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1. Introduction

Let g be a complex, semisimple Lie algebra and D the corresponding Dynkin diagram. The notion
of quasi-Coxeter algebra of type D was introduced in [TL2] to put the monodromy of the Casimir
connection of g [MTLTL] and the quantum Weyl group representations arising from the quantum
group Ugg [Lu] on an equal footing, and allow for their comparison via a suitable deformation com-
plex.

Roughly speaking, a quasi-Coxeter algebra A of type D is an algebra which carries representa-
tions of the generalised braid group Bp corresponding to D on its finite-dimensional modules. The
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deformation theory of such an algebra is controlled by a complex CD(A) concentrated in degrees
0 < p < |D| called the Dynkin complex of A.

If W is the Weyl group of g, the complex group algebra A = CW possesses quasi-Coxeter alge-
bra structures accounting respectively for the representations of Bp coming from the Hecke algebra
H(W) of W and the monodromy of Cherednik’s KZ connection [Ch] (see [TL2, Section 4] for details).

While in this case these representations may easily be shown to be equivalent, this raises nonethe-
less the question of computing the Dynkin diagram cohomology of CW and more generally of the
group algebra kW of a Coxeter group over an arbitrary ground ring k, when the underlying D-algebra
structure arises from the standard parabolic subgroups of W.

In the present paper, we answer this question when W is finite and k is a field of characteristic 0.
Along the way, we also determine the top cohomology groups for arbitrary Coxeter groups and obtain
partial results for affine ones.

We carry out our computations by filtering CD (kW) by the number of vertices of subgraphs of D.
Interestingly, and crucially for us, the associated graded complex Gr(CD(kW)) turns out to be dual to
the sum of the Coxeter complexes of all standard, irreducible, parabolic subgroups of W. This greatly
simplifies the computation of H*(CD(kW)) since the Coxeter complex is acyclic for affine Coxeter
groups and has cohomology in one degree only for finite ones.

We turn now to a detailed description of the paper.

In Section 2, we review the definition of the Dynkin complex of a D-algebra and define its canon-
ical filtration.

We then consider in Section 3 the case of the group algebra of a Coxeter group. In this case,
the Dynkin complex has a direct sum decomposition parametrised by the conjugacy classes of W.
Further, the graded complex Gr(CD(kW)) determined by the filtration of CD(kW) decomposes as a
sum parametrised by connected subgraphs B of D. The summand associated to B is given by the
morphisms from the Coxeter complex of W to kWp endowed with the adjoint action of Wp.

In Section 4, we use the known description of the cohomology of the Coxeter complex for finite
and affine Coxeter groups to compute the cohomology of Gr(CD(kW)).

In Section 5, we consider finite Coxeter groups. We compute the induced differential on
H*(Gr(CD(kW))) and show that the resulting complex is quasi-isomorphic to CD.

We apply this result in Section 6 to prove the rigidity of quasi-Coxeter algebra structures on kW
when W is finite.

The main result of Section 7 is the construction of a basis of the top Dynkin cohomology of the
group algebra of an arbitrary Coxeter group: it is parametrised by cuspidal conjugacy classes such that
the centraliser of an element of the class is in the kernel of the sign character.

Section 8 is devoted to the determination of the Dynkin cohomology of finite Coxeter groups.
We proceed case by case, by explicit computation for W classical or of type Gy and Fg4, and by
using the program GAP for the remaining exceptional groups. In types A and B, we provide a very
simple formula for the corresponding generating series which, in type A turns out to be the product
of a bosonic and fermionic partition function. We show moreover that, for W classical, the Dynkin
cohomology spaces stabilise with the rank of W.

In the final Section 9, we describe the part of the Dynkin cohomology of an affine Weyl group
corresponding to conjugacy classes of elements of infinite order.

2. D-algebras and the Dynkin complex

This section reviews the definition of D-algebras and of the Dynkin complex. With the exception
of Section 2.4, the material is borrowed from [TL2].

2.1. D-algebras [TL2, Section 3]

Let D be a connected diagram, that is a nonempty undirected graph with no multiple edges or
loops. We denote the set of vertices of D by V(D) and set |D| = |V (D)|. By a subdiagram B C D we
shall mean a nonempty full subgraph of D, that is a graph consisting of a subset V(B) of vertices
of D, together with all edges of D joining any two elements of V (B). We will often abusively identify
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such a B with its set of vertices and write o € B to mean « € V (B). Two subdiagrams By, B C D are
orthogonal if they have no vertices in common and no two vertices o1 € B1, oy € By are joined by an
edge in D.

Let k be a fixed commutative ring with unit. By an algebra we shall mean a unital, associative
k-algebra. All algebra homomorphisms are assumed to be unital. Recall the following

Definition 2.1. A D-algebra is an algebra A endowed with subalgebras Ap labelled by the connected
subdiagrams B of D such that the following holds:

e Apg C Ap whenever B C B'.
e Ap and Ap commute whenever B and B’ are orthogonal.

If B1, B € D are subdiagrams with B connected, we denote by Agf the centraliser in Ap, of the
subalgebras A Bl where Bg runs over the connected components of Bj.

2.2. The Dynkin complex [TL2, Section 5]

For any 0 < p <n=|D|, set

CP(A) = @ Ag\g
«CBCD

lel=p

where the sum ranges over all connected subdiagrams B of D and ordered subsets o = {o1, ..., ap} €
V(B) of cardinality p and, by convention, A‘g = Ap. We denote the component of a € CP(A)
along A3\ by ap.q).

Definition 2.2. The group of Dynkin p-cochains on A is the subspace CDP(A) C CP(A) of elements a
such that

aBioa) = (=1 ap;a)
where, for any o € Gp, o{a1, ..., 0p} = {Co(1), - - -+ Ao (p)).2

Note that

CD°(A)=EP z(Ap) and CD"(A)~Ap
BCD

For 1< p <n—1, define a map d} : CP(A) — CP*1(A) by

p+1
_ _1)i—1 ) _ )
(dp@) p:a) = 2( D7 @) —dghe ) (1)
1= -
where o = {aq,...,0p11}, URZZ is the connected component of B \ ¢; containing ¢ \ «; if one such

exists and the empty set otherwise, and we set ag,—) = 0. For p =0, define d% :C9A) — C1(A) by

2 In [TL2] Dynkin chains are defined with values in any D-bimodule M over A. We shall only need to consider M = A in this
paper and therefore restrict attention to this case.
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0
dpa(s;a;) =B — p\g

where ap\q; is the sum of ap, with B ranging over the connected components of B \ ¢;. Finally, set
d}, =0. The map dp leaves CD(A) invariant and satisfies d2D =0. The cohomology HD(A) of CD(A)
with respect to dp is called the Dynkin diagram cohomology of A.

2.3. Restriction [TL2, Section 5.2]

Let D’ be a connected subgraph of D. We have a morphism of complexes

Res, : CD(A) — CD(Ap)
AB\QBG {a ifBCc D’
0 otherwise

2.4. The canonical filtration on CD(A)

Endow each chain group CP(A) with the N-grading given by

B
= P A°
aCBcD
lo|=p, |B|=q
where p < g <n, and set CD(‘;(A) =CDP(A)N Cg (A). Since |Cg§g’| < |B|, the Dynkin differential dp
maps CD}(A) to

DP+1 (A) _@CDP-FI (A)
=q

This gives a decreasing N-filtration on the Dynkin complex of A. The E;-term of the corresponding
spectral sequence is the cohomology of CD(A) with respect to the differential

p+1

(dda) (B:a) Z( D' ag.gan (2)

3. The Dynkin complex of a Coxeter group
3.1. Description

Let W be an irreducible Coxeter group with system of generators S = {s;j}ic; and let D be the
Coxeter graph of (W, S). For any subgraph B € D with vertex set Ig C I, let Wg C W be the standard
parabolic subgroup generated by s;, i € Ip.

Regard the group algebra A =kW as a D-algebra by setting Ap = kWp. By choosing a total order
on the vertices of D, we can identify the corresponding Dynkin complex with

coP= P kwp"re
aCBcD
lael=p

where « now ranges over the unordered subsets of V(B) and the Wpg\-fixed points in kWp are
taken with respect to the diagonal (adjoint) action. The Dynkin differential on kWg"#\¢ is the map
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kwpWee @ kW Weeus) g @ kW g VB \@uisn

BeB\x BCB'cD
BeB\a:
B=CE\A)
given by
(Z(_l)pos(ﬂ,gum}mcam Z(_])posw,quwncan)
B B'.B
where can is the canonical inclusion map and for any g € g C V(D), pos(g, B) € {1,...,|Bl|} is the

position of 8 relative to the total order on B.
3.2. Decomposition by conjugacy classes

Let C be the set of conjugacy classes of W. For any c € C, set

Dl = P kwgnone
aCBCD
lal=p

where, for any set X, k(X) is the vector space with basis X. Then CD, = @p CD? is a subcomplex
of CD and

cn:@cnc

ceC
We denote the cohomology of the corresponding complex by HD.(kW).
3.3. Filtration

When filtered as in Section 2.4, the associated graded complex Gr(CD) (=the Ei-term of the
spectral sequence) is the sum over all connected subdiagrams B C D of the subcomplexes CDp given

by

cDf= P kwp"re
aCB, |a|=p

~ P Homy,(k(Ws/Wp\a),kWp) 3)
aCB, la|=p

Recall that the Coxeter complex CC? of Wj is the (homology) complex

cch = @ k(Wp/Wp\a)

aCB, |a|=p

with differential given by

p
dc(WWp\g) = Z:(—l)'_1 WW (B\a)U{e;}

i=1
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where a = {ay,...,ap} with a1 < --- < ap. The following immediate result identifies the B-
component CDp of Gr(CD) with the dual of the Coxeter complex of W with values in kWg.

Proposition 3.1. The isomorphism (3) induces an isomorphism of complexes
CDg =~ Homy, (CC® kWg)
4. The cohomology of CDg
Assume henceforth that k is a field of characteristic 0.

4.1. Finite Coxeter groups

Assume in this subsection that W is finite. Let Sg be the unit sphere in the Euclidean reflection
representation of Wpg, and cellulate Sp by its intersections with the chambers of Wpg. Then, the
Coxeter complex CCE is the cellular homology complex of Sg, reduced and shifted by one [Hu]. Thus,
Hp(CCB) is zero if p < |B| and the sign representation & of Wy otherwise, so that, by Proposition 3.1,
we have

kWg® if p=|B]
0 otherwise

HP(CDp) ~ { (4)

where kWpg® C kWp is the subspace transforming like the sign representation & of Wp.
Consider kWg?[—|B|], a complex concentrated in degree |B|. We have a morphism of complexes
ip : kWg®[—|B|] — CDp given by the inclusion

kWB‘g — I(WB = kWBWB\B

in degree |B|. Let Altg : kW — kW3® be the projection given by

1
Altg(f) = Wal e(w)wfw™!

weWp

Since Altp is zero on ), p kwg"Be it defines a morphism of complexes pp: CDg — kWpg®[—|B|].
Summarising, we have the following proposition.

Proposition 4.1. If W is finite, the maps ip : kWg®[—|B|] — CDp and pg : CDg — kW g®[—|B|] are quasi-
isomorphisms such that pp oip = id.

4.2. Affine Coxeter groups

Assume now that Wp is an affine Coxeter group, and let Eg be the Euclidean space of dimension
|B| — 1 cellulated by the alcoves of Wg. The Coxeter complex CCEB is the cellular homology com-
plex of Ep, reduced and shifted by one [Hu], and is therefore acyclic. Its terms of positive degree
are induced from the trivial representation of finite (parabolic) subgroups of W and are therefore
projective. Thus, CC8 is a projective resolution of the trivial Wg-module. It follows from this, and
Proposition 3.1, that

Exthy '(k.kWp) ifp>2

HP(CDB)Z{ (5)
0

otherwise

where kW is endowed with the adjoint action of Wp.



R. Rougquier, V. Toledano Laredo / Journal of Algebra 323 (2010) 59-82 65
5. The E,-term of the Dynkin complex of a Coxeter group
5.1. Finite Coxeter groups

We assume in this section that the Coxeter group W is finite.
Consider the complex

HC = @I(WBS (6)
BCD

where kW pg® appears in degree |B|, endowed with the differential d* given by

d* =" D)EB Al kW > P kwpe (7)
B’ BCB’
|B'|=[B|-+1

where, given B’ C D with ordered set of vertices ay < -+ < ag and B C B’ such that B\ B = {«;}, we
set (B’; B) =1.

Note that this complex is concentrated in degrees > 2 since, for |B| = 1, we have kW3® =
k&,¢ =0.

Consider the application ¢ : CD — HC given by

kWY 5 a1 Altg(a) (8)
Proposition 5.1. The application ¢ is a quasi-isomorphism of complexes.

Proof. Let a € kW5, We have ¢dp(a) =0 = ¢(a) if  # B. On the other hand, if @ = B, we have

pdp@= Y (=D)PEVEE) Alt(a) =dpg (a)

BCB'cD
|B'|=|B|+1

so that ¢ is compatible with the differential.

Consider the filtration on HC given by (HCxq)? = HCP for p > q and (HC»¢)? =0 for p <q.
The morphism ¢ is a morphism of filtered complexes. Via the canonical isomorphisms of Section 3,
the induced morphism ép :CD»p/CD»py1 — HCyp/HCxpyq becomes the sum over connected
subdiagrams B of D of cardinality p of the morphisms pp of Section 4.1. It follows that qEP is a
quasi-isomorphism by Proposition 4.1. The proposition follows. O

Let D’ be a connected subgraph of D and HC’ the corresponding complex. Via the isomorphisms ¢
above, the restriction map of Section 2.3 becomes

ResD, : HC — HC’

a ifBcD’

kWgsa— { i
0 otherwise

Remark 5.2. It seems an interesting problem to determine whether the complex (6)-(7) is the cellular
cochain of a CW-complex or the Morse complex of a smooth manifold naturally associated to W.
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5.2. Finite part

Assume now that W is an arbitrary Coxeter group. We proceed as in Section 5.1 for the subspace
of CD corresponding to subdiagrams B € D such that W is finite.
Let CDjnf C CD be the subcomplex

CDinr = @ CDp
BCD:
|[Wg|=00
Let
HCr= € kws®

BCD:
[Wg|<oo

where B runs over connected subdiagrams of D which are Dynkin. Here, kWpg® is in degree |B|,
endowed with the differential d* given by

Y =DEB Altg kWt > P kwpt
B’ BCB'
|B'|=[B|+1
Consider the application
¢:CD — HCy

Altg(a) ifa=Band |Wpg| <o

kwgWee 5 q > { i
0 otherwise
As in Proposition 5.1, one checks that ¢ is a morphism of complexes.

Proposition 5.3. There is a distinguished triangle
CDjng <% €D & HCf

Proof. One shows as in Proposition 5.1 that the map CD/CDj;y — HCy induced by ¢ is a quasi-
isomorphism. O

6. Rigidity of quasi-Coxeter algebra structures on kW

We apply below the results of Section 5 to show that quasi-Coxeter algebra structures on kW
are rigid if W is finite. We begin by reviewing the definition of quasi-Coxeter algebras and their
deformations.

6.1. Quasi-Coxeter algebras [TL2, Section 3]

Let R be a commutative ring with unit. Recall that a quasi-Coxeter algebra structure on RW is given
by endowing it with the following data:

o Local monodromies: for each i € I, an invertible element S; € RWy, = RZ;
o Elementary associators: for each connected subdiagram B C D and vertices «; # «; € B, an in-
vertible element ®(g;q, ;) € RW;
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satisfying the following axioms:

e Orientation:

-1
P(Biaje) = (D(B;Oliﬂj)
e Support:

‘D(B;a,-,aj) € RWgp B\{aj, o}

e Braid relations: for any connected subdiagram B € D consisting of two vertices «;, o such that
the order m;; of s;s; € W is finite, the following holds:

Ad(P B 0))(Si) - Sj- - =S Ad(PB;a,))(Si) - - (9)
where the number of factors on each side is equal to m;;;
as well as an additional axiom called the generalised pentagon relations, see [TL2, Section 3.17].
The above axioms are designed so that the elements S; and ®(g.q, «;) define a representation of
the Tits braid group By on any W-module, with isomorphic quasi-Coxeter algebra structures yielding
equivalent representations of By, see [TL2, Section 3.14].

6.2. Deformations of quasi-Coxeter algebra structures [TL2, Section 5]

Let now R = k[[i]] be the ring of formal power series in a variable . Let

(S} (Pmarap)) and  ({Si} {P(p01.0))

be quasi-Coxeter algebra structures on RW = kWh]] such that, mod h
cz’(B;onuoq) =1= d’fs;ai,aj)

Assume further that S; = Slf for any «; € D, and that the two structures coincide mod A" for some
n > 1, that is that

D500 = Pibiaiay T M"PBia.ap) mod AT (10)

for any o; # aj € B C D, where ¢(p.q;.0)) € kw gBMaiaj}

Then, by [TL2, Theorem 5.22], ¢ = {0B;0,a)} is a 2-cocycle in the Dynkin complex CD (kW) and
the two structures are isomorphic mod A"*! if, and only if, @ is a coboundary.

6.3. Rigidity

Let {S;}ie; be elements such that

SiekWy(Rll and S;=s; modh

Theorem 6.1. Assume that W is finite. Then there exists, up to isomorphism, at most one quasi-Coxeter algebra
structure on kW [[h]] with local monodromies given by the elements S; and associators equal to 1 mod h.
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Proof. Let ¢ € CD?(kW) be the infinitesimal defined by (10). The linearisation of the braid rela-
tions (9) reads, for any connected subdiagram B C D with vertex set {a;, o}

Altg (@ (Ba.0)) =0
where Altg : kW — kW3? is the antisymmetrisation operator.
The image of ¢ in HC?(kW) = @Dscp: pj=2 kW5® via the morphism (8) is therefore zero so that
[¢]=0 in HD?(kW) by Proposition 3.1. O

6.4. When k = C, one can endow kWh] with two quasi-Coxeter algebra structures having local
monodromies

Si =5; - exp(iw~/ —1ky;hs;)

where ¢y, € C are a set of complex weights invariant under W [TL2, Section 4]. The first structure
comes from the standard one on the Iwahori-Hecke algebra HW obtained by quotienting the group
algebra of the braid group By by the quadratic relations

(Si—a(Si+a;') =0
where q; = exp(27+/—1kg; 1), the second one underlies the monodromy of Cherednik’s rational KZ
connection [Ch].
By [TL2, Section 4.2.2], these two structures are isomorphic. Theorem 6.1 strengthens this result
by showing that there are no other such structures with the above local monodromies.
7. Top dimensional Dynkin diagram cohomology of Coxeter groups

7.1. Sign-coinvariants of kW

Let W be a Coxeter group with system of generators S = {s;}ic;. Let V be a W-module and set

V=>)"V% and V.=V/V (11)
i

Proposition 7.1.

(1) V is invariant under W.
(2) ForanyveVandwe W,

wv=g(w)v modV

where ¢ is the sign character of W. Thus, W actson Ve by e.
3)IfV = @j Vj is a direct sum of W -submodules, then V = @j V ;. In particular,

Ve =PV
J



R. Rougquier, V. Toledano Laredo / Journal of Algebra 323 (2010) 59-82 69
Proof. (i) Since Vi = (1 +s;)V, we have

siVi=sij(14+s)VCA+s)A+spV+ A +spV C V4V

(ii) Write w =s;, - --s;,. Then, for any v e V

WV =Sj -5,V
=—Sj, -+ Sj,V+ (1 +5i)Si, -+ Si, V
K .
= (DY + Y DI+ si)sip oS,
j=1
(iii) is clear. O
Remark 7.2. Proposition 7.1 also follows from the fact that VSi = (1 +5;)V so that V, ~ & Qkw V.

Let now V = kW endowed with the conjugation action of W and let C be the set of conjugacy
classes of W. For any c € C, choose w. € ¢ and let Ay, be the image of w. € kW in kW. Let Cy (W)
be the centraliser of w. in W.

Proposition 7.3.

(1) For any Coxeter group W, we have A, # 0 when &(Cw (w¢)) =1 and

kW, = @ kAw,
ceC:
e(Cw (we))=1

(2) IfW is finite, then given c such that £ (Cy (w¢)) = 1, the element AWe = waew/cw(WC)S(W/)W/WCWP]

is nonzero and

kW?é = @ kAWe
ceC:
e(Cw (we))=1

Proof. (i) Since kW = .. Fc, where F; =k(c) is the subspace spanned by elements of c, Propo-
sition 7.1 yields kW{y, = @ cc(Fe)e. Since W acts transitively on c, it follows from (ii) of Proposi-
tion 7.1 that (F¢), is spanned by Ay, and therefore at most one-dimensional. If w centralises we,
then, by (ii) of Proposition 7.1,

Aw. = AWWCW*1 =WAw, =(W)Ay,

so that Ay, is zero if the sign character is not trivial on the centraliser of w.. Conversely, if
e(Cw (w¢)) =1, the assignment ww. — £(w) consistently defines a nonzero linear form on . which
descends to (F¢)e so that Ay, # 0. (ii) readily follows from (i) and the fact that if W is finite, V, ~ V¢
for any W-module V. O

Consider ¢ € C such that €(Cw(w¢)) = 1. Then, Ay, depends only on ¢ and we put A = Ay,.
Similarly, when W is finite we put A = A%,
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7.2. Top cohomology

Assume now that W is irreducible of rank n and let D be its Coxeter graph. Let P be the collection
of proper, maximal connected subdiagrams B of D and kW p C kW the span of kW as B varies in P.
For any c € C, let A be the class of A in kW./(kWp NkW).

Proposition 7.4. We have a decomposition in one-dimensional subspaces
HD" (kW) = P kA,
ceC:
E(Cw (we))=1
cNWp=0,YBeP
Proof. The top degree Dynkin differential d}, is zero. Moreover,

n
-1 i—1
dy ap;p) = Z(—l)l (@:p\ay) — e

i=1

)

D\«
D\aj s D\

Since a(p:p\o;) € kW and a € kWGD\ai,

(Bgiiiﬁ;D\an D\
n
Imdy ' =Y kW 4+ kwp
i=1 BeP
The result now follows from Proposition 7.3. O
8. Finite Coxeter groups
8.1. Finite Coxeter groups of rank 2

Let W = I(m), m > 3, be the Coxeter group with generators s,t and relations s> =1 =t2 and
(st)"=1.For p=0,...,m—1, let cP be the conjugacy class of (st)?.

Proposition 8.1.

1ot

kwe = P kA
p=1

Proof. The only conjugacy classes involved in the decomposition of Proposition 7.3 are those of words
in s, t of even length and therefore those of the powers of st and ts. Since ts = s(st)s we need only
consider the classes ¢, p=1,...,m — 1. Moreover, since (st)™ P = (ts)P = s(st)Ps, cP =c™ P and
we may restrict our attention to 1 < p < m/2. Finally, since for m even (st)™/2 is central in W, the
only possible relevant values of p are 1,..., LmT’lj. The proposition follows from the fact that for

p=1,..., LmT’lj, the centraliser of (st)? in W is generated by st. O

Since the differential d* (7) is zero for W of rank 2, Proposition 8.1 implies the following
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Theorem 8.2. For any m > 3,

0 ifp=0
dim HDP (kl(m)) = (Em_ﬂ zﬁ:
0 ifp=>3

8.2. Type A,

Let W = ;41 be the Weyl group of type A,, n > 1. The conjugacy classes in W are parametrised
by partitions A = (A1, ..., Ax) of n+ 1, with c* the class of the product of cycles

k—1 k
zkzaz---x])(m+1x1+2--.A1+A2)--.<in+1~--ZA,~>
i=1 i=1

82.1. For any m € N*, let

Om={AFm|x €2N+1, Viand A; # 1, Vi # j} (12)
be the set of partitions of m consisting of odd, distinct parts.

Proposition 8.3.

kGpi1f = EB kA
2€0n11

Proof. Since s(mm+1---m+p —1) = (=1)P~1, the only conjugacy classes involved in the decom-
position of Proposition 7.3 are those such that each A; is odd. Moreover, since the product

mm+1.--m+p—-1Dmm+1.-m+p-1)
of two disjoint cycles of equal length is centralised by 7 = (mm’)---(m+p—1m'+p—1) and g(r) =
(—1)P, the A;’s must all be distinct. When this last condition is fulfilled, any element centralising t*

is of the form

k—1

k my
g:(lz...xl)ml(m+1A1+2.-.Al+A2)’”2...<Zx,~+1mz,\i>
i=1 i=1

for some 0 <m; < A; — 1. Since €(¢) = ]_[i((—l)*i—l)'"i, the partitions arising in the decomposition of
Proposition 7.3 are exactly those in Op41. O
8.2.2. Identify the connected subdiagrams of the Coxeter graph D of W with the subintervals

of [1,n] having integral endpoints so that W; jj ~&j_i;p. Forany 2<p<nand 1<i<n—-p+1,
let

’, A
At ivp1 =Alttiiep—11 (T i po11) €KW iy 1) (13)

be the generator corresponding to A € Op1. We shall need the following
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Lemma 8.4.
x A if1 g
Alt[i,i+p](Afi,i+p—ﬂ)=[ lii+pl ,
0 otherwise
and
AU{1} .
% (—1PFHTACT L if1é
Alt[i—l,i+p—1l(Afi,i+p—1j)={ (=1l ,
0 otherwise

provided i <n — p and i > 2 respectively.

Proof. The first identity follows from the fact that under the inclusion &yjjyp_17 C Syiiyps
AU{1}

is mapped to T itp)- The second one follows from the first and the fact that, in &_1,j4p—1],

A
Ui.i+p-1]
Tfiivp_1y =A(( = 1i- i+ D) T i1poa
and e(i—1i---i+p)=(-1)P*. O

8.2.3. Label the nodes of D as in [Bo, Planche I] and order them as «; < --- < ap. For any p =
1,...,n, let

n—p+1 n—p
# . - ..
dp: @ kWiiisp—1° — @kw[mﬂﬂa
i=1 j=1

be the differential of HC, where the right-hand side is understood to be 0 if p =n. Set

Opi1={1€0pt111¢2} (14)
Proposition 8.5. Forany p =2, ...,n,
n—p+1

# A

md, 1= P D ki, (1)
i=1 )\EOP+1Z
Tex
# # A
Kerdy =Imd} ;& € kB (16)
AeO";_H

A N =pF1 pct
where B =3 " Afj i po1y-

Proof. Since

(li—-1i+p—=2Lli+p—2])=1 and ([i,i+p—1L[i,i+p—2])=p
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Lemma 8.4 yields, for any A € Opandi=1,....n—p+2,

(17)

b ad Jum Jui)
Ay 1Af iy p—21 =1 - (CDP(=8iz2 - Afi_y 1y p_ay + Si<n—p+1 - Afiipp_1))

It follows that, for any A € O%,

Al
ZA[J -2 | = DPAG (18)

which yields (15). It also follows from (17) that, for A € O

p+1, * is the unique linear combination
of Afﬁ,,rp_” such that d B* = 0, which yields (16). O

824.
Theorem 8.6. Forany 0 < p <n,

1 ifAa=)MU{1"P}land A € OF

dim HDP (kS 1) = { p+l (19)

0 otherwise

Proof. (19) holds for p > 2 by Proposition 8.5 and therefore for p > 0 since dim HD!(kGp41) =0 =
|O;“+1| fori=0,1. O

8.2.5. Generating function

Theorem 8.7. Set

M@= Y ¢'t"dimHDPkSpi1)
n>1,p>0

Then,

1 [Tas 1+ @2 —1
1—¢q qt

xMg.t=
Proof. Since HDP (kGp1+1) =0 if p=0or p >n+ 1, we have

xAa.0=Y q"tPdimHDP (kSpi1)

nzp>1
_\ e o*
=2 7=¢l%l
p=>1
1 gz (1 +@)*+H -1
T 1-—gq qt

where the last identity follows from the fact that

Y Mop| =Y Mon|=(1+2)1+28)(14+7) =1 O (20)

m>1 m>2
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Remark 8.8. Up to a multiplication by gt, the generating function x* is the product of a Fermionic
partition function by that of a one-dimensional harmonic oscillator. It would be interesting to know
whether the direct sum

@ HDP(kSns1)

n>1,p>0

possesses a natural action of an infinite-dimensional Clifford algebra similar in spirit to that on the
cohomology of the Hilbert schemes of points on a surface [Gr,Na].

8.3. Type B,

Let now W = &, x Z5 be the Weyl group of type By, n > 2, and denote the generators of Z by &;,
i=1,...,n. The conjugacy classes in W are parametrised by ordered pairs of partitions (A, ) such
that [A| + || =n, where |A| = Y_; A; [GP, Proposition 3.4.7]. The class ¢c*# is that of the product
T*TH, where

Th= (12 A+ T 42 A +22) - (IR = A+ 1+ [2]) (21)

and

TR = (A4 1A+ 1) Eppy - (M= g +1---n)ey (22)

Proposition 8.9.

k(Sn x Z8) = D2 kA" ifnis even
0 ifnis odd

Proof. A necessary condition for a conjugacy class c*:#) to contribute to the decomposition of Propo-
sition 7.3 is that the A; be odd and the w; even since £(g;) = —1. Since (mm+1.--m+p—1) is
centralised by &p - - - émyp—1 and €(&m - - - Emyp—1) = (=P, A must in fact be the empty partition. In
particular, n must be even.? There remains to show that if i - n only contains even parts, the sign
character ¢ is trivial on the centraliser of T#. This is readily reduced to the case when p only has
one part which follows in turn from the following result. O

Lemma 8.10. The centraliser of (1---p)&p in Gp x Zg is the group Zpp, generated by (1---p)&p.

Proof. If w € G x Zg centralises (1---p)gy, its projection in &, centralises (1---p) and is therefore

equal to (1---p)® for some 0 <s< p—1. Thus ((1---p)ep)~*w centralises (1---p)ep and lies in Zg
from which it readily follows that it is either equal to 1 or to &1---6, = ((1---p)ep)P. O

3 This also follows from the fact that the central element ¢ =& ---&, is of sign (—1)" so that

kW C{f ekW | fe=(-1)"f}

is zero if n is odd.
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Proposition 8.11. For any 0 < p < n, we have

1 if(u=0and x=A"U{1" P~} with )’ € O3 1)
dim HDP (kWg,)crn = or (A= 1""P)and u=2v withv p/2)

0 otherwise

In particular,

dim HDP?(Wg,) = dim HDP (k&y) + 8pean+ - P(p/2)
where P is the partition function.

Proof. Identify the connected subdiagrams of the Coxeter graph D of W with the subintervals of [1, n]
having integral endpoints so that

W Sjit2 ifj<n—1
L= Gnoiy1 X ZIH if j=n

Fori<p<n—1land1<i<n—p,let

AS

liitp-1) €KW,

[i,i+p—1]

be the generator corresponding to A € Op1, as in (13). By Proposition 8.9, Altﬁ,n](Af,-kn_l]) = 0. Since,
in addition kW_p4+1,n° is zero whenever p is odd and of dimension |[{v - p/2}| = P(p/2) when p is
even, the complex (@Bgn kWpg®; d*) of Section 5 decomposes as the direct sum of the corresponding

complex for &, and a complex concentrated in positive, even degrees with chain groups of dimension
dpean+ - P(p/2). O

Theorem 8.12. Set xB(q,t) = Y n>2 p>04"tP dim HDP (kWg,). Then,

[Tas1 T+ @)* ) =1 [y (1= (@)~ -1
(1—qt 1-¢q

xB@. =

Proof. This follows from Proposition 8.11, Theorem 8.7 and the fact that

Yo =J(1-29)" o

m>0 d>1
8.4. Type Dy

Let Z | C Zj be the kernel of the sign character and W = &, x Zj , the Weyl group of type Dy,
n > 3. The conjugacy classes in W fall into two types [GP, Proposition 3.4.12]:

type 1. These are labelled by ordered pairs (4, i) of partitions such that ||+ |u| =n and the number
of parts [i] of p is even. The corresponding class ¢**) is that of the product T*T*, where
74, TH are given by (21)-(22).

type II. These are labelled by partitions A of n all of whose parts are even, with c*I the class of

=12 ) =g — A+ 1 n— A=A+ 1 n)en_16n
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8.4.1.
Proposition 8.13.
& (pt) D kAC"? ifn is even
(kGn x Z5 ) = @ kA" @ vin/2: [v]e2N (23)
’ o<m<n 0 ifn is odd
1eOn
HEOn_m:
[pu]e2N

Proof. Conjugacy classes of type Il do not contribute to the decomposition of Proposition 7.3 since
1 is centralised by

w=n-—-XAg+1---n)&p_1&n

and e(w) = (—=1)*~1 = —1. Consider now a class c¢**) of type I which contributes to the decom-
position of Proposition 7.3. As in Proposition 8.3, the A; must be odd and distinct if A is nonempty.
Moreover, since for any 1 <i< j</¢

i—1 i
wij= (w +D o+ 1A+ ZMa)ﬂAHZz_l e
a=1

a=1

j-1 j
: (IAI +Zua +1---]A +X;Ma)8/\|+2£1 o € w
a=

a=1

centralises 72T and e(wj j) = (—DHitHi, all u; must be of the same parity. Finally, since for A1 odd,

W= (1220818 - (1M + 1 A+ 1) epp

lies in W, centralises *7* and e(w) = (—1)*1~1, all y; must be odd, and therefore distinct, if X is
nonempty.

There remains to show that if ¢ is a conjugacy class appearing on the right-hand side of (23), then
¢ is trivial on the centraliser of any element of c. If c = c?#) with all u; even, the centraliser of TH
in Z5 x &, lies in the kernel of & by Proposition 8.9. A fortiori, this is true in Zg.Jr x Gp. If, on the
other hand, ¢ = c¢»"), where A and j are either empty or consist of odd, distinct parts, it follows
from Lemma 8.14 below that the component o € &, of any w € W centralising 7*T# is of the form

(12 )™ o (1A = g+ 1o 2™

’

(AT A )™ e 1 )™
so that e(w) =¢(o0)=1. O

Lemma 8.14. The centraliser of (1---p)(p + 1---2p)eyp in Gap X ng is the product of the centralisers
of(1---p)and (p+1---2p)eap in Sy, py X Zb and Sp1,..2p) X Zb respectively.
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8.4.2. Label now the nodes of the Dynkin diagram D of W as in [Bo, Planche IV], so that o3 is
the trivalent node of D if n > 4, and order them as &1 < -+ <op—2 <p—1 <. Forany 1 <i<j <

n—2, let [i, j]1C D be the connected subdiagram with vertices «, ..., aj. Forany i=1,...,n—2, let
Bii C D be the connected subdiagrams with vertices «;j,...,an— and a1 (resp. o) and BlY cD
the subdiagram with vertices «;, ..., ®,. Thus,

~ ~ n—i+1
W[i.j] ~ Gj,i+2, WBii =~ 6n7i+1 and WBxY =~ aniJr] X Z2’++

Let 0 € Aut(W) be the involution induced by fixing the nodes «1,...,®;—> and permuting o1
and oy so that o (Wgt) = Wg-. For any A € Op_i41, set A?, = JA?P
1 1 i i

Proposition 8.15. The following holds for 3 < p <n,

# A
md;_ = B D ki

n—p—1
=1

)\EOPJr]Z i
ler

e p v

reO0pi1:
lex

(W)
e P kA 1 (24)
n—p+
1<msp
_Xe(’)m
reOp-—m:
lex,[x]e2N

where the first summand only arises if p <n — 2 and

(Ac*+ +ACK, ’Ac: —AC(Q\”)‘”),A&, +AC%\(W)) ifp<n—1
A Bn_p Bip’ Bap Bn—p+1 Bip Bn—p+1
Vi= 0\1).9) (25)
kA%y ' ifp=n
1
Proof. By (18), the image of the restriction of dﬁq to
n—p—1
D Wi jrp-2n°
Jj=1
is the span of the generators AS i=1,...,n—p—1,as A runs through the elements of Op4

[i,i+p-1]
containing 1. This accounts for the first summand in (24). Further, since

(n—p—1,n=2];[n—p,n—2])=1 and (B,j,ip; n—p,n—2])=p
Lemma 8.4 yields, for any 1 € O,

# CX . P B CKum CXum CXum
dp—]( [nfp,n72]) =(=D"- Blgék : (_A[nfpfl,n72] + ABﬁlp + AB,LP )
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Thus, if p<n—1 and A € Op41 contains 1,

A A
AL +AY elmdy_, (26)

n—p n—p

To proceed, we need the following

Lemma 8.16. For any 1 € Op,

(5. )=a

n—p+1

cEm

Y
Bn—p+1

Altgy

n—p+1

Proof. The “+” identity follows from the fact that, under the inclusion W+  C Wpy T s
n—p+1 n—p+1 Bn—p+1

x

Br)l(—erl

&0

Y
Bn—p+1

mapped to T . The “—" one follows by applying the automorphism o and noticing that A

is fixed by o. Indeed if 1 € 1, tBXY 1 lies in Wn_p41,n—2) and is therefore fixed by o. If on the other
n—p+

hand 1 ¢ 1, the cycle (1 — Ay +1---n) is the product Sn_i,+1 " Sn—1, SO that

om—Ik+1---n) =S, 511" Sn-25n
=M—A+1---Men_18n

=Ad(&, 5,41 En-1)(N = Mc+1---n)

whence
*.9 X .9
oA, =Altyy Ad(e, 7 .1 -En_1)Thy = A,
n—p+1 B"*IJ+1 ( n—h+1 Bn—p+1) Bn—p+1

since &(&,_j, 41 En-1) = (=11 and & is odd. O
Since

(Bzf—pg Bni—p+1 ; B:—;H—]) =p and (Brsl(—p-H; n_—p+1) =p-1

) =1, (Bi};—p-H’

Lemmas 8.4 and 8.16 imply that, for any A € Op,

# A U1} (o))
dp1(Afs )= (DI (b A £ AYy

n—p+1 n—p+1

(27)

Choosing X € Op such that 1 ¢ X in (27) and using (26) accounts for the second summand in (24). To
conclude, we need the following straightforward consequence of Lemma 8.4.

Lemma 8.17. Forany4 < p <n,

o 0 iflerorp e 2N*Vi
c N

= Uy .
B,Ylfpﬁ) (=D A%y otherwise
n—p+1

Alth

n—p+1

(A

Since d* . (f) = —Altgy (f) for any f € kWpy ¢ Lemma 8.17 accounts for the third sum-
p-1 n—p+1 n—p+2
mand in (24). O
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8.4.3.

Proposition 8.18. The following holds for any 2 < p <n,

. kB ifp<n—-1
" . @.2v) @Aeo 1 A fp
Kerd? =Imd% ;& P kA, G (28)
CH « kAC ifp=n
vhp/2: Pt @0<m<n 2eO, WeOn_m: []€2N
[v]e2N

where the second summand only arises if p is even and greater or equal to 3, Oy ={L € Oq | 1 ¢ A} forq > 1,
Of = {9} and

n—p—1
A
Z AS - A + Ay

" p

C( ,2V)

Proof. For p > 3 even, the subspace spanned by A , v p/2, lies in Kerd;,jt by Lemma 8.17 and

n p+ 1
is in direct sum with Im d§—1 by Proposition 8.15. This accounts for the second summand in (28). Let

now f e Kerd be such that all components of fyy . of type c®2v) y - p/2, are zero. If p =n,
n—p+

f lies in the span of the elements A:;’m, A, ) € Om x Oy and 0 <m < n. Since d# =0 and
1

mdf_ = P kAC“ "o P lAf‘“”

reO5 1<m<n
reOm
neOn_m:
lex,[m)e2N

by Proposition 8.15, (28) holds for p = n. Assume now that p < n — 1. By Lemmas 8.16-8.17, the

restriction of d# is injective on the span of the elements Ag " where (A, ) € Om x Op_m, 0 <
n—p+1
< p, are such that A does not contain 1 and p is nonempty. The corresponding components of f

are therefore zero. Since AC " lies in Im d# _; if T € A by Lemma 8.17, we may therefore assume that
n p+1

fgy only has components along ACM)
n—p+1

BY
n— p+1
given by Proposition 8.15, we may further assume that f lies in the span of

AE (9;‘;. Working modulo the first summand of lmdpq

n—p—1

&) @ KAS 1y ® D (kA;*,T O kA, o @ kas,” (29)

n—p+1
AEOZ+ i=1 reO0p4q AGO*

Let 1 € O;H. It readily follows from (16) and (27) that B e l(erdff. Next, applying (16) to the c*-
components of f along kWiiizp-1)%,i=1,...,n—p—1and kWg+ °, we see that these components
n—p

lLi+p—1] and aAAC respectively, for some constant a;. Thus, subtracting a,\ﬁ,\ to f,
Ba_p

we may assume that all these components are equal to zero and therefore that f lies in

are equal to aAA

v A A\ {1},9)
P (kA @kAS, @kAS, )
Bn—p Bn Bn p+1
XE(3P+1:
lexr

(30)
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By (27) and Lemma 8.17 any solution of dﬁf = 0 with values in (30) lies in the subspace
®}”EOP+1I 1e5, V* defined by (25) and therefore in Imd*‘;_]. O

84.4.

Theorem 8.19. For any 0 < p < n, we have

1 if(c=c1""2 for some v I p/2 with [v] € 2N)
dim HDP (kW p,)c = or (¢ = PP D with ) e 0% 1)

0 otherwise

and

7S T *
dim HD (kW )c = i 1 ifc=cM* withr e O} and p € On_pm and [p] € 2N
0 otherwise
8.5. Stabilisation
Assume that W is of classical type X = A, B or D. Then, using the description of the Dynkin

cohomology of kW given in this section, one readily checks that for n > m, the restriction map on
Dynkin diagram cohomology defined in Section 2.3

Resy" : HDP (kW) — HDP (kWx,,)
is an isomorphism for p < m.
8.6. Exceptional groups

8.6.1. Gy
The Weyl group of type G, = I(6) was treated in Section 8.1.

8.6.2. F4
Let W be the Weyl group of type F4 and label the connected subdiagrams of D by the subintervals
of [1,4] with integral endpoints. Thus, W1 3; and Wy 4; are of type B3, Wi 2] and W3 4) are of
type Ay, and Wiy 3 is of type By. It follows from Propositions 8.3 and 8.9 that
I<W[1,3]‘E =0, kW[z.4]‘}3 =0

kW[]yz]E ~ k, ](W[2'3]£ ~ k, kW[3,4]g ~k

The differential d¥ of HC is therefore equal to zero, so that

0 ifp=0
0 ifp=1
dim HDP (kW) = > ¥fp=2
0 ifp=3
dimkW?¢ ifp=4
0 ifp>5
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8.6.3. GAP calculations

For the groups Hs, Hg, Eg, E7 and Eg, the dimension of the cohomology spaces of the complex
HC can be readily computed with the computer algebra package [GAP]. For each B, we enumerate
conjugacy classes of W and select those whose elements have a centraliser in the kernel of €. Then,
we compute the matrices corresponding to the differentials and determine their rank. We indicate

the results in the following table, where the columns provide dim HD!(kW), i=2,...,n.
i= 2 3 4 5 6 7 8
Es 1 0 2 0 4
E7 1 0 2 0 7
Eg 1 0 2 0 6 1 17
F4 3 0 5
Gy 2
Hs 3 0
Hg 3 0 16

9. Affine Coxeter groups

The methods of Sections 4.2 and 5.2 provide a partial computation of the Dynkin cohomology of
affine Weyl groups. Let Dy be a finite crystallographic Dynkin diagram with n vertices and let D be its
completion. Let V be the reflection representation of Wo = Wp, and let Q C V be the coroot lattice,
so that W ~ Q x Wy.

We have canonical Serre duality isomorphisms

Extiq (k, M) = Extio (M, k)* ® A"V*
for any finitely generated kQ-module M and any integer i. Thus, given a finitely generated kW -
module M and an integer i, we have isomorphisms

Exthyy (k. M) = Extl o (k. M)"o ~ (Extlo! (M, £)")"® = Exel (M, )* (31)
Let us describe the conjugacy classes of W. Given v € Wy, let Q, € Q be the sublattice given by
Q={x-v®|xeQ}

Proposition 9.1. Representatives of conjugacy classes of W are given by elements tv where v runs over rep-
resentatives of conjugacy classes of Wq and t runs over representatives of (Q /Qy)/Cw, (V).

Proof. Given t,t' € Q and v, v’ € Wy, if tv and t’'v’ are conjugate in W, then v and v’ are conjugate
in Wy. Let then g = tx with T € Q and x € Wy be such that gtvg~—! =t'v. Then, x € Cw,(v). We
have gtvg ! =xtx~!1-t-vr—lv~1.v and the proposition follows. O

Let ¢ be a conjugacy class of W, let w € ¢ and let w be the image of w in Wq. The quotient
Cw(w)= CW(W)/QW is a subgroup of Cw,(w). Denoting as customary the vector space spanned by
the elements of ¢ by k(c), we have

Extlyy, (k. k(0)) ~ Ext},)} (k(c), &)

~ n—i *
~ EthCW(w) (k, &)

~ n—i * Cw(w)
~ (ExthW(k, k* ®¢)

~ (An—i(vv‘v) ®8)CW(W)
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where the first isomorphism uses (31), the second one Frobenius reciprocity and the last one the
fact that, given a finitely-generated free abelian group L, we have the Koszul isomorphism H*(L, k) >~
A*(L* ®7 k).

Theorem 9.2. [f the elements in ¢ have infinite order, then
i n+1—iy,w Cw(w)
HD.~ (A (VM) ®e)

Proof. The assumption on ¢ shows that c N Wg = ¢ for any proper subset B of D. Thus, the sub-
complex CD. defined in Section 3.2 is concentrated in degree n. The theorem now follows from
Section 4.2 and the isomorphisms above. 0O

Remark 9.3. If the elements of ¢ have finite order, then ¢ has a nonempty intersection with Wp for
some proper connected subdiagram B of D [Hul]. In that case, there is a distinguished triangle

P (V) @ )Y il - CDc — HCy, ~

i

where HCy_ is the subcomplex of HCy given by HCfi =@z k(cNWp)® and B runs over the proper
subdiagrams of D of size i.
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