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1. SEPTEMBER 24

Prerequisite knowledge: First-order logic; the constructible universe L

Goals of the course: To discuss motivating ideas behind the core model (or inner model)
theory project for large cardinals.

Immediate goal: Jensen’s “covering lemma”: It says (in particular) that if A is a limit
cardinal of uncountable cofinality (eg A = N, ) then either (A\T)% = A\*, or L is “very small”
(e.g. every uncountable cardinal is inaccessible in L, |[RE| = Ry, 0% exists).

Consequences: Certain combinatorial statements (such as “PFA”, the failure of “SCH”)
have large cardinal strength.

Other applications of inner model theory ideas: Descriptive set theory (understanding sets
more complicated than 33, e.g. Martin-Solovay tree for 33), exotic notions of forcing (e.g.
Woodin’s extender algebra, Prikry forcing...)

e Measurable Cardinals
— clubs, stationary sets
e Elementary embeddings
— Scott: Jj: V' — M elementary (and nontrivial), M well founded iff there exists
a measurable cardinal;
— 0% Jiff 3j: L — L elementary (and nontrivial)
e Then: Jensen’s covering lemmal

Definition. A cardinal x is measurable if there is u C P(k) such that

(i) w is an ultrafilter, i.e.
- ABeu=ANBepu
- Aeu, BOA=Bepu
—ACk=AcporA°epn
(i) {a} ¢ pall @ € K (i.e. pis “non-principal”)
(iii) if 0 < &, (Aa)aes a sequence of sets in p, then (), 5 Aa € p
(iv) Kk > w.
We then say that p is a measure on k. p is then said to be normal if for any A € pu,
f: A— kwith f(a) < a all @ € A, we have some B C A, B € u, and some «aqy € K, with
fla) =g all @ € B.

Theorem. If Kk is measurable, then there is a normal measure on k.
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Proof. Fix a measure v on k. For f,g: k — K, set

f<uyg
iff for some A € v we have
fla) < gla)all a € A.

Claim. <, is a “pre-linear” order.

Proof of claim. Transitivity: Suppose Ay, Ay € v witness f1 <, fo, fo <, f3 (i.e. Va €
Ai(fila) <, fir1(@))). Now take A = A; N Ay. Then A € v, and for all o € A, fi(a) <
fal@) < f3(a).

“Dichotomy”: Given fi, fa: k > klet A={a € r : fi(a) < fo(a)} (then A = {«a €
Kk fila) > fo(a)}). If A€ v, then fi <, fo; if A& v, then A° € v: fo <, fi. O

Next time: <, is a “pre-wellorder”. Then: choose g: Kk — k such that g is <,-minimal
subject to g not constant on any A € v. Now: set

p={BCk : g'[B]lev}

2. SEPTEMBER 27

Normal measures
- stationary sets
k a measurable cardinal = indiscernibles for L,; in fact, a club of indiscernibles in L.
Theories of indiscernibles: defn of 07!
0#3iff 3j: L — L elementary, j # id
Jensen’s covering lemma
(Scott: 3 measurable iff 35: V' — M, j # id, j elementary, M transitive)

Last time, we began the proof of:
Theorem. If k is measurable, then there exists a normal measure on K.

Note. a normal measure is one that doesn’t allow a nontrivial regressive function: if for any
f:k—=k, fla) <aall a € k (or just « € B some B € ), there is A € pu s.t. f|4 constant.

Exercise. For v an ultrafilter on k, the following are equivalent:

(1) for any f: Kk — K, f(a) < aall @ € K, JA € v (f|4 constant)
(2) for any f: Kk — k, B € v with f(a) < aall @« € B, 3A € v (f|a constant).

Proof of theorem (continued): Fix v a k-complete, non-principal ultrafilter on x. For
f,9: k= k,set f <, gif onsome A€ v, fla) < g(a) all o € A.

Claim. <, is a pre-wellorder.

Proof of claim. Suppose not. le., 3(fn)new, for1 <v fu. Then at each n, B, = {a
fo(@) < fayi(@)} is not in v. Therefore A, := (B,)¢is in v. Let A =), ., An; then A € v.
Then on each o € A, each n, f,i1(a) < fu(a). Thus (f.(a))ne, is an infinite descending
chain of ordinals, contradiction. O



3

Let X = {f: k — k| fis not constant on any A € v}. Let g € X be <,-minimal, i.e.
Vie X(g<,f).
Let u={ACkr : g '[A] € v}.

Claim. p is an ultrafilter.

Proof of claim. Suppose Ay, Ay € p (i.e. g7'[A;] € v). Let B; = g7'[4;] (: = 1,2). Then
Bi N By € v. But gil[Al ﬂAQ] =BiNByev.

If Ac u,BD A, then g7'[B] D g '[A] € v; 50 B € p.

Similarly, if A ¢ p, then g '[A] € v, so (¢ '[A])¢ € v. But g7 ([A])¢ = g~ '[A] therefore
A€ p. 0J

Note. p is not principal. (For ag € k, if {ap} € p, then B = g7 '[{ap}] € v. But then g|p
constant, contradicting g € X.)

For normality, suppose f: k — k has f(a) < aall @« € k. Then consider h = fog: Kk — k.
h(B) = f(g(B)) < g(B) all § € k.

Then h <, g: therefore (since h ¢ X) 3A € v such that h|4 constant — say h(a) = o all
ae A

Let B={a€kx : f(a) =2} p ![B] = A, therefore B € u. f|p is constant. O

Remark. In effect, we have formed Ult, (k, <) and noted it is a wellorder. We (in effect) fixed
m: Ult,(k, <) = (A, <) and let g: K — & have 7([g],) = k.

Definition. For (A,).ex a sequence of subsets of &,
AN A, ={fer] forall a < B(f € A,)}

aER

the “diagonal intersection” of (A,)acx-

Exercise. An ultrafilter p on k is normal if it is closed under diagonal intersections. l.e., if
Ay € pall a € k, then A, A, € p.

Definition. Let § be a regular cardinal. C' C 4 is a club if:

(i) Yo € 6 36 > a(p € C) (C “unbounded”)
(ii) if A € 0 is a limit and Va < A3 € C(B > a, f < A) then A € C (C is “closed”)

E.g. 1. The set {\ € § | A is a limit}

E.g. 2. Let v < §. Suppose at each a < v we have f,: 6 — d. Then the set C' of closure
points, i.e. {\ : Ya e y VB < A(fo(B) < M)} is a club.

E.g. 3. Let L be a language of size < 6. Let M = (M;RM, ... fM, ...) with M = .
Then {a <4 | (a; RM, ..., fM) < M} is a club. (Exercises)

3. SEPTEMBER 29

Note that some people make use of the notion of club when the ordinal in question may
not be regular (indeed, people make use of the notion of club with respect to things besides
the ordinals); but clubs in a regular cardinal are what’s popular, so that’s what we’ll stick
to.

Lemma. Let § be reqular. If v < 6, (Cy)aey clubs in 6, then (., Ca is a club.

acy
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Proof. Closed is immediate. For unbounded, fix f € 4. Now, for each a € -, choose
Boa € Co, oo > B Since 4 is regular,
B1 = sup foa < 0.
acy
Now again, at each o € v choose 1, € Cq, 1, > (1. Again,
B2 = sup B4 <O.
acy
Repeat.
We get B < 1 < B < B3 < --- < 9, and for each a,n there exists some 3,, > 3,
Bna < Bnt1. Let B, = sup,¢,, Bn. Then B, € C, each a (since C, N S, is unbounded). O

FEzercise. Let § be regular. Suppose at each a € § we have C, C ¢ club. Then A , C, is
again club.

Definition. Let § be regular. S C ¢ is stationary if for any club C C 4§, C NS # 0.

E.g. 1. If § C ¢ is club, then it is stationary.

E.g. 2. If S includes a club, then it is stationary.

E.g. 8. For § = wy, {a <wy : cof(a) = w} is stationary.
E.g. 4. {a <wsy : cof(a) = wy} is stationary in ws.

Lemma. There are Sy, Sy C wy stationary, S; NSy = 0.
Proof. Note: For S C wy, either S or S€ is stationary. The failure of the lemma would imply

that every stationary set contains a club (since at most one of S,S¢ could ever be stationary).
Thus we have: S is stationary iff it contains a club. Moreover,

=4S Cwp | S contains a club}

is an ultrafilter. By the last lemma, p is countably complete. So w; is measurable.
Fix distinct elements of 2%,

(xa)oz@ul (2N0 Z Wl)-

At each n, choose A,, € pu, i, € {0,1} such that z,(n) =i, all a € A,. Let A=A, € u.
A contains a club, therefore |A| > 1. Choose «, 8 € A, a # 3. Then at each n, z,(n) =
in = x3(n); therefore x, = x5, contradiction. O

Remark. This proof used Choice in an essential way. In fact, Solovay showed that ZF plus
the Axiom of Determinacy implies w; is measurable! In particular, AD implies that there is
no wi-sequence of distinct reals.

Theorem (“Fodor’s lemma”). Let § be reqular. If S C 0 is stationary, then for any regressive
function f: S — ¢, there is a stationary Sy C S such that flg, is constant.

Proof. Suppose not. Then for any «a € §, f~![{a}] is non-stationary, so there exists C,, club
in ¢ such that f(8) #a all B € C,NS. Let C = A 5 Cha.

Claim. C is club.

Proof of claim. Closure is clear. For unbounded, choose 5 € §. Then (exercise) choose
Bo = < 1 < Pa < ... such that at each n, each a < f3,,, Iy € Cy, 5, < < Pns1. Then
/Bw = sup /Bn S Aaeé Ca- 0
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Then for any a € C'N S (and such « exists since S is stationary), f(a) = 8 would have
B < a, but then a € Cp (since a € € = A5 C,). Therefore f(a) # 3, contradiction. [

Lemma. If S C 0 is not stationary, then there exists f: S — 0, f regressive, f not constant
on any unbounded set.

Proof. Take C C § club, CNS =0. For a € S, let f(a) =sup{B<a : geC} O
Corollary. Let p be a measure on k. If p is normal, then every element of i is stationary.
Proof. Uses p non-principal, k-complete = VA € u (|A| = k). O

Next: if k is a measurable cardinal, then there will be a club in k consisting of indiscernibles
for L.

4. OCTOBER 1

Definition. Let M be a model. Let I C M, and let < be a linear ordering of I. (I, <) is
said to be a set of indiscernibles for M if for alln, a; < --- <a, €I, by <---<b, € 1,
and ¢(xq,...,x,) a first order formula,

M }:go(al,...,an) iff M }:Qﬁ(bl,,bn)

Exercise. Suppose T is a first order theory with an infinite model. Then 7" has a model with
an infinite set of indiscernibles. (Hint: Let (¢, )ne, be fresh constants. Show that

T U {p(ciy,Ciyy oo Ciy) <= @(CjyyCipy-v s Cj) 0 g <lg < - -v < lp,
J1 < Ja < -+ < jn,p first order}

is consistent.
To show every finite part is consistent, use Ramsey’s Theorem: [w]™ =increasing sequences
from w. Given f: [w]” = {0,1}, 3A C w infinite with f|{4» constant.)

Ezercise. If T has an infinite model, then 7" has a non-rigid model, i.e. one which admits
a non-trivial automorphism. (Hint: First assume 7' comes equipped with Skolem functions.

Second, get M with indiscernibles (C});ez. Third: Let N = Skolem Hull (in M) of {C; | [ €
Z}. Fourth: Any automorphism of (C}),ez lifts to N.)

Aside. Leo Harrington proved that X! games are determined if and only if the cardinals (in
V') form a class of indiscernibles for L.

We will head to: measurables give clubs of indiscernibles for L.
Definition. Let (A, <) be an ordered set. [A]" := {(ay,...,a,) € A" : a3 < as < -+ < a,}.

Lemma. Let x be a measurable cardinal, jv a normal measure on r, and f: [&]" — {0,1}.
Then there exists A € p such that f|japm is constant.

Proof. Induction on n. n =1 is trivial. Assume it is true at n. Fix f: [£]"™ — {0,1}.

At each a € K, let f,: [k \ a+ 1] — {0,1} be defined by 5 — f(«,5). By inductive
assumption, at each a € &, get Ay € pi. folja,)» is constant. Let A = A ., A,.

Claim. A € p.



(Why? Otherwise A° € u. At each 5 € A° let g(f) = least a such that § ¢ A,. Normality
of u gives B C A, B € u, ap € K, g(8) = ap all 8 € B. But then: BN A,, = 0.)

At each a € A, A\ a+1C A,. Then fi|a\a41y» is constant. Let g(a) € {0,1} be this
constant value. We can find B C A, B € u such that g|p is constant. Fix i € {0,1},
g(a) =1ip all @ € B. Then for any a; < ag < -+ < o, < gy € B,

flag, ... an, ani1) = fo, (o, ...y Qi)
But since aw, ..., ap, a1 > a1, and aq, ..., a1 € A, we have
fos (v, ... ap, 1) = constant value for f,, = g(ay) = 1.
O
Theorem. Let k be a measurable cardinal. Then there is a club C' C k of indiscernibles for
L,.
Proof. Let (¢(21, . . ., Tk(n)) Jnew enumerate the formulas of set theory. At each n, let f,: [k]*™ —
{0,1} by

o —r
0 if L, | —on(a).
At each n, use last lemma to get A, € p1, ful(a, ke constant.
Let A=) ., An. Then A € u, Ais a set of indiscernibles for L,. Since p is normal, A
is stationary.
Let h,: L, — L, by

R {<L -least b s.t. L, = n(d,b) if such b exists

B {1 if L, = on(@)

new

otherwise.

So h,, is the “n-th definable Skolem function over L”.
Let (pn)ne, enumerate all possible compositions of the h,,.

Ezercise. This is unnecessary: the h,’s are closed under composition.

These are still all definable over L,.. Let
M = Skolem Hull, (A)
={gu(@) : n€w,ae A~}

M < L, and |M| = k. Fix m: M = L,. Note a = k.
Next time: w[A] is closed in k.

5. OCTOBER 4
Last time, we proved:

Theorem. If k is measurable, then there is a stationary set S C k consisting of indiscernibles
for L,.

We resume the proof of:

Theorem. Let k be a reqular cardinal, with S C Kk a stationary set of indiscernibles for L.
Then there is C' C k such that



(i) C is club
(ii) C is a set of indiscernibles for L,
(iii) C'Né is club for all 6 < Kk regular.
Proof (continued): Let M be the closure of S under functions definable over L,. Then (since

L, has definable Skolem functions), M < L,. (M, €) is wellfounded and extensional, so by

Mostowski,
dr: (M, €)= (N, €)
N transitive. By condensation, N = Ls some 9.

Claim. § = k.

Proof of claim. Since M C L, ot(M N Ord) < k; therefore § < k. But S C M; therefore

|IM NOrd| > k, and 0 > k. O
Let C' = «[S].

Note. Since S is a set of indiscernibles for L, and M < L,, C is a set of indiscernibles for

N = L,.. Moreover: since M is the Skolem hull of S, N = L, is the Skolem hull of C'.

Claim. Sy :={a € S : w(«a) = a} is stationary.

Proof of claim. Suppose not, then S; := S\ Sy is stationary. (In general: No stationary set
is the union of two non-stationaries.) But then 7(a) < a all @ € Sy, and 7 is 1 — 1; but this
contradicts Fodor’s lemma. U

Sy C C, C is stationary.
Claim. C is club (in k).

Proof of claim. Suppose A < k is a limit ordinal, C'N A unbounded in A, A ¢ C. Then there
exist a1 < - <, < 1 < -+ < P € C), f definable over L,, such that a,, < A < 3

-

and L, E f(d,8) = A. Without loss of generality, (; is the least element of C' > A. In
particular, we have:

-

(A) (Vo € O)[(6 < P1) = (Le =6 < f(a@, 8) < Bu)].
Consider some A € C with X a limit, C' N A unbounded, A > X (such X exists — let D = {y €

r | C'N~is unbounded in v}; D is club; then take AXeCnND\(A+1)).
Let 4y =A<y <--+ <7y, bein C. From (A) and indiscernibility we get

(B) (V6 € ON(0 <m=X) = (Le |F 0 < f(@,7) <m =N
Therefore since C'N A is unbounded, f(&,7) > A = v;. But this contradicts (B). O
Claim. If § < k regular, then |C Nd| = 0.

Proof of claim. Let {7y, }rew be the first w elements of C'\ § in increasing order. The result
follows if we can show that

9 C Skolem Hully, ((C'N ) U {Vn}new)-
For this, it is sufficient to show that if
< < <M << << B
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are elements of C', 7, < A1, and if f is an ordinal-valued L,-definable function such that

-

(@ A2, B) <,
then . .
f(@, A, B) = f(d, As, B).

(To see that this is sufficient, suppose we have this result. Any ordinal in § is f(d, E) for
some g < - <, <y <Py << B in C and some Lj—deﬁnable function f. Applying
the result and a straightforward induction, we have f(&,5) = f(d,71,...,vm). Hence any
element of § is definable from (C' N &) U {7k }rew-)

Now, it cannot be the case that f(da, )\1,5_;) > f(a, As, ﬁ) For were this so, we could fix
Ao <mp < -+ < mypy € C with C Nn; unbounded in 7, and let
A< A< A< << A1 <---<m

be in C'. By indiscernibility, we would have, for all [ € w,

f(O?, )‘la ﬁ) > f(O?, )‘l+17ﬁ)7
contradicting wellfoundedness of the class of ordinals.

In a similar vein, we show that we cannot have f(&, Ay, ﬁ) < f(a, Ag, 5) For in this case,
let (77¢)eer be a coordinatewise increasing sequence of (m + 1)-tuples in C, such that for all
§ € R,

N <Mea < <TNgom < Ne;m+1-
It then follows by indiscernibility that, for all £ € &,

f(&7 ﬁ{) < f(&a ﬁ§+1) <71,
so that (f(&,7¢))ees is an increasing sequence in ; of length &, a contradiction. O

This claim completes the proof of the theorem. O

6. OCTOBER 6

Remark. In the above theorem, [the existence of a club satisfying] (iii) follows from [the
existence of one satisfying] (i) and (ii).

There is a club D C k such that L, < L, for all @« € D. Thus, by indiscernibility [and
absoluteness of the satisfaction relation], for every a« € C, L, < L. So in particular, for
any regular 6 < k, Ls < L, and C'NJ will be a club of indiscernibles for Ls with the same
theory.

Definition. Suppose there is some regular x with a club C' C k of indiscernibles for L,..
Then let (¢,)new be the first w elements of C' (in increasing order). Then

0# = Th(LH, €, Co,C1, . . )

(By the remarks above, this is well-defined.)
When we say “0% exists”, we mean that there exists such a regular cardinal x and club C
of indiscernibles for L,, and 0% is the theory just defined.

Broader remarks (a little imprecise): In effect, 0% € 2% ~ P(w). Can we define 0% “more
internally”? We can, and there are two parts to this:



(1) Various syntactical demands: T' = 0% implies: (Assume T complete)
TOZFC+V=L
for ¢ first order, ny < -+ <my,my < - <My,
O(CpysvsCny) <= O(Cmyye-eyCmy) €T.

(2) “Remarkability.” Things like

fleo,c1,- e, i, cigs, Cgay -2 ) < G
— f(00701, cy Gty Cly 2, Cige 3, - - ) = f(Co701, < CL G, Crye3,y - )
and
flcoy - yCnyCrr2y Cagsy o) < Cnp1 = f(Coye vy Cry gy Cngsy -2 ) < Cp

for f a definable function.

(3) “Wellfoundedness.” For any (regular) cardinal «, if we “stretch” or “expand” T
along (¢4 )acx as indiscernibles, then the result is wellfounded. In fact, a Skolem hull
argument can be used to show that if “stretching” T' along (c4)acy is wellfounded
for all limit A < wy, then T stretched along any (¢,)aex (K a limit ordinal) will be
wellfounded.

(1) and (2) are Aj conditions. (3) is IT3. These together (if phrased precisely) have at most
one solution.
Thus: 0% (if it exists) is a I3 singleton.

Aside. The study of I3 singletons has been a whole research area in its own right. cf. “IT3
Singletons & 0%” Harrington, Kechris Fund. Math. Vol. 95 (1977) pp. 167-171. They show:
If 073, and 27 exists (x € 2¥) (relatives 0% to L[z]) and {x} is II}, then either 0% € L[z] or
x# € L[07].

Definition. For M, N transitive sets, j: M — N a function, which is at least ¥y-elementary,
cp(j) (the critical point of j) is the least ordinal « (if it exists) in M with j(a) > a.

Remark. If M is a transitive class, M # V', j: V — M, j nonidentity and elementary, then
cp(j) exists. (Exercise.)

Theorem (Scott). Let k be a cardinal. Then the following are equivalent:

(I) k is measurable.
(IT) for all v > Kk + w, there is a transitive set M and an elementary map j: V, — M,

cp(j) = &
(III) for some v > Kk + w, there is transitive M and an elementary map j: V, — M,
cp(j) = k-

Corollary. If a measurable exists, V # L.
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7. OCTOBER 8

Proof. (I)=(II): Fix 1 a measure on x. Fix v. For f,g: v — V,, set f ~, g if {a €
k| fla) = g(a)} € p. (This is an equivalence relation.) [f], ={g | g~ f}. Set [fl, €. 9],
if {a ] f(a) € g(a )} € p (This is well-defined, since p is closed under intersections).

N:({[ ]u | f: 5_>V7}v€u)
Claim (Los’s Theorem). For o(Z) first order, fi,..., fo: & =V,
N elhlw ) if {ee w | V5 | e(fila),-)} €

Proof of claim. For ¢ atomic (“x; € xs” or “r; = x5”) this is immediate from construction.
We then prove it for all (first order) ¢ by induction on logical complexity.
For negation: {a € v |V, E—¢(fi(a),...)}epif {aer |V, Ep(fila),...)} & p.
For conjunction: {a € k |V, = oi(fila),...) ANpa(file)...)} epiff faew |V, |

p1(fi(@)....)} € pand {a €k | V, E @alfia), ... )} € .
For existential quantification: The critical step: If A € 4 and at all a € A,

Vq/ ): Elzcgo(fl(a), e 7fn(05)7x)

then at each a € A fix some a, € V, such that

VY IZ Sp(fl(a)w . '7fn(a)>aa)-
Then let g: K =V,

. a, foraec A
0 fora¢A

Then by inductive assumption,

N ): @([fl]/u R [fn]u’ [p]u)
N = Tzo([filys - [fal s ©)-

Claim. N is wellfounded.

Proof of claim. Instead, let [fui1], €, [faul, for all n. Let A, = {a | for1(a) € fu(a )}
Assumption gives each A, € p. Since (), ., An € i (1 a measure) choose a € )
Then fn1(@) € fu(a) all n, a contradiction.

new

Fora e V,,let co: k =V, by a > a.
Claim. V, = N by a — [c4], is elementary.

Proof. Since N = ¢o([cay)ps - - [Canly) Hf {a € K | V, E p(ca, (@), ... Can(a))} € piff
{aoer |V, Epla,...,a,)} e piff V, = p(a,. .., a,). O

Let m: N = (M, €) be the Mostowski collapse. Then j: V., — M defined by a — 7([ca],)
is elementary.

Claim. j(f) = all § < k.
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Proof of claim. 1t suffices to show that if [f], €, [cs],, and S < k, then 35y < § such that
[flu = lego ]

(since if we have this, we can argue by transfinite induction that j(8) = g all f < k).
Suppose then [f], €, [cgl,. Then A = {a € k| f(a) € cgla) = B} € p. At each § < 3,
let A; = {a € k| f(a) = 6}. Then A = [Js_5As. Since 8 < r, some As € p. Then

[f1u = [es] [
Claim. j(k) > k.
Proof of claim. Let A: kK — k by a+ a. For § € k,
fales(a) € Afa)} =r\B+1€p,
But a = A(«) € c¢x(a) =k all a € k. For all a € k,

Jjla) =a < w([A],) < j(k).

O
(IT)=>(II1): Trivial.
(III) =(I): Fix j: V,, = M as above. Let p ={A C k| k € j(A)}.
Claim. This is an ultrafilter.
Proof of claim.
Aepiff k € j(A)
iff v ¢ j(r)\ j(A)
iff kK ¢ j(k\ A) (j elementary)
iff K\ A¢p.
For A, B C &,
ANBeypiff k € j(ANB) = j(A) Nj(B)
iff Kk € j(A) & Kk € j(B)
it ANB e p.
U

Claim. p s non-principal.

Proof of claim. Fix o < k, then {a} € p iff k € j({a}) iff k € {j(a)} = {a}, since
cp(j) =k > a. O

Claim. p 1s k-complete.

Proof of claim. Fix 6 < r, A = (Ag)ges all in p. Npes Ap € piff £ € j(Mges Ap)-

Note: For 8 < 6, j(Ag) = j(A)js) = j(A)s. But j(Nses Ap) = NyesJ(As) since ep(j) =
k, which contains k. O
O

This completes the proof of the theorem.
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8. OCTOBER 11

Recall: The following are equivalent:

(I) kK measurable

(II) 3j,: V, = M, elementary, cp(j,) = k, M, is a transitive set.
If 41 is a measure on &, then M, = Ult(V,, u) via m,: Ult(V,, u) = M,.
Lemma. Fory <~', M, C M, and j,|v, = j,.

Proof. For a € V,,, ¢;: k = {a} by a — a. Then j,: V, = M, via a — 7, ([c,],.)-
It suffices to show that if f: k — V., [fl, €, [caly, @ € V,, then Jg: £ — V, with
[f]x = [g],- But given such an f,

{a € k| fla) € ci(a) =a} € p.
Hence if we let g: k =V,

0 when f(«a) ¢ a
then [f], = [g],.- O

Hence we can take
j: U j’ya M = U M7
v€O0rd ~v€O0rd

. {f(a) when f(a) € a

and obtain an embedding.

Theorem (Scott). The following are equivalent.

(I) K is measurable;
(IT) 3 transitive M and an elementary embedding j: V- — M, cp(j) = k.

Proof. (II)=(I): clearly such a j gives j.io — Mj(ntw), and apply last theorem.

(I)=(II): We need to check the j = J, co,qJ, as above is elementary. Fix () first order,
a e V<>, Say (%) is 2,.

Recall: Reflection gives there is a club class C' of ordinals  such that Vs <y, V. Similarly,
there is a club class D C Ord of § such that

UMa-<M: U M,

a<d a€eOrd
So there exists § such that
(I) a=ai,...,a; € Vs
(IT) cof(d) > K
(III) V5 <s, V
(IV) Ua<§ Ma <=, M.
Claim. M5 =J,cs Ma.

Proof of claim. It suffices to show that Ult,(Vs) = |J,es Ultu(Va). But given f: x — Vj, at
each a € k we can let h(a) be the least 8 < ¢ such that

fla) € Vs
Since cof(d) > K, Iyp < d such that h(a) € v all @ € k. Then f: k = V. O
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Then
V = p(a) iff Vs = o(a) by (1)
iff Ms = p(j(a)) (construction of j)
it | Ma b= 0(i@) (claim)
ift M = ¢(j(a@)) (D).

Corollary. If there ezists a measurable, then V # L.

Proof. Suppose not. Let s be the least measurable. Form j: V — M elementary, cp(j) = k.
Then V=L, M C L=V, 0rd C M, M | ZFC. Therefore M = L. Now j: L — L
with j(k) > k; so L = 3 a measurable < j(k) and L |= 3 a measurable < x (j elementary),
contradiction. ([l

So far: If 3 a measurable, in particular 3j: L — L elementary, j # id. So L |
A measurable. Therefore if 3j: L — L elementary then V # L.

Question. Can we characterize when 35: L — L, j # id?

Answer. Yes: Iff 307.

Definition. Let x be an ordinal. Then p C P(k)* = {A C k| A € L} is an L-ultrafilter if
(i) AABep=ANBeypu

(i) ACB,Aeu,BeP(k)! = Beu

(iii) For all A € P(k)L, either A € por k\ A € p.

(iv) 0 ¢ .

Note. We do not require p € L.

Definition. Let p be an L-ultrafilter on . Let 6 > k. Then for f,g: kK — Ls, f,g € L, set
[flu =gl it {a € k| fla) =gla)} € p
[flu €ulgluif {a € k| f(e) € g()} € p

Remark. This is well-defined.
Then Ult,(Ls, L) = ({[fl, : f€L,f:x— Ls}, €,).

9. OCTOBER 13

Theorem. Let u C P(k)L be an L-ultrafilter. Let § be an ordinal, fi,...,f,: & — Ls,
fi,-- s fa € L, o(Z) a formula. Then

Ulty(Ls, L) = ([filus - - - [fnlw) i {a € 6 [ Ls = o(fila), ..., fala))} € p.
(The proof is basically the same as the proof of Los’s Theorem.)

Lemma. Let A > k" and p an L-ultrafilter on k. If Ult,(L.+, L) is wellfounded, then so is
Ult, (L, L).
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Proof. Suppose Ult,(Ly, L) is illfounded. Let (f,),en be a sequence of functions such that

(i) each f, € L

(i) each f,: k — Ly

(ili) {a | fur1(a) € fu(a)} € p at all n.
Fix § > X\ with each f,, € Ls. Let M be the Skolem Hull of x + 1 U {f,, }nen in Ls. Then let
w: M = L, be the collapsing map (condensation). Note: m(3) = f all § < k (since K C M).
Note also: |M| < k¥, therefore o < kT. At each n, let g, = 7(fn),

(i) gne L
(i) gn: k — Lo C Lo+

(ili) {a | gnt1(a) € gn(a)} ={a| fur1(a) € fu(a)} since 7|, = id.

Lemma. Let A > k™, j: L.+ — Ly elementary with cp(j) = k. Then if we let
p={ACk|AcLxejA)

then

(i) w is an L-ultrafilter, and
(i) Ult,(Ly+, L) is wellfounded.

Proof. (i) is exactly as in Scott’s theorem.
For (ii), define p: Ult,(L.+, L) — Ly by [f], — jf(x).

Claim. This is well-defined.
Proof of claim. Suppose fi ~, fo. Then {a | fi(a) = fo()} € p; therefore
k€ j({a] fila) = fa(@)}) ={a | (j/1)(a) = (G f2) ()}
since j is elementary. ([l

Claim. [f [fi] €4 [falu, then p(f1) € p(f2).

Proof of claim.

Nl € lfoly = {a e k] fila) € fala)} €
= r € j({a| fila) € fa(@)} ={a| (Gf)() € (1f2)(@)}.
0
This completes the proof of (ii) and so of the lemma. O

Definition. For ¢ a regular cardinal, S C ¢ stationary, we say that T" C § is relatively
club if 3C' C § club, T=5nNC.

Remark. T relatively club = T # () (in fact, 7' unbounded). The relatively club sets (in S
stationary) are closed under < § intersections.

Definition. For 7 < § both regular cardinals, Cof, := {a < 0 | cofinality of o = 7}.
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10. OCTOBER 18

Let p be an L-ultrafilter on s non-principal with the property that if (Bg)gea € L, each
Bg € p, then (s, Bs € p. Let j,: L+ — Ult,(Ly++, L) be the ultrapower map. Then:
(1) if o <k, and [g], €, ju(a), then 38 < a such that [g], = j.(5)
(Proof: Wlog, g: kK — a. At each f < «, let Ay = {y < x| g(y) = S}. Each
Ap € L, since g € L.
Kk = Ugq Ap- Therefore at some 3, Ag € . Hence [g], = [cp], = ju(B).)
(2) If g: k — 7 some ordinal v < k*F, g € L,

{[f1 = [f]n € lglu}] < max(s™, [v]).

(Proof: If [f], €, [g], then without loss of generality f(a) € g(«) all & € k. There-
fore f € ((7)®)" and (since v is not a cardinal > k with cof(x) with cofinality )
(7)) < max(k*, |7]).)
(3) If v < k™, cof(y) = k™ and [g], €, ju(7), then 36 < v such that [g], €, 7.(0).
(Proof: Wlog g: kK — 7. But then cof(y) > & therefore g is bounded. Hence (i.e.)
there is some ¢ < 7 such that g(a) € v = ¢y () all @ € k; hence [g], €, [c4], = 7.(7).)
Recall: 1f j: Ls — Ly elementary, cp(j) = &, and if we let u = {A € P(k)L : k € j(A)},
then for all & < K, (Bg)g<q in L, if cach Bs € p, then ﬂﬂm Bg € p.
(Proof: j(Mpea Bs) = Npea J(Bs) (since a < cp(j)) therefore v € Ny, i(Bs) =
ﬂﬁea Bﬁ € :u)

Lemma. Let j1 be a non-principal L-ultrafilter on k. Assume whenever a < r and (Bg)gea €
L is a sequence of sets in i, we have (g, Bg € p. Assume Ult,(Ly++, L) is wellfounded.
Then
(I) Ult#(LN++, L)X L+
(I) 4f m: Ult,(Lx++, L) = L+ is the Mostowski collapsing map, then if we let j =
T o ju: Ly++ — Ly++ then {0 < k17| j(9) = 6} is relatively club in Cof .+.

Proof. Any ordinal in Ult,(L,++,L) will have < ™+ predecessors by (2). Therefore the
ultrapower, if wellfounded, will be isomorphic to L,++.

(3) immediately gives fixed points relatively closed in Cof,+. To show the fixed points
are unbounded, begin with some 6 = §y < x*. Successively choose (d4)a<x+ such that

Sat1 > j(0s) and 0y = [, 0o for X a limit. Then by (3),
J(0e+) = lim j(dy) = lim 0y = Op+.
a—kT a—kT
0

Theorem. Let k < kT < § < X be ordinals. Let i: Ls — Ly be elementary with cp(i) = k.
Then 0% exists.

Proof. By the lemma today and last time, we obtain j: L.,++ — L,++ such that
(i) cp(j) =k
(ii) if v < ' has cof(y) = kT, then it is a “continuity point of the embedding” i.e.

](7) = Supa<7j<&)'
(iii) {y < &k™t | j(y) =7} is relatively club in Cof,+.
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Let Co = {8 >k | j(B) = B}. Given C,, a < k1T, Cor1 ={B € Co | ot(Co N ) =G} At

A a limit < kT,
Cr=1)Ca.
a<A

Let ko, = least element of C,,.
We will show the x,’s form a stationary set of indiscernibles.
The plot: Carefully choosing Skolem Hulls, we will show that for o < § there exists

Ta,p: Skolem Hull, | (ko U Cg) — L+t
such that

(i) 7a,5(kp) = Ka
(ii) for vy < a or f <7, Tag(ky) = K.

11. OCTOBER 20

We have j: Ly++ — Lo++, cp(j) = &, j elementary, such that the fixed points for j are
relatively club in Cof,.+ C k*+.

Co={d>r|j0)=0.

Coy1 ={0€Cy| ot(C,N0J) =6}

Cx = Nger Ca for A a limit.

Ko = least element of C,, (o < k™).

Let M, = Skolem Hull;, ., (kUC,) (= {f(B) : fis definable over L+, € (kUC,)<“})

Claim. FEach C,, is relatively club in Cof,+ all a < k% (i.e. 3D club s.t. D N Cof,+ =
C,N COf,ﬁ»}.

Proof of claim. For D club, {6 € D | ot(DNJ) =0} is again club. Thus, if C,, is relatively
club in Cof .+, then 80 is Cqy1. For A < 7T a limit, use that the intersection of < k™" clubs
is club. 0

Claim. {k, | a < k™1} is relatively club in Cof .+ .

Proof of claim. Clearly increasing, therefore unbounded. Now if §(«) — §, o € kT, increas-
ing, cof(0) = k™, then rsa) € Csa) and therefore rsq) € Cp all B < 0(a).
Hence, V3 < 0 Jap Vo > ap(ks) € Cp). Hence

lim Ks(a) € ﬂ Cﬁ = Cj

a—kT
B<o

(since each Cj is relatively club in Cof,+), and hence ks = lim,_, .+ K5(a)-
In particular, this set is stationary in x*+. O

Hence (claim before last) |M,| = k™1 all & < k™*. Hence Imy: My = Ly++.

Claim. At each o < k™,
(i) My N Ord =rUC,,
(it) Cos1 = {8 > K| ma(B) = B}.



17

Proof of claim. Simultaneous induction on a.

a = 0. Cy Uk = fixed points of j. If x € My = Skolem Hully, ., (CoU k), then j(z) = x.
Hence My N Ord = k U (.

But then (ii) follows, since for § € Ord NM,

70(8) = ot(My N 8) = ot((Cy U k) N ).

Thus for § > K, me(0) =6 iff ot(6 N My) =ot(0 N (CoUk)) =46 iff § € C4.
Note then in general by the same argument at o:

M,NOrd=rkUC, = Coy1 = {8 > k| m(B) = B}

Hence we have (ii) at a.

We now need to show (i) at o + 1. Suppose 8 € M,y NOrd. Then 3y € K U Cpiq, f
definable over L,++ such that § = f(7). But then 7,(5) = 7. (f(¥)) = f(7a(¥)) = f(7).
Hence by (ii) at o, we have 8 € Cpyq U k.

Suppose (i) is true at all @« < A, A a limit. Let 8 € M,. So 8 = f(7) some 7 € kU C).
But then ¥ € kU C, all & < A, hence § € M, all @« < A. Hence by inductive assumption,
b€ Cy,Uk all a < A. Therefore g € C) UK. O

From this claim, 7, (ks) = £ all @ < k*7. [From this point on, keep in mind that the x,’s
are stationary, and remember how we defined the M,’s.]
Now for a < 8 < k™, let

M, 5 = Skolem Hully, (ko U Cp).
Let Ta,B - MQ,B = Lm++~
Claim. For a < < k™", ma5(kp) = Ka.

Proof of claim. Note, m,(y) = 7 all ¥ € k U Cy. To prove the claim, we just need to check
that M, 3 N kg = Kq. If not, then there exist f (definable over Ly++), @ < k), and 7 € Cj
such that

L+ = f(@,7) € [Ka, kip)-
If so,
Ly |= (3 < ka)(f(5,7) € [ka, 55)).
Apply 7, to this situation. We get

—

Lyt+ | (36 < Ta(ka))(F(B,7) € [Ta(ra), K5))
ie.
Lytr | (38 < #)(f(B,7) € [, 55)).
But this contradicts the fact that Mg N [k, k) = 0. O
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12. OCTOBER 22

Recall from last time: we had p: L.+ — Ly elementary, with c¢p(j) = k. We then got
j: Lg++ — Ly++ with cp(j) =  and the set of fixed points relatively club in Cof,+. And we
obtained

Co = {0 | (fixed points of j N &) order type §}
Coy1 = {0 ]| Cq N6 order type d}

Cy= ) Ca, Alimit.
a<A
Then k., = least point in C,,.

We saw {k, | @ € K77} stationary for a < 3. Obtained M, 3 = Skolem Hull,++ (ko UClp),
Tap: Mapg = Ly++, and 7, 5(kg) = Ko. Note that for v > 3,7 € v, ot(Cs N ky) = Ky;
Kk~ € Cgya, therefore ot(k, N Cg) = K.

Let pop: Lg++ — L++ be defined by

papla) =, 5(a).
Then p, g is elementary, p, g(ka) = K3} Pa,s(ky) = ky for v > 3, and for v < a.
Claim. {k, | a € k™1} forms a set of indiscernibles for L,++.
Proof. Fix o(x1,...,2,), g < a1 < -+ < a,. We want

L+ = @(Koy K1y« oy k) M Lrs = ©(Kagy - -+ Ka,)-
Let f: Lo++ — Lo++
f = P0,a0 © Pl,00 © " © Py, -
Easily checked (from properties above) that f is as required to have f(k;) = Kq,. O

So we have a stationary set of indiscernibles, and by a previous (much earlier) argument
we get a club. O

The same argument gives:

Theorem. If 3p: L.+ — Ly, cp(p) = K, p elementary, then at every reqular § > k™ there
1 a club of indiscernibles for Ls.

Theorem. The following are equivalent.

(1) 0% emists
2) at every reqular §, there is a club of indiscernibles for L
there is some reqular & and j: Ls — Ly elementary, j # id.
at every regular 0, 3j: Ls — Ly elementary, j # id.

(

(3
(4
(5) 3j: L — L elementary, j # id.

—~ =

Proof. (2) = (1): immediate.
(1) = (3): Homework Q1 part (v).
(3) = (2): using the proof of the last theorem.
(2) = (4): Homework Q1 part (v).
(4) = (3): Clearly.
Clearly (5) = (3)
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(3) = (5): Take the induced L-measure on cp(j) = k.
Recall: Ult, (L., L) will be wellfounded all ~, since § > x*. But then these fit together to
give j: L — L. 0

Aside. If C, D are two clubs of indiscernibles for L, in x that generate all of L, then in fact
C = D. Hence if 0% exists we can obtain in a coherent way a club class of indiscernibles for

L. [7]

Theorem (Jensen’s “covering lemma”). Assume 0% does not exist. Then for any ordinal a
and X Ca, Y € L with X CY, |Y] < |X]| + .

Corollary. If 0% does not exist, then at every singular cardinal X\, (AT)F = \T.

Proof. Fix A < a < A%, a a limit. Take X C «, X cofinal, |X| < A. Choose Y € L,
XCY Ca,l|Y]|<|X|+ R <A Then [Y[F < X So L = a not a regular cardinal. O

Structure of Proof of Covering Lemma:
Fix o and assume covering lemma holds at all o/ < a.

Note. a must be a cardinal in L for there to be any chance that the covering lemma fails for
the first time at a.

Fix X C « (a possible counterexample), X cofinal in «, |X| < |a]. We choose M < L,
| X| C M, |M| <|X|+N;. (M chosen carefully!!)
Then fix Lg =2 M, and p: Lg — L, the inverse of the collapse. |5| < |a|.

Case (1). B is a cardinal in L.
Extend p to py: Ly = Ly all v > f = 0%.
Case (2). 5 is not a cardinal in L.

Go to first n,v such that In < g with g C 3,-Skolem Hull;,_(n U p), some finite p € L.
Extend p to p*: L, — Ls, some 6, p* ¥,-elementary. But then still gets

p*[B] € Ep-Skolem Hull(p"[n] U p*(p)).

13. OCTOBER 25

Model Theory Review:

If My < My < My < ... M, < M,y < ... then M, =, ., My has M,, < M, all n.

Generalization: Suppose (M, ), is a sequence of models, and at each n we have f,,: M,, —
M, 11 elementary.

In this case, we can naturally define M, = DirLim, ¢, (M,, p,). Then we have at each n
some pp o0 0 My — M, elementary, pni1,00 © P = Pn,oo-

P’f’OOf. Let X = {(nva) | a € Mn} Set (naa) ~ (n + Ev b) if Pnn+t = Pn+e—1 © Pnte—2 ©
.. pn(a) =b.

Note. This is an equivalence relation. (Critical idea: (n,a) ~ (m,b) iff Y°k p,x(a) =
Pmk(D).)
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Let M, have as its underlying set {[(n,a)]~ | n € w,a € M,}. Then for [(ni,a;)]~,

[(n2,a2)|~, -y [(nk, ag)]~ € My, set M, = p([(n1,a1)]~, ..., [(ng, ar)]~) iff
VU My = @(pnyelar), - pye(a)).
(One can check this works out and is well-defined...) O

Recall: X C o, o an ordinal, X cofinal in o, o a cardinal in L. We want: Either 07 exists,
orthereisa Y O X, Y € L with |Y| < |X| + X;. We may also assume the covering lemma
holds for all &/ < a.

First: Let’s prove this under the simplifying assumption that | X[ = | X|.

Note. We may assume |X| < |a| (otherwise, it is trivial).

(This is not too bizarre! E.g. cof | X| > w, V = GCH, or |X| = A, A a strong limit with
cof () > w.)

Let 6 be a strong limit cardinal, § > «, cof(f) > w. Let H(#) = {a | | TC(a)| < 0}.
Note. H(0) is transitive; H(0)* C H(0); H(0) = ZFC — Replacement.

Claim. There exists N < H(6) such that

(i) XCN, X,a,La €N

(i) N C N.
(i) V] = | X].
Proof of claim. Start with Ny < H(0) satisfying (i) and (iii). Let Ny < H(0), No* C Ny,
|N1| = | X|¥ = | X]|. In general, Noy1 < H(0), No* C Nyi1, |[Nas1| = | X9 = |X]. At limit
A Ny =Uyoy Now N = N,,. O

Let M be the transitive collapse of N. Let p: N = M be the collapsing map. Let
Lg = p(L,). Define 7: Lg — Ly by a— p~*(a).
Remarks. |B| < |[M| =|N| = |X| < ||

X Cr[f] = {n(6") : B € P}

6] = [X].

Moreover, since X C « is cofinal, |a| > | X|, 7 # id, cp(7) < .
Remark. M“ C M (since N¥ C N).
Case (1). B is a cardinal in L.

We will show 0% exists by constructing an elementary embedding 7*: Lg++ — Ly some A,
7* D m. (Recall: such an embedding gives 0%.)

Now let D = {(n,p) : n < ,p C Lg++,p is finite}.

For (n,p), (n',p') € D, set (n,p) < (',p')ifn<n',pCyp.

Let M, ,) = Skolem Hull*s** (n U p).
Note. M(U,ID) € L.

Let v: D — Ord be so that for each (n,p) € D, 7 Muyp) = Lynp) is the Mostowski
collapse.

Note. m,, € L.
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Since f is a cardinal in L, y(n,p) < S.
For (n,p) < (1/,p'), let
Tmp) ) Lymp) = Loy )

by Ty pry © 7T(n,p)i1 = J(up), (00

Ezercise. Each j, p) o p) € Ls.
14. OCTOBER 27

a a cardinal in L;

X Ca, |X| <|al, X cofinal;

| X = [X];

6 strong limit, cof(6) > w;

N <H@), NNCN, X,a,L, € N; p: N = M, M transitive;

Lg = p(La), m: Lg — La, cp(m) < B, X Cr[p] = {n(B) : B < B}
Case (1

is a cardinal in L.

)- B

= {(n, ) : n < B,p C Lg++,p finite}. Set (n,p) < (v/,p') if n <n',p C p'. Then at
each (n,p) €
M, = Skolem Hull*s*+ (n U p),

T(n,p) - M(H,P) = Lv(n,p)' Then for d < d' in D,
jd,d’: L,y(d) — L,Y(d/), a+— Wd/(ﬂd_l(a)).
By cardinality considerations, each v(n,p) < ; therefore L.,y € Lg.
Claim. Ford= (n,p) <d = (1',0'), jmp).orp) € Ls-
Proof of claim. Note mq, 7y € L, therefore jq o € L. By cardinality considerations, jqqo €
Lg. O
[This is easy, but in some sense isn’t the correct proof, since it doesn’t generalize to Case
(2)]
Another proof of claim. Note mg4|,, = id, g |,y = id. Let
p={ai,...,a,}, p':{al,...,an,an+1,...,am}.
Let b; = m4(a;),i < n, ¢; = ma(a;),i < n. Then for f: Lyg — Lyq a function definable
over Loy, Mo, ---,Me € 1, it follows from elementarity of w4, mg that
jd,d’(f(n()?-'wnfubﬂ)"'7bn)) = f<n07"'7nf7607'-‘7cn)-
O
Let A = DirLimdgd’eD(L'y(d)ajd,d’) (see Homework 2)
Jdoo: Ly — A elementary all d € D. A= (A,€4), A={[(a,d)]~ : d € D,a € Lyq},

[(a,d)]~ = [(a/,d)]~ if 3d" > d,d, jaar(a) = joar(d); [(a, )] €* [(«, )] if 3d" > d,d
such that jgq7(a) € jaa(a).

Note. A is isomorphic to Lg++. For [(a,d)]. € A, let ¥([(a,d)]~) = 74 '(a) so that
¢Z DirLim(LV(d),jd’d/) = L5++.
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Note. This is well defined, because 7y ' 0 jya =74 ' for d < d'.
Given this, it is easily checked to be elementary and onto.

At each d < d' in D, let Ng = 7(Ly(a)), a0 = 7(Jaar)- This still forms a directed system
of models and elementary maps (since each finite part is in Lg, and 7 is elementary).

Claim. DirLimg<g (N, iqa) is well founded.

Proof of claim. Suppose not. Then 3(d,)new, (bn)new with d, < d,41 all n, b, € Ny, and

bnt1 € idn7dn+l(bn)'
Then, (dy)new € N. But (Na,, %4, .dp1 )new € N (since N C NU) [This is the part where

we jump up and down because something seriously magical is happening.|
Hence, (Ly(d,): Jd,dnss Jnew € M. And, by elementarity,

M = 3(an)new such that Vn(ani1 € Ja, doy, (@n))-
Hence DirLimg<g (L~ (ay, ja,a) is wellfounded. O

Now let p: DirLimg<y (Ng, tq.a) = L, be the Mostowski collapse.
Given a € Lg++, say a € Mg, we let

71 a > ma(a) = m(ma(a)) = iaeo(m(ma(a))) = pligeo(m(mala))))

Claim. 7|, = 7.
15. OCTOBER 29

Recall the setup: X C «, a a cardinal in L. X cofinal in o; w: Lg — L, by X C 7[3]. We
started to take the direct limit: D = {(n,p) : n < 8,p finite}. M, ,) = Skolem Hull"s** (nu
p); T(np) - M(’%P) = L’y(n,p)' For d < d', Jdd : My — My by a v g o 7'(';1.

Case (1): fis a cardinal in L. ¢: DirLimg<gep (L)) = Lg++

(maps to via 7* domain of) p: DirLimg<zep(m(Ly(ay), T(Jaa)) = Ly is wellfounded (note
existence of elementary map 7* is essentially what homework 2 is about)

Defined 7: Lg++ — Ly via a — pomwo~(a).

Then 7 is elementary.

Claim. 7AT|5 = W|5.

Proof of claim. Fix By < . Let n > fy. Then for all & > d = (n,p), 7a|, = id. So
Jaa|y = id all & > d. Then it follows ) o jj |, = id. (Technically: One would prove by
induction on 7' < n that ¢ o jg |,y =1id.)

Similarly, for all d’ > d,

T (Jaa)wm) = laa|xm = id
by elementarity of m. Thus p 0 igec|r(y = id.

Thus: given n < 3, 7|, = 7|, since # = por*op™1.

For nf < n, o~ (1)) = dge © 0 jyo (b1 (n')) where d is chosen so that ¢)~'(n') €
im(jg, 00). But if d = (n,p), n > 1 we saw that ¥ o jyoo|, = id, hence 7 o (1) =
idc0 (7).

But poige o m(n') = 7(n') since p o igeolrpyy = id. O

Since 7| # id, cp(7) < B, and we have 07.
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Case (2). ( is not a cardinal in L.

Note. For 1 < j <w, § € Ord, A C Ly, HjL‘s(A) is the 3;-skolem hull of A in Ls. Le. it is
the smallest set such that

(i) A C HJ*(A);
(ii) if @ € HjL“ (A), ¢ € 3, Ls |= 3xp(z, d), then for b < -least in Ls with Ls = ¢(b, @), we
have 0 € H(A).
HZLs(A) =full Skolem hull of A in Lj.
Facts. If 6 is an ordinal,

(1) <g |z, is X1 over L
(ii) if M <5, Ls, then M = L., some 7y
(iii) Ls is closed under ¥y-comprehension

(Here ¥y means Ay.)
Remarks. (iii) is an exercise in the definition of L. Precise proofs of (i) & (ii) postponed.

Let 6 be least such that there is some j, 1 < 57 < w, some n < B, p C Ls such that
H ]L *(nUp) 2 B. (Exercise in condensation: Case assumption gives such 4,7, p, j exist.)
For this §, now minimize j. So we have fixed lexicographically least (4, j).

Case (2a). j =w
Case (2b). i < j<w
Case (2¢). j =1, J a limit.
Case (2d). j =1, ¢ a successor.
Next time: case (2a): Will let D = {(n,p,n) : n € w,n < f,p C L; finite}. M, pn) =
HY (nUp).
16. NOVEMBER 1, 2010

We’ve worked up to:

e m: Ly — L,, a a cardinal in L
e X Cn[g]
e and: covering lemma holds at all o < «.

Case (2). f is not a cardinal in L.

[Magic moment: we will locate the first time in the history of the universe that g gets to
not be a cardinal in L.] Minimize ¢, and then j (1 < j < w) such that

B C H*(nUp)
some 11 < 3, p C Ls finite.

Case (2a). j =w.
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Let D = {(n,p,n) : n < f,p C Ls finite,n € w}. For (n,p,n) € D,
My pny = Hﬁé(nUp)-

Tnpm) s Mmpn) = Lypm)-
Claim. y(n,p,n) < 5.
Proof. Note vy(n,p,n) <9).
Lo(ypn
Note also: Ly, pn) C H," "™ (n ULWv(mp:n) (p)).
But if 3 < v(n,p,n), then 8 C H,,”"*" (n U p’) some finite p’. Using v(n, p,n) < 4, this
contradicts minimality of § or of j. O
Let mqq = ma © 7@1 alld < d in D.

Claim. FEach Taa € Lﬁ.

Proof. For d = (n,p,n), d = (n',p',n'), [ a Ey,-definable function, m, () = (po, - -, pe),
7-(-('/7’,71’,1)’)([)> = (pé)a s 7p,€>7 Moy -+ -5 Mk en,

7Td,d’(fL’Y(mp’n) (T]Oa <oy Nk, Po, - - - apf)) = fLW(n/’pl’nl)(T/Oa cee 777k7p67 s 7p/€)
Hence w0 as a subset of L pn) X Ly ) is (first order) definable from 7,po,. .., pe,
Dys - - -, D Hence it is in Lg any 8" > v(n,p,n), y(',p',n’). O

As in last argument,

Yo: Q;ZLeian<L'y(d)a7rd,d’) = Ls

for d = (n,p,n), jaoo: Ly — DirLim(---) will be ,-elementary.
Note. For any d() € D, DirLimdefeD(LV(d), Wd,d’) is maximally = to DiI‘LimeSdeleD(L,y(d), 7Td,d’>~
As before, DirLimg<gep(m(L+(d)), m(maqa)) is wellfounded, say

¢1Z %%I;ILEHDII(?T(L’Y(OD), 7T(’/Td7d/)) =~ L)\.

[Fixing 4dy,00 1 Liy(ae) — DirLimg<aep(m(Lyay), 7(ma,a))] Then also as before, get
P L(S — L)\ with pP o @Z)O O.jd,oo = ¢1 (¢] id,oo o 7T|L»y(d)'

Note. p is fully elementary (since 7| (q) is elementary all d, and jg is 3,-elementary all d
sufficiently large) Then for all ag € X, let 5y < 8 have 7(8y) = .

Also as before: p|p, = 7.

Fix n < B, p C Ls finite such that 3 C HLs(nUp). [“fixing the way we see 3 is smaller”]
Then for all oy € X, choose By <  with m(8y) = ap. Then there is ¥, (some n) definable
fino,-. e €n, with fE(no, ..., e, p) = Bo. But by elementarity of p,

FEm@mo);s - (), w(p) = 7(Bo) = ao.

Thus, X C HA(7(n) Un(p)). (7(n) < a, a a cardinal in L.)
Hence for Z = HI (7(n)Um(p)) we have that Z € L, |Z|* < a, X C Z. But now assuming
inductive hypothesis (covering holds at all &' < a)) we obtain the covering lemma for X.
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17. NOVEMBER 3

Last time we finished Case (2a). We've worked our way up to
Case (2b). 1 < j < w.

Technical background facts.

(i) each L, has a 3;-definable wellordering.
(ii) if M <y, Lq, then M = Lz some @.
(iii) L, closed under ¥-definability.

Recall: we fixed the least d, 7 such that dp C Ls finite, n < 3, 5 C HJ.L‘; (nUp).
Claim. j # 0.

Proof of claim. Suppose, for simplicity, p = Lg, some ¢ < ¢; can assume 0" > (. Let
w(Lg, z,y) be o, and suppose n < [ has V' < f I’ < n such that ' is <p-least with

o(Ls, 8,1).
Let ¢ be ¥, (some n) such that Va,y € Ls,

Ly = ¢(z,y) iff o(Ls, w,y)

e.g. if (x) ¢(Ls,x,y) is “¢ € y A Iz € Ls(po(z,y))”, ¢ € o, then ¢(z,y) is “z € y A

320l y))"

A slightly more general case: A = {x € Ly | Ly |= 0(x)}, and suppose V5’ <  3In < n
such that §' is <g-least such that ¢(A,3',n’) where ¢ is as above (x). Then ¥(x,y) is
“eeyNIz(0(z) Apol(z,y))” O

Then let D = {(n,p) : p C Ls finite,n < B}, (n,p) < (n,p) it n <0/, p € p/. For
(n,p) € D,
Mn,p:Hffl(nUp), mq: Mg = Ly for d = (n,p).
Let jga: Ly@y — Ly by @ — mg o ng(x). Then DirLimg<g (L (ay, jaa) = Ls. Each jga
is ¥;_1 elementary, since j — 1 < j, and j was minimal for case (2b).
8L Hijid) (nUmqa(p)). But Lyay C H].Ljid) (nUmg(p)) since My = H]-Lfl(n U p). Therefore

Y(d) < B.
Hence m(Ly(a)) = Na, T(Ja,or) = ia,ar are well-defined.
Similarly (to last case) DirLimg<g (Ng, iqa) well founded. Say = Ly some A.
The natural embedding

DirLim(Lya), ja) — Ditlim(Na, iq.)

is ¥;-elementary (homework). So, as before, we get 7: Ls — Ly 3, elementary with 7|3 = 7.
Fix n < 3,p C Ls finite, such that 8 C HjL‘S(n U p). Therefore Voo € X, 36y € B(m(Bo) =
ap). Bo € HjL‘S (n Up), therefore aqy € HjLA (m(n) Um(p)) (by X; elementarity of 7). Thus,
XCH ]L Mm(n) Um(p)). This has cardinality < « in L, so it finishes as before.

Case (2¢). j =1, J a limit.
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D ={(n,p,d) : 1< B,p C Ly finite, d < 6}. Let M, Hfg(n Up). mg: Mg = L.

For d < d', juu is Yo-elementary.

npd) —
D}irglgl}m([w(d),jd,d/) = L6
because § is a limit. Then as before. [(p,n,d) < (', n’,gl) ifpCp,n<n,é= S orde P

18. NOVEMBER 5

Recall we had a map 7: Lg — L, with X C 7[f]. We minimized ¢, j such that 3p C Ls
finite, n < 8, 8 C H* (nUp).

Case (2d). j =1, 6 a successor: § =0 + 1.

Fact. If ¢y € %o, 11 € %, then there exists ¢ € %, (some m) such that if ¢ € Ls,
A={zeL; : Lyl=¢i(z,q)}, and a € Ly

Lsy F oA a) iff Ly = ¢a(p, a).
(Why? Go through vy(A, a) and replace all occurrences of “z € A” by “Yr(z,q)”.)

Given this it follows that is § C Hf3+1(n Up), n < B, p C Ly finite, then § C Hfg(n Up).
Why? Let Jyio(z, z,y) be Xy, 1y € ¥o. Suppose V' < f I’ < n such that f’ is least
such that
L =3y o681, y).
Fix 4" and then 7’ as above (i.e. (" is least such that Lz, = Jyvo(8',1',y)). Now fix the y,
and assume

y={r € L; : Ly (v, q)}
for ¢ € Ls. Then apply the fact to get 1, as given there. Then
Ly = a2(6,1', q)
Claim. /' is least such that 3q with Ly = 1o(5', 1, q).

Proof of claim. Suppose instead 5" < ', ¢' € Ly and Lz |= ¢2(8", 1, ¢'). Then for y/ = {z €

Ly : Ly = 1 (x,¢')}, we have (by assumption on vy) Lz, , = ¢o(8”,7',y') — contradicting
the minimality assumption of 3’ subject to Lz, = Jyvo(8',1',y). O

Thus we have § C Hﬁg(n) given  C HlL *+1(p). The argument is completely similar if we
drag along the parameter p.

Remarks. On How to Work Without | X|¥ = |X]|.

Lemma. Suppose m: Lg — L, is elementary. Suppose v < ', and at eachn < 3, p C L,
finite, we let

Myp) = Hy (nUp)
and have w0 Myp) = Ly and Taa: Lyay — Ly@), Tag = Ta © ng.

. L., . . ~
Simalarly, let M, = H.," (nUp) where p Ql Ly is finite and n < B. Put m, : M, =

/ . / _ / I\ —
L»y’(d), ﬂ-d,d’ . L,y/(d) — L’Yl(d/), Trd’,d - ﬂ-d’ O (ﬂ-d) .
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Suppose (for all such suitable d = (n,p)) that L), Taa, Ly ), Ty g € Lg. Then if
DirLimg<q (7(my 4), 7(LL (d))) is wellfounded, so it DirLimg<g (7 (74 a), 7(Ly(a)))-

Idea of proof: I vep,pCp,n <1, then there is a natural (Xy-elementary) map from
M, py = My ) (inclusion!); and then from L., ) t0 Ly iy pry.-

Similar lemmas hold for the other types of direct limits appearing in Case (1), Cases (2a-
¢). Now, given X C L,, « a cardinal in L, 6 as before, we build N < H(0) in w;-steps.
7T0L50 — L.

Begin with Ny < H(0). a,X € Ny, X C Ny. Now go through and consider all direct
limits for some v with illfounded limit under .

Then minimize the ~.

And then throw into N; the witnesses to illfoundedness of the direct limit. Iterate N, —
Naq1 (throw in witnesses to illfoundedness). N, = J,.,,, Na- Then

M, = Transitive Collapse(N,,,), i Ny = M,,.
Lg =17(Ly). Then w: Ly — L, a — 7'(a).
I claim: The direct limits needed to remain wellfounded under 7.
19. NOVEMBER 8

We now head towards: 0% emists iff Li-determinacy. = due to Martin; <= due to
Harrington.

Definition. A C (w*)’ x w* is 19, £ > 1, if there is T C (w<*)* x w* such that

(i) if (s1,...,80,p) € T, then lh(s;) = lh(sz) = --- = lh(sy)
(i) if (s1,...,80,0) €T, then Vm < lh(sl)((31|m, oy Stlm, ) €T)

(i) A= {(ZL‘ ]5') € (W) xw* : VYm((21lm, ... Telm,P) €T)}

(iv) T is recursive (in the Godel codes: {"5,p" : (5,p) € T} is recursive)

Definition. If T' C (w<*)* x w* satisfies (i) and (ii), then we say that T is a tree.
If T satisfies (i),(ii),(iii), but is (only) recursive in z, then we say that A is I19(z).

Definition. If 7' C (w<*)* x w* is a tree, then
{(Z,9) € (W) xw® © (Ym)(Z1|ms -+ s Ze|m, D) € T}
is denoted by [T, and is called the set of branches through 7.
Lemma. Let T C (w<¥)! x w* be I1Y (in the Gédel codes), T a tree. Then [T) is I19.
Proof. Say T = {(5,p) : Vm R("5,p"",m)} where R is recursive. Then let
T ={(s1,...,50P) : Ih(sy) = - = Ih(sy),
vm < Th(s;)Vq < 1h(s1) R("(S1]m, - - - Selm> D)5 @) }-
T is recursive, and [T] = [T7]. O

Examples. (i) 2¥ = {0,1}* is a I} subset of w*. (Take T = 2<%.)
(i) For x € 2¥, let €,= {(n,m) : z(2"5™) = 1}. Then

{r €2¥ : €, is a linear ordering of w}
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is TI{ as a subset of w®,
(T ={s €2 :VYn,m < 1h(s)n #mA2"5™ < lh(s) A 2™5" < 1h(s)
= exactly one of s(2"5™) =1 and s(2™5") = 1 holds; and
Vni, ng,ng < 1h(s) =(s(2"5") = (2"25™) = 1 A s(2™5™) =0)}.)
(iii) Let R be recursive. Then
A:={z e w” | V¥n[(=Im R(n,m) A z(n) =0)
V (z(n) = m where m is least such that R(n,m))]}
holds. Then A is I19. (Let
T ={s€ew :V¥n,m < lh(s)(if R(n,m) then R(n,s(n)) and s(n) < m),
and [Vm < lh(s)=R(n,m)] = s(n) =0.})
Ezercise. There is a recursive tree T' C w=% such that

(i) [[T]] = 1, and
(ii) if z € [T], then x € 2, 2 =7 0.

Definition. For A C (w*)“ x wk,

plA] =A{(@,p) : Fy(y.7,p) € A}.
We say that B C (w*)* x w¥ is ¥ if there is a 119 set A C (w*)*! x w* with B = p[A].
Definition. For B C w®, GGg is the following infinite game between players, I & II, who
alternate playing elements of w:

I ‘ Un) Mo
11 ‘ nq ns

We say that I wins if © = (ng,nq,...) € B; otherwise IT wins.

We say that I has a winning strategy if there is some function o : W< — w such that
whenever x € w¥, with 2(2n) = o(x(0),2(1),...,2(2n — 1)), then z € B.

IT has a winning strategy if there is 0 : w<“ — w such that Vx € w” if at all n

z(2n+1) = o(z(0),z(1),...,2(2n)),

then x ¢ B.
We say that B is determined if one of the two players has a winning strategy.

Definition. Yi-determinacy is the statement that whenever B C w* is X}, then Gp is
determined.
20. NOVEMBER 10
Recall. A C (w®)k x w™ is X1 if there is a recursive tree T' C (w<¥)*™! x w™ such that
A=p[T]={(p) : yly,z,p) € [T]|(i-e. Yl € w(yle,xole,---,xk-1]e,0) € T)}.
Definition. B is said to be II}, if B¢ is X, and C' is ¥, ; if there is B € II}, with
C={(p) : Iy 7.p) € B)}
Al =Xl NI},
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Recall we defined, for z € 2¥, €,= {(n,m) : z(2"5™) = 1}.

Ezamples (of X} sets).
(i) A={x €2¥| g, is illfounded}.
B={(y,7) €w” xw® : €29 x(2tV5vM)) = 1 all n € w} is NY: take

T ={(s,t) € w™ xw™ :t €2 Vn < 1h(t) = lh(s),
if 25+ D55) < Th(¢t), then (25 FV55M) = 1},
B =T], A= p[B].
(i) A={(x.y) €2 x 2 : (w,€,) = (. €y}
B={(z,x,y) € w x 2% x 2% : 2(2°")) = 2(33®")) = p all n € w,
and VnVm € w z(2"5™) = y(2°3"57™)}
i.e. n+— 2z(2") defines a bijection from w — w conjugating €., €,.

Ezercise. B € 119, A € ¥1.

(ili) A= {(z,y) € 2¥ x 2¥ : &,, €, are linear orderings of w, and (w, €;) is isomorphic to
an initial segment of (w, €,)}.
Then A is again X1.

Lemma. If Ay, Ay € ¥}, Then

(1) AlUA, € E%
(i) Ay N Ay e}

Proof. Say A;, Ay C w® (for notational simplicity). Say A; = p[Ti], Ay = p[Ts], T1,Ts
recursive.

(i) Let S =Ty UT,. Then p[S] = p[T1] U p[T5].

(ii) Let

B ={(y,2) € v xw :VU(y(2),y(2%),...,y(2")), (2(0),...,2({ — 1)) € Ty
A((3), 53, .., y(3), (2(0), ..., (¢ — 1)) € Ty)}.

Then p[B] = A; N Ay, B € TIY (exercise). O
Lemma. Y1 is closed under number quantification, i.c., if A C (w*)k x w™tl is ©1 then

(i) {(Z,5) | Vn (T, n,5) € A} € B!
(i) {(Z,5) | In (Z,n,p) € A} € B

Proof. Assume k=1, m =0, and A = p[T] where T' C (w<*)? X w is recursive.
(i) Let

S ={(s,t) € (w¥)? ( ) =1h(t),Vn, £ < Th(s), if 2"5° < 1h(s),
en ((s(2"),5(2"5),...,5(2"5%)), (1(0),...,t(£)),n) € T}.
Then p[S] = {z | vn3y((y,z,n) € [T])}.
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(i) Now take
U ={(s.1) € @™)* : In(s) = In(2),
Ve < h(s)((s(1),...,s(0)), (H0), ...t — 1)), 5(0)) € T}.
Then (y,2) € [U] iff (y(1),y(2),...),z,4(0)) € [T]. O

Corollary. Let p(xg,...,x,) be a formula of set theory. Let my,...,m, € w. Then {z €
2° | (w, €x) E @(mo,...,my,)} is 31,

Proof. Clearly true for ¢(#) quantifier free. Now note that up to logical equivalence, all
formulas can be built up from q.f. formulas using A, V, dx,Vz. Now it follows by induction
on logical complexity. The last lemma handles Jz, Vz (since there will be quantifying over
w), and the lemma before A, V. O

Corollary. (¢ as above) {x € 29 | (w, €,) | p(m)} € I1], and € Al.

Exercise (not completely trivial). {"o(m)" : ¢ € L(PA),(N;+,-,0,1,5) E ¢o(m)} € 3]
(and therefore A}).

[Comment: for any o < w;“¥, the theory of L, is ¥1!]

21. NOVEMBER 12
Definition. For T' C w<¥ x w<% a tree,
p[T] = {$ | Elyvn(Q’mx’n) € T}
We say that A C w* is X1 if there is a tree T C w<* x w~* with A = p[T.

Caution: Lightface (¥, II) versus boldface (3, IT) is a minor typographical distinction that
belies a massive conceptual one!

Remark. 3} = U, co0 21().
Definition. For T' C w<¥ x w<¥ a tree and = € w®,
T, ={sew™ : (s,2|me) €T}

Remarks.

(i) if T' is recursive, then T, is (uniformly) recursive in z.

(il) [T,] # 0 iff x € p[T)].
Definition. For s,t € w<¥, set s <kp t if either

(i) s D t, or
(ii) there is some n with s(n) # t(n), and for n least with this property, s(n) < t(n).

Lemma. <ykp linearly orders w<.
Proof. Exercise. ([l

Theorem. For T C w<* a tree, [T] = 0 iff <xp wellorders T.
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Proof. (<): If y € [T}, then at all n, y|,11 <kB Y|n-

(=>): (Sn)new is an infinite descending sequence in <kp. Then find Ny s.t. Vn,m >
No (50(0) = ,,(0)). Similarly we can then find N; > Ny s.t. Vn,m > Ny (s,(1) = sp(1)),
etc. We get (N;)icw, (Ki)icw such that ¥Yn > N; (s,(i1) = k;). Then at each ¢, (ko, k1, ..., ke) €
T. 0

Comment. If A = p[T], A € ¥}, T recursive, then for all x € w¥, r ¢ A iff <kp wellorders
T,.

Note also: for s € w<¥ with 1h(s) = ¢, whether s € T, just depends on x|, (so T, depends
“continuously” on ).

Definition. We equip w* with the product topology.

For s € ws, Ny ={x e w¥ | s C z}.

Thus {N; | s € w<“} forms a basis of w”.
Theorem. Let A be X}. Let T C w<¥ x w<¥ be a tree with A = p[T]. Then either

(I) |A] <Ny, or

(IT) A contains a homeomorphic copy of 2.

Proof. Let Ty =T. For a an ordinal, let
Tos1 = {(s,t) € T, : 3so,s1,to,t1 s.t.
(i) s0,81 2 s

(ii) to, t1 D t
(iii) to(n) # t1(n) some n (“ty L t1”)
(iv) (so,t0), (s1,t1) € Ty}
At X a limit, Ty =,y T

a<\ o
Claim. 36 < w1 (T5 = T§+1).
Proof of claim. T} is countable, and T;, C T for a > S. O

Case (I). Ts = 0.

Fix (y,z) € [T]. Let a be least such that (y|,,x|,) ¢ Ta, some n. Then a« = § + 1,
some (. Fix m with (y|m, z|m) ¢ To. Let s = y|m,t = |, Then Vsg, 51 D sVig,t; Dt
with (sg, %), (s1,t1) € T, we must have (iii) fails, i.e. to(n) = t1(n) all n < lh(ty), h(ty).
This means, for all (s,t) € Tz, $ 2 y|m, t 2 |;, we must have ¢ C z. This defines = from
(Y|m., t|m) over Ts. Since w<¥ x w<* and ¢ both countable, there can be at most 8y many
such z’s.

Case (IT). Ts # 0.

Start with any (so,%0) € Ts. Since (so,%0) € Ts541 = T5, choose sy, 51y 2 5o and £y, t1y 2
ty, (s(0),t0)), (s, ty) € Ts, by Lty
Continue in this fashion; we get (sy,t,)uea<« such that:
(a) sy C sy and t, C t for u C o/
(b) tuAO 1 tuf\l all u € 2<%,
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Then define f : 2¥ — [T] by
f(w) = U twu.

lew
Then f effects a homeomorphism between 2¥ and a (compact) subset of [T]. O

Theorem. Let T C w< x w<¥ be a tree, A = p[T]|. Let M be a transitive model of the first
10 billion axioms of ZFC. Suppose T' € M. Then either

(I) AC M, or

(IT) A contains a homeomorphic copy of 2%.

Proof. Note in the last argument, M correctly calculates Ty, all a. 0

22. NOVEMBER 15
Theorem. Let O C w® be open. Then Go is determined.

Proof. The game proceeds as follows:

I ‘no N9
II ‘ s ns

I wins Go if (no,nl, nao, .. ) € 0.

Suppose I does not have a winning strategy. Then given ng as I's first move, then let I1
respond with n; such that I does not have a winning strategy in the game from that position;
i.e. so that I does not have a winning strategy in G, | ngn €0}

In general, given p € w* of odd length, let II respond with ny,(,) so that I does not have

a winning strategy in G, | P Tin(py €O} In the end, we have x = (ng,nq,...) € w*.
I claim x ¢ O. Otherwise, there is ¢ with N,, € O. But then I definitely had a winning
strategy at (ng,m1,...,n0_1). O

Remark. C' C w* is closed iff there is a tree T' C w<¥ s.t. [T] = C.

(Proof. (=) Given C,let T ={s | NyNC # 0, i.e. Ny Z w*\ C}.
(<) [T] is clearly closed by definition.)

Definition. For x an ordinal, T C k<% x w<¥ is a tree if
(i) (u,s) € T = 1h(u) = lh(s)
(ii) (u,s) € T, ¢ < lh(u) = (ule, s|¢) € T.
We then let G be the following game:
I ‘ Qp oy 9
II | no ny No

I plays «; € k, I plays n; € w. I wins if at some ¢,
(((){0, e ,Cl{g_1>, (’rlo, e ,ng_l)) ¢ T.

Theorem. For T' C k< X w<¥ a tree, Gr is determined (i.e. one of the players has a
winning strategy).

Proof. Same argument as before. O
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Theorem. If A C w* is X1, then there is a tree S C w1=¥ x w=¥ such that
A =plS]:={z ew” | 3f € (W)Y ((fle,x]e) € S)}.
Proof. Fix T C w=¥ x w<¥ a tree with p[T| = A. Then for z € w¥, z € A° iff <xp wellorders
T, (last week).
Let (8y)new enumerate w<* with lh(s,) <n all n € w. Let
S ={(u,s) € w;=¥ x w< : lh(u) =lh(s), and for all m,m’ < lh(u)
with 1h(s,,) = k,Ih(s,) =K', if ($m, Slk), (Smr, S|e) €T
and s,, <kB Sms, then u(m) < u(m’)}.
Suppose (f,x) € [S]. (Want: T, wellordered by <kp.) At each s, € Ty, let p(s,,) = f(m).

If Sy <kB Sm's Smy Smy € Ty, with 1h(s,,) = k, lh(s,y) = k', then (sp, z|x), (Sm, z|p) € T
(by definition of T,) and so f(m) < f(m') by definition of S. Hence p(s,,) < p(spms). So
(T, <kg) is wellordered; therefore [T,] = (), and = ¢ A = p[T].

Conversely, suppose = ¢ A, so (T, <kgp) is wellordered. Let p : T,, — w; such that

s <gp 8 = p(s) < p(s').
Then given m € w, if s, € T, then set f(m) = p(sy); if s & Ty, set f(m) = 0.

Suppose m,m’ € w, lh(s,) = k, lh(s,y) = k', then s, € T, iff (s,,,z|x) € T. Hence
Ve € wif m,m' < { and we let u = f|s, s = x|¢, then (s, S|x), (Sp, Sp) € T iff sy Sy € Ty
Hence if (5,0, 5l4), (s, ) € T, then f(m) < f(m') iff p(sm) < p(sm) i 50 <k Sms 50
(f,x) € [5]. B
Theorem. If 0% exists, A C w® is X1, then G4 is determined.

Idea. Fix T C w<¥ x w<¥, T € L, p|T] = A. Define [a game with more information| G%. by

I ‘no N9
1I ‘ ni, oo ns, o

IT wins iff at all £

((noy .. .,me-1), (g, ... 1)) €S
(S defined as above, but in L). This is determined, and if IT wins G7., then IT wins G 4. If
I wins, take a strategy in L, and make II play in the indiscernibles.

23. NOVEMBER 17

Theorem. If A C w* is ¥} and 07 exists, then G4 is determined.

Proof. Say A =p[T], T C w<¥ x w<¥ a recursive tree. Let (p,)ne, enumerate the primes in
no+1 _ni+1 ny+1 let S _
7 m

increasing order. For m = py°" pi'" ... p, = (ng,n1,...,ne). For m not of that
form, s,, = 0.
Note. T € L, m — $,,, € L, and lh(s,,) < m all m.

Let k = w” (> w ™)
Let

S =A{(u,s) € k¥ xw¥ : lh(u) = lh(s) and Ym,m’ < Ih(u) 1h(s,,) = k,1h(s,) =k’
if (S, S|k), (Smr, Slir) € T and s, <kp Smy then u(m) < u(m')}.
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Note. S € L.
Let G be the following game:
I ‘TLQ na Ty
IT ‘ ny, &o ng, oy N5, Q2

where each n; € w, a; € K.
IT loses if we ever have some ((ag, ..., ), (ng,...,ne)) ¢ S.

Note. This is determined (since if I does not have a winning strategy, IT just plays to avoid
slipping into a situation where I does).

In what follows, “I wins in L” means I has a winning strategy o for the game in question,
and o € L; similarly for II, V', etc.

Claim. If IT wins in L, then IT wins in V.

Proof of claim. Since IT wins iff IT has not lost at any finite position, and the finite positions
are all in L. ]

Claim. IfI wins in L, then I wins in V.
Proof of claim. Let o be a winning strategy for I in L. Let
S? = {p| pis a play in G§ with IT to move (lh(p) is odd)
and p is in accord with o, i.e. V¢ < lh(p), ¢ even, p(¢) = o(ple)}

Now let
Sg ={p € S? : II has already lost — i.e., fallen out of S}.

Given S7, let
G =1{p €87 : Vawithp~a € G5, p~a"o(p”a) € ST}
For A a limit,
SS = {p € 57 : Vawith p~a € Gg, p~a"o(p~a) € U 52} .
a<

Eventually get to some § € k™ such that

Uss= U sz

a€d a€eOrd

Note. If |5 5% # S7, then II has a winning strategy — stay outside |J 557 (in L!!).
So: U,es S = S7. Suppose there was a winning run for II against o, say
I ‘ Un ) Ty
II ‘ ny, &o ng, 0 N5, A2

Then at each ¢, let 3, be least such that for

De _‘ o .. Noy
| Ny, Qo ... Mag—1, Qp—1 ’

we have p, € S5, Since this is a winning run for II, 3, is never 0. But then Sy1 < ; for all
¢, a contradiction. O
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[Comment: This (7) is basically the proof of Shoenfield absoluteness.|
Claim. If II wins G, then IT wins G 4.

Proof of claim. Let o win G%. Then given ny, let 6(ng) = ny where o(ng) = (n1,ap). Then
d(no, n1,n2) = ng where o((ng, (n1, ), n2)) = (n3, ay), ete.

But then, if (ng,n1,...) is an infinite play according to &, then there is a sequence
(g, a1, ...) such that ((a,...)(no,...)) € [S]. For x = (ng,nq,...), f = (g, 04,...),
f witnesses (T, <kp) is wellordered. This implies z ¢ A, so that IT wins G 4. O

Claim. IfI wins G, then I wins G 4.

Proof of claim. Let o € L be a winning strategy for I in Gs. We may assume there is a club
C C wy¥ of indiscernibles for L, k = w;"¥ € C. Without loss of generality, o is definable
from k in L. We define ¢ in G4 for I...

24. NOVEMBER 19

Recall: we had A = p[T], T C w<* X w<¥ recursive. Want: G4 determined.
We put k = w;"” and assume 0% exists, with C' C & a club of indiscernibles for L. We
defined the game G by

1 ‘ Un Mo
1I ‘ ny, oy ns, 0y
where n; € w, a; € K, © = (ng,n1,...) and f = (ap,aq,...). Il is obligated to use f to

witness wellfoundedness of (T, <kgp) (it is a closed game for IT).

G must be determined. We saw last time that I wins in V' iff I wins in L. If IT wins
G%, then II wins G4. Now: let o be a winning strategy in L for I. We will define (in V1) a
derived strategy ¢ for I in G 4.

GA . N %)
' n ns
o T2
* .
G- T
nl, O{O

If (50, (10, 11)|n(so)) € T let g € C. Let ny = o(ng, (n1,0)). Otherwise, let ap = 0. (Note:
o(ng, (n1,ap)) does not depend on which oy € C' we choose, by indiscernibility.)
Now if (s1, (g, n1,n2)nesy)) € T, replace ap by of in C, and then play aq as required.
Then play ny = a(ng, (n1,a}), ne, (n3, at)), ete.
In general, given
‘ o No ... Nk

‘ ny e N2k+1
a play according to &, we choose (aF);o;, such that

(a) if (i, (ng, - - )|mes)) ¢ T let o = 0.
(b) for the rest, choose the a}’s in C' so that af < o} iff s; <k s;.

By indiscernibility, ¢ does not (then) depend on further specifics of how we chose the a’s.
(no, - . ., nagr1) = o(no, (1, 0418)7”2, (n3, Oé’f)a ooy (N, 041@)‘

Claim. If x = (ng,n1,...) is an infinite play according to &, then x € A.
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Proof of claim. Suppose for a contradiction that (7}, <kp) is wellordered. Let
f : (T17<KB) —CNk

be order preserving (|C| uncountable). Then at each i, let a; = 0 if s; ¢ T,,, = f(s;) if
s; € T,. Then

‘ No N9
‘ n1, Qo ng, Qg
is a run in G’ where II defeats o, a contradiction. O
This concludes the proof that if I wins G%, then I wins G4 ... ([l
thus completing the proof of the theorem. ([l

We now head towards
Theorem (Harrington). Y1 determinacy implies 0% emists.

Preview of proof: we define a game

1 ‘TLQ ny r €2
I my  m ... ye2

I must play a code for a wellordering isomorphic to (a, €). Then IT must play a model
of ZFC* + V =L, which has L, as an initial segment. By “boundedness,” I cannot have
a winning strategy. So: suppose II has a winning strategy coded by z. Will show: Va <
§ Ls[z] | ZFC* = P(a)t C L,[2]. (This gives for A a limit cardinal, (A\*)% < (A*)LE] from
which 0% follows.)

25. NOVEMBER 22
Last time we started to give a preview of the proof of

»1 Determinacy = 0% exists.

We will define a game
1 ‘ o ny .. X
11 ‘ mo my ... Y

I must play x € 2* with €, a wellorder of w. If so, then IT must play some y with
(i) M, = ZFC*
(ii) (w; €,) = to an initial segment of Ord™v

(iii) M, =V =L.

Today we show: I cannot have a winning strategy.

Definition. A relation R on X is wellfounded if for every non-empty A C X, da € A s.t.
Vd € A (-bRa).

Theorem. For R a relation on X, the following are equivalent:

(i) R is wellfounded;
(ii) Ip: X — & some ordinal § s.t. YaRb (p(a) € p(b))
(iii) there does not exist (ap)new With an11Ray, all n.
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Proof. (i) = (ii): Without loss of generality, R is transitive. At each a € X, we set
X, ={b]|bRa, or a =>b}. Let

A={a€ X |3p,: Xy — 0, some ordinal J,, with by Rby = p,(b1) € pa(b2)}
Claim. Jp: A — §, some 6, such that p(a) = sup{p(b) +1 : bRa}.
Proof of claim. At each a € A, let o, = inf{p,(a) : po: Xa — 0, is as above}. Note:

a, =sup{a, +1 : bRa}. Set p(a) = a. O
Claim. A = X.

Proof of claim. Otherwise choose a € A°, Vb (bRa = b € A). Then let p™: AU{a} — §+1,
ptla=p, pla) =sup{p(\) +1 : bRa}. O

(ii) = (iii): clear (since € is wellfounded).
(iii) = (i): If =(i), say A C X, A # (0, with no R-minimal element, choose ag € A;, then
ani1 € A, ayy1Ra, (always possible, since a,, not R-minimal). O

Definition. For R a wellfounded relation on a set X, a € X,
rankg(a) ;= inf{p(a) : p: X — 0 some ordinal §, Vb, by € X, (b1 Rby = p(b1) € p(b2))}.
Then rank(R) := sup{rankg(a) +1 : a € X}.
Theorem (Kunen-Martin). If R is a 31 wellfounded relation on w*, then rank(R) < w;.
Proof. Say T C w<¥ X w<* x w<“ is a tree with R = p[T]. Let
X = {(($m)m<nt1, Um)<n) € (W) X (W)Y : n € w and Ym < n((um, Smi1, Sm) € T,
Ih(uy,) = 1h(smy1) = 1h(s,) =n)}.
Let R* be defined on X by
((tm)m<ks1; (Vm)m<k) B ((Sm)m<nt1s (Um)msn)
ifk>nandt, Ds,allm<n+1, v, Du, all m<n.
Claim. R* is wellfounded.
Proof of claim. Suppose instead
((an)mgn(z‘)ﬂa (Ufn)mgn(i))iew
is an R* infinite descending chain.
Note. Vi < 3, m <n(i), s', € s ul Cul.

Let 2 = Uiey, Sts Ym = Uiew U Then (Ym, Tpt1, ) € [T all m, contradicting well-

Ew Tm’

foundedness of R. UJ
Since X is countable, rank(R*) < w;. Let
X = {(@n)m<ntt, UmIm<n) © 1€ w, st VM <1 (Y, Tintr, Tm) € [T}

Define ((Jim)m§n+17 (ym)mgn) R ((fm)mgﬁ_l’_l, (ym)mgﬁ) if n >mn and Ty = Ty all m S n+ 1,
Ym =T, all m <.

Note. For x € w*, rankg(x) = rankg-((z), 0).
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It suffices to see that ranky < rankg-. But given ((Zm)m<nt1, (Ym)m<n) € X, let
O((@m)m<n+1s (Ym)m<n) = ((@mln)m<ntt, Ymln)msn)-
So 0: X — X with aRb = 0(a)RO(D); so rank(R) < rank(R). O
Definition. WO = {z € 2¥ | €, wellorders w}, and for x € WO, ||z|| = unique a € Ord
s.t. (a;€) = (w; €y).
Corollary. If A C WO is X1, then 36 € w; such that ||z|| <6 all x € A.

26. NOVEMBER 24

This property of A is sometimes called “boundedness.”

Proof. Set (z,m)R(y,n) iff
i)rx=yecA
(il) m €, n.
This is wellfounded, and the § from Kunen-Martin bounds {||z| : = € A}. O
Recall we defined the game

I ‘no nq R
II‘ mo m; ... Y

ni,m; € {0, 1}.

If x ¢ WO, IT wins. If z € WO, II wins if (w; €,) is isomorphic to an initial segment of
Ord™Mv (where M, := (w; €,)), and M, = ZFC* AV = L.

Claim. I does not have a winning strateqy for Gp,.

Proof of claim. Let 0: w<¥ — w be a winning strategy for I. Let
A={re2|Jye2”st. z(0)=0c(d), x(n+1) =0o(x(0),y(0),...,y(n))}.

Then A C WO, A € 1. Therefore there exists 6 < w; such that [|z]] < § for all z € A.

Let v > 0 be countable, L, = ZFC*. Choose 7 : w — L, a bijection. Define y € 2¥,
y(2"3™) = 1if m(n) € m(m), and y(k) = 0 in all other cases. Then (w;€,) = ZFC*+V =L
(w;€y) = Ly). And ||lz|| <6 < v for all x € A; in particular this is true for = the response
to y indicated by o. So: IT wins with . O

Fix 0 : w¥ — w a winning strategy for I1. Let z € 2¥, z("s,n") =1 if o(s) = n; z(k) =0
all other k (so z “encodes” o).

It suffices to show: if L,[z] F ZFC* and § < «, then P(6)L € L,[z]. (Fix a with
N, <a <R, L,z] E ZFC*. Then P(R,)F € L,[z]; therefore ((R,)") < (R,)F, so that

0% exists, by Jensen’s covering lemma.)

Definition. (4; <) is a pseudo-wellordering if there exists M = ZFC* such that
(Ord™; eM) = (4; <).

Lemma. If (A; <) is a pseudo-wellordering then either

(i) < is a wellorder
(i) there is an ordinal v such that (A; <) = ((1 + Q) X a; <jex)-
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Here 1 + Q is the order type of a first element followed by the rationals; it is isomorphic
to ([0,1) N Q; <). (The order type of the rationals is also sometimes called 7.)

Let Soo = {7: w — w | 7 is a permutation}. This is a G5 subset of w*. (It is a Polish
space.) Given z € 2¥ with x(k) = 0 all k not of the form 2™3™ and 7 € S, 7 -2 € 2¢ is
defined by

7 x(273™) = (27 (M3Tm)y,

Fact. For AC2¥ x 2*, Ae Xl
{(z,y) € 2° x 2¥ |V'T € Soo((T - 2,y) € A)}

is again X}. Here V*7 € Sy (p(7,...)) means there is a relatively comeager B C S, such
that V7 € B(p(T,...)).

Consider the set of a € 2¥ such that 3z € 2 with (w;€,) a pseudo-wellorder, and
V*r € Sy
o* (T -x) «— o’'s response to I playing 7 -
( a€Pw) )

This is $1(2); therefore C L,|[2] if Lo[2] E ZFC* does not contain a perfect set (|C] < ®y).

27. NOVEMBER 29

Definition. For X a Polish space (i.e. a separable, completely metrizable space) B C X is
meager if it is included in a countable union of closed nowhere dense sets.

(Baire Category Theorem: No non-empty open U C X is meager.)

B is comeager if B¢ is meager.

B C X has the property of Baire if there is an open O such that B A O := B\OUO\ B

is meager.
Fact. The sets with the property of Baire form a o-algebra. (Exercise.)

Definition. For ¢(...) some property, X Polish, we write V*z € X ¢(x) if {z € X | ¢(x)}
is comeager, and F*z € X ¢(x) if that set is non-meager.

Definition. S, := {0 : w — w | ¢ is a permutation (i.e. a bijection)}.
For @ € w<¥, let Wz := {0 € S | (i) = a; all : < 1h(a)}.
We take {W; | @ € w<“} as the basis for the topology on S.

Lemma. S, is a Polish space.

Proof. For 0,7 € Ss, 0 # 7, let do(o,7) = 2797 where §(0,7) = least n such that
o(n) # 7(n). Then let
d(O’, T) = dO(Ua T) + dO(O-_l?T_l)‘

Theorem. [f A C S, is X1, then A has the property of Baire.
Proof. Choose T'C w<* x w<“ a tree such that

plT]={0 € S | yew’ (Y ew((alyyle) €T))} = A.
At each s € w=¥, let As = {0 € Swo | Fy 2 sVl ((o|e,yle) € T)}.
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Note. Ag= A, Ay = U, e, As—n-

Let B, = So \ U{O | O basic open, A, N O meager}. Note: each B, is closed, B, C A,.
Let Cs = nglh(s) By,

Claim. For each s € w<*, C; \ |U,,c, Cs—n is meager.

Proof of claim. Suppose not. Note: Each C \ |J
property of Baire.

Suppose C; \ e, Cs~n is not meager. Then we can find O basic open, non-empty, such
that (Cs \ U,ep Cs~n) N O is relatively comeager. So C; N O is comeager in O (i.e. O\ C;
is meager) but Cs~, N O is meager all n € w. Hence, A;~, N O is meager at all n € w.
Hence Ay = U, ¢, As—n in O. Therefore by definition, B, N O = 0, and C; N O = 0, a
contradiction. O

Let M = U, <0 (Cs \ U,yep, Cs—n). M is meager.

Cy~,, is Borel. Therefore it has the

new

Claim. Ay A Cy is meager.

Proof of claim. By definition of Cy = By, Ay \ Cy = Ap \ By is meager.

Conversely, suppose o € Cy; we will show: o ¢ Ay = o0 € M. It suffices to show the
contrapositive, o ¢ M = o € Ay.

Now, given o ¢ M, we may successively find ) = sp C s; C s3 C ... such that each
si €w<, Ih(s;) =14, and o € Cj; (since o ¢ M). Let y = U, si- y € w*. Cs, C A, at each
i. So choose y; € wW¥, 0; € Su, such that d(o;,0) < 277, (04,y;) € [T]. Then o; — o, y; — ¥,
and [T] N Se X w* is closed in S, X w¥, hence (o,y) € [T]. O

Since Cy has the property of Baire, fixed U open and N meager such that Cy A U C N;
therefore Ag AU C (Ap A Cy) U (Ch AU)C MUN. O

Next time. Suppose A C w* x Sy is X1, A = p[T]. Then for x € w*, A, is comeager in Sy,
iff 3f: Z ={dew<|dis1 -1} - w<¥s.t.
(i) f non- decreasing

(ii) V@ € ZVl € w3b € Z,@ C b(f(b) has length > ()
(iii) Va@ € w<* V¢ < In(@), I(f(@)) (@le, f(@)]) € T.

28. DECEMBER 1

Theorem. Let A C Sy, A=p[T], T C w< x w<¥ a tree. Then A is comeager in S iff
3(sz)acw<w 1-1 such that

(a) each sz € w<

(b) sz C s,;forcfgg

(c) Yavl < 1h(a),lh(sz) (@le, sale) € T

(d) fordew<, 1—1,alllew, Fbew, 1-1,3dCbh, h(s;) > (.

(e) each Wz N Ay is comeager in Wj.

As in the proof from last time, we will let A, = {x € w* | Jy D s((x,y) € [T])}. [Note A
depends on T, not just on A and s.]
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Proof. (<=): At each ¢, let O, = |J{W3z : lh(sz) > ¢}. This is open dense, by (d). Let
D = (1, O,. This is dense Gj, therefore comeager. Then given o € D, let y = J,,,, So|.- By
(a) & (b), and 0 € D, y € w*. By (c), Yl(op,yle) € T

(=>): By induction on 1h(@), we chose sz € wS@ st. s; is as long as possible subject
to (a), (b), (c), (e). Given sz with lh(sz) < lh(@), (a), (b), (c), (e), and given @k 1 — 1,
choose s; 2 sz with 1h(sz) < ¢+ 1 as long as possible subject to (a), (c), (e).

We need to verify that condition (d) takes care of itself. But, given s = sz, Ay =

new

Unew Ag—n; so there exists b D a, n € w, Ag—~, N Wg is comeager in b. O
Theorem. If B C w® x Sy, is X}. Then X := {z € w* | B, is comeager in Sy} is X}.

Proof. Let S C w<¥ x w< x w<* be a tree with p[S] = B. By the proof of the last theorem,
x € X iff 3(sz)zew<w 1-1 such that

(

(b) sz C sy whena C b

( ) Va,1 — 1,V < lh(o?),lh(s(—i), (.QIM, &"g, 85|e) e Siff (d‘g, 85‘@) €S,

(d) fordews, 1 -1, 0w, IbDa 1-1,lh(sy) >~
Note then that the set of (z,y) € w* x w* such that if we define sz = y("@"), all @ € w<,
1 — 1, then we obtain Y is X! (in fact, Al), since 31 is closed under countable unions and

intersections.
X = p[Y], and thus it suffices to “recall” that the projection of a X} set is X1. 0

a) each sz € w<v
c

Proposition. If A C (w*)" ! is 31, then so is {7 | y (Z,y) € A}.
Proof. Take n = 1 for notational simplicity. Say A = p[T], T C (w<¥)? a tree. Then let
S = {(u,v) :Vk with 27 3¥ < Th(u) = lh(v)
(ulg, (0(2),v(2%),...,v(2"), (v(3),v(3%),...,v(3")) € T}.
Then pp[T] = p[S]. O

I x
Cr 1 y
IT wins if ¢ WO, M, = ZFC* AV =L. If x € WO, II wins if (w; €,) is isomorphic to an
initial segment of Ord™v. Given z € w®, 7 % x = vy, the response by II to z. Only II can
win. It suffices to show, if 7 is a winning strategy for II, then 0% exists.

For that, if L,[2] E ZFC*, a < wy, then V3 < a (P(B)* C L, [T)).
First for § = w. Let

Now, let’s return to the game

Ap = {2z €29 |3 € LO, (w; &) = Ord™, M a countable w-model of ZFC*
V0 € SooT * (0-b) =y, has a € P(w)™, M, an w-model}.

By the last theorem, Ay is 31.
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29. DECEMBER 3

Theorem. If A C w¥ X Sy, A€ X, then {r € W’ | Vo € Sy ((x,0) € A)} is X].
Similarly {z € w* | F*0 € S ((z,0) € A)} is 1.

In fact, the proof showed that is A € 3{(2) (some z € 2¥), then these two sets are also

Yi(2).
1 x
G 11 Y
IT wins if either (a) z ¢ WO, or (b) M, is an w-model of ZFC*, V =L, (w; €,) = an initial
segment of Ord™v.

We have previously seen I cannot have a winning strategy (boundedness). So let 7 :
w<¥ — w be a winning strategy for II. Want: If & < § < wy, and Ls[r] = ZFC”, then
P(a)t C Ls[r].

Notation. For z € w®,
7% x = II's response to x according to 7
= (7({x(0))), 7({x(0), 2(1))), 7((2(0), z(1), 2(2))), - . .)
Notation.
LO ={z € 2* : 2z(k) = 0 unless k has the form k& = 2"3™
and €,= {(n,m) : z(2"3™) = 1} linearly orders w}.
For x € LO, 0 € Sy, let 0 - x € LO be defined by
o x(2"3m) = x(2° (3o M),
Fact. For x1,29 € LO, (w; €,,) = (w; €,,) iff Jo € S (0 21 = x9).

Lemma. Let M be an illfounded countable w-model of ZEC*. Then Ord™ = (1 + n)a for
some countable ordinal c.

(here i =order type of (Q, <).)

Proof. Fix M. Let a =(order type) of the wellfounded part of the ordinals of M. For
a,b € Ord" | set a ~ bif 36 < o such that M =“a+f=bVb+ 3 =a".
Suppose a £ b, M [Ea <b. Let A={deOrd” : MEa<a+d<a+d+d<b}.
A D «a. But « is not definable in M. Therefore 3d € A, d in the illfounded part of M
(= Ve<aMpE“f<d’). Thenlet ¢ =a+d. O

Definition. Let
A ={a € P(w) : 3 a countable illfounded w-model of ZFC*, M,
3z € LO, Ord™ =~ (w; €,), and Vo € Sy (a € P(w)MT*w-w))}.

Note. The first condition is ¥1(a, 7); the second is 31(a, 7, M); and the third is Al(a, T, z)
or Al(a,7,0,2) (?) so Ap is L1(7).

Note also. P(w)* C Ap (Given a € P(w)¥, choose a < w1, L, = ZFC*, a € L,. By the
boundedness theorem, we can find w € 2¥, M,, = (w; €,,) E ZFC*, @ = an initial segment
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of Ord, M, illfounded. Then for any z (o -z!) in LO with (w; €,) = Ord™*, we have a €
wellfounded part of M., s.t. a € M,,,.)

Theorem. |[A;| < Ng.

Proof. For w € 2¥ as above (M, |= ZFC*, illfounded w-model), = € LO, (w;€,) = OrdM,
let Aw,x = {(1 € 'P(w) c Vo € Sy (a e 'P((,U)Mf*(am))}_

Note. (w; €,,) = (w; €4,) implies Ay py = Ay ,. Then let A, = A, , for any (alll) x € LO
as above.
Note also. A, only depends on Ord™« up to isomorphism.

Claim. Each such A, is countable.
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