2-REPRESENTATIONS OF sl FROM QUASI-MAPS

RAPHAEL ROUQUIER

1. INTRODUCTION

There are two main classes of constructions of 2-representations of Kac-Moody algebras
[Rou2]. One is algebraic, for example via representations of cyclotomic quiver Hecke algebras,
and the other uses constructible sheaves, for example on quiver varieties. We describe here a
new type of 2-representations, using coherent sheaves.

One of our motivations is to develop an affinization of the theory of 2-representations of Kac-
Moody algebras. One would want a theory of 2-representations of affinizations of symmetrizable
Kac-Moody algebras, or rather of the larger Maulik-Okounkov algebras [MauOXk].

A classical theme of (geometric) representation theory is that affinizations arise from degen-
erations. Shan, Varagnolo and Vasserot [ShaVarVas, VarVas| and the author have proposed
that the affinization of the monoidal category associated to the positive part of a symmetric
Kac-Moody algebra should be a full monoidal subcategory of the derived category of O-modules
on the derived cotangent stack of the moduli stack of representations of a corresponding quiver.
A description of this category by generators and relations is missing, even in the case of sls.

This article stems from efforts to better understand 2-representations on categories of co-
herent sheaves. A number of constructions have been given by Cautis, Kamnitzer and Licata
(cf e.g. [CauKali]). We study here a different geometrical framework. Feigin, Finkelberg,
Kuznetsov, Mirkovi¢ and Braverman [FeiFiKuMi, Bra] have provided a construction of Verma
modules for complex semi-simple Lie algebras using based quasi-map spaces from P! to flag
varieties (zastavas). We consider here the case of sly, where the zastavas are smooth, and are
mere affine spaces. We show that coherent sheaves on zastavas provide a 2-Verma module
for sl in the sense of Naisse-Vaz [NaiVal]. Adding a superpotential and considering matrix
factorizations, we obtain a realization of simple 2-representations of sls.

I thank Sergei Gukov for useful discussions.

2. ZASTAVAS AND CORRESPONDENCES

2.1. Quasi-maps. We fix a field k£ and we consider varieties over k. The space of maps
P! — P! of degree d sending oo to oo identifies with the space of pairs (g, ) of polynomials
such that g and h have no common roots, deg(g(z) — z%) < d and degh < d.
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The zastava space Vy of quasi-maps P' — P! defined in a neighborhood of oo and sending oo
to oo is the space of pairs as above, without the condition on roots. There is an isomorphism
A 5V (a,0) = (g(2) = a1 +agz 4+ +agz® + 2% h(2) = by + baz + -+ bgz® ).

There is an action of T = G,,, X G,,, on V. The first G,,-action is by rescaling the variable
z with weight —2. The second G,,-action is by scalar action on h(z) with weight 2.

2.2. Correspondences. Let Y; = V; x Al. We extend the T-action on Vj to an action on Yy
by letting T act on A! by weight (—2,0).
We have a diagram of affine varieties with T-actions

Y,
(g,h,ZO)H(g;h)/ &h,ZO)H((z—ZO)Qv(z—ZO)h)
¢d ha
Va

Vit

We have functors
Fy =g 0 ¢ - D5 (Vy-qeoh) — DE(Vii1-qeoh)
Ey = ¢g. 0 Lap : Dy (Vgy1-qcoh) — D4 (Vy-qeoh).
2.3. Universal Verma module. Let U,(sly) be the quantum enveloping algebra of sl. It is
the Q(v)-algebra generated by e, f and k*! subject to the relations
k— k1

—1°

ke = vek, kf = v 2fk, ef — fe=

v—uv

The universal Verma module M, is the U, (sly)-module over Q(v, k) with basis (mg)a>0, with
il =1 —d _ 1

dmd7 e(mq) = daoma—1 and f(mg) = '

k = k2
(ma) = kv v—v~ v—ov!

Specializing & to v} gives the Verma module with highest weight \.

2.4. Geometric realization. Let C be the category of bigraded vector spaces N such that
dim(@ign’ ez N;;) < oo for all n. Taking bigraded dimension gives an isomorphism

Ko(C) = Z((v)) ® Z[t*'], N> 't dim Ny;.
1,J
We denote by 7y the full triangulated subcategory of D5 (Vg-qcoh) generated by objects
N ® Oy, for N € C.
Given N € C with class P € Z((v)) ® Z[t*!] and given C € D% (Vy-qcoh), we write P - C for
the object N ®; C of D5 (Vs-qcoh) (well defined up to isomorphism).

We put £ = @, Eq and F = @ o, tv2?Fy[1]. The following proposition is an immediate
consequence of Lemma 2.2 below. It is a variant of a result of Braverman and Finkelberg
[BraF1i.
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Proposition 2.1. The actions of [E]| and [F] on M = @, Q(v,t) @z Ko(Ta) give an
action of U,(slz) and there is an isomorphism of representations
Q((v)) ®qu) Myp-1 = M, mq = (1 —v*)"[Oy,].

2.5. Modules. Let Ay = k[Vy] = klay,...,aq,b1,...,b4], a bigraded algebra with deg(a;) =
(2(d—i+1),0) and deg(b;) = (2(d — i + 1), —2).

Let By = k[Yy] = klay, ..., aq, b1, ..., bg, c], a bigraded algebra with deg(a;) = (2(d—i+1),0),
deg(b;) = (2(d —i+ 1), —2) and deg(c) = (2,0).

There is a bigraded action of A; on By by multiplication and a bigraded action of A,y; on
By given by multiplication preceded by the morphism of algebras

f : Ad+1 — Bd, a; — a;—1 — Ca; and bz — bi—l — Cbz'

where we put ag = by = b1y = 0 and agi1 = 1 in By.

Via the equivalences I' : Dip(Vg-qcoh) = Dy, (Ag-Mod), the functors Eq and Fy become

Fy= By ®a, — : Dy (Ag-Mod) — Dy, (Agi1-Mod)
Eq= By ®%, | —: Dy (Aar1-Mod) — Dy (Ag-Mod).

17t_2v2(d+1))(17’02(d+1))

Lemma 2.2. We have [Eq(Aqi1)] = —5[Ad] and [Fi(Ag)] = X [Agi].

1—v2

Proof. We have B; ~ Ay ® k|c] as bigraded Azg-modules and the first statement follows.
The second statement follows from Lemma 2.3 below. O

Lemma 2.3. There is an exact sequence of bigraded Agy1-modules
2(d+1 1 — p2(d+1)

d+1 — 1_—?}2Ad+1 — B; — 0.

2(d+1)L — U
1 —2

Proof. Let C = Eklay, ... ,aq4,c,b1,...,b4,c"]. The morphism f is the composition of the follow-
ing morphisms of algebras:

00—t 20

fi:klay, ... agi1, b1y baia] = Klag, ... ag, by, bay ]
—day fori=1
bi— b, a;— a1 —ca; forl<i<d
ag— ¢ fori=d+1
foiklar, ... aq,c by, .. ba1] = klag, ..., aq,¢ by, ... baysd]
, , {bi fori <d
a; — a;, ¢ ¢, b _
bgi1+c fori=d+1
fs:klay, ... aq,c by, ... bgye] = C
—'by fori=1

a; — a;, d— C/, bl — bi—l — C”bi for 1 <1 < d
by — "’ fori=d+1
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f4 C — l{:[al,...,ad,bl,...,bd,c]

a; — a;, b= b;, d—ec, d'—ec.

The first morphism makes k[ay, ..., aq, ¢, by, ..., bgs1] into a free klay, ..., aq41,01, ..., bas1]-
module with basis (1,,...,c9).
The third morphism makes C' into a free k[ay, . . ., aq, ¢, by, . . ., bay1]-module with basis (1,¢”, ..., ).
The last morphism makes k[ay, ..., aq,b1, ..., by, c] fit into an exact sequence of C-modules
0—>C ﬂ) C ﬁ) k[al,...,ad,bl,...,bd,c] — 0.

Let Ll (resp. Lo) be the free Ad+1—m0dule with basis (eij)()gi,jgd (resp. (fij)OSi,de)- We have
a commutative diagram of A,,i-modules

0 L Lo~ Ky, ... ag, b, ... by ] —=0
-
0 C——>C ; klay,...,aq4,b1,...,bg,c] —=0
Cc —cC 4
where the structure of A4, ;-module on C' comes from f3o fy0 fy, the one on kfay, ..., aq, b1, ..., bg, |

from f40 f30 fy o f; and where
do(fij) = ™

fiv1; — fij for 0 <i,5 <d
di(eij) = § —(a1fo; +aofij + -+ a1 foy + fajen) fori=d, 0<j<d
bifio +bafir + -+ + bay1 fia for j =d

ay (eij) — c/icllj

aO(fij) — C/icllj
Note that d; and dy are morphisms of bigraded modules with

(2(i+j+1),0) forj#d

@i+d+1),—2) forj=q ¢ d8lu)=(0450)

deg(e;j) = {

The Agi1-module Ly is generated by {di(ei;) bo<i<ao<j<a and (fio)o<i<a. It follows that the
complex 0 — L, KN Lo — 0 is homotopy equivalent to a complex of the form

0— @ Agpi€q; — @ Agiifia— 0.

0<j<d 0<i<d

The lemma follows. O
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3. 2-REPRESENTATIONS

We construct now endomorphisms of F' and F?, leading to a structure of 2-representation.

e Let py : Yy — Al be the projection map. It provides a morphim k[X| = T'(Oa:1) — ['(Oy,),
hence a morphism k[X| — End(F}).

e There is an action of G, on Vy x Vg1 given by w- ((g,h), (¢, 1)) = ((g9,h), (¢, I +u)). Tt
provides a map Lie(G,) = k — ['(Ty,xv,,,) and we denote by w' the image of 1, a vector field
on ‘/d X VdJrl.

The morphism ¢g X ¥q : Yy — Vy X V41 is a closed immersion and we identify Y; with its
image. There is a canonical isomorphism

(1) Fd :) WQ*(OYd ®7T>1k(—))
where 71 : Vyx Vi1 — Vjyis the first projection and 7y : Vyx Vg1 — Vyy1 the second projection.

Let w” be the image of w’ by the composition of canonical maps

F(,K/dXVdH ® OYd) - F(Nyd/(VdXVd+1)) = EXt}Qdevd (OY(i? OYd)'

+1
Via the isomorphism (1), w” defines an element w € Hom(Fy, Fy[1]).

e There is an isomorphism

Vd X A-2 :> Yd XVd+1 }/d—i-la ((ga h7207 26> = ((ga h7ZO)7 ((Z - ZO)ga (Z - ZO)h7 Zé))

There is a commutative diagram

(91,202 )= (2= 20) (2= 2 )g,(2—20) (2= ))

Vo

for some maps ¢/, and ¢/, and where 7 : A*> — A?/S, is the quotient map.
Consequently, we obtain an isomorphism

(2) FoaFy = 4. ((Ov, B (Oa2)) @ ¢y(—)).
Let 0 be the endomorphism of k[ X, X5] = I'(O42) given by

a(P) _ P<X17X2) - P(XQJXI)'
Xy — Xy
It induces an endomorphism of 7,(O42), hence, via the isomorphism (2), an endomorphism T’
of Fd+1Fd.

The data of ((E,)4, X, T) above gives rise to a 2-representation of 5[], but it does not extend
to a 2-representation of sly. But the data of ((Ey)q, X, T, w) gives rise to a 2-Verma module as
defined by Naisse and Vaz (cf [NaiVal] and [NaiVa2, Definition 4.1]).
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Theorem 3.1. The functors E,, F; and the natural transformations X,w,T define a 2-Verma
module for sly on @, Ta equivalent to the universal 2-Verma module of [NaiVal, §5.2].

Proof. We show that our construction is equivalent to the Naisse-Vaz universal Verma module
[NaiVal, §5.2].
Let €y = BExt}y (Aq/(bi,...,bq), A/ (b1, ...,b4)). The canonical Koszul isomorphism of

graded algebras A(b, ..., b3) = Extyy, 4 1(k, k) induces an isomorphism of graded algebras

[ k[al,...,ad] ®A<b>{,,b2) :> Qd.

We denote by w; the image of (—1)“'~i%. | . in Q4 and by z; the image of (—1)%ags1-;. We
have Q4 = kf[z1,..., 24 @ AMwy, ..., wq).

Consider the morphism of algebras h: Ay ® Agy1 — Bg, 7 ® s+ 1rf(s). We put a; = a; ® 1,
b =b;®1, a;:1®aj andb}zl@bj forl1<i<dand 1<j<d+1.

The morphism A is surjective, and its kernel is the ideal generated by b = b, + ¢b; — by
where ¢ = ag —aj, ;.

Let R = klay,...,aq,¢] C Ay ® Agyq and [ = ®1§i§d+l Rb;, an R-submodule of L =
Di<icar1 BY; & D)<y Rbi. The morphism h restricts to a surjective morphism of algebras

Sgr(L) — By with kernel generated by L.
The orthogonal of I in Hompg(L, R) = D, <;<q1 R © D <y B} is

I'= @ RO, +b;— b))
1<i<d+1
Define
Qg ar1 = EXtZd®AdH ((Ad/(bh cee bd)) & (Ad+1/(b1, e 7bd+1>); Bd)~

The decomposition Ay ® Agy1 = Sg(L) ® kld), ..., d)] induces an isomorphism
Qqas1 = Exty, ) (Sr(L)/(L), Ba)
hence
Qa1 = Extl ) (Sr(L)/(L), Sr(L)/(I)) = Ag(Hompg(L, R)/I").
Let w; be the element of € 411 corresponding to the image of (—1)2~%/r,,_, in Homp(L, R)/I+.
Let y; be the image of (—1)'agy;_; in Qqq11 and € the image of ¢. We have Qg1 =
Elyi, ... ya, €] @ Alwr, ..., war1). The actions of 4 and Q441 on Q4441 are given by multi-
plication preceded by morphisms of algebras
Qi — Qagr1, T Yi, wi = Wi + Wit
Qa1 = Qaar1, T = Y +EYim1, wi — wj.

Let 7] be the full triangulated subcategory of D¢, o(§24) generated by objects N®k[zy, ..., 4]
for N € C.

There is an equivalence of triangulated categories R Hom% (Aq/(b1,...,ba),—) : Ta = T;.
This equivalence intertwines the action of E; and F,; with the action of 4441 ®o, — and
Q4441 ®q,,, — This shows our construction is equivalent to that of Naisse and Vaz. O
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4. FINITE-DIMENSIONAL SIMPLE MODULES

We fix now n > 0. We define a simple 2-representation of sly by defining a superpotential on
the universal 2-Verma module and considering matrix factorizations.

Let (g, h) € V. We have
h(z7Y)  bg+bg1z+ -+ bzt

=z =z bavig+ - + by 2
g(z71) 1+ agz + - +ayz? ;< aved Vizd+14)
for some polynomials functions v; 4 of a4, ..., aq with v94 =1 and v; 4 = 0 for @ < 0.

We define a morphism Wy, : Vy x A™ — A! by

Wd,n((ga h), (v ,%)) = Z Yig1(bavia + -+ b1vi—ay1,a)
i=0

where we put v,.1 = 1.
Note that Wyi1, 0 (g x id) = Wy, o (¢4 x id) and we denote by Wy, that morphism

Y; x A" — Al. We endow A™ = Speck[v,...,7,] with an action of (G,,)? with deg(y;) =
(2(n + 1 —1),0). This makes Wy, into a homogeneous map of degree (2(n + 1), —2).

We denote by 73, the homotopy category of (G)*-equivariant matrix factorizations of Wy,
on Vy x A™. The functors F; and Fy of §2.2 and §2.4 extend to functors between the categories
%,n and 7:l+1,n-

Proposition 4.1. We have T4, =0 if d > n.

The action of [E] and [F] on @h—y Q ® Ko(Tan) give an action of Uy(sly) and the corre-
sponding representation is simple of dimension n + 1.

The data of (E,F,T,X) define a 2-representation of sly on @),_, Tan equivalent to the ho-
motopy category of bounded complexes of objects of the simple 2-representation L(n) of [Rou2,
§4.3.2].

Proof. If d > n, then

Wan = ba(m + Z Yit1Vid) + ba—1(72 + Z Vit1Vie1.d) + -+ ba—nt1(Yn + V1.4) + ba—n.
i=1 =2

As a consequence, the homotopy category of matrix factorizations 7y, is 0.

Assume now d < n. We have

Wan = ba(m + Z Vit1Vid) + ba—1(72 + Z Vit1Vie1.d) + -+ b1 (ya + Z Vit 1Vied+1.d)-

i=1 =2 i=d

Let P, = klxy,...,z,], a graded algebra with deg(z;) = 2. Define

Aap = (Aa@ k[, )/ (b her<a S0 + D vinviriahicr<a).
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The inclusion map induces an isomorphism
klai, ..., aq) @ k[Yas1, -] = Adn.
Composing with the inverse of the isomorphism
klay, ..., a4, Ya41, - Yn) — PO*Cn=d qi s eq_ii(m1,. .., 24), i~ enivi(Tapt, ..., Tn)
we obtain an isomorphism of graded algebras
PRaxOn—t 55 Ay,

We view Ay, as a Z-graded algebra with deg(a;) = 2(d — ¢ + 1) and degy; = 2(n + 1 —i).
We have an equivalence D°(Ay,-modgr) = T,
Let 7, be the homotopy category of (G,)?*-equivariant matrix factorizations of Wy, on

Yy x A" Let B, = Agn ® k[c]. We have an equivalence D°(Bj -modgr) = T;,. Let
Bin = B}, @ a4 11,m) Adi1n- We have

n i—d
Biyn = Byy/(Yar + Z Yi+1 Z vjac 77
j=0

i=d+1
and the inclusion map induces an isomorphism
klay, ... a4, ¢, Yas2, - Yn) — Ban.
Composing with the inverse of the isomorphism
klay,...,ad,C,Yd42, - Yn] — PO On—d-1
a; — €q—is1(T1, ..., Tq), € —Tap1, Vi > €n—it1(Tayay .-\ Tn)
we obtain an isomorphism of graded algebras
PaxOn—d-t Z B,

There is a commutative diagram

P§d+l XGpn_d—1¢ PSdXandfl
klav, ..., agyr, Yave, - - Vo) — Kla, ..o, ag, ¢, Yar2, - Yl
Ad+1,n Bd,n
Aar[vis -] Balv, - - -5 ]
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We deduce that there is a commutative diagram

1
d,n

/ énm\
Tan

B L -
d’n®Ad+l,n

\
Bd’n®Ad+1,n
D

7:l+1,n

Res

D
e
)

*(Bg,-modgr

D*(Ag,,-modgr

)

~ DY(Py =1 _modgr) ~

Res X
D

It follows that 7, is equivalent to the bounded derived category of finitely generated graded
(klay, ..., aql @k[Yas1,---,7n))-modules, where deg(a;) = 2(d—i+1) and deg(vy;) = 2(n+1—1).
Similarly, the homotopy category of (G,,)*-equivariant matrix factorizations of Wy, on Y; x A"
is equivalent to the bounded derived category of finitely generated graded (k[ai,...,aq ®
E[Yat1s - - - Yn))-modules, where deg(a;) = 2(d — i+ 1) and deg(7;) = 2i. We recover the usual
construction of the (homotopy category of the) simple 2-representation £(n) of sly (cf [Roul,
§5.2] and [Rou2, §4.3.2]). O

Db(PnGdXGn—d) b(PnGd-H ><6n—d—1)

This construction is a Koszul dual counterpart of the construction of [NaiVal, §7] based on
adding a differential.
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