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Generalized Brownian motion

The famous example of generalized Brownian motion is the
q-semicircular operators on the q-Fock space of Bożejko and Speicher.

Guţă and Maassen developed a theory of generalized Brownian
motion based on a symmetric Fock space construction.

Guţă did a partial generalization of the theory of Guţă and Maassen
to multiple processes indexed by some set I.

I’ll discuss ideas that arise in the spirit of these works of Guţă and
Guţă and Maassen.
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Colored pair partitions

Fix an index set I. It will be convenient to call the elements of I colors.

Definition

Let P2(2n) be the set of pair partitions of [2n], i.e. partitions of [2n]
into blocks of size 2.

PI2 (2n) := {(V, c) : V ∈ P2(2n), c : V → I} is the set of I-indexed
pair partitions.

Let PI2 (∞) :=
⋃∞

n=1 PI2 (2n).
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Colored pair partitions

We can draw colored pair partitions:

1

2

42

1

53

2

6

I = {1, 2}
V = {(1, 4), (2, 5), (3, 6)}
c((1, 4)) = c((3, 6)) = 2 and c((2, 5)) = 1.

solid red ↔ 1 ∈ I
dotted blue ↔ 2 ∈ I
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Symmetric Fock spaces

Suppose that for each n : I → N ∪ {0} with finitely many nonzero values,
Vn is a complex Hilbert space with a unitary representation Un of

Sn :=
∏
b∈I

Sn(b),

If H is a complex Hilbert space, define a Fock space by

FV (H) :=
⊕
n

1

n!
Vn ⊗s

⊗
b∈I
H⊗n(b)

where ⊗s means the subspace of vectors fixed by the action of Sn given by
Un ⊗ Ũn, where Ũn(π) permutes the vectors according to π, and
n! :=

∏
b∈I n(a)! and 1

n! refers to the inner product. Write v ⊗s f for the

projection of v ⊗ f ∈ Vn ⊗
⊗

a∈I H⊗n(a) onto Vn ⊗s
⊗

a∈I H⊗n(a).
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Creation and annihilation operators

Assume for b ∈ I we have jb : Vn → Vn+δb (where δb(b′) = δb′b) with

jb · Un(σ) = Un+δb(ι
(b)
n (σ)) · jb, (1)

where ι
(b)
n is the natural embedding Sn ↪→ Sn+δb . Define

(
r
(n)
b

)∗
(h)(

r
(n)
b

)∗
(h) :

⊗
a∈I
H⊗n(a) →

⊗
a∈I
H⊗n(a)+δa,b

acting as right creation operator on b-colored part H⊗n(b).
The action on a vector v ⊗s f of the creation operator (aV ,jb )∗(h) is given
by

(aV ,jb )∗(h)vn ⊗s f = n(b)(jbvn)⊗s (rnb )∗ (h)f.

The annihilation operator aV ,jb (h) is the adjoint of (aV ,jb )∗(h). Denote by

CV ,j(H) the ∗-algebra generated by the operators aV ,jb (f ) and (aV ,jb )∗(h)
for h ∈ H, and b ∈ I.
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Vacuum states of symmetric Fock spaces

Write

aV ,j ,eb (f ) =

aV ,jb (f ), if e = 1(
aV ,jb

)∗
(f ), if e = 2

Theorem

Let (Un,Vn) be representations of Sn with maps jb : Vn → Vn+δb satisfying
the intertwining relation. Let ξV ∈ V0 be a unit vector and let ρV ,j be the
vector state of ξV ⊗s Ω on CV ,j(H). There is a tV ,j : PI2 (∞)→ C such
that

ρV ,j

(
m∏

k=1

aV ,j ,ekbk
(fk)

)
=

∑
(V,c)∈PI2 (m)

tV ,j((V, c))
∏

(l ,r)∈V

〈fl , fr 〉 δbl ,br Beler ,

where ek ∈ {1, 2} and

B :=

(
0 1
0 0

)
.
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Fock states

Remark

A state satisfying this pairing prescription is called a Fock state.

Example

The vacuum state on the algebra of q-creation and annihilation operators
is a Fock state with |I| = 1 and t(V) = qcr(V).

Corollary

The restriction of ρV ,j to the algebra AV ,j(H) generated by the operators

ωb(e) := aV ,jb (e) +
(

aV ,jb

)∗
(e) is

ρ̃t

(
m∏

k=1

ωik (fk)

)
=

∑
(V,c)∈PI2 (m)

tV ,j((V, c))
∏

(l ,r)∈V

〈fl , fr 〉 δil ,ir .
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Spherical representations

A spherical representation of (G × G ,G ) (where G ↪→ G × G with
the diagonal embedding) is an irreducible unitary representation of
G × G with a non-zero G -fixed vector.

The spherical representations of (G × G ,G ) are closely related to
finite factor representations of G .

Goal: construct a generalized Brownian motion associated to a
spherical representation of (S∞ × S∞, S∞).
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Characters of S∞

The characters of S∞ are given by a famous theorem.

Theorem (Thoma 1964)

The normalized finite characters of S∞ are given by the formula

φα,β(σ) =
∏
m≥2

( ∞∑
i=1

αm
i + (−1)m+1

∞∑
i=1

βmi

)ρm(σ)
(2)

where ρm(σ) is the number of cycles of length m in the permutation σ,
and (αi )

∞
i=1 and (βi )

∞
i=1 are decreasing sequences of nonnegative real

numbers such that
∑

i αi +
∑

i βi ≤ 1.
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Vershik-Kerov representations of Sn

We’ll discuss the case
∑
αn = 1.

Notation

Fix a decreasing sequence (αn) with
∑
αn = 1. Define a measure µ on N

by µ(n) = αn. Let Xn =
∏n

i=1N with the product measure. Let Sn act on
Xn by σ(x1, . . . , xn) = (xσ−1(1), . . . , xσ−1(n)). For x , y ∈ Xn, say that x ∼ y
if there exists σ ∈ Sn such that x = σy . Let

X̃n = {(x , y) ∈ Xn ×Xn : x ∼ y}. The Hilbert space V
(α)
n defined by

V
(α)
n :=

{
f : X̃n → C|∞ > ‖f ‖2 =

∫
Xn

∑
y∼x
|f (x , y)|2dm

(α)
n (x)

}

carries a unitary representation U
(α)
n of Sn given by

(U
(α)
n (σ)h)(x , y) = h(σ−1x , y).
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Vershik-Kerov representations of S∞

Denote by 1n the indicator function of the diagonal {(x , x)} ⊂ X̃n.

Theorem (Vershik, Kerov 1982)

On V
(α)
n , 〈

U
(α)
n (σ)1n, 1n

〉
= φα(σ). (3)

For n =∞ we get the representation of S∞ associated to φα in the convex
hull of 1∞.

Adam Merberg (UC Berkeley) Multiple generalized Brownian motions 25 March 2014 12 / 25



Generalized Brownian motions associated to factor
representations of S∞

There is a natural embedding jα : V
(α)
n → V

(α)
n+1 satisfying the necessary

intertwining relation:

δ((x1,...,xn),(y1,...,yn)) 7→
∑
z∈Z

δ((x1,...,xn,z),(y1,...,yn,z)). (4)

Bożejko and Guţă used these representations of the Sn to construct
generalized Brownian motions associated to factor representations of S∞.
They were able to compute the associated function on (one-colored) pair
partitions.

Adam Merberg (UC Berkeley) Multiple generalized Brownian motions 25 March 2014 13 / 25



Cycles of pair partitions

Bożejko and Guţă introduced the notion of the cycle decomposition of a
pair partition. Denote by V̂ the unique noncrossing pair partition such that
the set of left points of V ∈ P2(∞) and V̂ coincide. The cycle
decomposition of V ∈ P2(2n) can be interpreted in terms of the
multigraph GV with vertices [2n] and edge set V

∐
V̂.

1 2 3 4 5 6 7 8

GV is a union of vertex-disjoint cycles, a cycle of V is a set of the form
C ∩ V where C is a cycle of GV .
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The formula of Bożejko and Guţă

Notation

Denote by ρm(V) the number of cycles of V of length m.

Theorem (Bożejko, Guţă 2002)

The function on P2(∞) associated to the representations of Vershik and
Kerov is given by

tα,β(V) =
∏
m≥2

( ∞∑
i=1

αm
i + (−1)m+1

∞∑
i=1

βmi

)ρm(V)
. (5)
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What about spherical representations?

The Hilbert space V
(α)
n consists of functions on certain pairs of

n-tuples of natural numbers.

With one color, Sn acted on V
(α)
n by permuting the left n-tuple.

The group Sn × Sn acts on V
(α)
n with one copy permuting the left

n-tuple and the other copy permuting the right n-tuple.

For a symmetric Fock space indexed by I = {1, 2}, we need
representations of Sn(1) × Sn(2), even when n(1) 6= n(2).

Take m = max(n(1),n(2)). Then we have a representation of

Sn(1) × Sn(2) on V
(α)
n := V

(α)
m by restriction.

If n(2) > n(1) then j
(α)
1 : V

(α)
n → V

(α)
n+δ1

is the identity map.
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Associating a graph to a 2-colored pair partition

Given (V, c) ∈ PI2 (2n), we can define a multigraph G(V,c) with
vertices [2n].

The pairs of V give half of the edges, and the color function c
extends to a color function on all of the edges.

The definition is quite technical, but an example might offer some
intuition.

1 2 3 4 5 6 7 8 9 10

Figure : G(V,c) for (V, c) ∈ PI
2 (10) with V = {(1, 5), (2, 8), (3, 6), (4, 10), (7, 9)}

and c((1, 5)) = c((2, 8)) = c((7, 9)) = 1 and c((3, 6)) = c((4, 10)) = 2.
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The idea of the graph

1 2 3 4 5 6 7 8 9 10

Right points correspond to creation operators, left points to
annihilation operators.
Applying 2-colored creation operator (corresponding to 10) to the
vacuum vector gives an element of

V
(α)
0,1 ⊗s H⊗0 ⊗H⊗1 = V

(α)
1 ⊗s H⊗0 ⊗H⊗1. (6)

Next applying a 1-colored creation operator (corresponding to 9) to
the result gives an element of

V
(α)
1,1 ⊗s H⊗1 ⊗H⊗1 = V

(α)
1 ⊗s H⊗1 ⊗H⊗1. (7)

We still have a function on 1-tuples!
Edge between 9 and 10 keeps track of where elements are added to or
removed from the tuples.
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More about G(V,c)

In general, we can define a multigraph G(V,c) and extend the color
function c to the edges.

G(V,c) is a union of vertex-disjoint cycles, and each cycle has edges of
both colors.

In the one-color case we used cycle length, but here we consider the
number of maximal monochrome paths in each cycle.

The number of maximal monochrome paths in a cycle is always even.
Denote by γm(G(V,c)) the number of cycles of a 2-colored graph
G(V,c) with 2m maximal monochrome paths. Equivalently, γm(G(V,c))
is the number of cycles of G(V,c) having m maximal monochrome
paths of each color.
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The Fock state

Theorem (M 2014)

The vacuum state of the Fock space FV (α,β),j(α,β)(H) on the algebra of
creation and annihilation operators is the Fock state arising from the
function tα,β : PI2 (∞)→ C given by

tα,β((V, c)) :=
∏
m≥2

( ∞∑
i=1

αm
i + (−1)m+1

∞∑
i=1

βmi

)γm(G(V,c))

. (8)
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