Annals of Mathematics 185 (2017), 609-670
https://doi.org/10.4007/annals.2017.185.2.5

Derived categories and Deligne-Lusztig
varieties 11

By CEDRIC BONNAFE, JEAN-FRANGOIS DAT, and RAPHAEL ROUQUIER

Abstract

This paper is a continuation and a completion of the work of the first
and the third author on the Jordan decomposition. We extend the Jordan
decomposition of blocks: we show that blocks of finite groups of Lie type in
nondescribing characteristic are Morita equivalent to blocks of subgroups
associated to isolated elements of the dual group — this is the modular ver-
sion of a fundamental result of Lusztig, and the best approximation of the
character-theoretic Jordan decomposition that can be obtained via Deligne-
Lusztig varieties. The key new result is the invariance of the part of the
cohomology in a given modular series of Deligne-Lusztig varieties associated
to a given Levi subgroup, under certain variations of parabolic subgroups.

We also bring in local block theory methods: we show that the equiva-
lence arises from a splendid Rickard equivalence. Even in the setting of the
original work of the first and the third author, the finer homotopy equiv-
alence was unknown. As a consequence, the equivalences preserve defect
groups and categories of subpairs. We finally determine when Deligne-
Lusztig induced representations of tori generate the derived category of
representations. An additional new feature is an extension of the results to
disconnected reductive algebraic groups, which is required to handle local

subgroups.
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1. Introduction

Let G be a connected reductive algebraic group over an algebraic closure
of a finite field, endowed with an endomorphism F', a power of which is a
Frobenius endomorphism. Let ¢ be a prime number distinct from the defining
characteristic of G and K a finite extension of @y, large enough for the finite
groups considered. Let O be the ring of integers of K over Z; and k the residue
field. We will denote by A a ring that is either K, O or k.
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The main tool for the study of representations of G over A is the Deligne-
Lusztig induction. Let L be an F-stable Levi subgroup of G contained in a
parabolic subgroup P with unipotent radical V so that P =V x L. Consider
the Deligne-Lusztig variety

Yp={gVeG/V|g 'F(g)eV-F(V)}

It has a left action of GI" and a right action of L by multiplication. The
corresponding complex of ¢-adic cohomology induces a triangulated functor

RE p : D'(ALY) - DY(AGY), M — RT.(Yp,A) @%pr M
and a morphism
REcp = [Rcpl : Go(AL") = Go(AGT).
This is the usual Harish-Chandra construction when P is F-stable.

1.A. Jordan decomposition. Let G* be a group Langlands dual to G, with
Frobenius F*. Consider the set Irr(G!") of characters of irreducible represen-
tations of G over K. Deligne and Lusztig gave a decomposition of Irr(GF)
into rational series

Irr(GF) = [ Irr(GF, (s)),
(s)

where (s) runs over the set of G*/”-conjugacy classes of semi-simple elements
of G*I"". The unipotent characters of GF' are those in Irr(GF, 1).

Let L be an F-stable Levi subgroup of G with dual L* C G* containing
Cg+(s). Lusztig constructed a bijection

Irr(LY, (5)) = Trr(GF, (s)), 9+ £REp ().
If s € Z(L*), then there is a bijection
Ire(L7, (1)) = Tre(LF, (s)), ¥ = e,

where 7 is the one-dimensional character of L corresponding to s, and we
obtain a bijection
Irr(LY, (1)) & Ir(GF, (s)).

This provides a description of irreducible characters of G in the rational series
(s) in terms of unipotent characters of another group, when Cg-(s) is a Levi
subgroup of G*.

Let us now consider the modular version of the theory described above.
Let s be a semi-simple element of G*/" of order prime to £. Let us consider
I Irr(GF, (t)), where (t) runs over conjugacy classes of semi-simple elements
of G*" whose ¢/-part is (s). Broué and Michel [BM89] have shown this is a
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union of blocks of OGF. The sum of the corresponding block idempotents is
an idempotent ef’F € Z(OGF), and we obtain a decomposition

OGP -mod = P OGS -mod,
(s)
where (s) runs over G*"-conjugacy classes of semi-simple #'-elements of G*I".
Let L be an F-stable Levi subgroup of G with dual L* containing Cg+(s).
Let P be a parabolic subgroup of G with unipotent radical V and Levi com-
plement L. Broué [Bro90] conjectured that the (OG, OLF)-bimodule

HIYP (Yp, 0)eL”
. . . F _GF F LY .
induces a Morita equivalence between OG* e, and OL* ey . This was proven

by Broué [Bro90] when L is a torus and in [BR03] in general.
Broué also conjectured that the truncated complex of cohomology
GT.(Yp, 0)ek"

(Rickard’s refinement of RI'.(Yp, O)eg‘F, well defined in the homotopy cate-
gory [Ric94]) induces a splendid Rickard equivalence between OGFeS" and
OLF eE‘F: it induces not only an equivalence of derived categories, but even
an equivalence of homotopy categories, and it induces a similar equivalence for
centralizers of /-subgroups. One of our main results here is a proof of that con-
jecture. In order to show that there is a homotopy equivalence, for connected
groups, we show that the global functor induces local derived equivalences for
centralizers of £-subgroups. Since such centralizers need not be connected, we
need to extend the results of [BR03] to disconnected groups. So, part of this
work involves working with disconnected groups.

We also extend the “Jordan decomposition equivalences” (Morita and
splendid Rickard) to the “quasi-isolated case”: assume now only Cg.(s) C L*,
and that L* is minimal with respect to this property. We show that the right
action of L¥ on HImYP (Yp 0)el” extends to an action of N = Ngr (L, ek")
commuting with the action of G, and the resulting bimodule induces a Morita
equivalence between OGY eSGF and ON eg‘F. Similarly, the complex

GLo(Yv, 0)eS"

induces a splendid Rickard equivalence between OG* e?F and ON eE‘F.

As a consequence, we deduce that the bijection between blocks of OGH eS‘F
and ON eg‘F preserves the local structure and, in particular, preserves defect
groups. Cabanes and Enguehard have proven this under some assumptions on
¢ [CE99, Prop. 5.1], and Kessar and Malle in the setting of [BR03], when one
of the blocks under consideration has abelian defect groups (modulo a cen-
tral (-subgroup) [KM13, Th. 1.3], an important step in their proof of half of
Brauer’s height zero conjecture for all finite groups [KM13, Th. 1.1] and the
second half for quasi-simple groups [KM15, Main Theorem].
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Let us summarize this.

THEOREM 1.1. Assume Cg.(s) C L* and that L* is minimal with respect
to this property.

The right action of LT on GTo(Yp,O)el" extends to an action of N,
and the resulting complex C induces a splendid Rickard equivalence between
OGFGS'F and ONeg‘F. The bimodule HY™ YP (C) induces a Morita equivalence
between (’)GFe?F and (’)Neg‘F.

The bijections between blocks of OGFeS'F and ONeg‘F induced by those

equivalences preserve the local structure.

Significant progress has been made recently on counting conjectures for
finite groups, using the classification of finite simple groups, and [BR03] has
proved very useful. We hope this theorem will lead to simplifications and new
results.

The character-theoretic consequence of this theorem is that, for groups
with disconnected center, the Jordan decomposition shares many of the prop-
erties of that for the connected case. In type A, the Jordan decomposition of
characters links all series to unipotent series of smaller groups: even in that
case, the good behavior of those correspondences was known only when g is
large (Bonnafé [Bon06] for SL,, and Cabanes [Cab13| for SU,,).

1.B. Generation of the derived category. One of the two key steps in
[BRO3] was the proof that the category of perfect complexes for OGF is gen-
erated by the complexes RI'.(Yg), where B runs over Borel subgroups of G
with an F-stable maximal torus. We show here a more precise result of gener-
ation of the derived category of OGF. Let £ be the set {RI'.(YB) ®%TF M},
where T runs over F-stable maximal tori of G, B over Borel subgroups of G
containing T, and M over isomorphism classes of OT*-modules.

THEOREM 1.2. The set £ generates D*(OGT) (as a thick subcategory) if
and only if all elementary abelian £-subgroups of G are contained in tori.

This, in turn, requires an extension of the results of Broué-Michel [BM89]
on the compatibility between Deligne-Lusztig series of characters and the
Brauer morphism, to disconnected groups. We are able to achieve this by
refining our result on the generation of the category of perfect complexes to a
generation of the category of /-permutation modules whose vertices are con-
tained in tori. (The crucial case is that of connected groups.) Such a result
allows us to obtain a generating result for the full derived category, under the
assumption that all elementary abelian /-subgroups are contained in tori.

Note that the condition is automatically satisfied for GL,, and U, (see
Examples 3.17) and when ¢ is very good for G.
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1.C. Independence of the Deligne-Lusztig induction of the parabolic in a
given series. It is known in most cases, and conjectured in general, that the
map RSCP on Grothendieck groups is actually independent of P ([DL76, Lus78]
when L is a torus and [BM11] when g > 2 and F' is a Frobenius endomorphism
over Fy). On the other hand, the functor R p does depend on P. Our main
new geometrical result proves the independence after truncating by a suitable
series.

Let P; and Py be two parabolic subgroups admitting a common Levi
complement L. Denote by V7 the unipotent radical of the parabolic subgroup
of G* corresponding to P;.

THEOREM 1.3. Let s be a semi-simple element of L*F" of order prime
to 0. If

Cvinreyi(s) C Cvy(s)  and  Cyrnreys(s) C Creyi(s),
then there is an isomorphism of functors between
RE p, : DP(ALT ") — DY(AGTeS")
and
RE p,[m] : D'(ALT M) — DY(AGT S,
where m = dim(YS’z) - dim(Yg’l).

For instance, if Cv;(s) = Cv;(s), then the assumption of Theorem 1.3 is
satisfied.

This is the key result to prove Theorem 1.1. This result shows that when
C&.(s) C L*, the (OGF, OLF)-bimodule HI™YP (Yp, 0)el" is independent
of P, a question left open in [BR03]. We deduce that the bimodule is stable
under the action of N = Ngr(L¥, L"), Using an embedding in a group with
connected center, we show that the obstruction for extending the action of L
to N does vanish.

Remark. Theorem 1.3 is used in [Dat16] to construct equivalences of cate-
gories between tamely ramified blocks of p-adic general linear groups. Roughly
speaking, the main idea of [Dat16] is to “glue” the bimodules giving the Morita
equivalences of [BR03] along a suitable building. The gluing process crucially
uses the independence of the bimodules on the choice of parabolic subgroups.

1.D. Structure of the article. We begin in Section 3 with the study of
generation of the category of perfect complexes, then we move to complexes of
f-permutation modules, and finally we derive our result on the derived category.
A key tool, due to Rickard, is that the Brauer functor applied to the complex
of cohomology of a variety is the complex of cohomology of the fixed point
variety.
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Section 4 is devoted to the study of rational series and their compatibility
with local block theory. Broué and Michel proved a commutation formula
between generalized decomposition maps and Deligne-Lusztig induction. We
need to extend the compatibility between Brauer and Deligne-Lusztig theory
to disconnected groups and check that the local blocks obtained from a series
satisfying Cg.(s) C L* also satisfy a similar assumption C(OC&(Q))*(S) c (Ln
C&(Q)".

From Section 5 onwards, the group G is assumed to be connected. Sec-
tions 5 and 6 are devoted to the study of the dependence of the Deligne-Lusztig
induction with respect to the parabolic subgroup. The first section is devoted
to the particular case of varieties associated with Borel subgroups (and gener-
alizations involving sequences of elements). It is convenient there to work with
a reference maximal torus. This is the crucial case, from which the general one
is deduced in the latter section, where we go back to Levi subgroups that do
not necessarily contain that fixed maximal torus.

Section 7 is devoted to the Jordan decomposition. We start by providing
an extension of the action of NV on the cohomology bimodule by proving that
the cocycle obstruction would survive in a similar setting for a group with
connected center, where the action does exist. The Rickard equivalence is
obtained inductively, and that induction requires working with disconnected
groups.

In an appendix, we provide some results on the homotopy category of
complexes of /-permutation modules for a general finite group.

We would like to thank the Referee for an extraordinarily thorough list of
suggestions, which greatly improved our paper.

2. Notation

2.A. Modules. Let £ be a prime number, K a finite extension of Q, large
enough for the finite groups considered, O its ring of integers over Z, and k its
residue field. We will denote by A a ring that is either K, O or k.

Given C an additive category, we denote by Comp®(C) the category of
bounded complexes of objects of C and by Ho’(C) its homotopy category.

Let A be a A-algebra, finitely generated and projective as a A-module. We
denote by A°PP the algebra opposite to A. We denote by A-mod the category
of finitely generated A-modules and by A-proj its full subcategory of projective
modules. We denote by Gy(A) the Grothendieck group of A-mod.

We put Comp®(A) = Comp®(A-mod), D?(A) = DP(A-mod) and Ho®(A) =
Ho’(A-mod). We denote by A-perf € DY(A) the thick full subcategory of
perfect complexes (complexes quasi-isomorphic to objects of Comp?(A-proj)).

Let C € Comp®(A). There is a unique (up to a nonunique isomorphism)
complex C™4 that is isomorphic to C' in the homotopy category Ho’(A) and
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that has no nonzero direct summand that is homotopy equivalent to 0. Note
that C' ~ C™d @ ' for some C’ homotopy equivalent to zero.

We denote by End%(C) the total Hom-complex, with degree n term
@, —i—n Hom4(C*, C7).

Let B be A-algebra, finitely generated and projective as a A-module. Let
C be a bounded complex of (A ®, B°PP)-modules, finitely generated and pro-
jective as left A-modules and as right B-modules. We say that C' induces a
Rickard equivalence between A and B if the canonical map B — End%(C) is
an isomorphism in Ho(B ® B°PP) and the canonical map A — End%epp (C')°PP
is an isomorphism in Ho(A @, A°PP).

2.B. Finite groups. Let G be a finite group. We denote by G°PP the
opposite group to G. We put AG = {(9,97)|g € G} C G x G°PP. Given
g € G, we denote by |g| the order of g.

Let H be a subgroup of G and x € G. We denote by x, the equivalence
of categories

zy : A(x" ' Hz)-mod — AH-mod,

where z.(M) = M as a A-module and the action of h € H on z.(M) is
given by the action of x7'haz on M. We also denote by x, the corresponding
isomorphism of Grothendieck groups

Ty : Go(A(xz ' Hz)) = Go(AH).

We assume A = O or A = k in the remainder of Section 2.B.

An /l-permutation AG-module is defined to be a direct summand of a
finitely generated permutation module. We denote by AG-perm the full sub-
category of AG-mod with objects the -permutation AG-modules.

Let @ be an f-subgroup @ of G. We consider the Brauer functor Brg :
AG-perm — k[Ng(Q)/Q]-perm. Given M € AG-perm, we define Brg(M) as
the image of M? in (kM)q, where (kM)q is the largest quotient of kM =
k ®a M on which @ acts trivially.

We denote by brg : (AG)? — kCg(Q) the algebra morphism given by
bro(Ygea Ag9) = Ygecs(Q) Agg, Where Ay € A for g € G. Given M €
AG-perm and e € Z(AG) an idempotent, we have Brg(Me) = Brg (M )brg(e).

Let H be a subgroup of G, let b be an idempotent of Z(AG) and ¢ an
idempotent of Z(AH). Let C € Comp’(AGb ® (AHc)°PP). We say that C
is splendid if the (C™4)"’s are f-permutation modules whose indecomposable
direct summands have a vertex contained in AH.

2.C. Varieties. Let p be a prime number different from ¢ and F an alge-
braic closure of IF,. By variety, we mean a quasi-projective algebraic variety
over F.
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Let X be a variety acted on by a finite group GG. There is an object
GI'.(X,A) of Ho’(AG-perm), well defined up to a unique isomorphism. It is
a representative in the homotopy category of AG-modules of the isomorphism
class of the complex of étale A-cohomology with compact support of X con-
structed as T< 2 4im x of the Godement resolution (cf. [Rou02, §2], [DR14, §1.2],
and [Ric94]). We denote by RI'.(X, A) the image of GI'+(X,A) in D*(AG).

Assume A = O or k, and let QQ be an f-subgroup of G. The inclusion
X@ < X induces an isomorphism [Ric94, Th. 4.2]

GI'.(X¥ k) = Brg(GIw(X, A)) in Ho’(kNg(Q)-perm).

2.D. Reductive groups. Let G be a (possibly disconnected) reductive al-
gebraic group endowed with an endomorphism F, a power F of which is a
Frobenius endomorphism defining a rational structure over a finite field F, of
characteristic p. We refer to [DM94], [DM15] for basic results on disconnected
groups.

Recall that a torus of G is torus of G°. Following the classical terminology
(cf., for example, [Spr98, §6.2]), we define a Borel subgroup of G to be a max-
imal connected solvable subgroup of G. We define a parabolic subgroup of G
to be a subgroup P of G such that G/P is complete. We define the unipo-
tent radical V of a parabolic subgroup P to be its unique maximal connected
unipotent normal subgroup. A Levi complement to V in P is a subgroup L
of P such that P =V x L.

Note that a closed subgroup P of G is a parabolic subgroup of G if and
only if P° is a parabolic subgroup of G°. Let P be a parabolic subgroup of
G. We have P° = P N G°. The unipotent radical V of P coincides with that
of P°. A Levi complement to V in P is a subgroup of the form L = Np(L,),
where L, is a Levi complement of V in P,. (Then L° = L, and P =V x L.)
Note that our definition of parabolic subgroup is more general than that of
“parabolic” subgroup of [DM94], which requires P = Ng(P°).

We denote by V(G, F) the set of pairs (T,6) where T is an F-stable
maximal torus of G and @ is an irreducible character of T¥. Note that here T
is a torus of G°.

Given an integer d, we denote by Vg (G, F) the set of pairs (T,0) €
V(G, F) such that the order of 8 is prime to d. We put VA(G, F) = V(G, F)
if A=K and VA(G,F) = Vy(G,F) if A = O or k. (Recall that k is a field
of characteristic ¢.)

2.E. Deligne-Lusztig varieties. Given P a parabolic subgroup of G with
unipotent radical V and F-stable Levi complement L, we define the Deligne-
Lusztig variety

Yv=Y{=Yp=YS={¢yVEG/V|g'F(g) e V-F(V)}.
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This is a smooth variety, as in the case of connected reductive groups. It has a
left action by multiplication of G and a right action by multiplication of L.
(Note that the left and right actions of Z(G)! coincide.) This provides a
triangulated functor

(2.1) RE p: DY(ALF) — DY(AGT)
' M — RL(Yv,A) @fpr M

and a morphism
RE-p = [RE-p] : Go(AL") — Go(AGT).
We put X§ = {yjP € G/P | g 'F(9) ¢ P-F(P)} = Y§/LF.
Remark 2.2. Since Yp depends only on V| it is endowed with an action

of Ngr(P°,L°), which is the group of rational points of the maximal Levi
subgroup with connected component L°.

3. Generation

The aim of this section is to extend [BR03, Th. A] to the case of discon-
nected groups and to deduce a generation theorem for the derived category.
In this section, G is a (possibly disconnected) reductive algebraic group.

3.A. Centralizers of (-subgroups. Let P be a parabolic subgroup of G
admitting an F'-stable Levi complement L, and let V denote the unipotent
radical of P. It is easily checked [DM94, proof of Prop. 2.3] that

(3.1) YV= ][] oYV =G xgrYy .
gEGF/GOF

It follows immediately from (3.1) that
(3.2) RE podfr ~ RE po ~ IndSlr oRE po.
If G =P - G°, then the isomorphism G°/V xp. L ~ G/V induces an isomor-
phism
(3.3) RE po © Res{ij ~ Resng oRE p.

PROPOSITION 3.4. Let Q be a finite solvable p’-group of automorphisms

of G that commute with F' and normalize (P, L).

(a) The group G® is reductive.

(b) P2 is a parabolic subgroup of G whose unipotent radical is V€ and admit-
ting LY as an F-stable Levi complement. In particular, V9 is connected.

(¢) The natural map G2/VE — (G/V)? of (G, Ng(P°,L°)?)-varieties is
an isomorphism.

(d) (V- FV)@=Ve. F(Vve)
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(e) The natural map Y\G,'S — (YS)Q of ((GQ)F, (Ng(PO,LO)Q)F)—varieties
is an isomorphism. If Q) is an £-group, it gives rise to an isomorphism
Bro(GLe(Y$, k) = GLo(YSS, k) in Ho' (k((GQ)Fx(Ng (P°,L°)@)Forp),
Proof. Assume first that @ is cyclic, generated by an element [. (a) and

(b) follow from [DM94, Prop. 1.3, Th. 1.8, Prop. 1.11].

(c) Note that that both varieties are smooth. (For (G/V)%, this follows
from the fact that @ is a p’-group and G/V is smooth.) The injectivity of the
map is clear.

Let us prove the surjectivity. Let ¢V € (G/V)®. Then, g 'i(g) € V.
Denote by ad(g) the automorphism x + grg~! of G. Since ad(g)~'lad(g) is
semisimple, it stabilizes a maximal torus of P° (see [Ste68, Th. 7.5]), and hence
it stabilizes the unique Levi complement L’ of P° containing this maximal
torus. Since all Levi complements are conjugate under the action of V, there
exists v € V such that v~!L'v = L°. It follows that (gv)~'li(gv) € V and
(gv)~!1(gv) normalizes L°, hence (gv)~'l(gv) = 1, so gv € G?, as desired.

The tangent space at V of (G/V)? is the Q-invariant part of the tangent
space of G/V at V. That last tangent space is a quotient of the tangent space
of G at the origin. It follows that the canonical map G® — (G/V)? induces
a surjective map between tangent spaces at the origin. Consequently, the
canonical map G?/V? — (G/V)? induces a surjective map between tangent
spaces at the origin. We deduce that the map is an isomorphism.

(d) The number of F-stable maximal tori of L is a power of p (see [Ste68,
Cor. 14.16]). Since @Q is a p/-group, it normalizes some F-stable maximal torus.
Using now the root system with respect to this maximal torus, we deduce that
there exists a Q-stable subgroup V' of V such that V.=V’ (VN F(V)) and
V'NF(V) = 1. Therefore, V- F(V) =V’. F(V) and the result follows.

(e) follows immediately from (c) and (d).

We prove now the proposition by induction on |@Q|. Let @1 be a normal
subgroup of ) of index a prime number and let | € Q, [€Q,. Let Q2 be
the subgroup of @) generated by [. By induction, the proposition holds for
Q replaced by Qq: we have a reductive group G; = G®' and a parabolic
subgroup P; = P! with unipotent radical V; = V@' and an F-stable Levi
complement L; = LY. These are all stable under Q. The cyclic case of
the proposition applied to the action of Q2 on (G, P, Vi, L) establishes the
proposition for the action of @ on (G,P,V,L). O

Remark 3.5. If @ is a finite solvable p/-subgroup of G, then Ng(Q)
is reductive. If in addition @ normalizes (P, L), then Np(Q) is a parabolic
subgroup of Ng(Q) with unipotent radical V® and Levi complement Ny,(Q).
The maps defined in (e) of Proposition 3.4 are equivariant for the diagonal
action of Ng(P°,L°,Q)F.
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We will need a converse to Proposition 3.4, in the case of tori.

LEMMA 3.6. Let QQ be a finite solvable p'-group of automorphisms of G
that commute with F. We assume @ stabilizes a mazimal torus of G and a
Borel subgroup containing that maximal torus.

Let Tg be an F-stable mazximal torus of G@ contained in a Borel sub-
group Bg of G®. Then, Cgo (Tq) is an F-stable mazximal torus of G that is
contained in a Q-stable Borel subgroup B of G such that (BQ)° = B.

Proof. Note that the lemma holds for @ cyclic by [DM94, Th. 1.8]. We
proceed by induction on |@| as in the proof of Proposition 3.4, and we keep
the notation of that proof. We know (the lemma for Q2) that Tq, = Cge(Tq)
is an F-stable maximal torus of G{. By induction, Cge(Tq) = Ngo(Tq,)° =
Cgo(Tq,) is an F-stable maximal torus of G.

The existence of the Borel subgroup can be obtained as in [DM94, p. 350].
Let T/ be a maximal torus of G stable under Q and B’ be a Borel subgroup of
G containing T’ and stable under Q. By Proposition 3.4, (T’Q)O is a maximal
torus of G? and (B'?)° is a Borel subgroup containing it. So, there is z €
(G@)° such that Tg = *(T'?)° and By = *(B'?)°. Let B = *B’. This is a
Q-stable Borel subgroup of G containing Cge(Tg). By Proposition 3.4, (B?)°
is a Borel subgroup of G?, hence (B?)° = By,. O

To complete Proposition 3.4, note the following result.

LEMMA 3.7. Let P be an (-subgroup of G¥ x Ngr(P,L)°PP such that
(YS)P #£ 3. Then P is (G x 1)-conjugate to a subgroup of ANgr(P,L).

Proof. Replacing L by Ng (P, L), we can assume that Ng(P,L) = L. Let
Q C LF (resp. R C GI) denote the image of P through the second (resp. first)
projection, and let yV € (Y$)F.

If g € R, then there exists | € @ such that (g,l) € P. Therefore, gylV =
yV, hence y~'gyV = [7'V. This implies that y 'Ry C QV. We denote by
n: R — Q the composition R = y 'Ry < QV —» Q. Since R (resp. Q) acts
freely on G/V as they are ¢-groups, the previous computation shows that 7 is
an isomorphism and that

P={(g,n(9)) | g € R}

Now, there exists a positive integer m such that F™(P) = P and y 'Ry
c P, So y'Ry acts by left translation on P¥" /L™, Since y~ 'Ry is a
finite f-group and |[P¥" /L™ | = |[VF™| is a power of p, it follows that y~!' Ry
has a fixed point in P¥™ /LF™. Consequently, there exists v € V such that
y~HyvL = oL for all I € R. In other words, (yv) 'R(yv) C L. This means
that, by replacing y by yv if necessary, we may assume that y~ 'Ry C L.
Therefore, y 'Ry = Q and P = {(yly~1,1) | | € Q}.
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Now, y~'F(y) € V- F(V) but, since F(yly™!) = yly~! for all | € Q, we
deduce that y =1 F(y) € Ca(Q). So

y ' F(y) € (V- F(V))NCa(Q) = Ov(Q) - F(Cv(Q)) C Ca(Q);

see Proposition 3.4(b) and (d). So, by Lang’s Theorem, there exists z € C&(Q)
such that y ' F(y) = 27! F(z). This implies that h = yz~! € G, and

P={(nn",0) |l €Q},
as expected. ]

COROLLARY 3.8. The indecomposable direct summands of the complex
of O(GF x Ngr(P,L)°PP)-module GT.(Y$, 0)*d have a vertex contained in
ANgr(P,L).

Proof. Let Q be an f-subgroup of G x Ngr (P, L)°PP that is not (G x 1)-
conjugate to a subgroup of ANgr(P,L). We have Brg(GI.(Y$,0)) =~
GI.((Y$)?,k) ~ 0 in Hob(kNGFX(LF)Opp (Q)) by Lemma 3.7. The result fol-
lows now from Lemma A.2. O

3.B. Perfect complexes and disconnected groups. Given M a simple AGF'-
module, we denote by V(M) the set of pairs (T, B) such that T is an F-stable
maximal torus of G and B is a (connected) Borel subgroup of G contain-
ing T such that RHom§},r(R[(YB,A), M) # 0. We then set d(M) =
min(r gyey(a) dim(Yp). The following two theorems are proved in [BRO3,
Th. A] whenever G is connected.

THEOREM 3.9. Let M be a simple AGF -module. Then Y(M) # @. More-
over, giwen (T,B) € Y(M) such that d(M) = dim(YB), we have

HOme(AGF)(RFC<YB, A), M[—Z]) =0
for all i # d(M).
Proof. By (3.2), we have
Hompys(ygr) (RT(YS, A), M[—i])
= Homps(ygor)(RLo(YS , A), ResSor M[—i]).
Since M is simple and G°F < GF', it follows that ResgoFF M is semisimple.
Since the theorem holds in G°F (see [BRO3, proof of Th. A]), we know that

V(M) is not empty. The second statement follows from the fact that, if two

simple AG°F-modules M; and M occur in the semisimple module Resng M,
then they are conjugate under G¥', and so d(M;) = d(Ms) = d(M). O
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THEOREM 3.10. The triangulated category AGT-perf is generated by the
complezes RU.(YB,A), where T runs over the set of F-stable maximal tori of
G and B runs over the set of Borel subgroups of G containing T.

3.C. Generation of the derived category. In this subsection, we assume
A = O or k. We refer to Appendix A for the needed facts about /-permutation
modules.

Let Q be an /-subgroup of G¥, and let M be an indecomposable (-
permutation A[GF x Q°PP]-module with vertex AQ. We denote by Y[M] the
set of pairs (T, B) satisfying the following conditions:

e T is an F-stable maximal torus of G contained in a Borel subgroup B of
G such that @ normalizes (T, B);
e M is a direct summand of a term of the complex

G xNgr(B,T)oPP red

(ResGF % QopP

GT.(Yg,A))

. . Ca(@

We set d[M] = min t B)ey[um] dlm(ch((Q))).

LEMMA 3.11. If Q normalizes a pair (T C B), where T is an F-stable
mazimal torus and B a Borel subgroup of G, then Y[M] # &. Moreover, given
(T,B) € Y[M] such that d[M] = dim(Y g (q)), the degree i term of the com-

F o
plex (Resgpigg;i(arr) "
to M if i # d[M].

Proof. Note that Ngr y gor» (AQ) = (Ca(Q)F x1)AQ. Weidentify Cq(Q)F
with Ngr . gerr (AQ)/AQ via the first projection. Let V = Brag(M), an inde-
composable projective kCg(Q)"-module. Let L be the simple quotient of V.

Now, let Bg be a Borel subgroup of Cg (Q) admitting an F-stable maximal
torus Tg. By Lemma 3.6, Cg(T@)® is an F-stable maximal torus of G and it
is contained in a Borel subgroup B of G such that Bg = Cg(Q).

C Fypkopp
We set D= (ReSCzEg;F; N GFc(Ygg(Q), k))red. By Proposition 3.4(e),
we have

GI‘C(YB,A))red has no direct summand isomorphic

Brag(GTe(Y§, A)) = G (Y§)22, k) ~ GIo(Ye' @ k) ~ D

in Ho’(kCq(Q)F). Tt follows from Lemma A.2 that M is a direct summand

GF xTFerp

of the i-th term of (Res g, GI'.(YS, A))red if and only if V' is a direct

' GF xQopp
summand of D’. So the result follows from Theorem 3.9. Note that d[M] =
d[V] = d(L) = dim Y5&'?. O

Recall that given a Borel subgroup B of G with an F-stable maximal
torus T, the variety Yp has a right action of Ngr(T,B) (cf. Remark 2.2).
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Let A be the thick subcategory of Ho?(AGY) generated by the complexes
of the form

GI'.(YB,A) ®rq L,
where
e T runs over F-stable maximal tori of G;
e B runs over Borel subgroups of G containing T;
e () is an (-subgroup of Ngr(T,B);
e and L is a AQ-module, free of rank 1 over A.

Let B be the full subcategory of AGf-mod consisting of modules whose
indecomposable direct summands have a one-dimensional source and a vertex
@ that normalizes a pair (T C B), where T is an F-stable maximal torus and
B a Borel subgroup of G.

THEOREM 3.12. We have A = Ho"(B).

Proof. Given N an indecomposable AG-module with a one-dimensional
source L and a vertex () that normalizes a pair (T C B), where T is an F-stable
maximal torus and B a Borel subgroup, we set d[N] to be the minimum of the
numbers d[M], where M runs over the set of indecomposable ¢-permutation
A(GF x Q°PP)-modules with vertex AQ and such that N is a direct summand
of M ® AQ L.

Note that if M is an indecomposable /-permutation A(G* x Q°PP)-module
with vertex properly contained in AQ, then the indecomposable direct sum-
mands of M ®,¢q L have vertices of size < || and a one-dimensional source.
Since the A(G x Q°PP)-module AG is a direct sum of indecomposable mod-
ules with vertices contained in AQ), we deduce that there is an indecomposable
(-permutation A(G* x Q°PP)-module M with vertex AQ and such that N is
a direct summand of M ®xq L.

We now proceed by induction on the pair (|Q|,d[N]) (ordered lexico-
graphically) to show that N € A. Fix M an indecomposable /-permutation
A(GF x Q°PP)-module M with vertex AQ and such that N is a direct sum-
mand of M ®a¢ L, with d[N] = d[M]. Let (T,B) € Y[M] be such that

dim(Yg) = d[M], and let D = (Resgiiggf;(T,B)opp GLL(YS,A)

If ¢ # d[M], then Lemma 3.11 and Corollary 3.8 show that the indecom-
posable direct summands M’ of D? have vertices of size < |Q|, or have vertex
AQ and satisfy d[M’'] < d[M]. Therefore, the indecomposable direct sum-
mands N’ of D' ®,¢ L have vertices of size < |Q| or have vertex Q and satisfy
d[N'] < d[N]. We deduce from the induction hypothesis that D' @0 L € A
for i # d[N]. Since N is a direct summand of DN @0 L and D ®yg L € A

by construction, we deduce that N € A. O

red
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COROLLARY 3.13. Assume every elementary abelian (-subgroup of G
normalizes a pair (T C B), where T is an F-stable mazimal torus and B a
Borel subgroup of G. Then D*(AGT) is generated, as a triangulated category
closed under direct summands, by the complezes RT'.(Yn, A) ®r¢q L, where T
runs over the set of F-stable maximal tori of G, B runs over the set of Borel
subgroups of G containing T, Q runs over the set of £-subgroups of Ngr (T, B)
and L runs over the set of (isomorphism classes) of AQ-modules that are free
of rank 1 over A.

Proof. Since the category D?(AGT) is generated, as a triangulated cate-
gory closed under taking direct summands, by indecomposable modules with
elementary abelian vertices and one-dimensional source [Roul4, Cor. 2.3], the
statement follows from Theorem 3.12. O

Remark 3.14. Tt is easy to show conversely that if D*(AG!) is generated
by the complexes RI'.(YB,A) ®r¢g L as in Corollary 3.13, then DY(AGT) is
generated by indecomposable modules with a one-dimensional source and an
elementary abelian vertex that normalizes a pair (T C B), where T is an
F-stable maximal torus and B a Borel subgroup.

In particular, the generation assumption for A = k implies that all ele-
mentary abelian ¢-subgroups of G are contained in maximal tori.

The particular case G = GL,,(F,) (for arbitrary n) is enough to ensure
that D°(H) is generated by indecomposable modules with elementary abelian
vertices and one-dimensional source, for any finite group H — this fact is a
straightforward consequence of Serre’s product of Bockstein’s Theorem, but
we know of no other proof. It would be interesting to find a direct proof of
that result for GL,,(IF,).

Recall that an element of Go(AGT) is uniform if it is in the image of
So1 RG(Go(ATF)), where T runs over the set of F-stable maximal tori of G.
One can actually describe exactly which complexes are “uniform”.

COROLLARY 3.15. Let T be the full triangulated subcategory of D*(AGF)
generated by the complexes RT.(Yg, A) OANgr (T,B) M where T runs over the
set of F-stable mazimal tori of G, B runs over the set of Borel subgroups of G
containing T and M runs over the set of (isomorphism classes) of finitely gen-
erated ANgr (T, B)-modules. Assume that every elementary abelian £-subgroup
of GI' normalizes a pair (T C B), where T is an F-stable maximal torus and
B a Borel subgroup of G.

An object C of DP(AGT) is in T if and only if [C] € Go(AGT) is uniform.

Proof. The statement follows from Corollary 3.13 and from Thomason’s
classification of full triangulated dense subcategories [Tho97, Th. 2.1]. O
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Remark 3.16. Note that Corollary 3.15 holds also for A = K: in the proof,
Corollary 3.13 is replaced by Theorem 3.10.

Ezamples 3.17. (1) If G = GL,(F) or SL,,(F), then all abelian subgroups
consisting of semisimple elements are contained in maximal tori. This just
amounts to the classical result in linear algebra that says a family of commuting
semisimple elements always admits a basis of common eigenvectors.

(2) Assume G is connected. Let m(G) denote the set of prime numbers
that are bad for G or divide |(Z(G*)/Z(G*)°)!"|. If £ ¢ 7 and if ¢ is an /-
element of G, then Cg(t) is a Levi subgroup of G and 7(Cg(t)) C 7(G)
[CE04, Prop. 13.12(iii)]. An induction argument shows the following fact.
(3.18)

If £ & 7, then all abelian (-subgroups of G are contained in mazimal tori.

So Corollary 3.13 can be applied if ¢ ¢ 7. This generalizes (1).

Counter-example 3.19. Assume here, and only here, that £ = 2 (so that
p # 2) and that G = PGLo(F). Let t (resp. t') denote the class of the matrix
(§9) (resp. (93)) in G. Then (£,¢') is an elementary abelian 2-subgroup of
G which is not contained in any maximal torus of G. (Indeed, since G has

rank 1, all finite subgroups of maximal tori of G are cyclic.)

4. Rational series

4.A. Rational series in connected groups. We assume in this subsection
that G is connected.

Let d be a positive integer divisible by ¢ and such that (wF)%(t) = pa?/*
for all t € T and w € Ng(T). Let ¢ be a generator of qud/é. Recall [DM91,
Prop. 13.7] that the map

N: Y(T) — TF
A= Npayr(AQ) = MO TG - T ()

is surjective and it induces an isomorphism Y (T)/(F — 1)(Y(T)) = TF. The
morphism

Y(Y) x X(T) = K%, (A, ) rs ¢HAFPO)+=FFI1 )

factors through N x 1 and induces a morphism T x X(T) — K*. The
corresponding morphism X (T) — Hom(T¥, K*) = Irr(TF) is surjective and
induces an isomorphism X (T)/(F —1)(X(T)) = Irr(T¥) [DM91, Prop. 13.7].

Let (G*,T*, F*) be a triple dual to (G, T, F) [DL76, Def. 5.21]. The
isomorphisms X (T)/(F —1)(X(T)) = Irr(TF) and X(T)/(F — 1)(X(T)) =
Y(T*)/(F* — 1)(Y/(T*)) = T*F induce an isomorphism Irr(TF) = T*.

Let (T,0) € V(G, F), and let ® (resp. @) denote the root (resp. coroot)
system of G relative to T.
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We set 0¥ =0oN:Y(T) — K* and
®Y(h) = &Y NKer(9Y).

Note that ®V(0) is closed and symmetric, hence it defines a root system.
We denote by W&(T,0) its Weyl group. It is a subgroup of the Weyl group
Ng(T)/T, and it is contained in the stabilizer W (T, 8) of Y.

This can be translated as follows in the dual group [DM91, Prop. 2.3]. Let
s € T*F" be the element corresponding to . Identifying the coroot system ®V
with the root system of G*, we obtain that

®V(0) ={a¥ € @V | a¥(s) =1}
is the root system of Cg«(s). If V* is a unipotent subgroup of G* normal-
ized by T*, then Cy+(s) is generated by the one-parameter subgroups of G*
normalized by T*, contained in V*, and corresponding to elements of ®V ().

The group W& (T, 6) is identified with the Weyl group W°(T*, s) of Cg.(s)
relative to T*, while Wg (T, 0) is identified with the Weyl group W (T*, s) of
Ca+(s).

Recall that (T1,6;1) and (T2, 62) are in the same geometric series if there
exists 2 € G such that (Tg,0)) = *(T1,6)) and 27 F(2)T; € Wg(Ty,601).
The pairs are in the same rational series if, in addition, the element sy €
TiF " corresponding to fl@g is G*F"-conjugate to s;. We have now a direct
description of rational series.

PROPOSITION 4.1. The pairs (T1,601) and (T2, 02) are in the same ratio-
nal series if and only if there exists x € G such that (Tg,03) = “(T1,60)) and
iL'*lF(JL’)Tl S W&(Tl, 91)

Proof. Note that given o € G such that *T; is F-stable, then 27! F(x) €
Ng, (T1).

Let T? be an F*-stable maximal torus of G*, and let s; € T} be such
that the G*I" -orbit of (T}, s;) corresponds to the G¥-orbit of (T;,6;). Then
the statement of the proposition is equivalent to the following:

(¥) s1 and sy are G*F" -conjugate if and only if there exists x € G* such that

(T35, 59) = *(T%, s1) and 21 F*(2) T} € W°(TY, s1).

So let us prove (x).

First, if s; and so are G*"-conjugate, then there exists z € G*f" such
that so = xs;z~!. Then T7 and af;_lTﬁx are two maximal tori of Cg.(s1),
so there exists y € C&.(s1) such that yTiy~' = 27'T5z. Then (T%,s2) =
W(T5, s1) and

(wy) " F*(zy) =y~ F*(y) € C&-(s1),
as desired.

Conversely, assume that there exists © € G* such that (T%, so) = *(T7, s1)
and 1 F*(2)T} € W°(T5, s1). By Lang’s Theorem applied to the connected
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group C&.(s1), there exists y € Cg.(s1) such that = F*(z) = y~1F*(y).

Then zy~! € G* and sy = 2y~ 'syyz~'. The proof of () is complete. O

We can now translate the properties of regularity and super-regularity
defined in [BRO3, §11.4]. Let P be a parabolic subgroup of G, and let L be
a Levi subgroup of P. We assume that L is F-stable. Let X C V(L, F') be a
rational series.

PROPOSITION 4.2. The rational series X is (G, L)-regular (resp. (G,L)-
super-reqular) if and only if W& (T,0) C L (resp. Wg(T,0) C L) for some
(or any) pair (T,0) € X.

Proof. This follows immediately from [BR03, Lemma 11.6]. O

4.B. Coroots of fixed points subgroups. Now we again consider a not nec-
essarily connected reductive group G.

We fix an element g € G that stabilizes a pair (T, B), where B is a Borel
subgroup of G and T is a maximal torus of B. Such an element is called quasi-
semisimple in [DM94] and [DM15]. For instance, any semisimple element of G
is quasi-semisimple. Recall from [DM94, Th. 1.8] that Cg(g)° is a reductive
group, that Cg(g)° = B N Cg(g)° is a Borel subgroup of Cg(g) and that
Cr(9)° =TNCg(g)° is a maximal torus of Cg(g). We shall be interested in
determining the coroot system of the fixed points subgroup Cg(g)°.

Let @ (resp. @) be the root (resp. coroot) system of G° relative to T.
Let ®(g) (resp. ®"(g)) denote the root (resp. coroot) system of Cg(g)° relative
to Cr(g)°. If Q is a g-orbit in ®, we denote by cq € F* the scalar by which
gIQI acts on the one-parameter unipotent subgroup associated with « (through
any identification of this one-parameter subgroup with the additive group F).
We denote by (®/g)* the set of g-orbits © in ® such that there exist «, 5 € Q
such that o« + 8 € ®. We denote by (®/g)® the set of other orbits. We set

byl = {Q € (®/9)" | co =1 and p#2} U{Q € (®/9)" | co = 1}.

Finally, if Q € (®/g)? (resp. Q € (®/g)?), thenlet Q' =23 ucqa (resp. Q' =
S aca @"). Note that Q" is g-invariant, so it belongs to Y(T)Y =Y (Ct(9)°).

PROPOSITION 4.3. ®V(g) = {Q" | Q € ®[g]}.

Proof. The statement depends only on the automorphism induced by g
on G° and can be proved with assuming that G° is semisimple. Since this
automorphism can then be lifted uniquely to the simply-connected covering
of G° (see [Ste68, 9.16]), we may also assume that G° is simply-connected.
Therefore, g permutes the irreducible components of G°, and an easy reduc-
tion argument shows that we may assume that G° is quasi-simple. Let U
denote the unipotent radical of B, U™ the unipotent radical of the opposite
Borel subgroup and, if a € ®, let U, denote the corresponding one-parameter
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unipotent subgroup. We also denote by G, the subgroup generated by U,
and U_,: it is isomorphic to SLy(F) because G° is simply-connected.

If Q € ®/g, we denote by Ug the unipotent subgroup generated by
(Uan)acq. We follow the proof of [Ste68, Th. 8.2]. According to this proof,
any one-parameter unipotent subgroup V normalized by Cr(g)° is contained
in some of these Ug’s, and one of the following holds:

(1) Q€ (®/g)° and cq = 1;
(2) Qe (P/g)* and cq = —1;
(3) Q€ (®/9), co=1and p #2;

In all cases, V = Cy,(g). Let V7™ = Cy,(9)-

In case (1), as [U,, Ug] =1 if «, B € Q, the group (Uq,U_q) is a direct
product of groups isomorphic to SLy(F) that are permuted by g. It then follows
that the coroot corresponding to the one-parameter subgroup V = Cy,(9)
(since cq = 1) is equal to w¥ = Q.

In cases (2) or (3), it follows from the classification that |Q| = 2. (This
case only occurs in type Ag,.) Let a € Q. Then Ug = UaUyn)Usig(a). In
case (2), the computations done in [Ste68, proof of Th. 8.2(2"”)] show that
V = Ugyg(a)- Therefore V. C Ugqr, where Q' is the g-orbit (of cardinality 1)
of a+ g(a) and ' € (®/g)°, and we are back to case (1).

In case (3), the computations done in [Ste68, proof of Th. 8.2,(2"")] show
that (V, V™) ~ SO3(F) ~ PGLy(F) and that the associated coroot is 2(a" +
ga¥)) =0". O

Remark 4.4. If Q € (®/g)?, then it follows from the classification that ||
is even, and so the order of g is even.

4.C. Centralizers and rational series. Let g € GF' be a quasi-semisimple
element of G. Let (S, 0) € V(C&(g), F). We then set ST = Cgo(S). It follows
from [DM94, Th. 1.8(iv)] that ST is a maximal torus of G° (containing S).
It is stable under the action of g, so we have a map £, : ST — ST, ¢ —
t~tgtg~! = [g,t] (which is a morphism of groups because ST is abelian). If
t = Ly(s), then 99 9" = Lgm (s). In particular, ift € Cg+(g) = Ker L,
then ™ = Lgm(s). This shows that any element of Cg+(g) N L,(S™) has
order dividing the order of g. Note further that Cg+(g)° = S (see [DM94,

Th. 1.8(iii)]). We have
dim(S - £,(S™)) =dim(S) + dim(Ly(ST)) = dim(S) + dim(S*) — dim(ker £,)°
=dim(8S) + dim(S™) — dim(S) =dim(S™).

We deduce that
(4.5)
ST =8-L,(S") and SN L,(ST) is finite of exponent dividing the order of g.
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Now, if H is a g-stable finite subgroup of ST of order prime to the order of g,
then Cr(g) C S (because the order of Cg+(g)/S divides the order of g by
[DM94, Prop. 1.28]) and

(4.6) H = Cr(g) x Ly(H).

So, if the linear character 6 of S has order prime to the order of g, then it can
be extended canonically to a linear character 6+ of STF as follows (we use the
discussion above with H the subgroup of ST of elements with order dividing
a power of the order of §): 87 is trivial on £,(STF), is trivial on elements of
StF of order prime to the order of 6 and coincides with # on S¥. The fact
that 07T is trivial on £,(STF) is equivalent to

(4.7) 6% is g-stable.

Note that, since STNC&(g) = S by [DM94, Th. 1.8], we may identify the Weyl
group of Cg&(g) relative to S to a subgroup of the Weyl group of G° relative
to ST. Through this identification, we get

LEMMA 4.8. If the order of 6 is prime to the order of g, then Wcé(g)(S, 0)
C Wao(S*,0%) and Wg, ,)(S,60) © Wea(ST,67).

Proof. Let w € Wee,(4)(S,0). Then w stabilizes S* = Cgeo(S) and its
action on S commutes with the action of g. So it follows from the construction
of §7 that w stabilizes 6.

Let us now prove the second statement. Let o be a coroot of C&(g)
relative to S such that 0¥ (o) = 1. Let sy o denote the corresponding reflection
in Wgé(g)(S,G). It is sufficient to prove that sgo € W&o(ST,07). Then it
follows from Proposition 4.3 that there exists a coroot 5 of G° relative to S*
and m € {1,2} such that

r—1
a’=mYy_ g'(8Y),
=0

where r > 1 is minimal such that ¢"(8Y) = V. It follows from Remark 4.4
that, if m = 2, then ¢ has even order. Now,

r—1
=07 (0Y) = [T (6 (8" )™ = 07 (8™,
1=1

because 67 is g-stable. Since m and r divide the order of g, mr is prime to the
order of 0T, so this implies that 67 (3Y) = 1. In particular,
S8, 8g(B)s -+ -1 Sgr=1(B) € W&0(S+, 9+).

It follows from [Ste68, Proof of Th. 8.2(2")] that then s, . belongs to the
subgroup generated by sg, S¢(gy- -5 Sgr-1(3)- O
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Let (T1,601),(T2,02) € V(G, F). We say that (T, 6;) and (T2, 02) are ge-
ometrically conjugate (resp. in the same rational series) if thereist € Ngr(Tq)
such that (T1,'0;) and (Ts,0s) are geometrically conjugate (resp. in the same
rational series) for V(G°, F'). We denote by V(G, F')/ = the set of rational
series.

Let @ be the subgroup of G generated by g, and let N be a subgroup of

Ng(Q) containing Ca(Q).
COROLLARY 4.9. Let (S1,61),(S2,02) € Vg (N, F) .

(a) If (S1,61) and (Sa,02) are geometrically conjugate in N, then (ST, 0]) and
(S3,05) are geometrically conjugate in G.

(b) If (S1,61) and (Sz,02) are in the same rational series of N, then (ST, 67)
and (S3,05) are in the same rational series of G.

So, the injective map Vg (N, F) = V/(G, F), (S,0) — (S*,0%) induces a
map

i§ Vi (N,F)/= — V(GF)/=.

Proof. (a) If (S1,61) and (So,62) are geometrically conjugate in N° =
C&(g) then, by definition, there exists x € Cg&(g) such that S = *S; and
0y = =07 = @Y (as linear characters of Y(S)). Since # commutes with g,
it sends L£,4(S]) to £4(Sq), so it is immediately checked that 65" = #61Y =
F Wefy. The case of geometric conjugacy in N and G follows immediately.

(b) If (S1,61) and (Sg,02) are in the same rational series of Cg(g), then,
by Proposition 4.1, there exists z € C&(g) such that Ty = Ty, 63 = =67
(as linear characters of Y(S)) and x71F(x) € Wga(g)(sl, 01). So the result
follows from (a) and from Propositions 4.1 and 4.3. The case of rational series
in N and G follows immediately. O

Let L be an F-stable Levi complement of a parabolic subgroup P of G
containing g. Then CpL(g) is an F-stable Levi complement of Cp(g) [DM94,
Prop. 1.11].

COROLLARY 4.10. Let X €V 4/(CL,(9), ')/ = be a rational series. IfzIé(X)
is (G°,L°)-reqular (resp. (G°,L°)-super regular), then X is (Cg(g), Cy(9))-
reqular (resp. (Cg(g), CL.(g))-super regular).

Proof. This follows from Proposition 4.2 and Lemma 4.8. ([l

The results above extend by induction to general nilpotent p’-subgroups.
Let @ be a nilpotent subgroup of GI of order prime to p. Fix a sequence
1=QoC Q1 C- - CQ,=Q of normal subgroups of @ such that Q;/Q;_1 is
cyclic for 1 <i < r. Let G; = Ng(Q1 C -+ C Q).
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The construction above defines a map

(4.10) Vg (Gi+1/Qi, F) = Vigy (Ng,/q,(Qit1/Qi), F) = Vo (Gi/Qi, F)

that preserves rational and geometric series.

Fix 0 <j <i<r. Let (T,0) € V|oy(Gy, F). The kernel of the canonical
map T — (T/(T N Q;))F has order a divisor of a power of the order of @},
and so does its cokernel, since it is isomorphic to H'(F, T N Q;). Since 0 is
trivial on T NQ);, it factors through a character of T /(T¥' NQ;) that comes
by restriction from a (unique) character 6’ of (T/(TNQ;))¥. We obtain a pair
(T/(TNQy),0") € Vigr(Gi/Qj, F). This correspondence defines a bijection
Vg (Gi, F) = Vg (Gi/Qj, F) that preserves rational and geometric series.

Composing those bijections with the map in (4.10), we obtain a map

V\QV(GH—I’ F) — V|Q‘/(Gl, F),
and composing all those maps, we obtain a map
V‘QV(Ng(Ql Cc---C QT),F) — V‘QV(G,F).

Finally, composing with the canonical map Vg (Ca(Q), F') = V gy (Na(Q1 C
-+ C Qr), F), we obtain a map

Vior(Ca(Q), F) = Voi (G, F)

that preserves rational and geometric series. Note that this map depends not
only on @, but also on the filtration ;1 C --- C @,. Summarizing, we have
the following proposition.

PROPOSITION 4.11. Let Q be a nilpotent subgroup of G of order prime
to p. Fix a sequence 1 = Qo C Q1 C --- C Qr = Q of normal subgroups of Q
such that Q;/Qi—1 1is cyclic for 1 <i < r.

The constructions above define a map

iS,: Vigr(Ca(Q).F)/ = = Vigu(G,F)/ =.
Let L be an F-stable Levi complement of a parabolic subgroup P of G

containing Q. Let X € Vo (CL(Q), F')/ = be a rational series. Then

e CL(Q) is an F-stable Levi complement of Cp(Q);

o if ia.(é‘() is (G°,L°)-regular, then X is (C&(Q), CL.(Q))-regular;

o if ig.(é’c’) is (G°,L°)-super regular, then X is (C&(Q), CL(Q))-super regu-
lar.

The map ig. is actually independent of the choice of the filtration of Q;
cf. Remark 4.15 below.
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4.D. Generation and series. Given (T,0) € VA(G, F), we denote by e
the block idempotent of ATF not vanishing on 6.

We have now a generalization of [BR03, Th. A].

Given X € VA(G, F)/ =, let Cx be the thick subcategory of (AGF)-perf
generated by the complexes RI'.(YB)ey where (T, #) runs over X and B runs
over Borel subgroups of G° containing T.

Note that, by definition of rational series for nonconnected groups, we
obtain the same thick subcategory by taking instead the complexes RI'.(YB)eg,

o [}
where eg = ZteNGF(T,B)/CNGF(T,B)(Q) €ip-

THEOREM 4.12. Let X € VA(G,F)/ =. There is a (unique) central
idempotent ex of AG¥ such that Cx = (AGFey)-perf.

We have a decomposition in central orthogonal idempotents of AGF:

1= Z ex.
XeVA(G,F)/=

Proof. Note first that the theorem holds for G° by [BR03, Th. A]. Let
(Ti,0;) € VA(G, F), and let B; be a Borel subgroup of G° containing T; for
i € {1,2}. By (3.2) and (3.3), we have
Hom$ o r (RT.(Yg,)eg, RT(YS,)es,)

~ Hom$ qor (RT(YS, )eg, P RT.(YS, )et,)-
teNgr (T2,B2)/TY
The connected case of the theorem shows this is 0 unless (T, 61) and (Ts, '0s)
are in the same rational series of (G°, F') for some t.

We have shown that the categories Cx, and Cy, are othogonal for X;#X5.
The theorem follows now from [BR03, Prop. 9.2] and Theorem 3.10. O

Let X € VA(G,F)/ =. Let Ay be the thick subcategory of Ho?(AGF)
generated by the complexes of the form

GI'e(YB,A)eg @rg L,
where

e (T,0) runs over X;

e B runs over Borel subgroups of G° containing T;
e () is an ¢-subgroup of Ngr(T,B);

e and L is a AQ-module, free of rank 1 over A.

Let By be the full subcategory of AGFexy-mod consisting of modules
whose indecomposable direct summands have a one-dimensional source and a
vertex ) that normalizes a pair (T C B), where T is an F-stable maximal
torus and B a Borel subgroup of G.

THEOREM 4.13. Let X € VA(G,F)/ =. We have Ay = Ho®(By).
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Proof. By Theorem 4.12, we have GI'.(Yv,A)eg ®rg L € Ho®(By) if
(T,0) € X. It follows that Ay C Ho’(By). Since A = Brev,(a,r)/=Ax, the
theorem follows from Theorem 3.12. O

4.E. Decomposition map and Deligne-Lusztig induction. The following re-
sult generalizes [BM89, Th. 3.2] to noncyclic /-subgroups and to disconnected
groups (needed to handle the noncyclic case by induction).

THEOREM 4.14. Let Q be an (-subgroup of G¥'. The map ig‘. (¢f. Propo-

sition 4.11) is independent of the filtration of ), and we denote it by ig = 18
Let X € Vy (G, F)/ =. We have

brg(ex) = Z ey.

ye@l(X)

Proof. Assume first that @ is cyclic. Let YV € iél(X), and let (S,0) € V.

Let Bg be a Borel subgroup of Cg(Q) containing S. Note that GT'.(YB,, k)eg
is not acyclic, because its class in Go(kCq(Q)F) is nonzero. We have

GFC(YBQ, k‘)eg >~ eyGFc(YBQ, k’)eg.

Let (ST,07) = ig(T,0) € X and let B be a Q-stable Borel subgroup of G
containing St (cf. Lemma 3.6). We have

BI“AQ(GFC(YB, ]{3)69+) ~ BI"AQ(S/\/GFC(YB, ]{3)69+)
~ brAQ(ex ® 1)GFC(YBQ, k:)brAQ(l ® ep+)
~ bI‘Q(e)()GFC(YBQ,k)eg ~ er(eX)eyGFC(YBQ, k‘)eg.

Similarly,
BI‘AQ(GFC(YB, k)€g+) ~ GFC(YBQ, k)eg#o.
It follows that brg(ex)ey # 0. Since

Z bro(ex) =1= Z eyr,

X'eV i (G,F)/= VeV (Ca(Q),F)/=

we deduce that brg(ex) = Zyeiél(x) ey.

By transitivity of brg, we obtain the formula for brg for a general Q) by
induction on |Q|, with ig replaced by ig,. This shows that actually ig, is
independent of the chosen filtration of Q). O

Remark 4.15. Let Q = @' x Q" be a product of two cyclic groups of
coprime orders. Fix a filtration Q1 = Q' and Q2 = Q. We have ig, = ig. It is
easy to deduce now from Theorem 4.14 that ig, is independent of () for any
nilpotent p’-group Q.
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Broué-Michel’s proof of Theorem 4.14 for G connected and @ cyclic relies
on the compatibility of Deligne-Lusztig induction with generalized decomposi-
tion maps. This does generalize to disconnected groups, as we explain below.
A direct approach along the lines of Broué-Michel is possible, based on the
results of [DM15]. While we will not use the results in the remaining part of
this section, they might be useful for character theoretic questions.

Let m be a set of prime numbers not containing p. An element of finite
order of G is a m-element (resp. a 7'-element) if its order is a product of primes
in 7 (resp. not in ).

Let g be an automorphism of finite order of an algebraic variety X. Write
g = lx = zl, where [ is a m-element and z a 7’-element. The following result is
an immediate consequence of [DL76, Th. 3.2]:

(4.16) Y (1) Te(g, Hu(X, @) = D (=1) Tr(a, Hy (X', @)).
i>0 i>0
Proof. Write x = su = us, where s has order prime to p and v has order

a power of p. Then [, s and v commute and have coprime orders. By [DL76,
Th. 3.2], we have

> (1) Te(g, Hy(X, @) = Y (—1) Tr(u, Hy(X™, Q)
i>0 i>0
and ' ‘ . ‘
> (1) Te(e, Hy(XL @) = D (—1) Tr(u, Hy((X)*, @)
i>0 i>0
So the result follows from the fact that X' = (X")* because (Is) = (I,s). O

Given H a finite group and h € H a m-element, we have a generalized
decomposition map from the vector space of class functions H — K to the
vector space of class functions on 7’-elements of Cy(h) given by df (f)(u) =
f(hu) for u a 7'-element of Cy(h).

The following result generalizes the character formula for RECP [DM94,
Prop. 2.6], which corresponds to the case where 7 is the set of all primes
distinct from p,

PropPOSITION 4.17. Let P be a parabolic subgroup of G, let V be its
unipotent radical, let L be a Levi complement of P, and assume that L is
F-stable. Let g € G be a m-element. We have

GF G Cal(9) oLF
dy oRpep = > RS () cCap(g) © dg~ © T
zeCa(9)\GF /LF
ge”L

Proof. Given H a finite group, we denote by H, (resp. H,/) the set of
m-elements (resp. 7'-elements) of H. The proof follows essentially the same
argument as the proof of the character formula (see, for instance, [DMO91,
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Prop. 12.2]). Let A be a class function on L, and let u € Cg(g)f be a
n’-element. By definition of the Deligne-Lusztig induction and by using (4.16),
we get

RE-p(N)(gu) |LF|Z Yo All) Y0 (=1 Tr((gu, lv), Hy(Yv, @)

LY veCr()E, 120
i Do
|LF| >3 ) Yo (=1) Te((w,v), H(YRY, Q).
IELL veCr()E, 120

But it follows from Lemma 3.7 that Yy; (9.1 # @ if and only if there exists

x € GT such that 2= 'gz = [. Moreover, in this case, then Yg, D~ YCI\E(;) by
Proposition 3.4. Therefore,

REp (M) (gu) = 5 E > Az gav)
|L ‘ |CG :L"EGF UECL(l)
g€e®L

xS (= 1) Te((u,0), HA(YY™ Q)

120

- T 3, L, et

CEGGF veCzy, (g )F
g€*L

X 30 (=) T ((u,v), HA(Y S @)

120

Now, if z € GI is such that ¢ € *L, then
[Ca(9)F] - |LF|
|Car(9)" |
So the result follows. O

Calg)"aL"| =

5. Comparing Y-varieties

From now on, and until the end of this article, we assume G is connected.

Deligne-Lusztig varieties can be associated to sequences of elements of W,
and there is a canonical isomorphism X (v, w) = X(vw) when I(vw) = I(v) +
[(w). We will show in this section that while such an isomorphism fails when
l(vw)#l(v) 4+ l(w), its consequence on cohomology remains true for local sys-
tems associated to characters of tori satisfying certain regularity conditions
with respect to (v, w).

In this section we will prove the preliminary statements necessary for
our proof of Theorem 1.3. Roughly speaking, the main result of this section
(Theorem 5.16) is almost equivalent to Theorem 1.3 whenever L is a maximal
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torus. As Theorem 1.3 will be proved by reduction to this case, Theorem 5.16
may be seen as the crucial step.

In this section, we fix an F-stable maximal torus T contained in an F-
stable Borel subgroup B, and we denote by U its unipotent radical. We put
W = Ng(T)/T. We denote by ® the associated root system, by ®* the set of
positive roots and by A the basis of . Let @ € ®. We denote by s, € W the
corresponding reflection, and by o € ®V the corresponding coroot. We put
T, = Im(a") C T and we denote by U, the one-parameter subgroup of G
normalized by T and associated with a. We define G, as the subgroup of G
generated by U, and U_,.

5.A. Dimension estimates and further. In this section we fix four para-
bolic subgroups P, Ps, P53 and P4 admitting a common Levi complement L.
We denote by Vi, Vo, V3 and V4 the unipotent radicals of Py, Py, P3 and
P, respectively.

We define the varieties

Vios={(91V1,92V2,93V3) € G/V1 x G/V2 x G/V3 | g7 'g2 € V1 -V,
and g;lgg €Vy. Vg},
yf,lz,:’) ={(¢1V1,92V2,93V3) € Y123 | g1 'g3 € V1 - V3},
and
Vis={(1V1,93V3) € G/V1 x G/V3 | g; g3 € V1 V3}.

We denote by i3 : yf}m — V12,3 the closed immersion, and we define

T3 ! v, — Vi3
(91V1,92V2,93V3) +— (91V1,93V3).

All these varieties are endowed with a diagonal action of G, and the morphisms
i1,3 and 71 3 are G-equivariant.
ProrosiTiON 5.1. We have

(a) dim(V1) = dim(Va) = dim(V3s);

(b) dim(yl,zg) — dim(y173) = dim(Vl) + dim(V1 N Vg) — dim(V1 N VQ) —
dim(VyN'V3);

(C) dim(yl,zg) — dim(ng) = 2<dim(V1 N Vg) — dim(V1 NVsyN Vg))

Proof. (a) is well known. Also,

dim(yLQ,g) = dim(G/V1) + dim(V1 . VQ/VQ) + dim(VQ . V3/V3)
= dlm(G/Vl) + dim(Vl) — dim(V1 N Vg)
+ dlm(VQ) — dlm(V2 N Vg)
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while
dim(Y 3) =dim(G/V1) + dim(V; - V3/V3)
=dim(G/Vi) + dim(V;) — dim(V; N'V3).
So (b) follows from the two equalities (and from (a)).
Let us now prove (c). For this, we may assume that T C L. Let ®; denote

the set of roots a € ® such that U, € V;. Then &1 U —-®1 = &5 U —Py =
O3U—P3 =&\ &p,. In particular,

P, U—-—P; = (@1 Udy U (I>3) U *((I)l Nd, N @3)
Therefore,
2‘(1)1‘ = ’(I)l Udy U (I>3| + |<I)1 NdyN (1)3‘.
On the other hand, by general facts about the cardinality of a union of finite
sets,
|<I’1U@2Uq)3’ = ’@1|—H(I)2‘+’@3|—‘®1ﬂ@2’—|@1ﬂ@3‘—’@2ﬂ@3|+‘®1ﬂ@2ﬁ@3|.

Hence (c) follows from (a), (b) and from these last two equalities. O

Let dy 3 = dim(V; N'V3) — dim(V; N V2N V3). By Proposition 5.1, we
have .
dig = §<dim(y1,2,3) - dim(y1,3))-

Let
K1,3: G/(V1 N Vg) — y173
g(VinVs) +— (gV1,9V3)

and |
g(VinVanVs) +—— (gVi,9V2,gVs).

Both maps are G-equivariant morphisms of varieties.

PROPOSITION 5.2. The maps k13 and 5?7273 are isomorphisms of vari-
eties.

Proof. The fact that x1 3 is an isomorphism is clear. It is also clear that
/#131,273 is a closed immersion. It is thus sufficient to prove that /<a§172’3 is surjective.

So, let (g1 V1,92Va,93V3) € )7{?2’3. Using the G-action and the fact that
k1,3 is an isomorphism, we may assume that g; = g3 = 1. Therefore,

g2 € (Vl . Vg) M (Vg . VQ)

Given i € {1,3}, the multiplication map (V; N'V5) x (V; NVy) — V, is an
isomorphism of varieties, since V; and Vo have a common Levi complement.
Here, V5 denotes the unipotent radical of the parabolic subgroup opposite
to Py. It follows that

(Vl-VQ)ﬂ(Vg-VQ):(V1QV3QV2_)-V2=(V1QV3)-V2.
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So there exists h € V1 N V3 such that hVy = ¢9Vo. It is then clear that
(91V1.92V2,93V3) = k§ly 5(h), as desired. 0

COROLLARY 5.3. The map 713 is a smooth morphism with fibers isomor-
phic to the affine space of dimension dy 3. Moreover,

dim(Y1,2,3) — dim(yf,l2,3) = dim(yf,lz,?,) — dim(Y13) = d 3.

Proof. Using the isomorphisms x1,3 and /ﬁil’zyg of Proposition 5.2, the map
71,3 may be identified with the canonical projection G/(V1 N VaNV3) —
G/(V1NV3). The corollary follows. O

Let us now define
Vihsa=1{(01V1,92V2,95V3,091Vs) € G/V1 x G/Vy x G/V3 x G/V |

97 2 € V1-Va, g;lg3€ Ve -V3, g3l € V3-Vy
and gflg4 €V, -Vy},

1 _
yf,é?3,4 = {(91V1,92V2,93V3,04V4) € Vo34 | 97 95 € V1 -V},

and yf}é?3,4 ={(91V1,92V2,93V3,94V4) € yf}273,4 ’ 92_194 € Vo - Vy}.
Then:

COROLLARY 5.4. Assume that at least one of the following holds:
(1) Vi C Vg Vy

(2) Vo C Vi -Vg;

(3) V3 C V2 . V4;

(4) V4 CV3-Vy.

1,2 1,3
Then yf,2,3,4 = f,2,3,4 = yf}2,3,4-
Proof. Using the fact that the map

(91V1,92V2,93V3,94V4) — (94V41,91V1,92V2,93V3)

induces an isomorphism yf}2’374 = yg}lm (with obvious notation), we see that
it is sufficient to prove only one of the statements.

So let us assume that Vo C V- V3. Let (91V1,92V2,93V3,94Vy) €
Vil 4. Then g7 gs = (97 '92) (95 '93) € V1-V2-V3 = V1-Vyand so Y55, =
yf}27374. So it remains to prove that (g1 V1, 92V, 93V3,94V4) € yf}ng. Using
the action of G and the isomorphism /<;§173’4 of Proposition 5.2, we may assume
that g7 = g3 = g4 = 1. Since Vo C V1 V3, we have V1 N V3 C V3, hence
gt =951 € (Vo-V3)N(Vy- Vi) C Vy (ViNV3) C Vy, as desired. [

Remark 5.5. Let wy, wo and ws be three elements of W, and let us assume
here that V; = U, Vo = "1V, V3 = V12V and V4 = Y1%2W3V . Then the
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conditions (1), (2), (3) and (4) of Corollary 5.4 are respectively equivalent to
the following:

(1) l(waws) = H(wiwews) + l(w1);
(2) l(wlwg) l(w )+ l(’wz)
(3) l('wg’wg) l(w +l w3)
(4) l(w1w2> = l(w1w2w3) + l(’wg).
5.B. Setting. We fix a positive integer r. Given a family mq,...,m, of

objects belonging to a structure acted on by F', we put mje = F¢(m;) for
1<j<rande>0.

Let n = (ni,...,n,) be a sequence of elements of Ng(T). We denote
by w; the image of n; in W, and we put w = wy - - - w,.
We define

Y(n) = {(91U792U7 ... 79TU) € (G/U)T ‘ g] i gj+1 v1 g j g T}u

where g; S gj+1 means gj_1 gj+1 € Un;U. This variety has a left action by
multiplication of G and a right action of T*F | where t € T%F acts by right
multiplication by (¢,¢™, ... t" " "r-1),

We define the functor Ry = RL(Y(n),A) @%kp.r — @ DY(ATYF) —
D?(AGT), and we put Ry = [Ry] : Go(ATYF) = Go(AGT) as in [BR03, §5.2].

We fix a positive integer m such that F™(n;) = n; for all . The action of

™ on (G/U)" restricts to an action on Y (n).
Given Z a variety of pure dimension n, we will consider

RIZ™(Z, A) = RI(Z, A)[n](n/2),
where (n/2) denotes a Tate twist.

Given 2 < j < r, we denote by ch-l(n) the F™-stable closed subvariety of
Y (n) defined by

YS'(n) = {(1U,9U,...,5;U) € Y(n) | gj—1

and we denote by Y;"(n) its open complement. They are both stable under the
action of G x T%F. We denote by 7; : (G/U)" — (G/U)"~! the morphism
of varieties that forgets the j-th component, and we set

nj—11;j

Gj+1}s

cj(n) = (nl, N2, .., j—2,Mj 115,541, ,nr)
and
Wwj—1) + U(w)) — H(wj—1w;)
2
Let inj: Y5 (n) < Y (n) denote the closed immersion and

Tn,j Y]C-I(n) — Y(cj(n))

dj(n) =

denote the restriction of ;. Note that m,; is (G, T%)-equivariant and
commutes with the action of F™.
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LEMMA 5.6. If 2<j <r, then mn; is a smooth morphism with fibers
isomorphic to an affine space of dimension d;(n). Moreover, the codimension

of ch-l(n) in Y (n) is also equal to d;(n).
Proof. Let L =T, Vi = U, Vo = "-1U and V3 = "-1"U. There is a

cartesian square

(91U,,9-U)=(gj-1V1,95n; 1, Va,gjan; 'ni ! Vi)

Y;?l(n) ylc,l2,3
Y(¢j(n)) Vi3

(hlU,...,hr_lU)?—)(gj,1V1,gj+1n;1n;_11V3)
The lemma follows from now from Corollary 5.3 by base change. g

The map my j induces a quasi-isomorphism of complexes of (AG, AT%T)-
bimodules

(5.7) RL(Y5'(n), A) = RI(Y(c;(n)), A)[~2d;(n))(~d;(n)).
Composing this isomorphism with the morphism
in; : RE(Y (n),A) = RL(YS (n), A),
we obtain a morphism of complexes of (AG*, AT*F)-bimodules
U, RET(Y (n), A) — REE™(Y(¢(n)), A)

that commutes with the action of F™ and whose cone is quasi-isomorphic to
RES™(Y P (n), A)[1].

5.C. Preliminaries. We first recall some results from [BR03]. We denote
by B the braid group of W, and by ¢ : W — B the unique map (not
a group morphism) that is a right inverse to the canonical map B — W
and that preserves lengths. We extend it to sequences of elements of W by
o(wi,...,wp) =o(wy):--o(w).

We denote by n — n : Ng(T) — W the quotient map. We fix ¢ :
Ng(T) — BxT amap (not a group morphism) such that 6(nt) = &(n)t for all
t € T and such that the image of 6(n) in B = (Bx T)/T is equal to o(n). We
extend it to sequences of elements of Ng(T) by (n1,...,n,) =d(ny)---a(n,).

The following result is [BR03, Prop. 5.4].

LEMMA 5.8. Let n’ be a sequence of elements of Ng(T). Then
(a) if 6(n) = o(n’) (they are elements of B x T), then the varieties Y (n) and

Y (n') are canonically isomorphic G¥ -varieties-TF;

(b) if o(m) = o(n’) (they are elements of B), then the varieties Y (n) and

Y (n') are (noncanonically) isomorphic G -varieties-T™F .

Proof. (a) is proved in [BR03, 5.5], while (b) is [BR03, Prop. 5.4]. O
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Using Lemma 5.8(a), we shall now write Y(n) = Y(n') when 6(n) =
o(n’). Strictly speaking, Lemma 5.8(a) says that these two varieties are only
isomorphic but, since this isomorphism is canonical, we shall use the symbol
= to simplify the exposition.

We define the cyclic shift sh(n) of n by

sh(n) = (ng,...,n,, F(n1)).

The next result is proved in [DMRO07, Prop. 3.1.6] for the varieties X(w) and
X(w’). The same proof shows the more precise result below.

LEMMA 5.9. The map
Y (n) — Y (sh(n))
(@1U,...,0:U0) — (92U,...,4,U, F(g1)U)
induces an equivalence of étale sites. Moreover, it is a morphism of GF -
varieties-TVE | where t € T acts on Y(sh(n)) by right multiplication by
nl_ltnl. Consequently, the diagram

D(ATw: wF(m)F) s DY (AT™F)

Rsh(n) Rn

DP(AGT)
1s commutative.

Assume in the remaining part of Section 5.C that 3 < j < r (in particular,
r > 3). Note that ¢j_1(cj(n)) = ¢j—1(cj—1(n)). Consider the diagram

. \Iln ] .
RIY™ (Y (n), A) ? RLA™ (Y (¢;(n)), A)
(5.10) Un,ji-1 Wei(n),j—1
REA™(Y (¢j_1(n)), A) REA™(Y (¢j-1(c;j(n)), A).
ijl(n)ajfl

It does not seem reasonable to expect that the diagram (5.10) is commutative
in general. However, it is in some cases.
Let us first define the following two varieties:

Y5 () = Y5 (¢;(n)) Xy(e;m) Y5 ()

and

ch'l—l,j(n) = Y}:l_l(c]'fl(n)) XY (¢j—1(n)) ch'l—1(n)-
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More concretely, they are the closed subvarieties of Y (n) defined by

ch'}j—l(n) ={(aU,...,9.U)
€Y(n)| g2 L gy and gy — L gjia}
and
quLl,j(n) ={(1U,...,9,U)
€Y(n)| g2 2 gy and gy — 0 g}

LEMMA 5.11. If Y, (n) = Y¢!

§1,;(n), then the diagram (5.10) is com-

mutative.

Proof. There is a commutative diagram, in which all the arrows of the
form «— are closed immersions and all the arrows of the form — are smooth
morphisms with fibers isomorphic to an affine space:

(5.12) Y (n)
Y (n) Y (n)
1 i’
Tn,j-1 Y$L, ;(n) Y§, i (n) .
| |
Y (¢j-1(n)) ™

bej_1(n),j—1

Y6 (¢j-1(n))

Tej—1(n),j—1

Y(¢j-1(cj(m)))
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Note that the two squares marked with the symbol B are cartesian by defini-
tion. By the proper base change theorem, the composition W.. | (n);-1°¥n,j—1
is obtained as the composition of (in ;1 04)* with the inverse of the isomor-

phism induced by (7, _, (n),j—1°7)". Similarly, the composition ¥ 10Vn

Cj (1’1)7j—
is equal to the composition of (in ;o ¢')* with the inverse of the isomorphism

induced by (¢;(n),j—1 © 7). The lemma follows. O

LEMMA 5.13. Assume that one of the following holds:

(1) Hwj—pwj—1) = Hwj—2) + l(wj-1);

(2) Uwj—aw;) = H(wj-1) + U(w;);

(3) l(wj_gwj_l) = l(wj_gwj_le) + l(wj);
(4) U(wj1w;) = U(wj—2) + l(wj—2wj—1w;).
Then the diagram (5.10) is commutative.

Proof. Tt is sufficient, by Lemma 5.11, to prove that, if (1), (2), (3) or
(4) holds, then Y]C-}j_l(n) = YJ‘?I_Lj(n). This follows, after base change, from
Corollary 5.4. O

5.D. Comparison of complexes. We start with the description of varieties
of the form Y{P(n) in a very special case, which will be the fundamental step
in the proof of Theorem 5.16.

Let w =10 = (w1,...,w,). Given a € A, we define a subgroup of T"*!

S(a,w) ={(a1,...,a,41) € T" | a7 sqa0s,"

e T,v, a;lwi,lale;ll =1lfor2<i<r
and a;ilwrF(al)wfl =1}
Let z € {1,54}. The group morphism

1 -1 1 1

T — T o (a x_lax,wl_lx_ ATWY, ..., Wy_q -+ W] T ATW] - Wp_1)

restricts to an embedding of T*“ in S(a, w).
Given a = (ay,...,amy) and b = (b1, ..., by,) two sequences, we denote the
concatenation of the sequences by aeb = (ay,...,am,b1,...,by).

LEMMA 5.14. Let o € A, and let $ be a representative of sq in Na(T)
N Gy. We assume that G, ~ SLo(IF). There ezist a closed immersion Y (Sen)
— Y5P((5,871) en) and an action of S(a, w) on Yo ((%,571) en) such that

Y5P((35,571) en) ~ Y (5 en) Xrpsaur S(a, W),
as GF-varieties-TVE .

Proof. Given ¢ € {1,...,r}, consider a reduced decomposition w; =
Si1cSid;- We put w = (8171, ey 81,d1s 8215582 day -y Sr Ly e ey Sr,dr)- Note
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that S(a, w) is isomorphic to the group S(s, ¢ w,1 ¢ w) defined in [BRO3,
§4.4.3]:
S(sq e W,1ew) = S(a,w), (ai,...,a14d++d,)
= (alu A2, A24dyy A24-dy+das - -+ A24-dy+-+dp—1 )

The following computation in SLo(F) ~ G,

e L GO0 L e [ R Gy

shows that the map

Uy x (Ug\ {1}) x Uy — U,ToviU, = Go \ BN G,
(ul,UQ,U3) — uléuQé_lu;),

is an isomorphism of varieties. Let U% = U N *U. Let (¢1U,...,g42U) €
Y((5,571) en). We have (91U, ..., g,+2U) € YoP((5,571) en) if and only if

gy tg3 € (UsUSTIU) \ U = U”- (U,5U,5 U, \ Uy)
=U%. (U, TqsU,) = UT,sU.

Furthermore, if (g1 U, ..., g-12U) € Y5P((5,57!) en), then goU is determined
by ¢1U and ¢g3U.
Therefore, one may forget the second coordinate in the definition of the
variety Yo' (($,$71) en) and we get
(5.15)
Y5 (5,5 Hen) ~ {(gU,q1U,...,q.U) | g lg1 € UT,$U
and gy - g 12 ... Sr=log e F(g)}

This description shows that the group S(a, w) acts on Y5°(($,571) en)
(as the restriction of the action by right multiplication of T"*! on (G/U)"*+1).
Also, since UsU is closed in UT,vsU, it follows that the natural map
Y(5en)—Y5P((5,671) en) is a closed immersion. We have embeddings T**¥
< S(a,w) and T" < S(a, w) and

S(a, w) = T . §(a, w)® = S(a, w)® - TVF

(see [BRO3, Prop. 4.11]). The stabilizer of the closed subvariety Y (s e n)
under this action is T**%F so it is readily checked that the componentwise
multiplication induces an isomorphism of G¥ -varieties-T*F

Y (5 0 1) Xpeaur S(a, w) 5 YP((4,471) e n),

as desired. O
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The next theorem is the main result of this section. It provides a sufficient
condition for ¥, ; to induce a quasi-isomorphism

R (Y (), A)eg = REI™(Y (¢j(n)), A)es.
Given z,y € W, we put
O (z,y) ={a e d" |27 a) € =" and (zy) " (a) € dT}.
We define Ny, : Y/(T) — T*F, X\ Npasp(A(Q)) (cf. §4.A).

THEOREM 5.16. Let 6 : TF — AX be a character. Let j € {2,3,...,r},
and assume that O(Ny(wy -+ wj_o(a"))) # 1 for all a € 1 (wj_1,w;). We
have RI(Y;"(n), A)eg = 0, and

Uy 50 RET™(Y (n), A)eg —> RLI™(Y(c;(n)), A)eg

is a quasi-isomorphism of complexes of (AGF, ATF)-bimodules commuting
with the action of F™.

Proof. 1If 2 < j < r, we denote by P(n, j,0) the following property:
P(n,j,0) forall a € ®F(wj_1,w;), we have (N, (wy - - - wj_o(a”))) # 1.

We want to prove that P(n, j, 6) implies that RI:(Y}"(n), A)eg = 0. By [BRO3,
Prop. 5.19, Rem. 5.21], it is sufficient to prove it whenever [G, G] is simply
connected, and we will assume this holds.

So assume from now that P(n, j,6) holds. We will prove by induction on
l(wj-1) that RI;(Y;"(n), A)eg = 0. Note that the induction hypothesis does
not depend on r. But first, note that if j > 3, then P(n,j,0) is equivalent
to P(sh(n),j — 1,0 o ny) and that the morphism constructed in Lemma 5.9
sends Y3P(n) to Y;? (sh(n)). Thus RE(Y;"(n),A)es = 0 is equivalent to
RIL(YS? (sh(n)), A)egon, = 0. By successive applications of this remark, this
shows that we may assume that j = 2.

First case: Assume that l(w1) = 0. This means that n; € T, and it follows
from Lemma 5.6 (or Lemma 5.8(a)) that Yo" (n) = @. So the result follows in
this case.

Second case: Assume that l(w1) = 1 and niny = 1. Let o € A be such
that wy = s,. By Lemma 5.8, we may assume that n; = $ is a representative
of s4 lying in G,. Note also that, since [G, G] is simply connected, we have
G, ~ SLy(F). Define S = S(a, (ws, ..., w,)). Lemma 5.14 shows that

RFC(ng(n), A)eg = RFC(Y(S, n3,... ,nr), A) QATsawF RE;(S, A)eg.

But &1 (w1, ws) = &1 (54, 84) = {a}, so 8(Ny(a¥)) # 1 by hypothesis. Note
also that T®F N S° acts trivially on the cohomology groups of the complex
RIL(S), as its action extends to the connected group S°. Since N, (a")€S°®
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(see [BRO3, proof of Prop. 4.11, equality (a)]), this proves that RI¢(S, A)ey = 0
and so R (Y5 (n), A)eg = 0, as desired.

Last case: Assume that l(w1) > 1. Let a € A be such that w; = sawf,

with {(w]) = I(w1) — 1. Let $ be a representative of s, in G,, and let nj =

$7ny. We will write n’ = (n),n2,...,n,). Then n) is a representative of

w) and, by Lemma 5.8(a), we have Y(n) = Y (s en’). (See also the remark
following Lemma 5.8.)
It is well known that

O (wr, wi) = & (1w (~0F) = {a} [ sa(® (wl,wr)).
Therefore,
O (wy,wz) = T Nwi(—2T) Nwywa(®T)

= ({a} N wlwg(CI>+)> H Sa <<I>+ Nwi (=) N w’lwg(CI>+)>

= ({a} N wlwg(CI>+)> H 5a (@1 (W], ws)),
and hence

Sa (@1 (w], ws) if l(wjwg) < l(wiws),

@) @) = {{a(} 150 (<I>+(u>)’1,wg)> if l(wjws) > l(wiws).

Let us now consider the diagram (5.12) with n replaced by sen’ and j replaced
by 3. Since c2($en’) = n, it follows from Lemma 5.13(1) that (5.10) gives a
commutative diagram

RI4™M(Y (s en'))eyg — RII™(Y(c3(501')))eq

l l

R (Y (n))e RI™ (Y (c2(n)))eo.

The left vertical map is an isomorphism since Y (s en’) ~ Y (n). By (#), we
have @ (w],ws) C s4(PT (w1, w2)), hence Property P(sen',3,60) is fulfilled.
So, the top horizontal map is an isomorphism by induction.

In order to show that the bottom horizontal map is an isomorphism, it
remains to show that the right vertical map is an isomorphism. Note that
c3($emn’) = $eco(n’). Two cases may occur:

e Assume first that [(wjws) < l[(wiws). Then Y3P(c3($en’)) = &, and the
result follows.

e Assume now that [(wjwse) > l(wjwsz). Then, again by Lemma 5.8(a), we
have Y (5 @ co(n’)) = Y((5,57') @ ca(n)) and, through this identification,
Y5 (c3(s em')) is identified with Y9P((5,$71) @ ca(n)). So the result now
follows from the second case (thanks to (#)). O
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Remark 5.17. Theorem 5.16 provides a comparison of modules, together
with the Frobenius action. Consider the case A = K. We have an isomorphism
of KG¥-modules, compatible with the Frobenius action

HYY(n), K) ® gpur Ko ~ Hé_QT(Y(Cj(n))’ K) ® gpwr Ko(—1),
where r = d;(n).

Following the same lines as in the proof of Theorem 5.16, we obtain a new
proof of the following classical result.

THEOREM 5.18. If A is a field, then Ry = Ry,.

Proof. By [BR03, Prop. 5.19, Rem. 5.21], it is sufficient to prove the The-
orem whenever [G, G]| is simply connected, and we assume this holds. Also,
by proceeding step-by-step, it is enough to prove that Ry = R, (). For this,
let RI,Y denote the class of the complex R (Y (n), A) in Go(AGH @ AT™F).
We only need to prove that RFSS =0.

Proceeding by induction on I(w;) as in the proof of Theorem 5.16, and
following the same strategy and arguments, we see that it is enough to prove
Theorem 5.18 whenever j = 1, n; = § = ny ! where $ is a representative in
G, of s (for some a € A). By Lemma 5.14, it is sufficient to prove that the
class Rl w of the complex RIL(S(a, w), A) in Go(AT*%F @ AT%F) is equal
to 0.

Now, let T denote the subgroup of T*wF x TWF consisting of pairs
(t1,t2) such that t1t2 € S(a, w)°, and let RI'® denote the class of the com-
plex RI(S(c, w)°) in Go(AT). Then R,y = IndX ™" *T"" RI°. But the
action of T on S(«, w) extends to an action of the connected group S(a, w)°,
hence T acts trivially on the cohomology groups of S(a, w)°. Since the Euler
characteristic of a torus is equal to 0, this gives RI['* = 0, and consequently

RIyw = 0, as desired. O

COROLLARY 5.19. Let n’ = (n,n),...,n.,) be a sequence of elements of
Ng(T), let © € W, and let w' denote the image of ninh---nl, in W. We

r

assume that A is a field and that w' = x~*wF(x). Then the diagram

Tk

Go(AT™'F) Go(AT™)

Rn’ Rn

Go(AGF)

18 commutative.
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Proof. Let n” = (27!, ny,na,...,ny, F(z)). Then, by Lemma 5.9,

R = Rue(p(@)r(@)-1) © Te-

But, by Theorem 5.18, Ryr = Ry = Ry and Rye(p(s),p(i)-1) = Rw = Rn. U

The following result is a reformulation of Corollary 5.19 as in [BRO3,
§11.1].

COROLLARY 5.20. Let T/ be an F-stable mazimal torus of G, and let
B’ and B” be two Borel subgroups of G containing T'. Then Rr(r;/cB,(G’) =
RS g/ (0) for all ¢ € Irr(T'F).

Remark 5.21. Corollary 5.20 is well known. In [DL76, Cor. 4.3], this
result is first proved “geometrically” for #’ = 1 [DL76, Th. 1.6] by relating the
varieties Xg, and Xg,,, and extended to the general case using the character
formula [DL76, Th. 4.2]. Note that this result is then used in [DL76, Th. 6.8]
to deduce the Mackey formula for Deligne-Lusztig induction functors.

In [Lus78|, Lusztig proposed another argument: the Mackey formula is
proved “geometrically” and a priori [Lus78, Th. 2.3], and Corollary 5.20 follows
[Lus78, Cor. 2.4].

Our argument relies neither on the Mackey formula nor on the character
formula: we lift Deligne-Lusztig’s comparison of Xg/ and Xg‘,, to a relation
between the varieties Y&, and YS,. (Here U’ and U” are the unipotent
radicals of B’ and B” respectively.)

Remark 5.22. Some of the results in [BR06] (Lemma 4.3, Proposition 4.5
and Theorem 4.6) rely on a disjointness result used in [BRO6, p. 30, line 16].
This disjointness result was “proved” using the isomorphism in [BR06, p. 30,
line 18]: it has been pointed out to the attention of the authors by H. Wang
that this equality is false. However, Wang provided a complete proof of this dis-
jointness result [Wanl14, Prop. 3.4.3], so [BR06, Lemma 4.3, Prop. 4.5, Th. 4.6]
remain valid.

Another proof of this disjointness result has been obtained independently
by Nguyen [Ngu| (with slightly different methods). Using a version of Re-
mark 5.17, Wang and Nguyen have been able to keep track of the Frobenius
eigenvalues.

6. Independence with respect to the parabolic subgroup

We assume in this section that G is connected. We fix an F-stable maxi-
mal torus T of G, and we denote by (G*, T*, F*) a triple dual to (G, T, F).

We fix a family of parabolic subgroups Py, Po,..., P, admitting L as a
Levi complement.
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The identification of the root system of G with the coroot system of G*
allows us to define parabolic subgroups P73, P3,..., P}, admitting a common
F*-stable Levi complement L* and such that L* and P} and are dual to L and
P; respectively. We denote by V; and V7 the unipotent radicals of P; and
P respectively. We denote by V, the sequence (V1,...,V;).

Finally, we fix a semisimple element s € L*!"" whose order is invertible in A.

6.A. Isomorphisms. As announced in the introduction, the isomorphism
of functors described in Theorem 1.3 is canonical. So, before giving the proof,
we will explain how it is realized. For this, let us define

Yv, ={(@V1,...,9-V;)
€eG/Vix---xG/V,|Vje {1,2,...,7~}, gj—lng €V, -V},
where V, 11 = F(V1) and g,4+1 = F(g1). Given 2 < j < r, we set
YV, ={(01V1,92Va,...,0:Vs) € Yv, | 9719541 € Vo1 - Vi)

It is a closed subvariety of Yv,, and we denote by iv, ; : Y Ve < Yv,
the closed immersion. Let Yy ; denote its open complement. We define
the sequence c;(V,) as obtalned from the sequence V, by removing the j-th

component. We then define
1
T™Vait YV, = Yei(va)
as the map that forgets the j-th component, and we set
dj (V.) = dim(Vj_l N Vj+1) — dim(Vj_l N Vj N Vj_|_1).

Note that G acts diagonally on Yy, by left translation, that L acts di-
agonally by right translation, and that this endows Yy, with a structure of
Gl -variety-L. The varieties Y%} and YV are stable under these actions,
and the morphisms iv, ; and 7y, ; are equivariant. As for their analogues iy, ;

and 7y, ; defined in Section 5.B, we have the following properties, which follow
from Corollary 5.3 by base change.

LEMMA 6.1. The map mv, ; is smooth with fibers isomorphic to an affine
space of dimension d;j(V,). The codimension of Yi}. n Yv, 15 also equal to
dj(Va).

We deduce that 7y, ; induces a quasi-isomorphism between complexes of
(AGT, ALF)-bimodules

RL(YY, j, A) = RE(Y,; (v,), A)[-2d; (Vo) (=d; (V).

The closed immersion v, ; : Yd.,j — Yy, induces a morphism of complexes
of (AGF', ALF)-bimodules

iv, ;' Rle(Yv,,A) — RI (YV. M)
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which, composed with the previous isomorphism, induces a morphism
Py, R (Yv,, A) — RET(Y v, A).

The main result of this section is the following theorem. We put eg‘F = ey,
where ) € VA(L,F)/ = is the rational series corresponding to the L*f"-
conjugacy class of s.

THEOREM 6.2. Let j € {2,3,...,r} such that CV;_lmVJ*.+1(8) C Cv;(s).
We have

S

F
RL(YY, ;,A)et =0,
and hence W, ; induces a quasi-isomorphism of compleves of (AGF ALF)-
bimodules

Uy, ;s : REI(Yy, 5, el 5 RLAD(Y, (v, ), A)el.

S

Proof. The proof will proceed in two steps. We first prove the theorem
when L is a maximal torus: in fact, it will be shown that it is a consequence
of Theorem 5.16. We then use [BR03, Th. A’] to deduce the general case from
this particular one.

First step: Assume here that L is a mazimal torus. Let aq,..., a, be
elements of G such that (L,P;) = %(T,B) for all i € {1,2,...,r}). As
usual, we set a,41 = F(a,). Now, let n; = a; 1al~+1. It follows from the

definition of the a;’s that n; € Ng(T). We set n = (ny,...,n,). Note that
niNng -+ Ny = ale(al). We denote by w; the image of n; in W, and we set
w = wyiws - - - w,. It is then easily checked that the map

(1Vi,.. ., 9: V) — (g1 Viaa, ..., 9, Vyar)
induces an isomorphism of varieties
Yv. L) Y(l’l)

that sends Y%'.,j to Y;?l(n). Moreover, conjugacy by aj induces an isomor-
phism T%F ~ L and it is easily checked that the above isomorphism is
(G, L¥)-equivariant through this identification. Now, to s is associated a
linear character of L that, through the identification T%F ~ L, defines a
linear character 6 : TV — AX.

By Theorem 5.16, we only need to prove that Condition CV;_lﬂV;f+1 (s) C
CV;_‘(S) is equivalent to P(n,7,0). So let us prove this last fact. The property
P(n, j,0) can be rewritten as follows:

PROPERTY P(n,j,0). If « € @ is such that O(Ny(wy - - wj—a(a¥)))
=1 and (wj_1w;)"Ha) € T, then wj__ll(a) € Pt.
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Let s’ = a;lsal c T*wF*, Note that P(n,j, (9) is equivalent to
Cw14..wj72U* (5/) N ’UJl""UJjU* C wl"'wj—lU*‘

By conjugating by a1, and since “1™""U* = V7, we get that P(n,j,0) is
equivalent to C’V]*__l(s) NV7,, C 'V}, as desired.

Second step: The general case. Let us now come back to the general case:

we no longer assume that L is a maximal torus. Since RE(Y%P” i A)esLF =

RFC(YQ,I’.J, A)@pr ALF el and since ALFeL" lives in the category generated
by the complexes R%/CB,(AT’F eST/F), where B’ runs over the set of Borel
subgroups of L admitting an F-stable maximal torus T’ whose dual torus
contains s (see [BR03, Th. A’]), it is sufficient to prove that

RE(YY, ., A) @apr REcp (ATTel™) = 0.

So let (T/,B’) be a pair as above. Let U’ denote the unipotent radical
of B/, let T”* be an F*-stable maximal torus of L*, containing s and dual to T”,
and let B™ be a Borel subgroup of L* containing T* and dual to B’. Then
[DMO1, 11.5]

YV. XLF Y]Ij/ ~ YU’V.
(as GF-varieties-T'F"). Here, we have set U'V, = (U'Vy,...,U'V,). More-
over, through this isomorphism, Y%P., ; XLF YILJ, is sent to Y})ﬁvh j hence, by
applying the first step of this proof, we only need to prove that
Curvr_nuevr,, (s) C Curvi(s).

Since V;_; and V7, both admit L* as a Levi complement and U™ C L*,
it follows that U"V7_, N U™V}, C U"(V;_; NVj). On the other hand,
Curvs_nvs, ) (8) = Cun(s)Cv:_ vz, (s) C Cur(s)Cvi(s) by assumption,

j+1
and this completes the proof. O

Remark 6.3. Theorem 6.2 provides a comparison of modules, together
with the Frobenius action. We have an isomorphism of (AG", AL¥")-bimodules
compatible with the Frobenius action

i F i—2r F
Hi(Yvy;,Ned ~H7 (Yo, vy Mer (=),
where 7 = d;(V,).
Let sh(V,) = (Va,..., V., V). The map

Shv. : YV — Ysh(V.)

(g1V17~--7g7’V7‘) '_> (92V27"'797‘V7'7F(91V1))

is (G, L)-equivariant and induces an equivalence of étale sites. Therefore,
it induces a quasi-isomorphism of complexes of bimodules

shy, : RE(Ysnv,), A) — RLI(Yv,,A).
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Applying twice Theorem 6.2, we obtain the following result.

COROLLARY 6.4. Let j € {2,...,7}, and assume that

CV"_‘ nvs,, (S) C Cv;ﬂ (8) and Cv;mv;f+2 (S) C CV;-H (3)

Jj—1 J

The map Uy, ;s o shy, o \Ijs_hl(V ) 18 a quasi-isomorphism of complexes of

L] aj’s
, -btmodules
AGE, ALF)-bimodul
im P~ im F
RLY™ (Y, sh(vayys Mer — REY™(Y . (v,), Al .

In the case r = 2, Corollary 6.4 becomes the following result.

COROLLARY 6.5. Assume
CVTOF*VT (S) C CV;‘ (S) and CV;QF*V; (S) C CF*VT(S)'

The map \IIV17V2727SOSh§[17V2O\I];7§ F(V1).2,5 s a quasi-isomorphism of complexes
of (AGT', ALY)-bimodules

RLI™(Yy,, A)er” =5 REI™ (Y, A)el”
As a consequence, we obtain a quasi-isomorphism of functors between

RE p,[dim(Yv,)] : DY(ALT ") — DY(AGTeS")

and RE p,[dim(Yv,)] : DY(ALF L") — DY(AGTS).

Remark 6.6. The isomorphism of functors of Corollary 6.5 comes with a
Tate twist. Keeping track of this twist has important applications [Wanl14],
[Ngu].

Remark 6.7. Let us make some comments here about the condition
(Cviv,) CV{mF*V;(S) C Cvy(s) and CV;mF*V;(S) - CF*V;(3)~

Note that if Cv(s) = Cy;(s), then Condition (Cv, v,) is satisfied. Since
Cv:(s) is connected, it follows that if C&.(s) C L*, then Condition (Cv,v,)
is satisfied.

Ezxample 6.8. Of course, Condition (Cv, v, ) is fulfilled for all s. Gluing the
quasi-isomorphisms obtained from Corollary 6.5, we get a quasi-isomorphism
of complexes of bimodules

®V1,V1 : RE(YVUA) L} RE:(YVNA)

But, since YQ}DLV1 = @, it is readily checked that Ov, v, = IdRE(le’A).
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Ezample 6.9. Similarly, Condition (Cyv, rev,)) is fulfilled for all s. Glu-
ing the quasi-isomorphisms obtained from Corollary 6.5, we obtain a quasi-
isomorphism of complexes of bimodules

9VhF(Vl) : RE(Yv,, A) - RFC(YF(Vl)aA)'

But, since Ygfpl,F(vl) = @, it is readily checked that Oy, prv,) = F.

Remark 6.10. If (Cv, v,) holds, we denote by
@V17V2,S : Rl—édim(szvA)egF — RI::dim(YVUA)egF

the quasi-isomorphism defined by Ov, v, s = \I/VI7V2727sosh§,l7V2o\I/;,;F(V1)7275.
Assume moreover that (Cv, v,) and (Cv,,v,) hold, so that the quasi-isomor-
phisms of complexes Ov, v, s and Ov, v, s are also well defined. It is natural

to ask the following:

QUESTION. When does the equality Ov, v,s = Ov, Vas © OV, vy s
hold?

For instance, taking Example 6.8 into account, when does the equality 9\_,17\,2, s
= Ov, v, s hold?

We do not know the answer to this question, but we can just say that the
equality does not always hold. Indeed, if m is minimal such that F™(V1) = V7,
then the isomorphisms Ov, rv))s, Orv)) F2(vy)sr - - OFm-1(v,),v, are well
defined and all coincide with the Frobenius endomorphism F' (see Example 6.9),
and so

Ov,,F(V1),s © OFV,),F2(v1),s © " 0 Opm-1vv,s = F" #1d =0Ov, v, s

(see Example 6.8).

Ezample 6.11. Let Py be a parabolic subgroup admitting an F'-stable Levi
subgroup Lg containing L. We denote by V the unipotent radical of Py and Lg
the corresponding Levi subgroup of a parabolic subgroup of G* containing L*,
which is dual to Ly. We assume in this example that C&.(s) C L§. Then it
follows from [BR0O3, Th. 11.7], Corollary 6.5 and Remark 6.7 that we have an
isomorphism of (AG!", AL?)-bimodules

Hgo (YV07 A) ®AL§ RI::dim (Y{}(FWLO? A)egF = Rchim (YV7 A)€£F7
where dy = dim(Yv,).

Remark 6.12. Let us consider the Harish-Chandra case: assume that V;
and Vy are F-stable. The functors RECPl and RE’CpQ are isomorphic without
truncating by any series [DD93], [HL94]. Such isomorphisms are given by ex-
plicit isomorphisms of bimodules, which do not rely on any algebraic geometry.
We do not know if after truncation by a series satisfying (Cv, v,), that they
coincide with our isomorphisms.
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6.B. Transitivity. We will provide here an analogue to Lemma 5.13 in the
more general context of this section. Assume in this subsection, and only in
this subsection, that 3 < j <r (in particular, r > 3). Since ¢;_1(c;(V.)) =
¢j—1(cj—1(Vs)), we can build a diagram

Uy, j

RE™ (Y, A) REY™ (Y, vy, A)

(6.13) Uy, -1 Ve, (ve)i—1

_ Ve (Va)j-1 .
RI:;dlm(ch,l(V.)vA) Bt R]:;dlm (ch;1(0j (V.))A).

It does not seem reasonable to expect that the diagram (6.13) is commutative
in general. However, we have the following result, obtained from the results of
Section 5.A below by copying the proof of Lemma 5.13.

LEMMA 6.14. Assume that one of the following holds:

(1) Vj—2 C Vjy1- Vg
(2) Vjo1 C V2V
(3) V; C Vi1 Vi
4) V ]-‘rl CV;j-Vja

Then the diagram (6.13) is commutative.

7. Jordan decomposition and quasi-isolated blocks

In this section, we assume G is connected. We fix an F-stable maximal
torus T of G, and we denote by (G*, T*, F*) a triple dual to (G, T, F).

We start in Section 7.A with a recollection of some of the results of [BR03]
on the vanishing of the truncated cohomology of certain Deligne-Lusztig va-
rieties outside the middle degree. We fix an F-stable Levi subgroup L and
consider s € G*I" of order invertible in A such that C&.(s) C L* — and
we take L minimal with that property. We show that the corresponding mid-
dle degree (AGF', ALF)-bimodule pdim(¥e) (Yp, A)eﬁ‘F does not depend on the
choice of the parabolic subgroup P, up to isomorphism, thanks to the results
of Section 6. In particular, it is stable under the action of the stabilizer N of
" in Ngr(L).

Section 7.B develops some Clifford theory tools in order to extend the
action of L¥ on Hdlm(YP)(YP,A)eEF to an action of N. We apply this in

L
€s

Section 7.C by embedding G in a group G with connected center. This provides
a Morita equivalence, extending the main result of [BR03] to the quasi-isolated
case.
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In section Section 7.D, we show that the action of L on the complex of
cohomology C' = GT'.(Yp, A)eEF also extends to NV, and the resulting complex
provides a splendid Rickard equivalence. This relies on checking that given
an /-subgroup of L', the complex Brag(C) arises in a Jordan decomposition
setting for Cg(Q), and then applying the results of the appendix. The main
difficulty is to prove that er(eg‘F) is a sum of idempotents associated to a
Jordan decomposition setting for Cq(Q). An added difficulty is that the group

Cc(Q) need not be connected.

7.A. Quasi-isolated setting. We fix a semisimple element s € G* whose
order is invertible in A. Let L* = Cg+ (Z(C’&* (s))o), an F*-stable Levi comple-
ment of some parabolic subgroup P* of G*. Note that L* is a minimal Levi sub-
group with respect to the property of containing C&.(s) and Cg«(s)/Cg-(s) is
an abelian ¢’-group [Bon05, Cor. 2.8(b)]. In particular, the series corresponding
to s is (G, L)-regular.

We denote by (L, P) a pair dual to (L*,P*). Note that P is a parabolic
subgroup of G admitting L as an F-stable Levi complement. The unipotent
radical of P will be denoted by V. We put d = dim(Yvy).

The group Cg-(s) normalizes L*, and we set N* = Cg=«(s)f" - L*: it is a
subgroup of Ng+(L*) containing L*. Via the canonical isomorphism between
Ng+(L*)/L* and Ng(L)/L, we define the subgroup N of Ng (L) containing L
such that N /L corresponds to N*/L*. Note that N* is F*-stable and so N is
F-stable, and that N*" /L*F" and N¥ /LT are abelian ¢'-groups.

Let us first derive some consequences of these assumptions. Note that
N*/L* = (N*/L*)f" = N*" /L*f" so that N/L = (N/L)f = Nf/LF.
Also, N*I"" is the stabilizer, in Ng.r+(L*), of the L*f"-conjugacy class of s.
Therefore,

(7.1) N is the stabilizer of e?F in Ngr(L).

It follows that eg‘p is a central idempotent of ANY. By [BR03, Th. 11.7], we
have

H(Yy, A" =0 for id.

Our first result on the Jordan decomposition is the independence of the
choice of parabolic subgroups.

THEOREM 7.2. Given P a parabolic subgroup of G with Levi complement
L and unipotent radical V', then Hgim(YV)(YV, A)el” zHSim(YV')(YVf, A)el”
as (NG| ALF)-bimodules.

The (AGF, ALF)-bimodule HY(Yv, A)eX" is N -stable.

S

Proof. The first result follows from Remark 6.7 and Corollary 6.5.
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Let n € N¥. The isomorphism of varieties G/V — G/"V, gV
gVn~! induces an isomorphism of varieties Yv — Ynyv. As a consequence,
we have an isomorphism of (AG*, AL")-bimodules

HY(Yv, A) = n, (HI(Ynv, A)),

where n, <Hg(YnV,A)) = HY(Yny,A) as a left AGF-module and the right

action of a € ALY on m( (Yny, A ) is given by the right action of nan™!

on Hg(YnV, A) -
L

Since n fixes e , we deduce that

HY(Yv, A)el” = n, (HI(Yav, A)el").
On the other hand, the first part of the theorem shows that
HY(Yv, A)er" ~ HY Yy, A)e" .

It follows that HY(Yy, A)el" ~ n, (Hg(YV, A)eg"F). O

Recall that if N¥ = L (that is, if CG*( )E* C L*), then HY (Y, A)el”
induces a Morita equivalence between AG e S’ and ALfe g‘ by [BR03, Th. B'].
Note that the assumption in [BR03, Th. B'] is Cg+(s) C L*, but it can easily
be seen that the proof requires only the assumption Cg= (S)F " ¢ L*. Theo-
rem 7.2 shows that this Morita equivalence does not depend on the choice of
a parabolic subgroup.

We will generalize the Morita equivalence to our situation. The main
difficulty is to extend the action of L¥ on H4(Yvy, A)el" to N

7.B. Clifford theory. Let us recall some basic facts of Clifford theory.
Let k be a field. Let Y be a finite group and X a normal subgroup of Y. Let M
be a finitely generated kX-module that is Y-stable, and let A = Endyx (M).

Given y € Y, let N, be the set of ¢ € Endx(M)* such that ¢(xm) =
yry tep(m) for all x € X and m € M. Note that NyN, = N, for all
y,y €Y.

Let N = Uyey Ny, a subgroup of Endy(M)* containing N1 = A as a
normal subgroup. The action of x € X on M defines an element of N,, and this
gives a morphism X — N. The Y-stability of M gives a surjective morphism
of groups Y — N/Ni, y — N,.

Let Y = Y x ~n/N; V. There is a diagonal embedding of X as a normal
subgroup of Y. There is a commutative diagram whose horizontal and vertical
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sequences are exact:

1 1
X X

1 A% Y Y 1

1 A% Y/X Y/X 1
1 1.

The action of X on M extends to an action of Y if and only if the canonical
morphism of groups Y =Y has a splitting that is the identity on X. This is
equivalent to the fact that the canonical morphism of groups }7/ X —>Y/Xis
a split surjection.

The extension of groups

1—=14JA) - A = A /1+J(A) =1

splits. Indeed, since A is a finite-dimensional k-algebra, there exists a k-sub-
algebra S of A such that the composition S < A — A/J(A) is an isomorphism.
Since A =S @ J(A), we have A* = (1+ J(A)) x S*.

If [Y : X]€k”, then every group extension 1 -1+ J(A)—»Z—-Y/X —1
splits, since 1 + J(A) is the finite extension of abelian groups

(14 J(A))/(1+ J(A)H) = J(A) /T (A)*,

and those are k(Y /X )-modules. Consequently, if [Y : X] € k*, then the action
of X on M extends to an action of Y if and only if the extension

15 A /(1+JA) = Y/XA+JA) 5 Y/X > 1

splits.

Consider now Y a finite group with Y and f( two normal subgroups such
that X =Y N X and }7 YX. Let M = Ind5 (M), a Y-stable kX-module.
We define Ny, N and Y as above, replacing M by M.

leenyGY we define a map p : NV, — N, ¢r—>(a®mr—>yay L@ p(m))
for a € kX and m € M. This gives a morphlsm of groups N — N extendlng
the canonical morphism A — Ende(M ) and a morphism of groups Y /X —
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Y/X giving a commutative diagram

1 Af Y/X Y/X 1
1 — End, ¢ (M)* —V/X Y/X 1.

It induces a commutative diagram

A% J(1+ J(A)) V/X(L+J(A)) Y/X 1

| - 5

— Endy g (31)* /(1 + J(Endy 5 (31)) = V/X (1 + J(Endy 5 (0))) —~ ¥/X 1

Assume the inclusion
Endyx(M)* /(1 + J(Endgx (M))) < Ende(M)X/(l + J(Ende(M)))

splits; this happens, for example, if Ende(M)/J<Ende (M))) ~k" for some n,
for in that case the algebra embedding

Endyx (M)/J(Endyx (M)) < End, 3 (M)/J(End, ¢ (M))

has a section. If the surjection Y/X (1 + J(End, ¢ (M 1)) — Y /X splits, then
the surjection Y /X (1 + J(Endyx(M))) — Y/X splits.
As a consequence, we have the following proposition.

PROPOSITION 7.3. Let Y be a finite group and Y, X be two normal sub-
groups of Y. Let X = Y NX. We assume Y = YX. Let k be a field with
Y : X] ek

Let M be o finitely generated kX -module that is Y -stable. We assume
that

Ende(Ind§(M))/J(Ende(Ind§(M))) ~ k" for some n.
If Ind§(M) extends to Y, then M extends to Y .

7.C. Embedding in a group with connected center and Morita equivalence.
We fix a connected reductive algebraic group G containing G as a closed
subgroup, with an extension of F' to an endomorphism of G such that F?
is a Frobenius endomorphism of G defining an F,-structure, and such that
G = G-Z(G) and Z(G) is connected [DL76, proof of Cor. 5.18]. The inclusion
G < G is called a reqular embedding.

Let T=T-Z(G), an F-stable maximal torus of G. Fix a triple (G* T*, F*)
dual to (G, T , F). The inclusion i : G < G induces a surjection ¢* : G* — G*.
Let L =L Z(G), so that L* = (i*)"}(L*). Let N = NL.
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Let J be a set of representatives of conjugacy classes of #-elements ¢ €
G*" such that i*(f) = s. (Recall that Cg.(f) is connected because Z(G) is
connected.) Note that J c L*f".

LEMMA 7.4. We have idempotent decompositions & = Zte,e " and
F -1

ey =Y neNF/LF Yics ”6? n

Proof. The first statement is a classical translation from G* to G; cf., for
instance, [Bon06, Prop. 11.7].

Let § be a semisimple element of G** such that i*(5) =s. UA#K, we
will assume that s has order prime to ¢. (This is always possible as we may
replace § by its ¢/-part if necessary.) Note that § € L.

Let n € N*" such that nén~! is L*!" -conjugate to . Then n € L*f" .
Cg-(5). Since i*(Cg.(5)) C Cg-(s) C L7, it follows that i*(n) € L*F". We
have N*F" /L*F" = N*F" /L*F" | hence n € L*".

It follows that N*I" /L*F™ acts freely on the set of conjugacy classes of
L*F" whose image under i* is the L*f"-conjugacy class of s. Through the
identification of N*/" /L*f” with N /L, this shows that given ¢ € J, the
stabilizer in N¥' of etLF is LY. O

THEOREM 7.5. The action of kGFeS" @ (KLF el )PP on HY (Y, k)el”
extends to an action of kGFeSF ® (k:NFe?F)Opp. The resulting bimodule in-
duces a Morita equivalence between kGFeGF and k‘NFe{:‘F.

Proof. Let P =P - Z(é) and let P* = ¢*~1(P*). Note that L (resp. L*)
is a Levi complement of P (resp. P*) and it is F-stable (resp. F*-stable) and
the pair (L*, P*) is dual to (L, P).

We put

X = (G x (LE)PP) . ALY, v = (GF x (NF)°PP) . ANT,
K=GFx () and ¥ = GF x (NF)orw,

Let Yy = Y$. Through the embedding G/V < G/V, we identify Yy
with a subvariety of Yv. The stabilizer in X of the subvariety Yv of Yy is X,
hence we have an isomorphism of X- varieties Ind§ Yv = Yv- i

Let M = Hd(YV, kel a (kX (eS" @ el"))-module. Let M = Inds¥ M
a (kX (eS "® el ))- module. We have an isomorphism of (/{:X(@S‘F ® eg‘F))—
modules M = HY(Yv, k)el

We put e = >z eti‘p. We have eg‘F = ZneNF/f,F nen~!, and e is a
central idempotent of kLF (Lemma 7.4).

The kX-module M is N¥-stable (Theorem 7.2), hence the kX-module
M is N¥-stable as well. It follows that given t € J and n € N we have
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T (Hg(YV) ) Hd(Yv) _, as kX-modules. The classical Mackey for-
mula for induct1on and restrlctlon in finite groups shows now that
~ [F v v ~ iF
HAYv, k) (D el 1) ~ Resk Ind% (HE(Yv)el ),
neNF /LF
hence ) )
- o T
M ~ Res; Ind% (Me).

Lemma 7.4 shows that Me induces a Morita equivalence between kGF eSGF
and kLe (cf. [BR03, Th. B']). In particular, it is a direct sum of indecompos-
able modules, no two of which are isomorphic.

Since ekN¥" induces a Morita equivalence between kL'e and kN’ eg‘F, we
deduce that the right action of L on M ~ Me Rpie ekINT extends to an action
of N¥' commuting with the left action of GF and the extended bimodule M’
induces a Morita equivalence between kG eEF and kN¥' eg‘F. It follows that

~ - F
Endy, g (M) =~ Endy g (iryormy (RNT€5).

Given ni,ng € N with nlgnQI:F, the central idempotents nlenl_l and

naeny * of kL are orthogonal. Tt follows that

~ ol ~ B
E}l’ldk(lﬁ'F><(I:F)Dpp(k‘NF‘egJ ) ~ H Endk(NFX(fJF)OPP) (kNFnen 1)
neNF /L¥

~ (2P )N

the last isomorphism following from the fact that kN nen~! induces a Morita
equivalence between k‘NeE‘F and kLfnen! ~ kLFe.

We deduce that End, ¢(M)* /(1 + J(End, ¢(M))) ~ (k*)" for some 7.
Since [Y : X| = [N : L] is prime to ¢, it follows from Proposition 7.3 that the
action of X on M extends to an action of Y. Denote by M " the extended mod-
ule. We have ResY IndY(M/)e ~ Me ~ Res% (M’)e hence IndY(M/) ~ M.
It follows that Ind%f (M) induces a Morita equivalence between kGFe E’F and
kNFegF. We have

End, &r (Ind} (M) ~ Bnd, & r (kGF @p.gr M')
~ HomkGF (M/, M/ ®kNF I{NF)

The canonical map kNF e%‘F — End; gr (Indg M) is an isomorphism, hence
the canonical map kN¥ eg‘F — Endgr(M’') is an isomorphism as well. Also,
M is a faithful kGFeS" -module, since M = IndSy M is a faithful kGFeS"-
module. We deduce that M’ induces a Morita equivalence between kG eSF
and kN¥ e?‘F. 0
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7.D. Splendid Rickard equivalence and local structure. Recall that L is the
minimal F-stable Levi subgroup of G such that Cg.(s) C L*.

THEOREM 7.6. The action of kGFeS" @ (KLF el )PP on GT' (Y, k)ek
extends to an action of k‘GFef'F®(kNFe£F)0pp. The resulting complex induces

a splendid Rickard equivalence between kGFeSF and k:NFegF.

Proof. Step 1: Identification of EndeF (GTe(Yv, k)el") in Hob(k(LE x
(LF)oPP)). Let C' = (GI'o(Yv, k)el )red. The vertices of the indecomposable
direct summands of components of C' are contained in AL by Corollary 3.8.
Let @ be an {-subgroup of LY. We have Brag(C) =~ GFC(YgS((g)), k)er(eg‘F)
in Ho®(k(Cgr(Q) x CLr(Q)°PP)) by Proposition 3.4. Let X be the rational
series of (L, F') corresponding to s, so that eg‘F = ey. Theorem 4.14 shows
that

brg(ex) = Z ey.

Ye(h) 1 (X)

Let Y € (ig)*l(é’(). Proposition 4.11 shows that ) is (C&(Q), CL(Q))-

regular. It follows from [BRO03, Theorem 11.7] that Hé(YgS((g)) Jk)ey =0
i ~C e O

for i dimY G(( )) hence H (YCGES)) k)ey = 0 for i# dleCS((S)). We have

shown that the cohomology of Brag(C) is concentrated in a single degree.
Note that Respo,r(Q) (Brag(C)) is a perfect complex, hence its homology is
projective as a kCgr(Q)-module. We deduce from Theorem A.4 that

End}qr(C) ~ EndDb(kGF)(C) in Hob(k(LF > (LF)Opp))_

Step 2: Study of EndHOb(k(GFX(NF)Opp))(IndG XN G (Yv,k)eg‘F).

x(LF)orp
pPp
Let C' = IndS, Xgp))opp

complex of k(NF x (NF)°PP)_proj with P* = 0 for i > 0, together with a
quasi-isomorphism P — kN¥" of k(N x (N¥)°PP).modules. As the terms of
C' are projective kG -modules, we have a commutative diagram

C. Let P be a projective resolution of kN, i.e., a

EndHOb(k‘(GFX(NF)DPP))(C/) ; HomHOb(k,(NFX(NF)Opp))(kN EndeF (C ))

| |

EndDb(k.(GFX(NF)opp)) (C/) 4N> HomHob(k(NFX(NF)OPP))(P’ EHd;GF (C/))

Using the isomorphisms of complexes in Ho?(k(IN¥ x (INF)oPp)),

F Fyo
End}r(C7) ~ IndEF " (g”)gpip (Endjgr(C))

and
NF x (Nf)opp
EndDb(kGF)(C ) Ind X((LF)c))pp (EDdDb(kGF)(C)),
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we deduce that

End} g r(C') ~ End pogr)(C') in Ho’(k(NF x (NF)°PP)).
Now, the canonical map

HomHOb(k(NF % (NF)opp)) (kNF) EndDb(kGF) (C/))

— Homy b g vr s (v yor)) (P, Endpopgry ()

is an isomorphism, since End p g r)(C”) is a complex concentrated in degree 0.
It follows that the top horizontal map in the commutative diagram above is
an isomorphism, hence we have canonical isomorphisms

Endy b h(@F x (nyorry) (C7) = End poar  (vryorsy) (C)

GF X (NF)opp

GF x (LF)opp Hg(YV7 k))

l> Endk(GF X (NF)Opp) (Ind
GF x (NF)opp »
GFigLF))Opp (GFC(YV, k:)eg‘ )
We have shown (Theorem 7.5) that there is a direct summand M’ of the module

F Fyo
IndgFigF))opp; H%(Y+v, k) whose restriction to G x (Lf)°PP is isomorphic to

H(Yv, k). Let i be the corresponding idempotent of

Step 3: Construction of a summand C of Ind

GF NF opp
Endk(GFX(NF)opp) (IndGFigLF))OPP HC(YV, k‘))

and j its inverse image in EndHOb(k(GFX(NF)Opp))(C, ) via the isomorphisms

above. We have a surjective homomorphism of finite-dimensional k-algebras

Endcomp(i(ar x (nF o)) (C1) = Endyop e vryorey) (C)-

Consequently, j lifts to an idempotent j" of Endcomp(r(ar x (nFyore)) (C7) [Thé95,
Th. 3.2]. It corresponds to a direct summand C of C’ quasi-isomorphic to M’
F Fyo ~ F Fyo

and RengigF))();: (C) is a direct summand of RengigF))o:; (C") ~ CBINTLT]

Step 4: C lifts GT(Yv, k)eg‘F. Let C = @1 < < n Cr be a decomposition
into a direct sum of indecomposable objects of Ho?(k(G¥ x (L¥)°PP). This
induces a decomposition M = @i <, < n M;, where M, = HYC,) and M,
and M, have no isomorphic indecomposable summands for r#r" (cf. proof of

F Fyo ~

Theorem 7.5). We have RengigF))O;;(C’) ~ @1 << n CF% in Ho®(k(GF x
(LE)°PP) for some integers 0 < a, <[N¥ : L] and @, <, < , HY(C,) P4 ~ M.

XNDP )~ ¢ in HoP (R(GF %

It follows that a, = 1 for all r, hence ReSng(LF)opp

(L¥)°PP). This shows the first statement.



DERIVED CATEGORIES AND DELIGNE-LUSZTIG VARIETIES 663

Step 5: Rickard equivalence. We have shown above that End}qr (C) ~
EndDb(kGF)(C') in Ho’(k(N* x (N¥)°PP)). On the other hand, EndDb(kGF)(é)
~ End,gr(M') ~ kENFel" . Tt follows from Corollary A.5 that C induces a
splendid Rickard equivalence. O

We now summarize and complete the description of the Jordan decompo-
sition of blocks.

THEOREM 7.7. There is an extension of the complex GFC(YV,O)“’de?F
of (OGFeS" OLF L") -bimodules to a complez C of (OGFeS" ONFeL").
bimodules. The compler C induces a splendid Rickard equivalence between
(’)GFeSG'F and ONFeSLF.

There is a (unique) bijection b +— b between blocks of OGFGSF and
ONFeL" such that bC ~ CV .

Given b a block of C’)GFeS'F, then

e the bimodule HY™ YV (bCV') induces a Morita equivalence between OGFb
and ONTY;

e the complex bCV induces a splendid Rickard equivalence between OGT'b and
ONFY:

e there is a (unique) equivalence (Q,bb) — (Q,bg) from the category of
b -subpairs to the category of b-subpairs such that bgBrag(C)=Brag(C)b,.
In particular, if D is a defect group of b', then D is a defect group of b.

Proof. Theorem 7.6 provides a complex C’ of (kG¥eG" @ (KNFeL" yopp).
modules inducing a splendid Rickard equivalence. By Rickard’s Lifting Theorem
[Ric96, Th. 5.2], there is a splendid complex C' of (OGFeSGF ® (ONFeg‘F)Opp)—
modules, unique up to isomorphism in Comp(O(GF x (N)°PP)) such that
kC ~ C'. Also, [Ric96, proof of Th. 5.2] shows that GTe(Yv, O)del" is the
unique splendid complex that lifts GI'.(Yv, k)redeg‘F
is an isomorphism of complexes

. As a consequence, there

Resgr ke (C) =~ GLo(Yy, O)edel”
By [Ric96, Th. 5.2], the complex C' induces a splendid Rickard equivalence.

Since H(bkCb') induces a Morita equivalence, it follows that H(bC¥')
induces a Morita equivalence (cf., e.g., [Ric96, proof of Th. 5.2]).

The existence of the bijection between blocks follows from the isomorphism
of algebras Z(OGFeS") = Z(ONFeL") induced by the Morita equivalence,
and the blockwise statements on Morita and Rickard equivalence are clear.

By [Pui99, Th. 19.7], it follows that the Brauer categories of kG'b and
ENTY are equivalent and, in particular, kG¥b and kKN¥'b have isomorphic
defect groups. O



664 CEDRIC BONNAFE, JEAN-FRANCOIS DAT, and RAPHAEL ROUQUIER

Remark 7.8. If was already known that given b a block of OGY ef’F, then

b and b’ have isomorphic defect groups under one of the following assumptions:

e ( does not divide |Z(G)/Z(G)°)!'| nor |Z(G*)/Z(G*)°)F'|, ¢ > 5and £ > 7
if G has a component of type Eg [CE99, Prop. 5.1];

e Cg+(s) C L*, and either b or & has a defect group that is abelian modulo
the (-center of GI' [KM13, Th. 1.3].

Example 7.9. Assume in this example that C&.(s) = L*, and assume
that (Cg+(s)/C&x(s))f" is cyclic. The element s defines a linear character
5 : LY — O* that induces an isomorphism of algebra OL* eg‘F ~ OLF e{‘F.
The linear character 3 is stable under the action of N¥' so, since N /L% is
cyclic, it extends to a linear character 57 : N — OX. Again, 1 induces
an isomorphism of algebra ON¥ eg‘F ~ ON¥ e{“F. Combined with this, Theo-

rem 7.5 provides a Morita equivalence between ON¥ e%F and OGF eSGF.

Ezample 7.10 (Type A). Assume in this example that all the simple com-
ponents of G are of Type A. (No assumption is made on the action of F.)
Then Cg.(s) = L* and Cg-+(s)/Cg-(s) is cyclic. Therefore, Example 7.9 can
be applied to provide a Morita equivalence between ONY e{‘F and OGF eE’F.

Remark 7.11. This article was announced at the end of the introduction of
[BRO3]. Unfortunately, we have not been able to settle the problem of finiteness
of source algebras. On the other hand, in addition to what was announced in
[BRO3], we have provided an extension of the Jordan decomposition to the
quasi-isolated case.

Appendix A. About /-permutation modules

In this section, we assume A = O or A = k. Let us recall here some
results of Broué and Puig; cf. [Bro85, §3.6]. Let G be a finite group. Note
that an ¢-permutation OG-module M is indecomposable if and only if kM is
an indecomposable kG-module.

Let P be an f-subgroup of G. An indecomposable ¢-permutation AG-
module M has a vertex containing P if and only if Brp(M) # 0. Also, given V'
an indecomposable projective k[ Ng(P)/P]-module (it is then an ¢-permutation
kG-module), there exists a unique indecomposable /-permutation AG-module
M(P, V) such that BrpM(P, V) ~ V. The AG-module M(P, V') has vertex P.
Moreover, every indecomposable /-permutation AG-module with vertex P is
isomorphic to such an M(P, V).

The following lemma is a variant of [Bou98, Prop. 6.4].

LEMMA A.1. Let M and N be {-permutation AG-modules, and let i €
Hompg(M, N). Assume that all indecomposable summands of N have a vertex
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equal to a given subgroup P of G and that Brp(v) is a surjection. Then 1) is
a split surjection.

Proof. Proceeding by induction on the dimension of N, we can assume
that N is indecomposable. Fix a decomposition M = ;c; M; where M;
is indecomposable for all ¢ € I, and let ¢; : M; — N denote the restriction
of . Since Brp(v) is a surjection and Brp(N) is an indecomposable projective
k[N¢(P)/P]-module, we deduce that Brp(v;) : Brp(M;) — Brp(N) is a split
surjection for some i € I.

By [Bro85, Th. 3.2(4)], it follows that N is isomorphic to a direct summand
of M;. Since M; is indecomposable, there is an isomorphism 1’ : N — M.
The morphism Brp(1;¢") = Brp(;)Brp(¢’) is an isomorphism, so it is not
nilpotent. Therefore, 1;1)" does not belong to the radical of Endyg(N), hence
it is invertible (because Endyg(N) is a local ring). So v; is an isomorphism,
as desired. O

LEMMA A.2. Let C be a bounded complex of £-permutation AG-modules
and P an {-subgroup of G such that Brg(C) is acyclic for all £-subgroups of G
that are mot comjugate to a subgroup of P. Let D be a bounded complex of
finitely generated projective k[Ng(P)/P]-modules. We assume that Brp(C)
~ D in Ho®(k[Ng(P)/P]).

Then there exists a bounded complex C' of £-permutation AG-modules, all
of whose indecomposable summands have a vertex contained in P, such that
C' ~ C in Ho®(AG) and Brp(C’) ~ D in Comp®(k[Ng(P)/P]).

Proof. Up to isomorphism in Ho’(AG), we may assume that C' = C™,
We write C' = (C*,d®). We will first show by induction on the length of C
that Brp(C) = Brp(C)™? and that the indecomposable summands of C' have
a vertex contained in P.

Let n be maximal such that C"*! # 0. We fix a decomposition C"*! =
@Dicr M; where M; is indecomposable for all i € I, and we denote by p; :
C™1 — M; the projection.

Let i € I, and let @) be the vertex of M;. Assume that the composition

Bro(d™ Bro(p;
Bro(C™) Bro(d ﬁrQ(an) ro(p) Bro(M;)

is surjective. It follows from Lemma A.1 that p;d* : C" — M, is a split
surjection: this contradicts the fact that C' = C™4. If @ is not conjugate to a
subgroup of P, then Brg(d") is surjective by assumption, hence a contradiction.
We deduce by induction that the indecomposable summands of C' have a vertex
contained in P.

Bro(C) = 0 if @ is not conjugate to a subgroup of P.
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We deduce also that the complex

Brp(d"
0 — Brp(C™) Brold fzrp(cnﬂ) =0

has no nonzero direct summand that is homotopy equivalent to 0. By the
induction hypothesis, the complex

dnfl
s Brp(cn—%rP( rP(cn) —~0

has no nonzero direct summand that is homotopy equivalent to 0. It follows
that Brp(C) = Brp(C)red,

We deduce from this that D ~ Brp(C) @ D’, where D’ is homotopy
equivalent to 0. So D’ is a sum of complexes of the form 0 — V LN VAN
with V' projective indecomposable (up to a shift), hence there is a bounded
complex C’ of f-permutation AG-modules that is a direct sum of complexes
of the form 0 — M(P,V) 1, M(P,V) — 0 with V projective indecomposable
such that Brp(C”) ~ D’. We have Brp(C @ C’) ~ D, as desired. O

The following lemma is close to [Bou98, Prop. 7.9].

LEMMA A.3. Let G be a finite group and C be a bounded complex of
(-permutation kG-modules. Assume H'(Brg(C)) = 0 for all i # 0 and all
(-subgroups Q of G. Then C ~ H°(C) in Ho(kG).

Proof. Replacing C' by C™9, we can and will assume that C' has no nonzero
direct summands that are homotopy equivalent to 0.

Let i > 0 be maximal such that C°#£0. The map diB_r;(C) = Brg(d5)
Bro(C'1) — Brg(C?) is surjective for all f-subgroups Q. It follows from
Lemma A.1 that dic_l is a split surjection: this contradicts our assumption
on C. So C* = 0 for i > 0. Replacing C by C*, we obtain similarly that
Cég =0 for ¢ < 0. The lemma follows. O

The following theorem is a variant of [Rou01, Th. 5.6].

THEOREM A.4. Let G be a finite group and H a subgroup of G. Let C
be a bounded complex of ¢-permutation k(G x H°PP)-modules all of whose in-
decomposable summands have a vertex contained in AH.

Assume Hompp (e (@) (Brag(C), Brag(C)[i]) = 0 for all i # 0 and
all L-subgroups Q of H. Then End}o(C) is isomorphic to Endpsey(C) in
Hol(k(H x H°PP)).

Proof. Let R be an ¢-subgroup of H x H°PP. By [Ric96, proof of Th. 4.1],
we have Brgr(End;,(C)) = 0 if R is not conjugate to a subgroup of AH, and
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given ) < H an f-subgroup, we have
Braq(End;(C)) ~ Endie, o) (Brag(C))
in Comp(k(Cr(Q) x Cr(Q)PP)).

Note that the indecomposable summands of Brag(C) are projective for
kCq(Q) since their vertices are contained in z(AH)z~'N(Ce(Q) x 1) for some
x € G x H°PP, hence

H'(Endj ¢, ) (Brag(C))) ~ Hompe(e, o)) (Brag(C), Brag(C)[i)

and this vanishes for ¢ # 0. Consequently,
BI‘AQ(EHd;G(C)) >~ EndDb(kCG(Q))(BrAQ(C))

in D(k(Cr(Q) x Cu(Q)*P)).
The conclusion of the theorem follows now from Lemma A.3 applied to
the complex End}(C). O

The following corollary, used in the proof of Theorem 7.6, might be useful
in other settings.

COROLLARY A.5. Let G be a finite group, H a subgroup of G, b a block
idempotent of OG, and ¢ a block idempotent of AH. Let C be a bounded
complex of L-permutation (AGb, AHc)-bimodules, all of whose indecomposable
summands have a verter contained in AH. Assume

Hom pi (e (0)) (Brag(C), Brag(C)[i]) = 0

for all © # 0 and all £-subgroups Q@ of H and the canonical map kHc —
End pb () (kC) is an isomorphism. Then C induces a splendid Rickard equiv-
alence between AGb and AHc.

Proof. Theorem A.4 shows that the canonical map kHc — End}q(kC) is
an isomorphism in Ho®(k(H x H°PP)). It follows from [Ric96, Th. 2.1] that kC
induces a Rickard equivalence between kGb and kHc. The result follows now
from [Ric96, proof of Th. 5.2]. O
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