Projective Modules over Local Rings
We need the well-known (whose easy proof we omit)

Modular Law. Let A C B and C be R-modules. Then
(1) An(B+C)=B+(AnC).
(2) f A+C=B+C and ANC =BNC then A= B.

We write & to represent internal direct sum. The key result is the following

Proposition. (Kaplansky) Let C = @,.; C; in g9 with each C;, i € I, countably
generated. Let M be a direct summand of C. Then M = @jeJ M; with each M; countably
generated. In particular, any projective R-module is a direct sum of countably generated
projective R-modules.

Proof. Since any free R-module is the direct sum of a number of copies of R itself, the
last statement follows easily from the first.
Write C = M & N in g9N. Let

R :={B|B C C in g with my;(B) C B,mn(B) C B and B = {P) M; some J C I}.
Jjed

Here m); and 7y are the projections. Note that if B € R then B is a direct summand of
C and B = WM(B) D 7TN(B).

Claim. Let k € I. Then there exists a countable subset J C I such that W =, ; C;
lies in R and k € J. In particular, W is countably generated:

Define countable subsets J,, of I and R-modules W,, as follows:

JO == {k} and WO = Ck
If J, C I countable has been defined let W,, = @je 5, Cj C C, a countably generated
submodule. In particular, mp;(W,,) and 7mn(W,,) are also countable generated. Thus there

exists a countable subset J,, 11 of I containing J,, and satisfying mp (W,,) C W41 and
7TN<Wn) C Wn+1~

Let J = UJ, and W =€), ; C;. Then countable J and W € R satisfy the claim.
Let

S :={B|B € R and 7 (B) a direct sum of countably generated modules}.
Note that 0 € S. Next let

7 = {(B, @Mz) | B € S each M, is countably generated and my;(B) = EBMZ}
i€l i€L



Partially order 7 by (B, @@, M;) < (B', @, M) if BC B', L C L', and M; = M] if
v € L.

By Zorn’s Lemma, there exists (A, @,.,; M;) € T maximal.

ieL
Claim. A = C (and hence we are done):

Suppose not, i.e., A < C. Then there exists a k € I such that C, ¢ A. Let W =
EBJ.G ;Ci € R be the countably generated module of the previous claim with k& € J, a
countable subset of I. Write B = A + W and check that B € R. Since m/(A) is a direct
summand of A and A is a direct summand of C, we have my(A) is a direct summand of
C'. Since 7y (A) C mp(B), it follows by the Modular Law that 7y, (B) = ma(A) @ P for
some P. Similarly, 7n(B) = nn(A4) & Q for some Q. Consequently,

B=nmy(B)®rn(B)=mm(A) d1n(A) DPOQRQ=ADPDQ.

Since B/A = (A+ W)/A = W/(W N A) is countably generated and B/A = P & Q, we
conclude that P is countably generated. Thus (A,D,;.; M;) < (B,@,;c, M; ® P) in T.
This contradicts maximality so A = C as needed. U

Lemma 1. Let C' € g be countably generated. Suppose that for every direct summand
B of C and x € B, there exists a direct sum decomposition B = F & A in gIN with F' a
free R-module containing x. Then C' is R-free.

Proof. Let z1,xs,...,x,,... be a countable generating set for C. We inductively define
R-modules A,, and F,, with F;, a free R-module. Let

F,=0and A, =C

Having defined Fi, ..., F,,, A,, such that x1,...,z, lie in @,_, F; and C = @, F; ® A,,
define F, 11 and A, 41 as follows:

Write x,,+1 = fn +a, with f,, € @?:1 F; and a,, € A,. By hypothesis, A,, = F,11® Ant1
for some free R-module Fj,; containing a,,.

Then C' = @?:11 F; & A,41. Tt follows that C' = @21 F; is free. O

Lemma 2. Let R be a local ring and P a projective R-module. Let x € P. Then there
exists a free R-module D containing x such that P = D & A in gIN.

Proof. Let P ® Q = F be free. Among all (ordered) bases of F' choose a basis {f;}icr
for F' in such a way that x is a linear combination of the fewest number of basis elements,

n
f1, f2y.... Thus z = Zai fi with each a; a non-zero element of R and n minimal. Let
=1
' n—1
Foi = @ Rf;. Suppose that a,, = Z a;7;, a right R-linear combination of aq, ..., a,_1.
i>n+1 i=1
Then

fi+rifo, fotrafo, o fact 1Sy o, fagts -
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n—1
is another basis for F' and x = Z a;(f; + rifn). This contradicts the choice of basis. It
i=1
follows that no a; is a right R-linear combination of the other a;. Let mp : ' — P be the
projection. Let y; = mp(f;). Then x € P so

Zaifi =z =mp(x)= Zaiyi.
i=1 i=1

Since the y; lie in F,
yi = Zcijfj ( mod Fj41)
j=1

some c¢;; in R. It follows that

n
a; = E CLjCji.
Jj=1

Since no a; is a right linear combination of the others and J(R) = R\ R*, we see that ¢;;
lies in J(R) for i # j and 1 — ¢;; lies in J(R), i.e., ¢;; does not lie in J(R) so is a unit.
Claim. (c¢;;) lies in GL, R, i.e., is invertible.

The matrix (c;;) in M, R, corresponds to an R-endomorphism f : R" — R". (Write f
on the right so that you do not have to go to the opposite ring.) Let R = R/J(R), a
division ring, and ~: R — R. Then (¢;;) is invertible by the above, so the induced map

f R" - R"isan automorphism. Since R" is a fg R-projective, it follows that f is an
n

isomorphism. Thus vy, ..., y, form a basis for F'/F, ;. Let D = Z Ry;, a free submodule
i=1
of F, satisfying D & F,+1 = F. Then P =D & (F,,+1 N P) and x € D as needed O

Theorem. (Kaplansky) If R is local then any projective R-module P is free.

Proof. By the theorem we may assume that P is countably generated. Let P = B & C
in g9 with x € B. So B is projective and B = D & A in g9 for some free R-module D
containing x by Lemma 2. It follows by Lemma 1 that P is free. ([l



