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for f € L, andx in a sector abouR .. Here, k; is the kernel of(x — A~ Loramore 1
general Poisson bound. In the case 6f 4 < oo, (1.1) implies thatt—A) has maximal 2
L ,-regularity (see, e.qg., [6], [10, Section 5]), or thhhas aH *°-functional calculus ifA 3
has one oL, [4], [10, Section 5]. In this paper we exhibit two more examples of such
phenomena. 5

It is well known that Laplace operator ob;(R") does not have a bounded®°- s
calculus. In Corollary 3.3 we show thatjf= 1 then (1.1) implies thatt does not have a 7
boundedH *°-functional calculus. This is still true i, is the kernel of any positive integral s
operator orL1(£2) or if (A\+ A)~! has a “diffuse representation” (see the definition below}.
If (—A) generates a weakly compact semigroup this result is already contained in [5}o It

seems remarkable that the very same estimate (1.1) that guarantees the boundedness:of the

H*®-calculus in so many casesgfe (1, co), absolutely excludes it § = 1. 12
It is also well known that forA on L, (R"), 1 < g < oo, g # 2 the fractional domains 13
D((1— A)%) are isomorphic to the Bessel potential spaﬂ{gé‘(IR{”). So they do not co- 14
incide with the real interpolation spacés,, D(A)).,- Which are isomorphic to the Besov 1s
potential spaceBlf?;. (R™) (of course, they are the same fpe 2). In Theorem 3.1 we will 16
show that (1.1) implies such a result for any sectorial operaton L, with O e p(A) and 17
l<g<oo,g#2,ie. 18
D(A%) # (Ly. D(A)) O<a<l 19

o,r’ 20
Again, it is enough that; is the kernel of a positive integral operator bp(s2), or that

(> + 1) ~! has a diffuse representation. If we assume in additionAhes bounded imag- ,,
inary powers it follows that the complex and real interpolation methods yield differegt
results for the interpolation paji,, D(A)) (see Corollary 3.2).

Let us recall now some definitions. A closed operatowith domainD(A) is called
sectorial of typew if the spectruno (A) is contained in a sectdr € C: |arg(z)| < w} U {0}
and we havdlAR (L, A)|| < C,, for |arg(h)| > w. We will write p(A) = C\ o (A) for the
resolvent set oA andR (%, A) for the resolvent at € p(A). Suppose that is a sectorial
operator of typev and f is a holomorphic function o¥,, whereo > w. Given that f
satisfies the conditioyfa):(S [f ()] \T1| |d\| < 0o, we can define

f(A) = / FOIRGL A)dr, w<8<o. .
05 33

We say thatd hasboundedH *° (X, )-functional calculugf the map f — f(A) can be 34
extended to a bounded map from the spak€(X,) of bounded holomorphic functions 35
on X, to B(X) (see [9] for details). 36
For the definition of fractional powers in terms of thHé°-calculus see, e.g., [10] and if 37
0 e p(A) see also [12]. A sectorial operatdrhas bounded imaginary powersAf’ for 38
t € R define bounded operators ¢h Clearly, a bounded{ *°-calculus implies bounded 39
imaginary powers. 40
For the most part we considdr,-spaces orv-finite non-atomic measure spacest
(K,B,m) and (£2, ¥, u). We recall that a bounded operatBron L, is positive if the 42
image of every non-negative function is again a non-negative function. If an operator €an
be split into a difference of two positive operators then it is catgglilar. Regular oper- 44
ators betweerl , spaces have a particularly useful representation (see [7,11,13]). Given
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a regular operatof : L ,(K,m) — L4 ($2, n) there is a family of regular Borel measurest
(vy(x))yen ON K such that for every € L, (K, m) we have

Tf(y)=/f(x)dvy(X) u-a.e.
K

Note that if all measures, are absolutely continuous with respects#othen by the
Radon—Nikodym theorem we obtain classical integral operators,

© 00 N o g b~ W N

=
o

170) = [ ko0ydm(. k(. =dv, fdm.
K
In case that all measures are non-atomic we say that the operator hdgfase repre-
sentation 13
While resolvents of second order elliptic operators are typically classical integral opeta-
tors, the resolvents of first order differential operators have usually a diffuse representation.

B
N e

As an example, consider the operatorD(A) S L1(R?) — L1(R?) given by 16
17
0
Af (x1,x2) = — f(x1, x2). 18
dx1 10
Its resolvent 20
[ele} 21
(R(A, M) f)(x1, x2) = /e_mf(m +1t,x2)dt 22
b 23
24
has representing measure 25

26

27

wheres,, is the Dirac measure anth’, = x(x,.cc) ()¢ *~*0 dr. Therefore,R(A, 1) is 28
not an integral operator but has a diffuse representation. However, given a diffuse opera-

tor T, we can always pass to a subalgebra for whicHr is integral [13]. 30

31

32

2. Preliminary results 33

34

The following lemma is a vector-valued version of a classical result about uniform #&a-

tegrability in L1. 36

y A
Hxg,xp) = My ® 8xp

Lemma 2.1. Let X be a Banach space aril be an isomorphic embedding frominto 38
L,(X) (1< p <o00). Assume that for some subspdte X the Set{||Ty(t)||§: yey, 3o
l¥llx = 1} is not uniformly integrable as a subset©f. Then there exist a sequengg) 40
in Y isomorphic to a unit vector basis &f. a

Proof. Since{||Ty(z)||§’(: yeY, ||lyllx =1} is not uniformly integrable i, we can find 43
a sequencéy,) in Y with ||y, || <1 such that/ ||Tyn(t)||‘;(dt =1 and||Ty,1(t)||§’( -0 44
(n — oo) almost everywhere. To see this, assume the contrary, i.e. every sequence ffom
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T (Y) converging to zero almost everywhere is converging to zetb,i(X)-norm. Then 1
for all 0 < g < p there existC > 0 such that/ || Ty(t)[|”dt < C [ | Ty()||?dt for all 2
y € Y. Hence, we have 3
/p ‘
. 5

lim su Ty’ dt
e ;
ITyOI>M 7
1/q 8
<C lim sup [Ty dt 0
M= 00 y)=1 10
ITy@>M

1p 11
<C lim sup (/ [ Ty(t)Hqu_pdt) =0. 12
M= 00 y||= 13

This contradicts the fact thdf] Ty(t)||§: y €Y, |lyllx =1} is not uniformly integrable “

in L.
For convenience defing, (t) = | Ty, (t)||§’(. Then(f,) are functions in_1 of norm one.
We will use a subsequence splitting lemma.

16
17
18

Lemma 2.2 [16]. If (f,) is a sequence in the unit ball &f; then there exist a subsequencelg
(fn,) and disjoint setgA;) with their complements, such thatf,, |z, are uniformly *°
integrable. 2
22
Since the sequendd,, |5,) is uniformly integrable and still goes to zero almost every?®
where wherk is approaching infinity we gettha, | 5, goes to zero i.i-norm. Sof,, |4, >
is bounded in norm from below. NoWy,,, = Ty, |5, + T yn;|a,, Where| Ty, |a L, x) =
| fuila, Iz, is bounded from below. Thus the sequelfey, |4,) is isomorphic to the unit
vector basis of, since it has disjoint support and bounded from belovt jj{X). On the
other hand

25
26
27
28
29
0T yn, — TynlaclL, 0 = 1T ynelBelle, ) = | fuilBiell, = 0 (k — 00). 30

It follows by perturbation of basis that some subsequen¢€ gf, ) is equivalent to the unit 3!
vector basis of,,. Denote this subsequence again(By,, ). Then(y,,) is also equivalent 32

to the unit vector basis @f, sinceT is an isomorphism. O 3
34

The next proposition is related to a result in [9]. The expression appearing in the stte-

ment will be applied to the setting of interpolation spaces betwéand D(A). 36
37
Proposition 2.3. Suppos& is a Banach space andl is a sectorial operator otX. Assume 38

there is a constanf > 0, 1 < p < oo andu € (0, 1) such that for every € X, 39
40

0 1p
41
CHxl < ( / |||r|“l/PA°‘R(r,A)x||”dr> < Cllx]). @y
—00 43

Then ifY is an infinite-dimensional closed subspaceldfd) (with a graph normandyY 44
does not contain a copy &f thenA is bounded orY. 45
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Proof. We will consider an operatdf : X — L,(R_, dt, X) given by

It follows from (2.1) thatT is an isomorphic embedding. Sinee< 1 we can find a nat-
ural numbetn such thaty < (m — 1)/m. Fixs < 0. ThenR (s, A) mapsX isomorphically
onto D(A) (with a graph norm). Le¥o = R(s, A)~1Y. ThenYj is an infinite-dimensional ©
subspace ofX that does not contain a copy 6f. By Lemma 2.1 the se{||Ty(t)||§: 7
yeVY, |lylx =1} is uniformly integrable. The operatt®R(s, A) has a lower bound 8
on Yy since otherwise, there would exist a sequeycim Yo of elements of norm one such °

that||A“R(s, A)y,| — 0. However, the resolvent equation yields for any 0, 10
11

A“R(t, A)yn = A" R(s, A)yn + (s — )R, A)(AYR(s, A)yn). 12

1
2
Tx(t)=|t|1* P AYR(z, A)x. .
4
5

Therefore| A*R(t, A)y, | — O pointwise. Now by uniform integrability and (2.1), we have™
llv. Il — O which gives a contradiction. 14

The operatod® R (s, A) is an isomorphism oiily. Thus the subspace 1

16
Y1=A%R(s, A)(Yp) 17

does not contain a copy &f and by the same argument we get tH&R (s, A) is bounded 18

from below onY;. This gives us a lower bound for the operatdf R(s, A)? onYy. Repeat-
ing the same procedure times we get that the operatdr® R(s, A)™ is bounded from
below onXp by some constant > 0. It follows from the boundedness of the operator
AM R(s, A)Y" 1 (@ < (m — 1)/m) and the simple computation

Cllyoll < A" R(s, A)"yo|| <

23
Yo € Yo, 24
25
26
27

that the resolvenR (s, A) is bounded from below oifg.
Now we see that is bounded or¥ = R(s, A)Yp. Take anyy in Y and findyg in Yp

such thaty = R(s, A)yo. Then .

1Ay < JARG, A)[[Ilyoll < (/O ARG, A)[[|A™ R(s, A" [R5, A)yo >

= Cl”y ” .o 31

32

Remark 2.4. The proposition cannot be applied fpr= 2. In this caseX is isomorphicto
Ly(R_, dt, X). Thus there is no subspaceXnand hence irD(A) which does not contain 5,
a copy ofi». 35
36

We assume that zero is contained in the resolvent set(then 0] C p(A) and we have 3
an estimaté| R(z, A)|| < forall t € (—o0, Q]. This allows us to apply a theorem from 55

1+|z|
[12] which yields that an equivalent norm on the real interpolation spEc®(A)),, , for 39
O<a <1land 1< p < oo is given by 40
o0 1/p 41
~ o =1_||P dt 42
XL, DAY, ¥ </ [t“AA+1) x| 7) @2
0 44

for x € (X, D(A))q, p- 45
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In [9] it was shown that ifA has anH °*°-calculus onL1 then
o0
R dt
”x”L;l% ||A R(l‘,A)x”T
—00

Formula (2.2) allows us to reformulate this statement as follows.

Proposition 2.5. If A has a bounded?®°-calculus onL1(£2, 1) then (L1, D(A))g.1 =
D(A)* with equivalence of norms fé@r< o < 1.

© 0 N o g b~ W N P

PR e
N R O

3. Main results

B
> w

In general we have the following inclusions between the dorfgia®) of a fractional
power of A and real interpolation spacéX, D(A))q.1 and(X, D(A))¢.co»

B e
N o oo

(X, D(A)), 1 CD(A") C (X, D(A))

a,00"

[
o]

If a sectorial operatoA has a bounded *°-calculus onX = L2(/C, 8, m) then we have 19
D(A%*) = (X, D(A))q,2- This result can be found in [1]. As we will see now this statement
is wrong forL, with g # 2. 21

Theorem 3.1. Let A be a sectorial operator oiL, (C, B, m) for a non-atomic measure 23
space(K, B, m) andl < g < 0o, g # 2. Assume thad € p(A) and there exists < Osuch 24
that R(s, A) is a regular operator with a diffuse representation. Then for any (0,1) 25

and1l< p < oo, 26
27
D(A%) # (L, D(A))a’p. »8
29
Proof. We will assume thaD(A%) = (Ly, D(A%))4, , and derive a contradiction. 30
It follows from [12] that there exists a constat > 0 such that for anyy € a1
(Lg, D(A))a,p We have 32
1 33

o0
-1 o _1_ypdt o 3
C [t“AA+0) | N <yl )., 35
0 36
00 1/p 37
o -1 Pdt 38

<cl | |laAa+n=y|"—| .

t 39

0
40
Since D(A%) = (L4, D(A))q,p, We obtain for anyy € D(A%) that the quantitie§A%y||, 4«
Iyllpcax), and|lyll(z,.p(a)),,, are equivalent. 42

Pick x from the range ofA“ and takey € D(A%*) such thatx = A%y. Then using 43
JoT It AA + )~ tAx | P 4 = ff)oo 212~ YP A= R(¢, A)x||P dt we obtain for some 44
suitable constant > 0 that 45
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0 1/p
C—l( / 111447 AY R(z, A)x ||pdt) <Nl oc.8.m)
—0o0

o g b~ W N P

0 1/p
<C( /|}|z|“—1/PA1—°‘R(t,A)x||”dr> :

5 ,
The range ofA* is dense inL, (K, B, m) and therefore condition (2.1) is fulfilled. We s
will use Proposition 2.3. Since the resolv&tt, A) is a regular operator with a diffuse rep-o
resentation there is a non-atomic stialgebra®3; of B such thatR (s, AL, K. B1.m) isa 10
compact operator [13]. Lef; be a closed infinite-dimensional subspacd.giXC, B1,m) 11
which does not contain a copy &, for instance, take the span of a sequence equivaleit
to the Rademacher functions. Consides R(s, A)Y1. SinceR(s, A) is an isomorphism 13
from L, (K, B, m) onto D(A) (with the graph norm)Y is a closed infinite-dimensional 14
subspace oD (A) and does not contail,. By Proposition 2.3A is bounded ot and 15
thereforen — A is also bounded ofi. We consider the bounded operator 16
J (DA, |I.1a) = Ly(K, B, m), J=R(s, A)(mI — A). i;
Then J(Y) =Y. On the other hand/|y = R(s, A)(s — A) = R(s, A)|y, is a compact
operator sinc&’y C L, (K, B1, m). This is impossible sincd is ontoY andY is infinite-
dimensional. We hence obtain a contradictiom 2
22
It is well known that if A has bounded imaginary powers &nthenD(A%) coincides
with the complex interpolation spacg®, D(A)]* = D(A)* (see, e.g., [10,12]). Hence our ,,
theorem implies 25

Corollary 3.2. Assume in addition to the assumption of TheoBfrthat A has bounded
imaginary powers. Then

(Lp, D(A), , #[Lp, D], 29
forall 1< p<ooanda e (0,1).

31

32

Our next results will show that no reasonable differential operatof. (%2, 1) can a3

have a bounded *°-calculus. o

. . .35

Corollary 3.3. Let A be a sectorial operator orL.1(£2, X, u). Assume there is a point %

A € p(A) such that the resolverR (1, A) has a diffuse representation. Thendoes not -

have a bounded *°-calculus. %8

Proof. Combine Proposition 2.5 and Theorem 3.1 noticing that all operatots; care jz
regular. O

41

For a variant of our assumption recall the Sobolev spaces defineddd and 1< 22

p <ooas

Hy={ue8" |F (1452

S/ZF"(S)}”L,, <00, 45
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whereF : S’ — &’ denotes the Fourier transform for tempered distributions (see [2,12])
Corollary 3.4. Let £2 ¢ R" with piecewise smooth boundary. Suppose that.1(£2) D

D(A) — L1(£R2) is a sectorial operator such thd?(A) C Hj ($2) for somes > 0. ThenA
does not have af/ *°-calculus.

a ~ W N

6

Proof. To apply Theorem 3.3 we need to show tiRaf., A) has a diffuse representation
for somex € p(A). Pick anyi € p(A). Then by Sobolev's theorem we have a continuous
inclusion H; (£2) — L ,(£2) for somep > 1. Hence, for any bounded s&tC 2 with
piecewise smooth boundary we obtain thatR (1, A) factors through ,(U), 10
L1(2) 2254 DAY N Ly(U) < HE(U) = L,y(U) = Ly(U). i
Consequentlyyy R(A, A) is a weakly compact operator. Notice thatl) is finite. There- 13
fore, xy R(A, A) is an integral operator [3]. This argument works for all boundled 2 4
with piecewise smooth boundary and thRi6., A) has a diffuse representation. According,s
to Corollary 3.3,A does not have af *°-calculus. O 16

17
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