
1<k<n

n
*
E arYy,
k=1

and |y (Tx,)| > 6 > 0 for all n. Then

nd <Y |yi(Ti))|

k=1
1 1
n 2\ 2 n 2\ 2
<CI|E Z €LT E Z €LYy
k=1 k=1
< Cy/n.
This also yields a contradiction. ]

Theorem 1.3.3. Let X be a Banach space with a commuting weakly compact
approximating sequence T . Suppose either that (i) T is semi-R-bounded and X is
weakly sequentially complete or (ii) T is WR-bounded and X has property (V*).

Then X is isomorphic to a dual space.
18



Proof. In either case we consider the family 7 C L(X**, X). By Lemma 4.2
for each 2 € X™ we can find a subsequence T}*2** so that Tj*(z**) is weakly

convergent to some y € X. Then for z* € X*

*(Tyy) = lim (TR T"2™) = lim «*(T,, 1 ™)

so that Tpy = Tp*x**. Hence limy_, ||y — Ty 2™ = 0.

We now show that E3 can be identified with X. Clearly X canonically embeds
in B3 since Er is norming. If f* € EX then by the Hahn-Banach theorem there
exists ** € X™ with ||z*|| = ||f*|| and z**(z*) = f*(a*) for z* € Er. Let

y = limy_, o T3 x**. Then for 2* € Er,

#(y) = Jim o (T7) = Jim 2™ (Tia") = ()

k—o0

Hence B7 = X. ]

Theorem 1.3.4. The space L1(0,1) does not have a commuting weakly compact

approximating sequence which is either semi-R-bounded or WR-bounded.

Proof. Ly is not a dual space [56]. O
Of course a semi-R-bounded sequence in L; is actually R-bounded.

Theorem 1.3.5. Let X be a separable Banach space with property (V). If X has a
commuting weakly compact approximating sequence (T,,)°2; which is WR-bounded,
then X* s separable and has a WR-bounded commuting weakly compact approxi-

mating Sequence.

Proof. Since X has (V), it follows that X* has property (V*). We show that

lim,, o T 2% = o* weakly for 2* € X*. Indeed Tx* converges weak” to x* and
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it must have a weakly convergent subsequence by Lemma 4.2. Hence x* € Er so
X* = Er. Now T;(Bx-) is weakly compact by Gantmacher’s theorem also and
weak*-metrizable, hence norm separable. Thus X* is separable, and so by Mazur’s
theorem and a diagonal argument we can find a sequence of convex combinations

(Sk)ee, of (TF)o°, which is an approximating sequence. O

Corollary 1.3.6. If K is an uncountable compact metric space then C(K) has no
WR-bounded commuting weakly compact approximating sequence. The disk algebra

has no WR-bounded weakly compact approximating sequence.

We now consider C'(K) when K is countable. In this case C'(K) is homeo-
morphic to a space C(a) = C([1,a]) where « is a countable ordinal. There is a

characterization of such C'(K') due to Bessaga and Petczynski [7].

Theorem 1.3.7 (Bessaga-Pelczynski). If a < 3,C(w® - k) is isomorphic to
C(w?-n) if and only if B < a-w. Consequently, C(w*"), 0 < v < wy, is a com-
plete list of representatives of the isomorphism classes of C(K) for K a countable

compact metric space.

The following lemma can be obtained as an applications of ¢;-indices ([1], [9],
[10]). However, for convenience of the reader we will give a direct proof by con-

struction.

Lemma 1.3.8. Let « be a countable ordinal with o« > w*“. Then there exists f €
C(a)™ so that whenever f, € C(a) converges to f € C(a)™ weak* then for any

m € N there exist ny,...,n,, € N such that

m

Z ekfnk

k=1

E%m eg.==x1, k=1,2,...,m.
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Proof. In this case C(a)™ can be identified with (o («). It is easy to see that it
suffices to consider the case o = w".

Consider f € X** defined by f(3n  wkly) = (—1)Zi0k and f(w*) = 1.
Writing K for the space [1,w*] let K (?) denote the p—th derived set of K. Then
K@) consists of all ordinals of the form ZZZP w¥l;, together with w*. For each p € N,
K®) is nonempty. Furthermore for each o € K® and every open neighborhood V'
of a we have that f takes both values £1 on V N K@D,

Let f, € C(K) be any sequence such that (f,) converges to f weak*.

Fix 0 < § < 1 and m € N. We construct (f,,, ..., fn,.) inductively. We start
from K. By definition of f we can pick al,ad € K™ such that flaj) = (=1)
for j = 1,2. Then find n; € N such that |f,, (o) — (=1)7| < 4. Since f,, is
continuous we can choose open neighborhoods U} of o} such that | f,, (o) —(=1)’| <

d for all o € Ujl.

. . k k
For the inductive step, suppose that (n;)5_;, (a¥)?_, and open sets (Uf)i_,
have been chosen so that af € UF. Then for i = 1,...,2" find points abtl bt e

UF N KM=k with f(ajf’“) = (—1). By pointwise convergence, we can select

Np41 > Ny, such that |fnk+1(a§+1) — (—1)’| < 4. Since fy,.,, is continuous, there are
neighborhoods UZJZII, UQki+1 C UF,i=1,...,2% such that for all o € Uf“ we have
|fnk+1 (a) - (_1)j| <.

In the m-th iteration this will give 2™ neighborhoods and m functions f,,, ..., fu.

so that for any €y, ..., €, € {—1,+1} there is an « contained in one of these neigh-
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borhoods such that |fi(a) — €| < 0 for all k =1,...,m. Hence

I3l = (1= d)m.
k=1
]

Theorem 1.3.9. Let K be a compact metric space. Suppose there is an R-bounded
commuting weakly compact approzimating sequence in C(K). Then C(K) is iso-

morphic to cy.

Proof. By Corollary 1.3.6 we need only consider the case when K is countable. By
Theorem 1.3.7 it suffices to consider the case when K = [1, a] where a > w®. Pick
f € C(K)** satisfying the hypotheses of Lemma 1.3.8.

Suppose (7},) is an R-bounded weakly compact approximating sequence for

C(K). Then (T}) is an approximating sequence for C'(K)* by Theorem 1.3.5 and

hence T7** f converges to f weak*. It follows that for any m we can choose nq, ..., n,
so that
Z e, fll = %m €, = £1
k=1
Hence
m 2\ 2
E\> el f > im.
k=1
This contradicts the fact that T}, is R-bounded (or even semi-R-bounded). [

Remark. We can replace the assumption of R-boundedness by the assumption
that (7},) and (T)}) are both semi-R-bounded. By Theorem 1.2.2 this hypothesis
would imply that (77¢) is actually R-bounded and hence that (7,,) is WR-bounded.

We only used the fact that (7},) is both semi-R-bounded and WR-bounded.
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Let us conclude by stating our main result with respect to semigroups. (Actu-

ally our results are somewhat stronger than stated below.)

Theorem 1.3.10. Let X be a separable Banach space with an R-bounded strongly

continuous semigroup (1;)i=o consisting of weakly compact operators. Then if

1. X = Ly(p) for some measure p then X is isomorphic to ¢y (i.e. p is purely

atomic).

2. X = C(K) then X is isomorphic to cy.
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Chapter 2

Real interpolation of domains of
sectorial operators on L)-spaces

2.1 Introduction

This chapter is based on joint work with L. Weis.

Let A be a sectorial operator on a non-atomic L,-space, 1 < p < oo, whose
resolvent consists of integral operators, or more generally, has a diffuse representa-
tion. Then the fractional domain spaces D(A*) for a € (0, 1) do not coincide with
the real interpolation spaces of (L,, D(A)). As a consequence, we obtain that no
such operator A has a bounded H°-calculus if p = 1.

It is not uncommon that properties of the Laplace operator extend to a sectorial

operator A which satisfies a pointwise kernel bound of the kind

O+ A) )] < /kx(u,v)|f(v)|dv, wER" (2.1)

Q
for f € L, and X in a sector about R,. Here, k) is the kernel of (A — A)~! or a
more general Poisson bound. In the case of 1 < ¢ < oo, (2.1) implies that (—A)
has maximal L,-regularity for 1 < p < oo (see e.g. [27], [35, section 5] ), or that A

has a H*-functional calculus on L, if A has one on Ly ( [23], [35, section 5]). In

27



this paper we exhibit two more examples of such phenomena.

It is well known that Laplace operator on L;(R") does not have a bounded
H>-calculus. In Corollary 2.3.3 we show that if q=1 then (2.1) implies that A
does not have a bounded H®-functional calculus. This is still true if k, is the
kernel of any positive integral operator on L;(Q) or if (A + A)~! has a "diffuse
representation” (see the definition below). If (—A) generates a weakly compact
semigroup this result is already contained in [28]. It seems remarkable that the
very same estimate (2.1) that guarantees the boundedness of the H>-calculus in
so many cases if ¢ € (1,00), absolutely excludes it if ¢ = 1.

It is also well known that for A on L,(R"),1 < ¢ < 00,q # 2 the fractional
domains D((1 — A)*) are isomorphic to the Bessel potential spaces W>*(R"). So
they do not coincide with the real interpolation spaces (L,, D(A)),, which are
isomorphic to the Besov potential spaces Bgf;(R") (of course, they are the same for
q=2). In Theorem 3.1 we will show that (2.1) implies such a result for any sectorial

operator A on L, with 0 € p(A) and 1 < ¢ < oo, ¢ # 2, ie.

D(A%) # (Ly, D(A))ar, 0<a<1

Again, it is enough that k, is the kernel of a positive integral operator on L,(€2),
or that (A + A)~! has a diffuse representation. If we assume in addition that A
has bounded imaginary powers it follows that the complex and real interpolation
methods yield different results for the interpolation pair (L,, D(A)) (see Corollary
2.3.2).

Let us recall now some definitions. A closed operator A with domain D(A) is
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called sectorial of type w if the spectrum o(A) is contained in a sector {z € C :
larg(z)| < w} U{0} and we have |[AR(X, A)|| < C,, for |arg(\)| > w. We will write
p(A) = C\o(A) for the resolvent set of A and R(\, A) for the resolvent at A € p(A).
Suppose that A is a sectorial operator of type w and f is a holomorphic function
on ¥, where 0 > w. Given that f satisfies the condition f626 |f()\)||—/1\||d)\| < 00,

we can define

F(A) = / FOORWN AN, w<d<o

0%

We say that A has bounded H>(%,)-functional calculus if the map f — f(A) can
be extended to a bounded map from the space H*(%,) of bounded holomorphic
functions on ¥, to the space of bounded linear operators on X (see [32] for details).

For the definition of fractional powers in terms of the H>-calculus see e.g. [35]
and if 0 € p(A) see also [52]. A sectorial operator A has bounded imaginary powers
if A=% for t € R define bounded operators on X. Clearly, a bounded H>-calculus
implies bounded imaginary powers.

For the most part we consider L,-spaces on o-finite non-atomic measure spaces
(R,B,m) and (2, %, 11). We recall that a bounded operator 17" on L, is positive if
the image of every non-negative function is again a non-negative function. If an
operator can be split into a difference of two positive operators then it is called reg-
ular. Regular operators between L, spaces have a particularly useful representation
(see [30, 54, 50]). Given a regular operator 1" : L,(K,m) — L,(€, p) there is a

family of regular Borel measures (v, (z)),eq on K such that for every f € L,(K,m)
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we have
T = [ f@an@)  p-ae

Note that if all measures v, are absolutely continuous with respect to m then

by the Radon-Nikodym theorem we obtain classical integral operators,

Tf(y) = / f@k(y.2)dm(z),  k(y,") = dv,/dm

In case that all measures v, are non-atomic we say that the operator has a

diffuse representation.

While resolvents of second order elliptic operators are typically classical integral
operators, the resolvents of first order differential operators have usually a diffuse
representation. As an example, consider the operator A : D(A) D L;(R?) —

L,(R?) given by

Af(xy,m2) = %f(l’ha?z)

Its resolvent
(R(AN) f)(xy, 22) = /OOO e Mz +t,as)dl
has representing measure
M(Azl,zz) =), ® b,
where d,, is the Dirac measure and dn)| = X[z, o0)(t)e """ dt. Therefore, R(A, \)

is not an integral operator but has a diffuse representation. However, given a diffuse

operator 1" we can always pass to a sub-c-algebra for which 7" is integral [55].
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2.2 Preliminary results

The following lemma is a vector-valued version of a classical result about uniform

integrability in L;.

Lemma 2.2.1. Let X be a Banach space and T be an isomorphic embedding from
X into L,(X) (1 < p < o0). Assume that for some subspace Y C X the set
{IITy@)|% = yve€Y, |yllx =1} is not uniformly integrable as a subset of L;.

Then there ezist a sequence (y,) in'Y isomorphic to a unit vector basis of ,.

Proof. Since {||Ty(t)|I% : v €Y, |yllx =1} is not uniformly integrable in L,
we can find a sequence (y,) in Y with |ly,| < 1 such that [ ||Ty,(¢)|%dt =1 and
| Tyn(t)|[5y — 0(n — oo) almost everywhere. To see this, assume the contrary,
i.e. every sequence from T'(Y') converging to zero almost everywhere is converging
to zero in L,(X)-norm. Then for all 0 < ¢ < p there exists C' > 0 such that

S Ty@)||Pdt < C [||Ty(t)||9dt for all y € Y . Hence, we have

lim sup ( / ITy(0)[P dt) 7

M= ||y|=1
Iy ()| >0
<Ctim sup ([ |Tyo)de
M=20 |y|=1
1Ty (8)|>M
< C lim sup (/ | Ty(t)||P M dt)l/p -0
M=o |1y =1

This contradicts the fact that {||[Ty(t)[[% : v €Y, |ylx =1} is not uniformly

integrable in L.

For convenience define f,,(t) = ||Tyn(t)||%. Then (f,) are functions in L, of

norm one. We will use a subsequence splitting lemma.
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Lemma 2.2.2. [29] If (f,) is a sequence in the unit ball of L, then there exist
a subsequence (f,,) and disjoint sets (Ay) with their complements By, such that

foilB, are uniformly integrable.

Since the sequence (f,, |p,) is uniformly integrable and still goes to zero almost
everywhere when £ is approaching infinity we get that f,, |5, goes to zero in L;-
norm. S0 f,,|a, is bounded in norm from below. Now Ty, = Tyn, |, + TYn,| A,
where ||Tyn, |aullz,(x) = |lfnelaellz, is bounded from below. Thus the sequence
(T'Yn, | 4, ) 1s isomorphic to the unit vector basis of I, since it has disjoint support

and bounded from below in L,(X). On the other hand

”Tynk - Tynk|AkHLp(X) = ||Tynk|Bk||Lp(X) = ||fnk|Bk||Ll —0 (k - OO)

It follows by perturbation of basis that some subsequence of (T'y,, ) is equivalent to
the unit vector basis of I,. Denote this subsequence again by (T'y,,). Then (y,, )

is also equivalent to the unit vector basis of [, since 7" is an isomorphism. O]

The next proposition is related to a result in [32]. The expression appearing in
the statement will be applied to the setting of interpolation spaces between X and

D(A).

Proposition 2.2.3. Suppose X is a Banach space and A is a sectorial operator
on X. Assume there is a constant C' >0, 1 < p < oo and « € (0,1) such that for

every x € X

0
CH )z < (/ I[t|* P A% R(t, Az |[Pdt)? < O] (2.2)
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Then if Y is an infinite-dimensional closed subspace of D(A) (with a graph norm)

and Y does not contain a copy of l, then A is bounded on'Y .
Proof. We will consider an operator 7" : X — L,(R_,dt, X) given by
Tx(t) = |t|* YPA“R(t, A)x

It follows from (2.2) that 7" is an isomorphic embedding. Since o < 1 we can find
a natural number m such that a < (m —1)/m. Fix s < 0. Then R(s, A) maps
X isomorphically onto D(A) (with a graph norm). Let Yy = R(s, A)~'Y. Then
Y} is an infinite-dimensional subspace of X that does not contain a copy of {,. By
lemma 2.2.1 the set {||Ty(t)|%s : v € Yo, |lyllx = 1} is uniformly integrable.
The operator A“R(s, A) has a lower bound on Yj since otherwise, there would
exist a sequence y, in Yy of elements of norm one such that ||[A“R(s, A)y,|| — 0.

However, the resolvent equation yields for any ¢ < 0
A*R(t, A)y, = A°R(s, A)yn + (s —t)R(t, A)(A“R(s, A)yn)

Therefore [|A*R(t, A)yn|| — 0 pointwise. Now by uniform integrability and 2.2, we
have ||y, || — 0 which gives a contradiction.

The operator A“R(s, A) is an isomorphism on Y. Thus the subspace Y =
A*R(s, A)(Yy) does not contain a copy of [, and by the same argument we get
that A“R(s, A) is bounded from below on Y;. This gives us a lower bound for the
operator A**R(s, A)? on Y. Repeating the same procedure m times we get that
the operator A™*R(s, A)™ is bounded from below on Y, by some constant C' > 0.

It follows from the boundedness of the operator A R(s, A)™ ! (o < (m—1)/m)
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and the simple computation
Cliyoll < [[A™*R(s, A)"yoll < [A™*R(s, A)" || |1R(s, A)yoll - o € Yo
that the resolvent R(s, A) is bounded from below on Yj.
Now we see that A is bounded on Y = R(s, A)Yy. Take any y in Y and find y
in Yp such that y = R(s, A)yy. Then
[Ay[l < IAR(s, Al [|yoll
< (1/C)IAR(s, A)|| |A™R(s, A)" || IR (s, A)yoll
= Cilly||

]

Remark 2.2.4. The proposition cannot be applied for p = 2. In this case X is
isomorphic to Ly(R_, dt, X'). Thus there is no subspace in X and hence in D(A)
which does not contain a copy of Is.

We assume that zero is contained in the resolvent set, then (—oo,0] C p(A) and
we have an estimate ||R(t, A)|| < 1f|t| for all t € (—o0,0]. This allows us to apply

a theorem from [52] which yields that an equivalent norm on the real interpolation

space (X,D(A))q,p for 0 <a <1 and 1 <p < oois given by

. L odt
ol 0., = ([ 1A+ 8l 23)
for x € (X, D(A))ap.

In [32] it was shown that if A has an H*-calculus on L; then

ez, ~ / 14°R(r, A)a) <



Formula 2.3 allows us to reformulate this statement as follows.

Proposition 2.2.5. If A has a bounded H*-calculus on Ly (2, i) then (L1, D(A))a1 =

D(A)™ with equivalence of norms for 0 < a < 1.

2.3 Main results

In general we have the following inclusions between the domain D(A®) of a frac-

tional power of A and real interpolation spaces (X, D(A))a1 and (X, D(A))a 00

(X, D(A))a1 € D(AY) C (X, D(A))g.00-

If a sectorial operator A has a bounded H-calculus on X = Ly(&, B, m) then we
have D(A%) = (X,D(A))q,2. This result can be found in [?]. As we will see now

this statement is wrong for L, with ¢ # 2.

Theorem 2.3.1. Let A be a sectorial operator on L,(R,B,m) for a non-atomic
measure space (R, B,m) and 1 < q < co,q # 2. Assume that 0 € p(A) and there
exists s < 0 such that R(s,A) is a reqular operator with a diffuse representation.

Then for any o € (0,1) and 1 <p < o0

D(A®) # (Lg, D(A))ap

Proof. We will assume that D(A%) = (L,, D(A®))a,, and derive a contradiction.

It follows from [52] that there exists a constant C' > 0 such that for any y €
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(Lg, D(A))q,, we have

T ot
([ A+ 7P < ol oo,
0
@ ! dt 1/
< O [ A+ )y
0

Since D(A%) = (L4, D(A))q,p, we obtain for any y € D(A®) that the quantities
A%y, |lyllpcaey, and [|yl|(z,,D(4))a, are equivalent.
Pick z from the range of A* and take y € D(A%) such that x = A%y. Then
using THtO‘A(A—i—t)_lA_O‘pr% = f ||[t]e—1 /P At = R(t, A)x||Pdt we obtain for some
0 ~

[e.9]

suitable constant C' > 0 that
0
C [ e 2 A= Rt Ayl < ol amm
0
<o / [P A R(t, A)e|Pde)»

The range of A* is dense in L, (R, B, m) and therefore condition (2.2) is fulfilled.
We will use Proposition 2.2.3. Since the resolvent R(s, A) is a regular operator
with a diffuse representation there is a non-atomic sub o-algebra 8B, of B such
that R(s, A)|L,(x,3,,m) i a compact operator ([54]). Let Y} be a closed infinite-
dimensional subspace of L (8,1, m) which does not contain a copy of [,, for
instance, take the span of a sequence equivalent to the Rademacher functions.
Consider Y = R(s, A)Y;. Since R(s, A) is an isomorphism from L,(RK, B, m) onto
D(A) (with the graph norm), Y is a closed infinite-dimensional subspace of D(A)

and does not contain [,. By Proposition 2.2.3 A is bounded on Y and therefore
36



sI — A is also bounded on Y. We consider the bounded operator

T (D(A), |l.l4) — Ly(&,B,m), J=R(s, A)(s] — A)

Then J(Y) =Y. On the other hand, J|y = R(s, A)(s] — A)ly = R(s,A)|y, is a
compact operator since Y; C L (R, By, m). This is impossible since J is onto Y

and Y is infinite-dimensional. We hence obtain a contradiction. O]

It is well known that if A has bounded imaginary powers on X then D(A%)
coincides with the complex interpolation spaces [ X, D(A)]* = D(A)* (see e.g. [35]

[52]). Hence our theorem implies

Corollary 2.3.2. Assume in addition to the assumption of Theorem 2.3.1 that A

has bounded imaginary powers. Then

(Lp; D(A))ap 7 [Lyp, D(A)]a

for all1 <p < oo and o € (0,1).

Our next results will show that no reasonable differential operator on Ly (€2, u)

can have a bounded H°-calculus.

Corollary 2.3.3. Let A be a sectorial operator on Ly(€, 3, ). Assume there is a
point A € p(A) such that the resolvent R(\, A) has a diffuse representation. Then

A does not have a bounded H*-calculus.

Proof. Combine Proposition 2.2.5 and Theorem 2.3.1 noticing that all operators

on L, are regular. N
37



For a variant of our assumption recall the Sobolev spaces defined for s € R and

1<p<o0as
H={ueS : |F {1+ E*)"*Ful@)}, < oo.

where F : &' — &’ denotes the Fourier transform for tempered distributions (see

[51, [52])-

Corollary 2.3.4. Let Q0 C R"™ with piecewise smooth boundary. Suppose that
A L1(2) D D(A) — L1(Q) is a sectorial operator such that D(A) C H{(Q2) for

some s > 0. Then A does not have an H>®-calculus.

Proof. To apply Theorem 2.3.3 we need to show that R(A, A) has a diffuse rep-
resentation for some A € p(A). Pick any A € p(A4). Then by Sobolev’s theorem
we have a continuous inclusion Hj(€2) — L,(f2) for some p > 1. Hence, for any
bounded set U C 2 with piecewise smooth boundary we obtain that yyR(A, A)

factors through L, (U),
XUR()“A) S
Li(Q) "= D(A) N L(U) — H{(U) = Ly(U) — Li(V).

Consequently, xyR(\, A) is a weakly compact operator. Notice that pu(U) is finite.
Therefore, xyR(A, A) is an integral operator [20]. This argument works for all
bounded U C 2 with piecewise smooth boundary and thus R(\, A) has a diffuse

representation. According to Corollary 2.3.3, A does not have an H*-calculus. [
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Chapter 3

Rademacher bounded families of
operators on [

3.1 Introduction

Recall that a closed operator A on a Banach space X is called sectorial if
e The domain D(A) and range R(A) are dense,
e A is one-to-one
e The spectrum o(A) is contained in a sector ¥, = {( : |arg (| < w}.

e The resolvent R((, A) satisfies the estimate

ICR(C, A)|| < Co, larg(¢)] = ¢
whenever w < ¢ < 7.

If w < 7 than the operator —A generates a bounded analytic semigroup, T;, =
e %4 u € [0,1]. Conversely if —A is the generator of a bounded analytic semigroup
then A is sectorial, provided it is one-one with w < 7/2.

A is called R-sectorial with angle of R-sectoriality wp = wg(A) if for every

¢ > wg the collection of operators {R((, A) : |arg(| > ¢} is R-bounded. We recall
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here that a collection of operators 7 on a Banach space X is called R-bounded if

there is a constant C' so that

B eTims )2 < CEND ejaD'? a,.oxn€X, T, T €T,

j=1 j=1

Here (g;)32, is a sequence of independent Rademacher functions. R-sectoriality has
become a very important property for sectorial operators because of the theorem of
Weis [53] which shows that in a Banach space with (UMD) this property is closely
related to maximal regularity.

This note is concerned with the structure of R-sectorial operators on the Banach
space L1 = L(K, \) where K is a Polish space and \ is a nonatomic o—finite Borel
measure. All such spaces are isometric to Ly = L]0, 1], and so we will assume that
K is a compact metric space and A is a probability measure.

If A is a sectorial operator on L; which has H*-calculus (for some angle) then
A is R-sectorial (for some angle). We refer to [32] for the definition and discussion
of the H*—calculus. In [32] it was shown that if A has an H*—calculus then A
is bounded on any reflexive subspace of D(A) (with the graph norm); this had the
implication there are very few examples of sectorial operators with an H*°—calculus
on L and in particular essentially no reasonable differential operator can have this
property. In [28] it was shown that there are no R-bounded strongly continuous
semigroups on L consisting of weakly compact operators; it also follows from the
results of [28] that if A is an R-sectorial operator on L; then the resolvent R((, A)

can never be a weakly compact operator.
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The simplest example of a sectorial operator on L (K, A) which has an H*—calculus

and hence is R-sectorial is the operator

where b > 0 a.e. and with domain

D) ={7: [17x) < o0}

Note here that the domain is very large indeed; in fact for any € > 0 we can find a
Borel set B with \(B) > 1 — e and such that L;(B) C D(A). Of course one can get
further examples by considering A’ = UAU~! for U any invertible operator with
D(A') = U(D(A)).

In this note, we show that this example is typical. Precisely we show that if
A is R-sectorial and € > 0 then there is an invertible operator U : L; — L; with
|U—1I|| < e such that for some positive Borel function w we have U(D(A)) D Ly (w).

This improves both the results of [28] and [32].
3.2 Operators on L,

Let K be a compact metric space and suppose A is a probability measure on K.
We will utilize the so-called random measure representation of operators on L,
developed in [30], [24] and [54].

A random measure on K is a map s — p, from K into M(K') which is Borel

for the weak*-topology on M(K). If the random measure satisfies the condition

/ lus|(B)dA(s) < CA(B) B eB (3.1)
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then it induces a bounded operator T : Li(A\) — Li(A) given by the formula

Tf(s) = /Kf(t)d,us(t) A —a.e. (3.2)

and then ||| < C.

Conversely every bounded linear operator T : Li(A) — L;(A) has an essentially
unique random measure representation and ||| is the least constant C' so that
(3.1) holds.

We may also associate to T a unique measure py on K x K given by

o) = [ ([ anmlo) i ae s <)

Thus

pr(Ax B) = / Txpd\.
A

The map T' — pr maps £(L;) onto an order-ideal in M(K x K) consisting of

all measures p such that
Ip|(A x B) < CA(B), A,B € B(K x K).

The space L(L,(K, \)) is a complex Banach lattice and it is easily checked that
if '€ L(L;1) then il = lnr| (M-a.e.) and that pip = |pr|. Since it is a Banach
lattice we can define as usual an operator (3_7_, T;[2)2 for any T3,...,T, € X.

The following result is implicitly contained in ideas of [30], and more explicitly

in [31] :

Proposition 3.2.1. LetT,, : Ly — Ly be a uniformly bounded sequence of operators

such that im,,_. ||pr,|| = 0. Then given any € > 0 there is a Borel subset B of K
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with A\(B) > 1 —€ and n € N so that we have

1T fl < ellfll f € Li(B).

Proof. Consider the measures on K given by
vn(A) = |pr, [(A X K).

Then v, is absolutely continuous with respect to A. Let w,, be the Radon-Nikodym
derivatives. Then
/wnd)\ = |pr,|[(K x K) — 0.
Therefore, w,, — 0 in measure. Hence there exists n € N and B with A\(B) > 1—¢
so that |w,| < € on B.
However

1Tl = llwn oo

This follows from ||'T,|| = sup,p)=o %, vn(B) = [ w, dX, and v,(B) = |pr, |(Bx

= [ XBxx dlul|(t) = [i lnI|(

If f € Li(B) we have

IMNSLKWﬂWMMKAﬁ@m$W@S¢N

If T € L(L;) then we can write s as given in (3.2) in the form
s = a(s)ds + A — a.e.

where p’{s} =0 A—a.e. and a is a bounded Borel function. (See for example [30]).

Thus

17 =a@f o)+ [ FOd0  A-ac



If we define the diagonal part of T" by

then prr is the restriction of pr to the diagonal subset A = {(s,s) : s € K}.

Thus
pr(r)(B) = pr(BNA).
Theorem 3.2.2. Let T be a family of operators in L(Lq). Then the following are

equivalent:

(1) T is R—bounded.

(i) {(327_, a3|T5] )12 > lai? < 1,7 € T,n € N} is uniformly bounded.

Proof. Assume 7 is R-bounded so that

E| Y Tzl < ME| Y e
=1 =1
forany Ty,...,7T, € T and x1,...,x, € X. Suppose 11,...T,, € T and aq,...,a, €

C are such that Z?:l laj|* < 1. Then, by Khintchine’s inequality for lattices,

n

O Ja; PITy%)2

J=1

GJGJT |

where C' is an absolute constant.
Now choose any sequence of partitions A, = (A,;) ;V:’"l so that each A,, 1 refines

A, and

lim sup diamA4,,; =0.

Then for any positive function f € Ly (K, ) and any T' € L(L;(K,\)) we have

TIf = lim » [T(fxa,)l  A-ae
j=1
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Thus

|§:%%ﬂwzlmlz]§:%%ﬂfX%M A—a.e.
j=1 k=1

Now by R-boundedness

5[ 3 T, A = > ) > (x|
7j=1 = J=1
< MZEH ZﬁlcakfXAmJ |
7j=1
< M<Z Bk Z 1 X s |
k=1 j=1

< M|[f]I

It follows from Fatou’s Lemma that

Bl earTi| < M

k=1

and hence

Z\ak| IT,%)z | < CM.

Now let us prove that (i) = (i). First suppose f € Li(K, \) is positive and

Ty, ..., T, € L(Li(K,))). Then if ay,...,a, >0 and a? + --- + a2 = 1 we have

Z%!T\f< Z|T| )2 f.

Now the least upper bound of the left hand-side over all choices of aq,...,a, is

(Z?:1(|T]|f)2)% and so

1\3\»—‘

Q_(T1£)) Zm )2 f.
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Let from our assumption (ii) there is a constant M so that
n
1
IQ PGP <M Ty T e T, a4+ e = 1.
j=1

Suppose f € Ly and T3,...,T, € T.

Then
E Y eaTifll < I a7 1)2]]
o j=1
& 1
<N la PUTID)2
j=1
- 1
< las PIT)2 1A
j=1
< M|/ f]l-
Now by Theorem 2.2 of [28] this means 7 is R-bounded. O

Proposition 3.2.3. Suppose T is an R-bounded family of operators on Li(K,\).
Then the family of measures {pr : T € T} is relatively weakly compact in M(K X

K).
Proof. Note that if Ty,...,T,, € T then

- 1
| max [Tl < |Q 1Tul?)2 | < Mn'/?
k=1

1<k<n

where
1
M =swp{| Y I, PIT P T e T, Y P < 1}
j=1 j=1
which is finite by Theorem 3.2.2. The maximum here is computed in the lattice

L(L)).
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Hence

1
I e lom | sy < M.

Assume the set {pr : T € T} is not relatively weakly compact. Then by
Dieudonne-Grothendieck characterization [18] there is a § > 0, a sequence (T)}_,

and a sequence of disjoint open sets Uy, in K x K so that pr, (Ux) > 0 for all k.

Then
Il max |on [ llsexr) ;ka(Uk) >on  n=12...
=1
which gives a contradiction. O

3.3 Applications to sectorial operators

Now we will give some applications of this theorem to sectorial operators.

Proposition 3.3.1. If A is R-sectorial and wr(A) < 7/2 then {e7'4: 0 < t < oo}
1s an R-bounded semigroup. Conversely if A is sectorial and —A generates an
R-bounded semigroup then A is R-sectorial with wr(A) < /2.

If —A is a sectorial operator which generates a semigroup {e=*4: 0 <t < oo}
with the property that {e=*4 : 0 < t < 1} is R-bounded then for any ¢ > 7/2 there

exists M so that the set {CR((, A) : |arg(C + M)| > ¢} is R-bounded.

Proof. These are simple deductions from the formulas:

R A) = [ cestetia
CR(C, A) /Oc«ee "
and

et (14 tA) = — [ (e (14 1) Y R(C, A)de

211 T,
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where I', is a contour of the form {|s|e®8" %) . —00 < s < oo} for any v with
v > w(A). Indeed, assuming that {e=4" : 0 < ¢t < oo} is R-bounded we fix some

angle 3 < ¢ < w. Then for any choice of numbers ¢; = riei with @; > o,

J =1,...,n we obtain

- L % rie’ J — 1
IS ¢ RG, Ay ) = EHZ [ e gy
j=1
<( EHZG@“"’J@“ s/ |2ds)
0

< C( / max|ese “|2ds) % EHZEJIJH %

1
(E| ZEJ%H )2

Therefore A is R-sectorial with sectoriality angle wg(A) < m/2. Similarly, it follows

|Cosg0|

that if A is R-sectorial and wg(A) < 7/2 then {e™* : 0 < t < oo} is R-bounded.

For the last statement suppose that C' is a constant such that

n
—t 1 1
(]l D ejea;)%)2 EHZ%%II )2
j=1

whenever z1,...,x, € X, 0<ty,...,t, < 1.

Then if m € N,
(Bl Y ez ™) < CK™(B] Y egasl®):
j=1 j=1
where K = ||e™4||. Now we show that the set {e"%e™* : 0 < t < 0o} is R-bounded

as long as e* > K. For x4, ...,z, € X and 0 < ty,...t,, < 0o we obtain

n
(Bl eje e ay]*)2 = EHZ > e e )
j=1

m=0 m<t;<m+1
© -~
<CY K" ™E| Y g a|?):
m=0 m<t;<m+1
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where 0 < fj < 1. By the contraction principle
n n
_i 1 s 1 1
Bl Y e bnl)t < pax e IENY el < @)Y eelP)?
m<t;<m+1 j=1 j=1

Since > °_, K™e "™ is finite for u > In K we obtain the claim. Consequently, the
set {ER(E,u+ A) : |arg| > ¢} is R-bounded.

Now for ( € C with |arg(¢ + M)| > ¢, M > u we can rewrite using £ — u = (,

CRC.A) = (€ — wR(E —u) = (€ — w)R(E, A+ u) = 5%“51%(5, At )

Since |%| < L the result follows quickly. O

It was shown in [32] that an operator with H*-calculus on L, is already R-
sectorial. Moreover, there are no R-bounded strongly continuous semigroups on Ly
consisting of weakly compact operators [28], and if — A generates a weakly compact
semigroup (e~%4) then the resolvents R(£, A) are necessarily weakly compact [54].
Now, in the case where A is a sectorial operator which generates an R-bounded
semigroup on Ly, we will go even further and show that the resolvents have a repre-
sentation quite unlike a weakly compact operator. Namely, they contain a multiple

of the identity on L.

Theorem 3.3.2. Suppose A is a sectorial operator on Ly(K,\). Assume that ei-
ther:

(i) A is R-sectorial for some angle w,

or (ii) —A is generator of a bounded semigroup such that {e=*4 : 0 < t < 1} is

R-bounded.
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Then there is a bounded function a(C, s) defined for s € K and |arg (| > w such

that

For each s € K the map ( — a((, s) is analytic.

For each ¢ the map s — a((, s) is Borel.

Ms: a(¢,s) =0} =0 for almost every (.

RG AV = a(C,)f(s) + /K fOdSt)  fel

where p${s} = 0.

Proof. We begin with the observation that, under either hypothesis, there exists
¢ < mand M < oo such that the set of operators {CR((, A) : |argd| > ¢, |(| > M}
is R-bounded. Hence again the set of measures {pr(c,a) : |arg¢| > ¢, |(| > M} is
relatively weakly compact.

Consider the map ¢ — TI(R((,A)) which is an analytic map from the set
S ={(: |arg(| > w} into L(L1). This induces an analytic map F' : § — Lo (K, \)

given by
I(R(¢, A))f = F(Q)f.

Let us show that we can choose representatives so that F'(¢)(s) = a(¢, s) where
a satisfies the first two conditions of the statement. Indeed let D be the unit disk
and let p : D — & be a conformal equivalence. Then F' o ¢ can be expanded

in a Taylor series around the origin and we may pick uniformly bounded Borel
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representatives b,, for the coefficients in the expansion so that

F(p(2))(s) = Y ba(s)z"  A—ae.
n=0
Let
a(C,8) =Y bal(s) (™ ()™
n=0
Assume that the third condition fails. Then by Fubini’s theorem there is a
subset B of K with A\(B) > 0 so that for each s € B the set {¢ : a(¢,s) = 0} has
positive planar measure. By analyticity, this implies a((,s) =0 for s € B.
However pp,44)-1 converges weakly to p; and hence so does pri(n(n+4)-1y. Thus
—na(—n, s) is weakly convergent to the constantly one function in L., (K, A). This

is a contradiction. O

The next theorem shows that if a sectorial operator generates an R-bounded
semigroup on L; then it is very similar to a bounded operator in the sense that its

domain is sufficiently large to contain generic Li-functions.

Theorem 3.3.3. Let A be a sectorial operator on Ly and assume that for some
¢ <mand M < oo the set {CR(¢,A) : |arg(| > ¢, |(| > M} is R-bounded. Then
for any € > 0 there is an invertible operator U : Ly — Ly with U — I|| < € and a

density function w > 0 a.e. such that Ly(w) C U~Y(D(A)).

Proof. According to Proposition 3.2.3 the set of measures pcg( ) for |arg(] >
o, |¢| > M is relatively weakly compact in M(K x K). The sequence (n(n +
A)™1),>n converges in the strong operator topology to the identity. Therefore,
Pr(n+a)-1 converges weak™ to pr in M(K x K) and hence converges weakly to p;

by weak compactness.
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Now by Proposition 3.2.1 we may find a sequence of convex combinations

(T)2, of (n(n + A)71),, and a sequence of Borel sets F,, C K such that

n=1»

AE,) >1—2""¢ and
[Tnf = fIl<27"€llfl f € La(En).
Let us put F} = E; and then F,, = E,, \ E,_; for n > 2. We define U : L1 — L; by
Uf = iTn(fXFn>-
n=1

Thus ||U —I|| < e. Observe that T, : L1 — D(A) and so AT, is a bounded operator
on Ll-

Define
n=1

and assume f € L;(w). Then

[AU(fxe)|l = [ATu(fxE,)

1< [ Ifhwat.

Fr

Hence Y 72 | AU(fxr,) converges and, since A is closed, U f € D(A). O

Typically, differential operators on finite domains have compact resolvents.
Therefore, they do not generate R-bounded semigroups [28]. In contrast, resol-
vents of differential operators on infinite domains are generally not compact. An
important example is the Laplacian A on L;(R™). It does not have a compact re-
solvent and is hence not covered by the theorem in [28]. Our corollary is addressing

this situation.

Corollary 3.3.4. Let Q0 C R"™ with piecewise smooth boundary. Suppose that

A Li(Q2) D D(A) — Li() is a sectorial operator such that D(A) is contained
o4



in a Sobolev space H{(SY) for some s > 0. Then A does not generate an R-bounded

SEMIGTOUP.

Proof. Assume the contrary, i.e. A generates an R-bounded semigroup. Then by
Sobolev’s theorem we have a continuous inclusion Hj(€2) — L, (2) for some p > 1.
Using 3.3.3 we obtain that there is a positive weight function w such that L;(€, w)

is isomorphically embedded in D(A) and thus in L,(£2). This is impossible. O
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Chapter 4

The absolute functional calculus

4.1 Maximal regularity

The concept of functional calculus for sectorial operators recently had significant
impact on the theory of evolution equations. Namely, the long open maximal
regularity problem [36] was solved using functional calculus techniques and Banach
space theory [32].

A sectorial operator A on a Banach space X has maximal L,-regularity if for
every f : Ry — X there exists a solution y € L,(Ry,D(A)) of the abstract

Cauchy equation
y'(t) + Ay(t) = f(t)

with the additional requirement that y' € L,(R, X).

The previous equation can be formally written as (B 4+ A)y = f where A, B
are the derivative operator and the extension (Af)(t) = A(f(t)). Therefore, the
maximal regularity problem is equivalent to finding conditions under which B + A
is a well-defined closed operator [32]. In this description, a key part of its solution

is the following result [32]. The term R-sectorial refers to the set {AR(A, A)} being

R-bounded (recall 1.1.1) outside a sector.
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Theorem 4.1.1. (Kalton and Weis, 2000) Suppose A and B are sectorial operators
such that A is H*-sectorial and B is R-sectorial. Then A + B is closed on the

domain D(A) N D(B), there is a constant C > 0 such that
|Az| + || Bx|| < C||Az + Bz||, € D(A)ND(B) (4.1)
and (A + B) is invertible if either A or B is invertible.

The same conclusion can be obtained if one assumes that X is a UMD space
and A, B have so called bounded imaginary powers. This is stronger than R-
sectoriality, but weaker than H°-calculus. R-sectorial is a stronger notion than
merely sectorial. The above theorem however adapts better to applications since
differential operators on L, spaces typically have H*-calculus, and L, has UMD
for 1 < p < 0.

We are going to give another proof of 4.1.1 while applying our new notion
of absolute H>-calculus. In doing so we are able to remove any R-boundedness
assumption from theorem 4.1.1.

A sectorial operator A has an absolute H*-calculus if there are a function

g € H§(3,) for some ¢ > w and C' > 0,0 > 0 such that
lpss(tA)gtA)z] < llgtA)yll 0 <t <oo = [z] < Cllyll.

We are going to discuss the details of this definition later.
4.2 Real interpolation spaces

Absolute H°-calculus turns out to be stronger than H*-calculus and is extremely

powerful when the underlying spaces are real interpolation spaces. We give a far
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reaching description of spaces on which sectorial operators have absolute calculus.
In short, these are spaces obtained by a certain real interpolation method. Our
theory is extending the results from [21, 22]. There, it was shown that a sectorial
operator has H*-calculus on real interpolation spaces between X and D(A) as well
as on real interpolation spaces between X and D(A) N R(A).

Our main result in this direction says that a sectorial operator A has abso-
lute calculus on any real interpolation space of the form (D(A~"), D(A%))p. This
material is discussed in the last section. Moreover, a converse is also presented.

Our framework of absolute calculus is motivated by the existing theory on
operators with H>-calculus on Lebesgue, Holder, Sobolev, and Besov spaces. Since
these are interpolation spaces, they are naturally covered under our results.

In particular we are able to address the setting of [2, 3] where the maximal
regularity problem is formulated for continuous Hélder spaces C*(R),0 < o < 1.

We are going to review the above mentioned fundamental notions of sectorial
operators and H*-calculus together with the construction of joint functional cal-
culus. This will be helpful for the subsequent development of absolute calculus and

its applications.

4.3 Sectorial operators

We employ standard notation from Banach space theory. Throughout, X denotes
a Banach space, and the letter A is reserved for an unbounded operator on X with
domain D(A) and range R(A). We always suppose that D(A) and R(A) are dense.

When estimating an expression successively, the actual value of a constant C' may
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change from line to line.

We call
p(A)={AeC: (M —A):D(A) — X is invertible }

the resolvent set of A and o(A) = C\ ¢(A) the spectrum of A. For A € p(A) we

can define the resolvent
RM\A) =M —A): X — D(A)

as a bounded operator. It is well known that p(A) is open hence o(A) closed, and

that the map A — R(\, A) is analytic.

A sector of angle 0 < w < 7 in the complex plane is defined as
Y,={2eC: |arg)\ <w}U{0}
The closed operator A is called sectorial of type 0 < w < 7 if
(i) A is one-to-one.
(ii) D(A) and R(A) are dense in X.
(iii) The spectrum o(A) is contained in the sector X,.

(iv) For every w < ¢ < 7 there is a constant C, > 0 such that for every A € C\ Xy

we have

AR, A < C

Notice that this definition does not require A to be invertible.
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4.4 Functional calculus for sectorial operators

Denote by H*>(X,) the space of bounded analytic functions on the open sector
Yy \ {0} where 0 < ¢ < 7. Suppose that A is a sectorial operator of type w on X
and that w < ¢ < 7. For a function f € H*(X,) we can define f(A) as a bounded
operator as long as f satisfies a certain growth condition. For a,b > 0 define the

following utility function.

a

z
Pap(z) = W

Then we consider functions with growth controlled by ¢, ; and let
HEE(S5) = {f € H=(S9) ¢ [f(2)] < Cyss(]2]) for some 5> 0}

Explicitly, this means

) < oL
Z —
NS

Equivalently, H5°(X,) can be seen as the space of all bounded analytic functions

on an open sector of angle ¢ such that we have | f(z)| < C,(|2|) for some a,b > 0

or

1f(2)] < Clz|* forall [z <1  and |f(2)] < C|z| ™ for all |2| > 1

|2]*

We naturally have ¢, € HS*(X,) since |pq(2)] < T

Now fix w < ¢ < 7 and a function f € H{°(X,) such that |f(2)] < C—(lﬁg)za

for all z € £4. Suppose that A is sectorial of type w, and choose any w < v < ¢.

Then for any x € X we can define the contour integral of f(¢)R((, A)x along the
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path
I = {|s]e/®e" " . —00 < 5 < 00}
given by

2m/f R(¢, A)xdC

This is possible due to the parabolic estimate ||R(¢, A)|| < C|¢|™! and the growth

conditions on f. Simply notice that

(A H—H—/f R(C, A)w dC|
/ O IR, Aall dic]
<o [ ISt Sl
- N
g()(/o 35_1ds+/1 s ds)||=||
< Cllal

Here, the constant C' depends on v. However, by Cauchy’s theorem, the element

f(A)x € X does not depend on the choice of v.

It is shown in [32] that one can extend this definition to an arbitrary bounded
analytic function f € H*(3,) and all z € X, provided that sup,, ||(v,.f)(4)| < oo.

Here,

n 1
n+z 14+nz

Un(2) =
are mollifiers that smooth f into H{°(X,). In case sup, ||(v,f)(A)| < oo for all
f € H*(X,) we say that A has H>-calculus. Then f(A)z is defined for all x € X

and we have || f(A)z| < C||z|.
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To address the maximal regularity problem with functional calculus, the Cauchy
equation can be formulated as (A+ B)y = f for sectorial operators A, B. It is hence

of importance to know under which assumptions the sum of two sectorial operators

has closed domain D(A) N D(B).

Following [32] we recall the construction of a joint functional calculus, i.e. ob-

taining a bounded operator f(A, B) for a bounded analytic function f(z,w).

4.5 Joint functional calculus for sectorial opera-
tors

Let A be a sectorial operator of type wy on X. We denote by A the algebra of
all bounded operators which commute with R(\, A) for all A € ¥,,,. We say that
two sectorial operators A and B commute if their resolvents R(\, A) and R(u, B)

commute for all A € ¥, and p € X ,.

wa

For w < ¢ < m we define H*(X,, A) as the space of all bounded analytic
functions F' : ¥y — A, so that for every z € X the map z — F(z)x is analytic
(i.e. F'is analytic for the strong operator topology). We consider the scalar space
H>(X,) embedded as a subspace of H*(%,, A) via the identification f — fI. We
denote by H°(3,, A) the space of all F' € H*(X,, A) which obey an estimate of

the form ||F(2)]] < Cyss(|2]) for some § > 0. Then for any F € H*(X,,A) and

z € X we define



as a Bochner integral where I' = {|s]e!8" 9 . —00 < s < 0o} as in the previously
discussed scalar case. Cauchy’s theorem shows that this integral does not depend

on the choice of v.

Now pick any F' € H>(¥4, A) and recall v,(2) = 2 — 1+1nz. Then v, €

H§*(X4) and the operators v,,(A) are uniformly bounded with v,,(A)z — x for ev-
ery x € X. Since v, I’ € H*(X,,.A), we have that (v,F")(A) is a bounded operator
for every n. It follows from [32] that the extension F(A)x = lim, (v, F)(A)z de-
fines a bounded operator on X if and only if the operators (v,F")(A) are uniformly

bounded.

Now starting with f(z,w) the technique from [32] applies first scalar valued
functional calculus to obtain f(z, B) as a bounded operator for every z and then
f(A, B) through operator valued functional calculus. Some conditions on the A, B
need to be imposed for taking these steps. This procedure is called the joint func-

tional calculus for A and B.

The development of joint functional calculus is strongly connected to the max-
imal regularity problem (see [37],[32]). We are looking for the solution y for the
equation

y(0) =0 2

where A is a sectorial operator on a Banach space X and f € L,(Ry,X). Then

{Ay+y’=f

A has mazximal Ly,-regularity if for each f € L,(R;,X) the Cauchy problem has
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a unique solution y € L,(R,,D(A)) such that v/ € L,(R;,X). Suppose B is the
derivative operator on L,(R,, X) and A is the extended operator (Ay)(t) = A(y(t)).

Then (4.2) can be written as follows

If the operator A + B with domain D(A) ND(B) has a bounded inverse then we
obtain the solution y = (A 4+ B)~'f. By a result in [16] L,-maximal regularity is
also equivalent to the statement that A + B is closed, and also to an inequality of
the form

|Bull < C|lAu| + | Bul

for w € D(A) N D(B). This problem turns out to be closely related to the joint
functional calculus. Indeed, A + B being closed is implied by the boundedness of
A(A + B)7! [36]. For operators with absolute calculus we can improve the result
from [32] stated in our introduction (4.1.1). We are now going to focus on the new

concept of absolute calculus.

4.6 The definition of absolute functional calculus

Definition 4.6.1. Let A be a sectorial operator of type w on X. We say that A
has an absolute functional calculus if there are a function g € H°(X,) for some

¢ > w and C, 6 > 0 such that
less(tA)g(tA)z| < flg(tA)yll 0 <t <oo = |z| < Cly|.

Synonymously, we use absolute H*-calculus or absolute calculus.
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First, we establish that having absolute functional calculus is stronger than

having H*-calculus.

Lemma 4.6.2. Suppose that A is a sectorial operator on X with absolute H-

calculus. Then A has H*-calculus.

Proof. Pick any h € H>*(X,). Notice that v,h € Hi°(X4) and now for any ¢,n we

have

ls.5(tA) (vnh) (A)] S/Ilwa,a(té)vn(é)h(C)R(C,A)IIdICI

d
<C/' sa(t6)h ||§C||

< max h(¢ |/|m ¢y 4]

Iq
< Ollhlloo

Denote M = sup,,, ||¢s,s(tA)(v,h)(A)]|. We take y € X and z, = 3 (v,h)(A)y.

Pick g € H°(X,,) from the definition of absolute calculus. We have

la.s(tA)g(EA)xn|| = !\305,5(tA)9(tA)%(Unh)(z‘l)yﬂ
< S lpas(tA) (k) (A - (e AN
< llg(tA)y||
Therefore, by the definition of absolute H*-calculus we get 7 ||(v,h)(A)y|| =
|zl < C|lyll. Hence, ||(v,h)(A)y|| < CM]||y| for all y contained in a dense subset

of X. This shows that (v,h)(A) extends to a sequence of bounded operators which

is uniformly bounded and thus A has H*-calculus. ]

Sectorial operators with H*-calculus on Hilbert spaces, L;- and C(K)-spaces

already have absolute calculus. This fact explains from a different point of view
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the results for R-bounded semigroups on L; and C(K') which were obtained in [28].
Even more is true in the setting of GT-spaces. Recall that a Banach space X is a
GT-space if every bounded operator T : X — /5 is absolutely summing, i.e. there

exists K > 0 such that

n n
D Tl < K max || opr|
k=1 on=El

for every collection z1,...,x, € X. Important examples of GT-spaces are L; and
Ly/H; (see [12], [13], and [45]). Examples of spaces for which the dual is a GT-space

are C'(K) and the disc algebra A(D).

Theorem 4.6.3. Let A be a sectorial operator with H*-calculus on X. Suppose

one of the following holds
(i) X is a Hilbert space
(i1) X is a GT-space
(11i) X* is a GT-space
Then A has absolute calculus on X.

Proof. Suppose that a sectorial operator A has H*-calculus on a Hilbert space X.
Then the first statement follows from the results of M¢Intosh [39],[4]. He showed

that in this case the quadratic norm is equivalent to the given norm on X:
> dt
Joll = (| Totea]P.
0
where ¢(z) is any bounded holomorphic function in the sector such that

()] < Claf™ (L + [2*)7
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for some constant C' > 0 and s > 0.

Now suppose that X is a GT-space and A is a sectorial operator of type w with

H-calculus. We will show that if f(z) € H*(X,) for w < ¢ < 7 then there is a
constant C' > 0 so that

ee d
C ] < / |74yl 5 < Cllal. (4.3)

We rewrite [ f(tA)z||L = [ f(2*tA)z||% and fix € X and t > 0.
0 t 1 kEZ t

By the Hahn-Banach theorem choose functionals xj € X* with [|z}|| = 1 and

(f2tA)z, ap) = || f (2"t A)].
Let g(z) = f(2)z. Since A has H®-calculus there is a constant Cy > 0 inde-

pendent of x and t such that if o, = 41 then
1D arg(2FtA)z|| < Collall.
|k|<n
This can be found in [32, chapter 4]. Any GT-space has the Orlicz property [45,

chapter 6¢|, i.e. there is a constant C; > 0 such that for any finite sequence (z;)

in X we have

1
O llal?)z < sup 1Y ol
j a;j==1 j
Therefore, we obtain

S llg25tA)z]?)? < CoCill].

kEZ

Consequently, the operator S,; X — lo(Z), Sey = ({(g(2tA)y, 27))kez is bounded
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and thus absolutely summing. We hence obtain

Do @A) = Yy (f(2" A, 27)

|k|<N |k|<N
< 3 IS0 Ay
|kI<N
k
< K max || > arg(2FtA)z|
|k|I<N
< KCo|z||

Integrating over the interval [1,2] yields the upper estimate of (4.3).

For the lower estimate note that fooo f (tz)% does not depend on z. Therefore

J° f(tA)% = cI where I is the identity operator and ¢ = [;° f(tz)%. Now for

every © € X we have

h (tA) —> A— =
/0||ft )z ||/ FEA Y 2] = e

To show (iii) suppose that X* is a GT-space. Pick f € H{°(X4). Then we also

have f? € Hg°(X,) and the argument from above gives
—1 * * 2 * % dt * * *
Collemll < @A)l < Ol 2" € X7
0
We are going to derive
|l < sup || f(tA)z]| < cllz].
>0

Let d = fooo 2(t2) %. The upper estimate holds since f(tA) are uniformly bounded.

Choose a norming functional z* so that ||z*|| = 1 and (z*,z) = ||z||. Then for the
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lower estimate we have

|z]| = (z,z")
a4 [ (e T
0 t
—1 > * ok dt
<at [ (A, feaye) <
0
. e . sy dt
<d sup | f(tA)z| - 1F(eA) 2]
>0 0
< d'Csup||f(tA)z||
>0
This concludes the theorem.

]

Choose any f € H(X,),z € X, and t > 0. As seen before, we get an estimate

|f(tA)zx| < C/ (|s|eiten v (4.4)

&
5]

We are now considering properties of the function
t—[[f(tA)z|x

This function is the basis of the associated norm || - || x(sy discussed later on.

We start with a lemma regarding growth restrictions of u — || f(utA)g(tA)z||.

Lemma 4.6.4. Suppose a,a’,b,b' > 0 and f,g € H>*(X,) where ¢ > w. Suppose

that f, g satisfy |f(2)] < Coap(|z]) and |g(2)| < Cowp(|2]), i.e. we have estimates
()] < Colz|*(L +]z)~
9(2)] < Col| (1 + [2)~+7.

Then there ezists a constant C = C(a,b, f,g) so that

| f(utA)g(tA)| < Cumin(@b) (] 4 q)~minat)—min(@'b) (1 4|10 q)) u>0,t>0.
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Proof. By the choice of f, g we have
[ (@2)||g(2)] < Culz]H (1 + ul]) =@ (L + [o) =@+,

By (4.4) we have

£ (utA)g(tA) | < o / Fluse™s ()g s )] <

| /\

/ a+a —|—US (a+b)(1+8) (a’+b) dS
S
0

Suppose u > 1. Then since (1 + us)~ @+ (1 4 5)~(@+) < 1 we have

—1 -1

w / / / v / 1 /
/ gate 71(1 + us)f(a+b)(1 + S)f(a +b )ds < / gate flds _ u e
0 0 a—+a

Since (1 4 us)~@+) < (us)~(¢?) we get

1 1
/ Sa+a/—1<1 —|—U,S)_(a+b)(1 + S)—(a/—i-b’)ds < u—(a—f—b)/ Sa/—b—lds

-1 w1

B {a,l_b(u_“_b ey if o/ £ b

uwPlnwuifad =b

For the last integral we also use that (1 + s)~ (@) < g=(a'+t)

—a—b

> I I / > / 1
/ Sa+a —1(1 + us)—(a+b)(1 + S)—(a +b)d8 S u—(a—i—b) / S—l—b—b ds = U
1 1 b+

Since v > 1 we have v < y™n@b) and ¢t < o~mn@ ) Therefore for a
suitable constant C' > 0 we obtain

| f(utA)g(tA)|| < Cutu=o™mMa ) (1 4 |In ul) = Cu™ ™™ (1 + |In u|)

If u < 1 we observe that f(utA)g(tA) = f(sA)g(u~'sA) where s = ut. In this case

the previous estimate gives the following

1 (utA)g(tA)|| < Cum™ (1 + [In u])
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Combining these two estimates we obtain
1 (ut A)g(tA)|| < Cum @ (1 )~ min(@)=min@0 (1 4 [logul).
That gives us the result. ]

The next theorem states that absolute calculus implies operator functional cal-
culus. Its proof uses the previous lemma. This theorem implies the scalar case as
well which we had already established. It is is fact a stronger version of theorem

4.4 from [32].

Theorem 4.6.5. Suppose A is a sectorial operator of type w with absolute calculus

and F € H*(X,, A) for some ¢ > w. Then F(A) is a bounded operator on X.

Proof. Since A has absolute calculus, there is a function g € H*(X,), ¢ > w and

a positive number ¢ such that
lss(tA)g(tA)z]] < lg(tA)yll 0 <t <oo = |[lf| < Clyl.

We fix w < v < ¢ and 0 < v < 1. It follows from the result in [32] that for any

Fy € H* (34, A) we have the representation

Fy(A)e = —— / CTVEYO)ATR(C, Az dC

Using the parametrization ¢ = |s]e’8" %) for —0o < s < 0o and functions h*(z) =

27(e — z)7! we can rewrite

z(l y)v (3] d
Fo( 2 / FO _1A)QZ' —S
T Jo




Denote y = [;° Fy(se™)h” (s A)z . Then for every ¢t > 0 we have

lps.s(tA)g(tA)y| S/||Fo(Seiy)%,a(tA)hV(S_lA)Q(tAWH %

T B ds
< sup [[Fo(2)]] Hg(tA)xH/H%,a(tA)h”(S 1A)H;
0

Z€E¢

Now we will estimate ||pss(tA)h” (s A)|. For w < p < v we have that h”(z) €
He(X,) and satisfy the estimate |h”(z)| < C,|z|?(1 + |z|)~'. Therefore by Lemma

4.6.4 there exists a constant C' > 0 so that

055 (LAY (sTEA) || = |lws.s(LAVRY (t(ts) "L A)||
_min(’Yﬁ)
<C (ts)” . (
(14 (ts)=1)min(y,8)+min(1—7,3)
(ts>min(1—7,5)
(1 + tS)min('y,(s)erin

1+ | log(ts)])

g (1 -+ | log(ts) )

(ts)min(lf»yyg)
(1+ts)min(y,8) +min(1—7,5)

Since [;° (1+ |log(ts)|) % converges and does not depend on ¢

we obtain

less(tA)g(tA)yll < C sup [[Fo(2)] [lg(tA)x]], 0 <t < oo.

ZEZd,

Since A has absolute calculus we conclude that

lyll < C sup [[Fo(2)]|[|]]-

2’624,

The second integral in the representation of Fy(A) can be estimated in exactly the

same way. Therefore we obtain
[Fo(A)z|| < C sup [|[Fo(2)]] ||=]]-
ZEZ¢,

Thus for the functions v,(z) defined above we have that there exists a constant
C > 0 such that
[onF(A)z|| < C sup [lon F(2)] [|]]-

Z€Z¢
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Therefore operators v, F/(A) are uniformly bounded and hence we can define F'(A)

as a bounded operator. [

Let us apply this theorem to the case of two operators. It is important to note

that we do not require any R-boundedness in regards to A and B.

Corollary 4.6.6. Suppose A and B are commuting sectorial operators of types wa
and wp and A has absolute calculus. Suppose further that f € H®(X, x X,) where
¢ > wa, p > wp is such that f(z, B) is a bounded operator for every z € ¥4 and

the family {f(z,B) : z € ¥4} is uniformly bounded. Then f(A, B) is a bounded

operator.

Proof. Consider F(z) = f(z, B). Using the integral representation of f(z, B) from
section 2 and commutativity of A and B we conclude that F(z) € H>®(Z,, A). Tt

follows from Theorem 4.6.5 that F'(A) is a bounded operator. [

For operators with absolute calculus we can improve a key result in [32]. Again,

the crucial difference is that we do not need any operator to be R-sectorial.

Theorem 4.6.7. Let A and B are commuting sectorial operators of types w and
wp So that wy +wp < 7. Suppose A has absolute calculus. Then A+ B is closed

on the domain D(A) N D(B), there is a constant C such that
|Az|| + || Bz|| < C||Ax + Bz||, =€ D(A)ND(B) (4.5)
and (A + B) is invertible if either A or B is invertible.

Proof. Choose ¢,¢' with w(A) < ¢,w(B) < ¢ and ¢ + ¢’ < w. The function

f(z,w) = 2(z + w)~"is in H®(X, x ) and the family f(z, B) = —2R(—2, B)
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for z € X is uniformly bounded. By Corollary 4.6.6 we obtain that f(A, B) is a
bounded operator. It was shown in [36] and [32] that this implies the norm estimate
4.5. For completeness we will include the argument from [32]. Using the functions
v, (2) defined above note that zv,(2)* € H*®(X444). Thus Av,(A)? and Bu,(B)?

are bounded operators. Now for x € D(A) N D(B) we have

f(A, B)(A+ B)v,(A)*v,(B)*r = v,(A)*v(B)? Az,

Therefore

[vn(A)*0(B)* Az|| < Cllon(A)*va(B)*(A + B)a|

where C' = || f(A, B)||. Letting n — oo yields the result.

From the estimate ||Azx| + |[|Bz| < C|(A 4+ B)z|| we obtain that A + B is
closed as follows. Take z, € D(A) N D(B),x,y € X such that =, — 2 and
(A+ B)x, — y. Since [[(A + B)(z, — z)| — 0 we have A(z,, — x,,) — 0
and B(x, — x,,) — 0. A and B are closed and therefore x € D(A) N D(B) with
Ax, — Az and Bz, — Bz. Now Az, + Bx, — Ax + Bx =y.

Now suppose that A is invertible. Then since A(A + B)™' is bounded we
conclude that also (A + B) is invertible. In the case B is invertible we write
I = A(A+ B)™' + B(A + B)™! and see that B(A + B)™! is bounded and thus

(A 4 B) invertible. O
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4.7 Kothe function spaces

There is a natural way of defining a new norm on X associated to a triple (A, f, E)
where A is a sectorial operator, E is a Kéthe function space, and f € H§(3,).
Before we introduce this norm we review important facts about Kothe function
spaces, especially the behavior of dilations and Boyd indices.

Consider the measure space (0,00) with measure dt/t. Let Lg(0,00) denote
the space of all measurable functions on (0, 00) where functions coinciding almost
everywhere are identified. We denote by D : Ly — Lg the linear map D,f(t) =
f(t/s). Let E be a linear subspace of Ly equipped with a norm || - || so that E is
a Banach space. We shall say that E is an admissible Banach function space if the

following conditions hold:

(i) E is a Kothe function space, i.e. E consists of locally integrable real valued
functions, contains characteristic functions of bounded intervals and if f, g

are measurable functions with |f| < |g| a.e. and g € E then f € E and

1flle < llglle-

(ii) E has the Fatou property i.e. if (f,,) is an increasing sequence of non-negative

functions in £ such that sup,, || f.||g < oo then sup,, f, € E and || sup,, fullg =

supy, || fulle-

(ili) For each s € (0,00) the operator Dy : E — E is bounded.

Every Kothe function space is a Banach lattice in the obvious order (f > 0 if

f(t) > 0 a.e.). This lattice is c—order complete. Indeed, if {f,,}°°, is an order
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bounded increasing sequence in F then f(t) = lim,, . fn(t) is the Lu.b. of {f,}22;.

Let £’ be the Kéthe dual, i.e. E' is the set of f € Ly(0,00) such that

Iflle = swp [T 150 < . (4.6

lgll <1
Since F has Fatou property E’ is norming for E and is itself admissible [38] pp.
29; furthermore £ = E.

For an admissible space E Boyd indices are defined as

1 D,
Or = limsup —ogH H
s—00 log s

| D,
ap = liminf 08 1711 1D
5—0 log s

Lemma 4.7.1. Let E be an admissible Banach Function space. Then
1)—OO<04ESﬁE<OO

2) If a < ag and b > B then there exists a constant C' = C(E, a,b) such that
IDs]| < Cs*(1+5)"°

3) |1 Dslle = D]l 2

Proof. First note that the map s — |[|D;s|| is lower semi-continuous and hence
measurable. Since the set Viy = {s : ||Dsl|,||Ds-1]] < M} is measurable and
(0,00) = Up Vs we can find M so that the set V), has positive measure. Therefore
ViV, contains a neighborhood of 1 and hence there exists ¢ > 1 so that || D,|| <
M? if ¢c7! < s < c. For s > ¢ pick a natural number n, so that }g% <ng < % +1.

Then 1 < s'/" < ¢. From the submultiplicativity of s — || D,|| we obtain

log || Ds[| = log [ D

sl/ns

1
< nglog || D || < (;;iz + 1) log M?.
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log M? logM? log M?
loge + logs)S loge

Therefore fr < limsup,_, . ( < 00.

logM? . logM2> > _logM2
log s logc — loge

In the same way we obtain ap > liminf, o > —00.
Since || Ds|| || D1]] > ||DsD1]] = 1 we have log || D|| + log ||D1|| > 0. Thus for

0 < s < 1 we obtain

log || D] —log||D log || D
fp = limsup —*— zlimsupM > lim inf og || Ds|| — o
5—0 0g < s—0 — log S 5—0 log S

This ends the proof of the first statement.

By the definition of ag and SBg there are sg and s; such that for all 0 < s < s we
have || D,|| < s* and for all s > s; we have ||D,]|| < s.

Notice that by lower semi-continuity there is a constant C' > 0 such that ||D;|| <

C(s% + &) for all sy < s < s;. Then we obtain for any s > 0 that

D,|| < C(s* 4 s°) + 5% + s
[1Ds]l < C(

< (C+1)(s" + 5"

= (C+1)s"(1+ s

<2(C +1)s(1 4 s)
Finally, the third statement can be obtained by change of variables in (4.6). [

Remark 4.7.2. If F is rearrangement invariant Banach lattice then s — || Dg|| is a

nondecreasing function [38] and 0 < ap < (g < 1.
We now give a few examples to illustrate our setup.

(i) If E = Ly(dt) we have || D f|| = (f;~ |f(t/s)[Pdt)"/? = s'/7|| f|| and so || Ds]| =

s'/P. Hence, ar, = B, = 1/p.
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(ii) If £ = Ly(dt/t) then || Dyf|| = ([~ |f(t/s)[Pdt/t)"/? = || ]| and || D,f]| = 1.

So in this case we have ag = g = 0.

(iii) If E = L,(t=dt/t) for § € (0,1) then | D,f|| = (f°|f(t/s)|rt=rd)1/p —

s7O|f]l and ||Dsf|| = s7%. So in this case we have ap = 3 = —0.
4.8 The associated spaces Xp(f)

Choose any f € H*(X,),x € X, and t > 0. As seen before, we get an estimate

- i(sgn s)v ds
Ifea)al <0 [ 1p(sleen o) 2
We are now considering the function
t—[[f(tA)z|x

as a possible element of E and define a new norm on X by

_{wﬂmmum if || f(tA)z]|x € B

xr =
Iellxee otherwise
It is interesting to note that for our utility function ¢,;(2) = ﬁ, which
was used in the definition of H{°(X,,), the norm constructed from ¢, is equivalent

to the norm constructed from

a

z
ap\Z) = 77—/~
w 7b( ) 1+ za+b
This is the contents of the next lemma.
Lemma 4.8.1. Let A be a sectorial operator and ¥, p(z) = HZZ—ZH, for some a,b > 0.

Then there is a constant C' such that for everyt > 0 and x € X we have

CH[Pap(tA)z|| < lpap(tA)z]| < Cllpap(tA)z|
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Proof. We show that operators £(tA) are uniformly bounded. Suppose |z| < 1/2.

Then

Pz) | _ Lz (L gmt  amner

e T+ G+

where f(z) is a bounded function on |z| < 1/2. Thus

1

min(1,a+b) )
SDEZ) . 1‘ < ‘Z‘ sup |f(z)| — Cllz|m1n(1,a+b)

(z) T (12 Lz
It follows that for |z| > 2 we have
o(2) o(1/2)
-1 = —1l<C0—
’¢(2) ’ ‘@Z)(l/Z) - Cl|2|m1n(17a+b)

Now using || f(tA)z|| < C [T | f(|s|e’te =) %‘T for every ¢ > 0 we obtain

g C¢ / “;5 i(sgn s)v ‘ ds
— tA —II < — —(se s -1 —

The last integral splits into three parts, namely over the domains {|s| < 1/2},
{1/2 < |s| < 2}, and {|s| > 2}. Using the previous estimates we see that these
integrals are bounded. Therefore, the operators %(tA) — I and hence %(tA) are

uniformly bounded. Then for every z,

o1 ©
lo(tA)z|| = H?(M)xll < HE(M)H N EA)z|| < ClletA)z|
In the same way we can obtain the opposite inequality. O

Definition 4.8.2. Suppose F is an admissible Banach function space and f €

H§(¢). Consider the linear subspace of X

Xp(f) ={z € X :||z]x, < co and
fim s+ A elcaiy = Jim 4GS + A wlbn) =0}

We define Xp(f) as the completion of Xg(f) under the norm | - [|x,(f)-
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It turns out that sectorial operators always have absolute functional calculus on
Xg(f) for any admissible space E and f € H{°(X4). Moreover, there are actually

no other spaces where absolute calculus is present.

We now show that sectoriality transfers to Xg(f).

Lemma 4.8.3. Suppose A is a sectorial operator of type w on a Banach space X.
Then A is a sectorial operator of type w on Xg(f) for any admissible space E and

function f € HP(Y).

Proof. First note that if 7" is a bounded operator on X that commute with f(¢A) for
all ¢ then ||Tzl|x,(r) = A Tzlx|le < (TlxfEAzlxle < ITlxlzlxs0)

and thus 7" is bounded on Xp(f) with the norm estimate ||T'||x,s) < |7 x-

We consider an operator A on Xg(f) with the domain

Dxp(n(A) = {x € Xp(f) : [|Az]|xp() < 00}

For every s > 0 the operator A(s+ A)™' = —AR(—s, A) is bounded on X and thus
on Xp. Since ||A(s + A) x| x5 < oo elements s(s + A) "'z belong to Dx (s (A)

for all z € Xp and s > 0. Take any x € Xg(f). Then
Jim [z = s(s+ A) ey = Tim A+ 4) el = 0

Therefore Dx () (A) is dense in Xg(f).
To show that the range of A is dense in Xg(f) we look at the elements A(s +
a)~'z. Since for every x € Xg(f) we have A(s +a) 'z € Rx,s)(A) end

Jim e — A(s + ) allxsp = Jim fls(s + 4) " lxscs) =0
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we conclude that Rx, () (A) is dense in Xg(f).

The resolvent estimate follows from our first observation, i.e.
IAR(A, A)llxp(r) < IMRA, A)llx < T, with [arg A > ¢ > w.
]

Remark 4.8.4. If A is a sectorial operator on X, then for any x € D(A) we have
. 1 . C
lim [|(s +A)" Az|| < lim —||Az|| =0,
§—00 s—00 S
while if z = Ay is in the range of A we get
lin% (s + A) || = lirr(l) s(s + A) T Ay|| < lin% Csllyl| = 0.

Since both the domain and range are dense this means that the above limits are

zero for all z € X.

The next theorem uses a lemma interesting on its own.

Lemma 4.8.5. Let X be a Banach space and x(t) : [c,d] — X be a continu-
ous function such that x(t) # 0 for all t € [c,d]. Suppose that x%, x5 € Bx-
satisfy (x%,xz(c)) = ||z(c)|| and (xf,x(d)) = |x(c)||. Then there exists a con-
tinuous function x*(t) : [c,d] — Bxs such that x*(c) = zk,z*(d) = z}, and

ch

(x*(t),z(t)) > $||lz(t)]| for every t € [c,d].

Proof. Since x(t) is continuous and not equal to zero there is a constant C' > 0
such that ||z(t)|| > C on [c,d]. Since z(t) is absolute continuous we can find ¢ such

that whenever ¢,¢' € [c,d] and [t — '] < § we have [|z(t) — z(t')| < £. We fix

points tp = ¢, t1 = c+ 9, ta = ¢+ 29, ...,t, = d. We choose zj; = z} and z; = ).
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For each 1 <7 < n — 1 take a real valued functional of norm one z; € X* such

that (zf,z(t;)) >

=~ o

|z(t;)||. Define *(t) = saj + (1 — s)a},, where s € [0,1] and
t =st; + (1 — s)tiy1, 0 < i < n. Then x*(¢) is continuous, [|z*(t)|| < 1. Take any
t € [e,d] and find 0 < i < n and s € [0,1] so that t = st; + (1 — s)t;41. We have

the following estimate

(@ (t), 2(t)) = (s27 + (1 = s)aiyy, se(ts) + (1 = s)x(tin))

= sllz(t) —z(t)] = (1 = s)||z(t) = z(ti)|

> sl + (1 = )t ) ~ 5
> el - 3% - S

> o) - &

> (o)l — le(o))

= 2 lle(o)l

]

Under mild assumptions on asymptotic behavior of f, g € H§°(X,) with respect
to the Boyd indices of E , we obtain that the norms on Xg(f) and Xg(g) are

equivalent.

Theorem 4.8.6. Assume that f,g € H*(X,) and satisfy the estimate

2]

(14 [z)*¥

|2

|f(2)] < Cma

9(z)] <"

where a,a’ > max(0, —ag) and b,b' > max(0,Bg). Then the norms ||.||x,p) and

|-l xp(q) are equivalent.
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Proof. Pick ag, by so that maz(—ag,0) < ag < min(a,d’) and mazx(fg,0) < by <
min(b, V). It is enough to show that the norms ||.||x, ) and [|.[|xp(p,, ,,) are equiv-
alent. First, note that we can write f(2) = g, p,0(2) Where h(2) = f(2)/ag.bo(%)-
Then we have |h(z)| = |f(2)z7%(1 + z)~% %] < O|z]27% (1 + |z|?)~(@+b=a0=bo)/2

and it follows that h(z) € H*(X,). For x € X we have

el xp0n) = @A)zl x][e
< [HIAEA)|x llpan.b0 (A7 x| 2

< sup|[h(tA)|x ||x||XE(SOaO,b0)
t>0

This shows the upper estimate of the desired equivalence.

For the lower estimate, fix a nonzero element x € X. Since we have @, 4, (tA) =
(—t)"PA*R(—1, A)*™ and the operators A and R(—1, A) are injective we obtain
that (g, 5, (tA) is injective as well. Therefore, @, p,(tA)x # 0 for all t € (0, 00).
From lemma 4.8.5 we are able to construct a continuous function F* : (0, 00) —

X* such that ||[F*(t)|| <1 for all ¢t and

(us(tA)e, (1) > 5 lpu(tA)a]lx.

To see this, take dyadic intervals [27, 2""!] and define F* inductively with connect-
ing endpoints.

Pick any v € E’ supported in some compact subset of (0,00) with v > 0
and |[v]|g < 1. Since ||@agp, (TA)*F*(7) 1] is a continuous function on (0,c0) its

restriction to the compact support of v belongs to E. Therefore we can compute
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the Bochner integral

dT

T

2t = /Ooo (7)o (A F* (1) 2T

Pick any N > max(ag, by). Let us estimate ||y y(tA)*z*|| using lemma 4.4

lexan(tA) sl = 1| [ o) n(tA) oo () F () T
< [ o lewstpmnrl T

< [ uter) et pumltr T
0
ap

o T dr
SCl/O U(tT)W(1+|IOgT|)T

Choose ap > a3 > —ag and g < by < by. Using lemma (4.7.1) we obtain an

estimate:

o T dr
tA)*x* r < t r—— (1 1 —
llowata)allle < Cr [ luter)llo g (1 + g 7D

ap

<Cr [ IDsle ol o

d
(L4 log 7))~

o0 7—(10 +b1 dT
S@A (15 ryeorarsion (L1 log7l) =2 < G

Let us now define f(z) = f(z). Then f is analytic in the sector ¥ and hence the
following integral is independent of the path, thus we integrate along the positive

real line.

/ F(E) F2)oma(t) 2 = /Ooolf(t)l () = >0

for every z in a sector X, where ¢ > w. It follows that if y € X and y* € X* then

)l < e [ Irteaw. Fea ennteayy )| T
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Putting these remarks together we obtain:

| et <2 [ e Poyg

t
< 2(x, z")

< 2¢7! /000 [(F(EA)z, F(EA) on x (EA) 2" >’%

< Csllellxpn I (F(EA) o N (EA)) 27|
< Gzl xpin ll (on v (EA)) 2| &1

< Crllzllxpn)
Taking the supremum over all choices of v gives

12l xpe00) < Crllzllxpr):
This completes the proof. ]

Now we can formulate the cental result of this section. Under mild assumptions
on the dilation indices and growth bounds of f € H{°(3,), a sectorial operator A

always has absolute H>-calculus on Xg(f).

Theorem 4.8.7. Suppose that A is a sectorial operator on X and that E is an

admissible function space. Let f € H(¢p) such that |f(z)| < Crgrpers where

1+| \)‘”

a > max(0, —ag) and b > max(0, Bg). Then A has absolute calculus on Xg(f).

Proof. It follows from Theorem 4.8.6 that we can assume f = ¢,;. Denote d =

m + 1, where Cj is the constant of sectoriality.

We start with observation that for every s > 0 and t € (s,ds) the function

©(s2)p~1(tz) corresponds to a bounded operator ¢(sA)p~!(tA). Moreover, the
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family of operators {¢(sA)p 1 (tA) : t € (s,ds)} is uniformly bounded. To see this

note that [p10(s2)| = [$3%;] < 1 and write ¢(sz)p ™" (t2) as a power series
a+b
1 5\ t—s sz
t2) = (—) |
el e = (5) (14501
S\ [a+b\ [(t—s F
SO () ()

The operator ¢ (sA) is bounded and we have the estimate

t—s
S

profs A < (@= DT+ R~ A)| < (- 1)(1+C,) <

DN | —

“Zb) (t_TSgol,o(SA))k converges and we have the norm

Thus the operator series Y .- (

estimate

e tean< (3) S (T (3) =a

k=0

Now for every x € Xg(f) and t € (s,ds) we obtain

leap(sA)zllx = llap(sA)pp(tA)pap(tA)zllx < Cullpas(tA)zllx

Therefore for every s > 0

[X(s,d5) (O | Pap(sA)x]| x| 2 < CilllletA)x]|x]|E < |2l x50, (4.7)

We fix s > 0 and consider function o, 2, with v > max(a,b). Then

1P2y.27(sA) 2 x5, ) = 1 [©ap(tA)P2y2y(sA)2] x|
= || H@a,b(tA)SOvﬁ(SA)(P%W(SAWHX||E

< Hleap(tA) ey (sA)l[xle - o4 (sA)2x
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Using Lemma 4.6.4 we obtain

I atA) (A xlle] a5 =406 (sA) 1 x]12
BROD,

o+t Dl

SIS v e 1+ Hos(e/5D e

n=—oo

Since the function ¢(t/s) = % is increasing for 0 < ¢t < s and decreasing for

t > s we can replace it on each interval by its value at end-points. Then

(t/s)” dn+1)y

(1+ t/8>27(1 + [log(t/s)]) < m(l + (n+1)|logd|)

for t > s and

(t/s)” m
Tt s LT o9l < s

IA

(1 +n|logd|)

for t < s.

Hence we obtain

IS o)L 14 tog(t/5) Dl

= (1 (1+t/s)>
SC Y Xarsartrg - m(l + n|logd|)|

n=—oo

Now apply 4.7.1 and see that

X[ s,antis)|| = | Da-nXs.as|| < C(1+ ")~ *d™"
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Therefore,

dr(=b)
< Clxps.asl Z D= (1 +n|logd))

< Cllxpsasll Z "0 (1 + nflogd]) + Y d™"*) (1 + n|log d]))
n<0 n>0
< Clxs,a5]
We deduce
[2y.27(8A) 2] x5, ,, < CollXisaq | 2ll077(sA) ]| x (4.8)
Suppose there are elements z,y € Xg(,,,) that satisty

lps.5(sA) 017 (sA) ]| xp(00n) < 077 (5A)Yll X (pur) Whenever 0 <5 < 00

Combining (4.7) and (4.8) we obtain

C1l|X(s,ds) | Bl Pats+2v,ar6+2y(5A) ]| x < ||056(5A) 021,24 (8A) 7 || x 5 (00 s)
< ||902%2’Y(SA)yHXE(<Pa,b)
< Colx(s.as) |l Ell9r7(sA)yll x

Thus for every 0 < s < oo we have C1||@ats12y.aro+2y(SA)z||x < Callpy,(sA)y] x-

Since F is a Lattice we get

< Collylixe, -

HxHXE(eDaHH«, at+s+2y) —

The result now follows from Theorem 4.8.6. O]
4.9 Absolute calculus and interpolation spaces

We are going to give a characterization of those spaces which allow operators to

have absolute H°-calculus. These spaces are certain real interpolation spaces,
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hence we recall the K-method.

A Banach space X is an interpolation space between Banach spaces Xy and X
if XoNX; — X — Xy+ X; and every linear map T : Xy + X; — Xo + X;
which is a bounded operator on Xy and X; is also a bounded operator on X. An

interpolation space X is called ezact if we have the following norm estimate on T’
17| < max{|| Tl x,, [T x, }-

Given an interpolation couple (X, X;) the standard construction of a real in-

terpolation space (X, X1)g,, uses the K-functional
K(t,x) = mnf{||zol[x, + tnrllx, - 2 = zo + 21}

and the weighted L,norm. Replacing the L,-space by a Banach lattice £ on
(R4, dt/t) with the assumption min(1,t) € F generalizes this method [29, 14]. We
define an interpolation space (X, X1)g as the space of all x € Xy + X; such that
K(t,x) € E and we can put ||z||(x,,x,), = [[K(t, 2)| &

Let us denote by

Loo = {f € Lo(Ry, dt/1) : ess sup| f(1)] < o0}, [flls.. = ess sup| (1)

and

Ll ={f € Lo(Ry,dt/t) : ess sup|t 1 f(t)| < o0}, | fllzy, = ess sup|t L f(1)).

Brudnyj and Krugljak showed [14, section 3.3] that it is sufficient to limit ourselves

to exact interpolation spaces between L., end L!_.

Theorem 4.9.1 (Brudnyi-Krugljak). Suppose (Xg, X1) is an interpolation cou-

ple and E is a Banach lattice on (R, dt/t) with min(1,t) € E. Then there ezist
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an exact interpolation space F of the couple (Lo, LL) such that spaces (Xo, X1)E

and (Xo, X1)F are isomorphic.

For further considerations it is important to know the Boyd indices for such
interpolation spaces. Notice that || Dyl =1 and || D||p1. = s~ ' since || D, f||1 =
ess sup |t f(t/s)| = s 'ess sup,,|(t/s) " f(t/s)] = s fllLy. Suppose F is an
exact interpolation space between L., and L then ||D,||r < max{1,s'} and we

can estimate

log || Dy log s~!
ap = timinf EIDE 5 i 1085 4
5—0 log s s—0 logs
log || Dy log 1
Or = limsup M < lim sup 087 _
5—00 10g S s—oo 10g S

Therefore —1 < ap < (r < 0.

Let A be a sectorial operator on a Banach space X. For any number a € R one
can define the fractional power A* as a closed injective operator with dense domain
and range (see [35, section 15] for details). We denote by D(A®) the completion of
D(A®) under the norm ||z 540y = [[A%2]|.

Denote by F the set of all exact interpolation spaces F of (L, LL)) with —1 <

ar < Br < 0 such that F has the Fatou property and L., N L. is dense in F'.

Theorem 4.9.2. Let A be a sectorial operator on X. Then A has absolute calculus

on any interpolation space (D(A™"), D(A%))p where F € F and a,b > 0.

Proof. Suppose that A is a sectorial operator on X. Pick any F' € F and a,b > 0.

We are going to show that A has absolute H®-calculus on (D(A™?), D(A%)).
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First we check that (D(A~?), D(A®)) is a linearizable interpolation couple. This

can be seen by defining the parameterized families of operators
Vo(t) : X — D(A™Y),  Vi(t) = tA“TH(T + tA*Tb) !

and

Vi(t) : X — D(A4%), Vi(t) = (I +tA*T)~L,
Then Vo(t) + Vi(t) = I. Since A is sectorial we have for z € D(A~?) that
IVa(t)2ll s IEAP(T + £A™) A 0| < CA= 2]l Cllelpaon
and also
Vi)l pany = |A*( + tA™) 2] x < CH AT 2]y = Ot |2]lpa-)
Similarly, for z € D(A®) we get
Vo)allpa—sy = LA™ (T + A" allx < Ct|A | xCt]ll pae)

and

Vi)l pany = |A*(1 + tA*") ]| x < CllA"2]x = Cllllpeae)

Therefore (D(A~?), D(A%)) is linearizable and hence by [52] we have the follow-
ing estimate on the K-functional K(t,z) < [[Vo(t)z|pa-s) + t[Vi(D)z]lpaay <

2CK (z,t). Thus by the choice of Vj and V; we have
1
5K(t,z:) < |tAYT + AT " a|| x < CK (w,t)
We define a new Banach lattice

E={f € Ly(0,00) : tzs f(tw5) € F}, ||f(t)l|p = |tz f(t755)]||
94



It easy to check that F is a Kothe function space with Fatou property and we have

[[tA(I +tA) "zl x]|F = || |pap(tA)z x] e
We can express the norm of the dilation operator D, on E in terms of the norm
of D, on F.

1D ()| = 1 f(t/s)lle = [1t7 f(t755 /5) | p = 8°|| Dgaro (t75 £ (£755)) |

Therefore || D,||g = 8°||Dgats]| 7. For the Boyd indices we obtain

1 D, 1 "D
B = lim sup M = lim sup 08(5”|[ DI ) =b+ (a+b)0r
00 log s 00 log s
and
1 D, 1 %D
ap = liminfM = lim inf 08($”l| Dseso|lr) =b+ (a+b)ag.
50 log s s—0 log s

Therefore, E is an admissible function space. We will show that space Xg(@qp)
actually coincides with (D(A™?), D(A%))p. In view of Definition 4.8.2 we need to

verify that every x € (D(A™?), D(A%)) satisfies
tim [15(s + A)7" L xp(p) = i [AGs + A 2]y = 0

To see this, it suffices to consider a dense subset of (D(A?), D(A%))r. We can
choose D(A~%) N'D(A?) since it is dense in (D(A~), D(A%))p by [14, section 3.6].

Note that if z € D(A%) N D(A?) then s(s + A)~'z and A(s + A)~ 1z are also
in D(A~®) N D(A%). This is due to the commutativity properties of extended func-

tional calculus [35, section 15.B], e.g. A7(s(s + A)tz) = s(s + A) (A x).
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For x € D(A%) N D(A®) we have

12/l pea-0), By, < N2 IDea—n)np(ae) = max{[|A™z||x, [| A x}

Therefore, it remains to show that

lir% |A ™ s(s + A)la||x = lir% |A%s(s + A)'z|lx =0

and

lim [[A™A(s + A)"'z||x = lim ||A°A(s + A) 'z x = 0.

To see that these limits hold, we recall that A is sectorial on X and apply
Reference 4.8.4 to A%z and A%r.

Therefore, we have that the interpolation space (15(/1‘1’), 15(14“)) r is isomorphic
to Xg(pap). Then by Theorem 4.8.7, A has absolute calculus on the interpolation
space provided that a > —ag and b > fBg. This follows from ap > —1 and G < 0
together with the expression above relating ag, g to ap, Br. Now, the proof is

complete.

Remark 4.9.3. The condition that F'is an exact interpolation space between L, and
Ll with dense intersection Lo, N L. was needed to conclude that D(A=) ND(A?)
is dense in (D(A™"), D(A%))r. Therefore, we can reformulate the previous theorem
in the following way:

Let A be a sectorial operator on X. Suppose F' is an admissible function space
with —1 < ap < Bp < 0. If D(A")N'D(A) is dense in (D(A™), D(A%))p then A

has absolute calculus on (D(A"), D(A%))p whenever a,b > 0.
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Corollary 4.9.4. Suppose A is a sectorial operator on X and a,b > 0. Then A
has absolute calculus on real interpolation spaces (D(A™"), D(A%))g, for 6 € (0,1)

and 1 < p < oo

Proof. 1t is obvious that L,(t~%dt/t) is an admissible function space and by Re-
mark 4.7.2 oy, = B, = —0. The density of the intersection of the domains follows

from the well known fact for real interpolation spaces (see e.g. [52, section 1.6]). O

Conversely, if A has absolute calculus on X then X is isomorphic to a real

interpolation space of the form 4.9.2.

Theorem 4.9.5. Suppose A has absolute calculus on X for function g(z) = @ap(2)
in the definition 4.6.1. Then X s a real interpolation space between ZS(A‘I) and
D(A™?).

Since A has absolute calculus, there are 6 > 0,a > 0, and b > 0 such that

lss(tA)ap(tA)z|| < [lpap(tA)yl]  0<t<oo = |z|| <yl

The following estimate of the K-functional for (D(A~"), D(A%)) was obtained in

the proof of the previous theorem.
1
5K(t,gc) < [tAY (I +tA) | x < CK(z,t)

Now we verify that X is K-monotone, i.e. there exist C' > 0 such that whenever
z,y € X with K(t,z) < K(t,y) for all t > 0, then ||z|| < C||ly|]|]. We are going to
use the result of Brudnyi and Krugljak ([14, chapter 3], [29, chapter 26]) that says

every K-monotone interpolation space can be obtained by K-method.
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Suppose we have K (t,z) < K(t,y) for t > 0. Then using uniform boundedness

of p55(tA) and lemma 4.8.1 together with the observations above we obtain

lpss(tA)pap(tA)z]l < Cllpap(tA)zll < ClI(EA) (T + (LA)) 2]
< CtPK (™, x)
< Ot K (190, y)
< ClIEA) (I + (tA)) "yl
< Clleap(tA)yll.
It follows from the absolute calculus of A that ||z|| < Clly||. By the theorem of
Brudnyi and Krugljak mentioned above we conclude that there exists a Banach

lattice F' so that

lellx ~ K )] e
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