
HIGHER TENSOR PRODUCT FOR sl2 AND WEBSTER ALGEBRAS

MARK EBERT AND RAPHAËL ROUQUIER

Abstract. We construct a model for the tensor product of the regular 2-representation of
the enveloping algebra of sl+2 with the vector 2-representation, based on the ∞-categorical
definition of [Rou3]. Our model contains McMillan’s minimal one [Mc]. Our use of an infinite
family of generators provides a simpler model that we prove is equivalent to Webster’s tensor
product category [We].
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1. Introduction

Higher representation theory is a version of representation theory where vector spaces are
replaced by categories. In this article, we consider the case of sl2, where the original theory
was introduced in [ChRou], and the graded version we consider in [Lau].

In [Rou3], the second author defines a tensor product for 2-representations and conjectures
that the tensor product of simple 2-representations agrees with Webster’s quiver Hecke algebra
2-representations.

The tensor product of 2-representations involves only the positive part of the Lie algebra and
in this article we consider the case of the one-dimensional Lie algebra sl+2 . A 2-representation
of sl+2 on a category over a field k is the data of an endofunctor E and of endomorphisms x of
E and τ of E2 satisfying Hecke relations (cf (1) in §3.1). Equivalently, it is the action of the
monoidal category U generated by E and endomorphisms x and τ . The endomorphism algebras
in U are nil affine Hecke algebras of type A. Note that U is a 2-representation by left tensor
product. The 2-dimensional vector representation has a categorical version, L = L0⊕L1, with
Li the category with one object whose endomorphism ring is k[y].

We consider the tensor product U ⊗©L of U and L. The general theory defines this as an ∞-
category with an ∞-categorical 2-representation. It also provides a dg-model for the category
together with an endofunctor E, and that is our starting point. The endomorphisms x and
τ exist only on the derived category. We construct a new t-structure on the derived category
for which the action of E is exact and we use the compatibility U ⊗©L � U ⊗©L0 = U arising
from the categorical version of the one-dimensional quotient of the vector representation to
determine x and τ , in the new t-structure.

This t-structure was considered by McMillan [Mc] who provides an intricate description of
the endomorphism ring of a small progenerator in the heart and the bimodule corresponding
to E, as well as the endomorphisms x and τ . What we do here instead is consider an infinite
progenerating family for this t-structure. We show that the full subcategory with those as
objects has a very simple description: it is one of Webster’s tensor product categories.

Our work is a step in the description of the braided monoidal category of 2-representations
of sl2, toward fulfilling Crane and Frenkel’s program [CrFr].

2. Notations

Let φ : A → B be a morphism of rings. Given M a left (resp. right) B-module, we denote
by φM (resp. Mφ) the left (resp. right) A-module whose underlying set is M and where the
action of a ∈ A is that of φ(a).
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We denote by A-mod the category of finitely generated A-modules and by Db(A) its derived
category (when A-mod is abelian).

We fix a field k. By category, we mean a category enriched in k-vector spaces and all functors
between such categories are assumed to be k-linear.

Given a category C, we denote by Ci the full subcategory of the category of functors from
Copp to the category of sets with objects the direct summands of finite direct sums of objects
of the form Hom(−, c) for c ∈ C. We identify C with a full subcategory of the k-linear category
Ci via the Yoneda functor.

We denote by C[y] the category with the same objects as C and with HomC[y](c, c
′) =

HomC(c, c
′)⊗Z Z[y].

Given an additive category A, we denote by Comp(A) the category of complexes of objects
of A and by Ho(A) its homotopy category.

Let U be a monoidal category. We denote by U rev the monoidal category equal to U as a
category but with u⊗rev u′ = u′ ⊗ u.

Consider an action of U on a category A via the monoidal functor M : U → End(A). Let
Σ : U → U be a monoidal functor. We denote by Σ∗A the category A with the action of U
given by MΣ.

Given E a functor, we write E for idE : E → E.

3. 2-Representations of sl+2

3.1. Monoidal category. Let U be the (k-enriched) monoidal category generated by an object
E and arrows x : E → E and τ : E2 → E2 modulo relations

(1) τ 2 = 0, (τE)◦(Eτ)◦(τE) = (Eτ)◦(τE)◦(Eτ), τ◦(xE)−(Ex)◦τ = 1 = (xE)◦τ−τ◦(Ex).

There are isomorphisms of monoidal categories

ω : U ∼→ Uopp, E 7→ E, τ 7→ τ, x 7→ x

and U ∼→ U rev, E 7→ E, τ 7→ τ, x 7→ −x.
Given n ≥ 0, let Hn be the k-algebra generated by x1, . . . , xn, τ1, . . . , τn−1 modulo relations

τ 2
i = 0, τiτj = τjτi if |i− j| 6= 1 and τiτi+1τi = τi+1τiτi+1

xrxs = xsxr, τixr = xrτi if r 6= i, i+ 1 and τixi − xi+1τi = 1 = xiτi − τixi+1

for 1 ≤ r, s ≤ n and 1 ≤ i, j < n.
We put si = τi(xi−xi+1)−1. There is an injective morphism of algebras k[x1, . . . , xn]oSn →

Hn, xi 7→ xi, (i, i+ 1) 7→ si.
We identify Hn−1 with a subalgebra of Hn. The left Hn−1-module Hn is free with basis

(1, τn−1, . . . , τn−1 · · · τ1).
We put H−1 = 0.

There is an isomorphism of algebras

Hn
∼→ EndU(En)opp, xi 7→ En−ixEi−1, τi 7→ En−i−1τEi−1.
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It gives rise to a fully faithful functor⊕
n

Hom(En,−) : U →
⊕
n≥0

Hn-mod .

3.2. Algebra embeddings. Given m,n ≥ 0, r ∈ {1, . . . ,m}
⋃

Z>m+n and s ≥ sup(m+ n, r),
we define an injective algebra morphism

ιm,r : Hn[y]→ Hs, xi 7→ xm+i, τi 7→ τm+i, y 7→ xr.

We put ι0 = ι0,n+1 and ιm = ιm,m for m > 0.

Note that Hsιm,r is a (Hs, Hn[y])-bimodule. We extend it to a (Hs[y], Hn[y])-bimodule by
letting the left action of y be the right action of y.

Similarly, we extend the structure of (Hn[y], Hs)-bimodule on ιm,rHs to a structure of (Hn[y], Hs[y])-
bimodule by letting the right action of y be the left action of y.

We define the morphism of algebras

ιym : Hn[y]→ Hm+n[y], xi 7→ xm+i, τi 7→ τm+i, y 7→ y.

3.3. U-modules. A U -module is a category V endowed with an action of U , ie, a monoidal
functor U → End(V). An action of U on a category V is the same data (equivalence of
2-categories) as the data of an endofunctor E of V and of x ∈ End(E) and τ ∈ End(E2)
satisfying (1).

Consider two U -modules (V , E, x, τ) and (V ′, E ′, x′, τ ′). A morphism of U -modules

(V , E, x, τ)→ (V ′, E ′, x′, τ ′)

is the data of a pair (Φ, ϕ) where Φ : V → V ′ is a functor and ϕ : ΦE
∼→ E ′Φ is an isomorphism

such that ϕ ◦ (Φx) = (x′Φ) ◦ ϕ and (E ′ϕ) ◦ (ϕE) ◦ (Φτ) = (τ ′Φ) ◦ (E ′ϕ) ◦ (ϕE).

A right U -module is defined to be a U rev-module.

3.4. Regular 2-representation. The left and right actions of U on itself by tensor product
give rise to commuting left and right actions of U on the abelian category A =

⊕
n≥0Hn-mod.

Let us describe those actions.
For the left (resp. right) action, E acts as the direct sum of functorsHn+1ιl⊗Hn− : Hn-mod→

Hn+1-mod with l = 0 (resp. l = 1). The endomorphism x acts as right multiplication by xn+1

(resp. x1) on Hn+1. Via the isomorphism Hn+2ιl ⊗Hn+1 Hn+1
∼→ Hn+2, a ⊗ b 7→ aιl(b), the

endomorphism τ acts on Hn+2 as right multiplication by τn+1 (resp. τ1).

3.5. Vector 2-representation. Let Lr = k[y]-mod for r = 0, 1. There is an action of U on
L = L0 ⊕ L1. The functor E acts as Id : L0 → L1 and x acts as multiplication by y.
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4. Description of the tensor product

4.1. Tensor product. We consider the tensor product L⊗©A for the action of U [Rou3]. This
is an abelian category with an ∞-categorical action of U on Db(L⊗©A). We will only use here
the classical action.

We will make a key use of the fact that the canonical morphism of U -modules L → L0 (where
E acts by 0 on L0) induces a morphism of U -modules

(2) Db(L ⊗©A)→ Db(L0 ⊗©A).

We will describe the category B = L ⊗©A and the action of E following [Rou3]. The actions
of x and τ will be described later using (2).

Remark 4.1. The general tensor product construction for U provides a dg-category. Because
the 2-representation of sl>0

2 extends to sl≥0
2 , that dg-category is canonically equivalent to cat-

egories of complexes for an algebra with zero differential, cf [Rou3]. This is the model we will
use for B.

4.2. Underlying category. Given n ≥ 0, let Bn be the category with objects

[
M

N

γ
OO
]

, where M

is an Hn[y]-module, N an Hn−1[y]-module, and γ : N →M is a morphism of Hn−1[y]-modules
such that (y − xn)γ(m) = 0 for all m ∈ N . We define

HomBn(

[
M

N

γ
OO
]
,

[
M ′

N ′
γ′
OO
]

)

to be the set of pairs (f, g) in HomHn[y](M,M ′)⊕ HomHn−1[y](N,N
′) such that f ◦ γ = γ′ ◦ g.

Let

P+
n =

Hn[y]

0

OO
 and P−n =

 Hnι0

Hn−1[y]

can

OO
 .

We have

Hom(P+
n ,

[
M

N

γ
OO
]

)
∼→M, (f, g) 7→ f(1)

Hom(P−n ,

[
M

N

γ
OO
]

)
∼→ N, (f, g) 7→ g(1).

So P+
n ⊕ P−n is a progenerator of Bn. Right multiplication provides isomorphisms of algebras

Hn[y]
∼→ End(P+

n )opp and Hn−1[y]
∼→ End(P−n )opp.

We put B =
⊕

n≥0 Bn.
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4.3. Left action. We describe here the functor providing the action of the generator E of U
on B, following [Rou3].

Proposition 4.2. We have a functor E : Bn → Compb(Bn+1) given by

E(

[
M

N

γ
OO
]

) =

 0→ Hn+1[y]⊗Hn[y] M Hn+1ι0 ⊗Hn[y] M → 0

0→ Hn[y]⊗Hn−1[y] N M → 0
a⊗m 7→aγ(m)

//

can //

a⊗m7→a(xn−y)τn⊗γ(m)

OO
m7→1⊗m
OO


where the non-zero terms of the complexes are in degrees 0 and 1 and

E(

[
f
g

]
) =

[
1⊗ f 1⊗ f
1⊗ g f

]
.

The functor E is exact.

Proof. Note first that the map

u : Hn[y]⊗Hn−1[y] N → Hn+1[y]⊗Hn[y] M, a⊗m 7→ a(xn − y)τn ⊗ γ(m)

is well defined and it is a morphisn of Hn[y]-modules. We have

(y − xn+1)u(a⊗m) = a(xn − y)(y − xn+1)τn ⊗ γ(m) = aτn(y − xn+1)⊗ (xn − y)γ(m) = 0.

Let us show that E defines a complex. Given a ∈ Hn[y] and m ∈ N , we have

u(a⊗m) = a(τn(xn+1 − y) + 1)⊗ γ(m),

and this has image a⊗ γ(m) in Hn+1ι0⊗Hn[y]M . It follows that E defines a complex of objects
of Bn+1.

Since Hn+1 is projective as a right Hn[xn+1]-module, it follows that Hn+1ι0 is projective as a
right Hn[y]-module. We deduce that E is exact. �

We extend E to an exact functor E : Compb(Bn)→ Compb(Bn+1) by taking total complexes
and we still denote by E the endofunctor of Compb(B) obtained as the sum of the functors E
for each n.

Note that the action of E on Compb(B) does not extend to an action of U . It only gives rise
to an action of U on Db(B).

4.4. Compatibility with the filtration of L. We have a canonical morphism of U -modules
L → L0 given by the projection. It induces a morphism of U -modules Db(L ⊗©A)→ Db(L0⊗©A).

Via the canonical equivalence A[y]
∼→ L0 ⊗©A, we obtain a U -module functor Db(L ⊗©A) →

Db(A[y]). Let us describe this explicitely.

Consider Υ,Υ− : B → A[y] given by

Υ(

[
M

N

γ
OO
]

) = M and Υ−(

[
M

N

γ
OO
]

) = N.
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There is a quasi-isomorphism ϕ+

Hn+1[y]⊗Hn[y] Υ(

[
M

N

γ
OO
]

) = Hn+1[y]⊗Hn[y] M 0

ΥE(

[
M

N

γ
OO
]

) = Hn+1[y]⊗Hn[y] M Hn+1ι0 ⊗Hn[y] M

//

can
//

a⊗m7→a(xn+1−y)⊗m

��

ϕ+

��

because

0→ Hn+1[y]
a7→a(xn+1−y)−−−−−−−−→ Hn+1[y]

can−−→ Hn+1ι0 → 0

is a split exact sequence of projective right Hn[y]-modules.

This gives rise to a morphism of U -modules

Db(B)
(Υ,ϕ−1

+ )
−−−−→ Db(A[y]).

4.5. Right action. The right action of U on itself by tensor product induces a right action of
U on L ⊗©U , hence on B. It is given by

(

[
M

N

γ
OO
]

)E =

Hn+1[y]ιy1 ⊗Hn[y] M

Hn[y]ιy1 ⊗Hn−1[y] N

1⊗γ
OO

 .
The endomorphism x acts by [

a⊗m
a′ ⊗m′

]
7→
[
ax1 ⊗m
a′x1 ⊗m′

]
.

Multiplication gives an isomorphism

(

[
M

N

γ
OO
]

)E2 ∼→

 Hn+2[y]ιy2 ⊗Hn[y] M

Hn+1[y]ιy2 ⊗Hn−1[y] N

1⊗γ
OO


and τ acts by [

a⊗m
a′ ⊗m′

]
7→
[
aτ1 ⊗m
a′τ1 ⊗m′

]
.

Note that all the functors constructed in §4.4 are compatible with the right action of U .

4.6. Commutation of the actions. There is an isomorphism from

(
E(

[
M

N

γ
OO
]

)
)
E =
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=


Hn+2[y]ιy1 ⊗Hn+1[y] Hn+1[y]⊗Hn[y] M Hn+2[y]ιy1 ⊗Hn+1[y] Hn+1ι0 ⊗Hn[y] M

Hn+1[y]ιy1 ⊗Hn[y] Hn[y]⊗Hn−1[y] N Hn+1[y]ιy1 ⊗Hn[y] M
a⊗b⊗m7→a⊗bγ(m)

//

can //

a⊗b⊗m7→a⊗b(xn−y)τn⊗γ(m)

OO

a⊗m7→a⊗1⊗m

OO


to

L =


Hn+2[y]ιy1 ⊗Hn[y] M Hn+2ι1,n+2 ⊗Hn[y] M

Hn+1[y]ιy1 ⊗Hn−1[y] N Hn+1[y]ιy1 ⊗Hn[y] M
a⊗m 7→a⊗γ(m)

//

can //

a⊗m7→a(xn+1−y)τn+1⊗γ(m)

OO

a⊗m 7→a⊗m

OO


given by [

a1 ⊗ b1 ⊗m1 a2 ⊗ b2 ⊗m2

a3 ⊗ b3 ⊗m3 a4 ⊗m4

]
7→
[
a1ι

y
1(b1)⊗m1 a2ι

y
1(b2)⊗m2

a3ι
y
1(b3)⊗m3 a4 ⊗m4

]
We have also an isomorphism from

E
(
(

[
M

N

γ
OO
]

)E
)

=

=


Hn+2[y]⊗Hn+1[y] Hn+1[y]ιy1 ⊗Hn[y] M Hn+2ι0 ⊗Hn+1[y] Hn+1[y]ιy1 ⊗Hn[y] M

Hn+1[y]⊗Hn[y] Hn[y]ιy1 ⊗Hn−1[y] N Hn+1[y]ιy1 ⊗Hn[y] M
a⊗b⊗m7→ab⊗γ(m)

//

can //

a⊗b⊗m 7→a(xn+1−y)τn+1⊗b⊗γ(m)

OO

a⊗m 7→1⊗a⊗m

OO


to L given by [

a1 ⊗ b1 ⊗m1 a2 ⊗ b2 ⊗m2

a3 ⊗ b3 ⊗m3 a4 ⊗m4

]
7→
[
a1b1 ⊗m1 a2b2 ⊗m2

a3b3 ⊗m3 a4 ⊗m4

]
.

Composing the second isomorphism with the inverse of the first one, we obtain an isomorphism
of functors

E
(
(?)E

) ∼→ (
E(?)

)
E.

5. New t-structure

5.1. Hecke calculations. Fix n ≥ 0. We put ι1H0 = 0. We define

∆̃n =
∑

1≤r≤n

τr · · · τn−1 ⊗ τ1 · · · τr−1 ∈ Hn[y]⊗Hn−1[y] ι1Hn

and we denote by ∆n the image of ∆̃n in Hnι0 ⊗Hn−1[y] ι1Hn.

Lemma 5.1. We have a∆n = ∆na for all a ∈ Hn.
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Proof. Given i ∈ {1, . . . , n− 1}, we have

τi∆n =
∑

1≤r<i

τr · · · τn−1τi−1⊗τ1 · · · τr−1+0+τi · · · τn−1⊗τ1 · · · τi+
∑

i+1<r≤n

τr · · · τn−1τi⊗τ1 · · · τr−1

=
∑

1≤r<i

τr · · · τn−1 ⊗ τiτ1 · · · τr−1 + τi · · · τn−1 ⊗ τ1 · · · τi +
∑

i+1<r≤n

τr · · · τn−1 ⊗ τi+1τ1 · · · τr−1

=
∑

1≤r<i

τr · · · τn−1 ⊗ τ1 · · · τr−1τi + τi · · · τn−1 ⊗ τ1 · · · τi +
∑

i+1<r≤n

τr · · · τn−1 ⊗ τ1 · · · τr−1τi

= ∆nτi.

Consider now i ∈ {1, . . . , n}. Given n ≥ d ≥ j ≥ 1, we have

xjτj · · · τd−1 = τj · · · τd−1xd +
∑

j≤s≤d−1

τj · · · τs−1τs+1 · · · τd−1,

hence

xi∆n =
∑

1≤r<i

τr · · · τn−1xi−1 ⊗ τ1 · · · τr−1 −
∑

1≤r<i

τr · · · τi−2τi · · · τn−1 ⊗ τ1 · · · τr−1

+τi · · · τn−1xn⊗τ1 · · · τi−1 +
n−1∑
s=i

τi · · · τs−1τs+1 · · · τn−1⊗τ1 · · · τi−1 +
n∑

r=i+1

τr · · · τn−1xi⊗τ1 · · · τr−1.

We have
i−1∑
r=1

τr · · · τn−1xi−1 ⊗ τ1 · · · τr−1 =
i−1∑
r=1

τr · · · τn−1 ⊗ xiτ1 · · · τr−1 =
i−1∑
r=1

τr · · · τn−1 ⊗ τ1 · · · τr−1xi,

n∑
r=i+1

τr · · · τn−1xi ⊗ τ1 · · · τr−1 =
n∑

r=i+1

τr · · · τn−1 ⊗ xi+1τ1 · · · τr−1

=
n∑

r=i+1

τr · · · τn−1 ⊗ τ1 · · · τr−1xi −
n∑

r=i+1

τr · · · τn−1 ⊗ τ1 · · · τi−1τi+1 · · · τr−1

and
τi · · · τn−1xn ⊗ τ1 · · · τi−1 = τi · · · τn−1 ⊗ x1τ1 · · · τi−1

= τi · · · τn−1 ⊗ τ1 · · · τi−1xi +
i−1∑
s=1

τi · · · τn−1 ⊗ τ1 · · · τs−1τs+1 · · · τi−1.

We have
n−1∑
s=i

τi · · · τs−1τs+1 · · · τn−1 ⊗ τ1 · · · τi−1 =
n−1∑
s=i

τs+1 · · · τn−1τi · · · τs−1 ⊗ τ1 · · · τi−1

=
n−1∑
s=i

τs+1 · · · τn−1 ⊗ τi+1 · · · τsτ1 · · · τi−1
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=
n∑

r=i+1

τr · · · τn−1τ1 · · · τi−1 ⊗ τi+1 · · · τr−1

and
i−1∑
s=1

τi · · · τn−1 ⊗ τ1 · · · τs−1τs+1 · · · τi−1 =
i−1∑
s=1

τi · · · τn−1 ⊗ τs+1 · · · τi−1τ1 · · · τs−1

=
i−1∑
s=1

τi · · · τn−1τs · · · τi−2 ⊗ τ1 · · · τs−1

=
i−1∑
r=1

τr · · · τi−2τi · · · τn−1 ⊗ τ1 · · · τr−1.

We deduce that xi∆n = ∆nxi �

We define a morphism of left Hn[y]-modules

νn : ι1Hn+1 → Hn[y]⊕Hn[y]⊗Hn−1[y] ι1Hn

ι1(a)τ1 · · · τr 7→

{
(a, a∆̃n) if r = n

(0, a(y − xn)⊗ τ1 · · · τr) if r < n.

where a ∈ Hn[y] and r ∈ {0, . . . , n} and a morphism of left Hn+1[y]-modules

ν ′n : Hn+1ι0 ⊗Hn[y] ι1Hn+1 → Hn+1ι0 ⊕Hn+1ι0,n ⊗Hn−1[y] ι1Hn

a⊗ τ1 · · · τr 7→

{
(a,−a

∑n
s=1 τs · · · τn−1sn ⊗ τ1 · · · τs−1) if r = n

(0, a(xn − xn+1)sn ⊗ τ1 · · · τr) if r < n.

where a ∈ Hn+1 and r ∈ {0, . . . , n}.
Note that there is a commutative diagram

(3)

Hn+1ι0 ⊗Hn[y] ι1Hn+1

ν′n //

1⊗νn
��

Hn+1ι0 ⊕Hn+1ι0,n ⊗Hn−1[y] ι1Hn

Hn+1ι0 ⊗Hn[y] Hn[y]⊕Hn+1ι0 ⊗Hn[y] Hn[y]⊗Hn−1[y] ι1Hn
∼

mult
// Hn+1ι0 ⊕Hn+1ι0 ⊗Hn−1[y] ι1Hn

(
id 0

0 a⊗ b 7→ −asn ⊗ b

)OO

Lemma 5.2. There is an exact sequence of Hn[y]-modules

0→ ι1Hn+1
νn−→ Hn[y]⊕Hn[y]⊗Hn−1[y] ι1Hn

(a7→−a∆n,can)−−−−−−−−→ Hnι0 ⊗Hn−1[y] ι1Hn → 0

and an exact sequence of Hn+1[y]-modules

0→ Hn+1ι0⊗Hn[y]ι1Hn+1
ν′n−→ Hn+1ι0⊕Hn+1ι0,n⊗Hn−1[y]ι1Hn

(a7→−a∆n,can)−−−−−−−−→ H̄n+1⊗Hn−1[y]ι1Hn → 0

where H̄n+1 = Hn+1ι0/Hn+1(xn+1 − xn).
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Proof. There is an exact sequence of (Hn[y], Hn−1[y])-bimodules

0→ Hn[y]
a7→a(y−xn)−−−−−−→ Hn[y]

can−−→ Hnι0 → 0.

Tensoring by the free Hn−1[y]-module ι1Hn, we obtain an exact sequence of Hn[y]-modules

0→ Hn[y]⊗Hn−1[y] ι1Hn
a⊗b7→a(y−xn)⊗b−−−−−−−−−−→ Hn[y]⊗Hn−1[y] ι1Hn

can−−→ Hnι0 ⊗Hn−1[y] ι1Hn → 0.

That exact sequence is a subcomplex of the complex of Hn[y]-modules

(4) 0→ Hn[y]⊕Hn[y]⊗Hn−1[y] ι1Hn

(
id 0

a 7→ a∆̃n a⊗ b 7→ a(y − xn)⊗ b

)
−−−−−−−−−−−−−−−−−−−−→

Hn[y]⊕Hn[y]⊗Hn−1[y] ι1Hn
(a7→−a∆n,can)−−−−−−−−→ Hnι0 ⊗Hn−1[y] ι1Hn → 0

and the quotient is acyclic. We deduce that (4) is acyclic.

We have an isomorphism of Hn[y]-modules

ι1Hn+1
∼→ Hn[y]⊕Hn[y]⊗Hn−1[y] ι1Hn

ι1(a)τ1 · · · τr 7→

{
(a, 0) if r = n

(0, a⊗ τ1 · · · τr) if r < n

where a ∈ Hn[y]. The composition of this map with the map

(
id 0

a 7→ a∆̃n a⊗ b 7→ a(y − xn)⊗ b

)
of (4) is equal to νn. We deduce that the first sequence of the lemma is exact.

Tensoring the first exact sequence of the lemma with Hn+1ι0 gives an exact sequence of
Hn+1[y]-modules

0→ Hn+1ι0⊗Hn[y]ι1Hn+1
ν′′n−→ Hn+1ι0⊕Hn+1ι0⊗Hn−1[y]ι1Hn

(a7→−a∆n,can)−−−−−−−−→ H̄n+1⊗Hn−1[y]ι1Hn → 0

where

ν ′′n(a⊗ τ1 · · · τr) =

{
(a,
∑n

s=1 τs · · · τn−1 ⊗ τ1 · · · τs−1) if r = n

(0, a(y − xn)⊗ τ1 · · · τr) if r < n.

for a ∈ Hn+1 and r ∈ {0, . . . , n}. There is an isomorphism of (Hn+1[y], Hn−1[y])-bimodules

f : Hn+1ι0
∼→ Hn+1ι0,n, a 7→ −asn.

We have ν ′n = (id, f⊗1)◦ν ′′n (commutative diagram (3)) and we deduce that the second sequence
of the lemma is exact. �
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Lemma 5.3. The following diagram commutes

Hn+1[y]

(
can

a 7→ a∆n

)
// Hn+1ι0 ⊕Hn+1ι0,n ⊗Hn−1[y] ι1Hn

Hn+1[y]

id

OO

a7→a∆n+1

// Hn+1ι0 ⊗Hn[y] ι1Hn+1

ν′n

OO

Proof. We have

ν ′n(∆n+1) =
n+1∑
r=1

ν ′n(τr · · · τn ⊗ τ1 · · · τr−1)

= (1,−
n∑
s=1

τs · · · τn−1sn ⊗ τ1 · · · τs−1) +
n∑
r=1

(0, τr · · · τn(xn − xn+1)sn ⊗ τ1 · · · τr−1)

= (1,
n∑
r=1

τr · · · τn−1s
2
n ⊗ τ1 · · · τr−1).

�

Lemma 5.4. We have sn−1 · · · s1(xn − y) · · · (x2 − y) ·∆n = 1⊗ 1 in Hnι0 ⊗Hn−1[y] ι1Hn.

Proof. We proceed by induction on n. The lemma is clear for n = 1. Assume the lemma holds
for n.

By Lemma 5.3, we have

ν ′n(sn · · · s1(xn+1 − y) · · · (x2 − y) ·∆n+1) = (0, sn · · · s1(xn+1 − y) · · · (x2 − y) ·∆n) =

= (0, sn(xn+1 − y)sn−1 · · · s1(xn − y) · · · (x2 − y) ·∆n) = (0, sn(xn+1 − y)(1⊗ 1)) = ν ′n(1⊗ 1).

The lemma follows now from the injectivity of ν ′n (Lemma 5.2). �

Lemma 5.5. The element ∆n generates Hnι0 ⊗Hn−1[y] ι1Hn as a Hn[y]-module.

Proof. Note that 1 ⊗ 1 generates Hnι0 ⊗Hn−1[y] ι1Hn as a (Hn[y], Hn)-bimodule. It follows
from Lemma 5.4 that ∆n generates Hnι0 ⊗Hn−1[y] ι1Hn as a (Hn[y], Hn)-bimodule, hence as a
Hn[y]-module by Lemma 5.1. �

5.2. Generators. Given n ≥ 0, we define a complex Yn of objects of Bn in degrees 0 and 1

Yn =

Hn[y] Hnι0 ⊗Hn−1[y] ι1Hn

0 ι1Hn

a7→a∆n//

//
a7→1⊗a
OO

 .
Thanks to Lemma 5.1, right multiplication defines a morphism

γn : Hn → End(Yn)opp.
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The canonical isomorphism Hn−1[y]⊗Hn−1[y] ι1Hn
∼→ ι1Hn induces an isomorphism

(0→ P+
n −→ P−n ⊗Hn−1[y] ι1Hn → 0)

∼→ Yn.

We have isomorphisms

Hn+1[y]⊗Hn[y] Hn[y]
∼−−−→

mult.
Hn+1[y], Hn+1ι0 ⊗Hn[y] Hn[y]

∼−−−→
mult.

Hn+1ι0,

Hn+1[y]⊗Hn[y] Hnι0 ⊗Hn−1[y] ι1Hn
∼→ Hn+1ι0,n ⊗Hn−1[y] ι1Hn, ay

i ⊗ b⊗ c 7→ abxin ⊗ c
for a ∈ Hn+1, b, c ∈ Hn and i ≥ 0 and

Hn+1ι0 ⊗Hn[y] Hnι0 ⊗Hn−1[y] ι1Hn
∼→ H̄n+1 ⊗Hn−1[y] ι1Hn, a⊗ b⊗ c 7→ ab⊗ c.

They give rise to an isomorphism

f ′n : E(Yn)
∼→

Xn =


Hn+1[y] Hn+1ι0 ⊕Hn+1ι0,n ⊗Hn−1[y] ι1Hn H̄n+1 ⊗Hn−1[y] ι1Hn

0 Hn[y]⊕Hn[y]⊗Hn−1[y] ι1Hn Hnι0 ⊗Hn−1[y] ι1Hn

(
can

a 7→ a∆n

)
//

(a7→−a∆n,can)
//

//
(a7→−a∆n,can)

//

(
ι0 0
0 a⊗ b 7→ a(xn − y)τn ⊗ b

)OO

can

OO


.

Proposition 5.6. There is a morphism fn : Yn+1 → Xn given by[
id ν ′n 0
0 νn 0

]
.

The map fn is a quasi-isomorphism.

Proof. Since (xn − y)τn = τn(xn+1 − xn) + 1 = −sn in Hn+1ι0,n, the commutativity of the
diagram (3) implies that the following diagram commutes

Hn+1ι0 ⊗Hn[y] ι1Hn+1

ν′n // Hn+1ι0 ⊕Hn+1ι0,n ⊗Hn−1[y] ι1Hn

ι1Hn+1 νn
//

a7→1⊗a
OO

Hn[y]⊕Hn[y]⊗Hn−1[y] ι1Hn

(
ι0 0
0 a⊗ b 7→ a(xn − y)τn ⊗ b

)OO

This shows that (fn)1 defines a morphism (Yn)1 → (Xn)1.

By Lemma 5.2, the compositions

ι1Hn
νn−→ Hn[y]⊕Hn[y]⊗Hn−1[y] ι1Hn

(a7→−a∆n,can)−−−−−−−−→ Hnι0 ⊗Hn−1[y] ι1Hn

and

Hn+1ι0 ⊗Hn[y] ι1Hn+1
ν′n−→ Hn+1ι0 ⊕Hn+1ι0,n ⊗Hn−1[y] ι1Hn

(a7→−a∆n,can)−−−−−−−−→ H̄n+1 ⊗Hn−1[y] ι1Hn

vanish.
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Together with Lemma 5.3, this shows that fn is a morphism of complexes. Lemma 5.2 shows
that fn is a quasi-isomorphism. �

We put gn = f ′−1
n ◦ fn : Yn+1 → E(Yn). We define inductively hn : Yn → En(Y0) by h0 = id

and hn+1 = E(hn)◦ gn. As an immediate consequence of Proposition 5.6, we have the following
corollary.

Corollary 5.7. The map hn : Yn → En(Y0) is a quasi-isomorphism.

Lemma 5.8. Let C and C ′ be two complexes of objects of Bn with

• C0 and C ′0 isomorphic to a direct sum of copies of P+
n

• C1 and C ′1 isomorphic to a direct sum of copies of P−n
• Ci = C ′i = 0 for i 6∈ {0, 1}.

The map Υ : HomD(Bn)(C,C
′))→ HomD(Hn[y])(Υ(C),Υ(C ′)) is injective.

Proof. The canonical map HomHo(B)(C,C
′) → HomD(B)(C,C

′) is an isomorphism. Note that
since Hom(C1, C ′0) = 0, the canonical map HomComp(B)(C,C

′) → HomHo(B)(C,C
′) is also an

isomorphism.

Consider now α ∈ HomComp(B)(C,C
′) such that Υ(α) vanishes in D(Hn[y]). We have

H0(Υ(α)) = 0. Let κ =
∏n

i=1(y − xi) ∈ k[x1, . . . , xn]Sn [y] ⊂ Z(Hn[y]). We have κ ·Υ(P−n ) = 0,
hence κΥ(C0) ⊂ H0(Υ(C)). We deduce that the restriction of Υ(α0) to κΥ(C0) vanishes. The
algebra Hn[y] is free as a k[x1, . . . , xn, y]-module, hence also as a k[x1, . . . , xn]Sn [y]-module. So
the annihilator of κ in Υ(C ′0) is 0. It follows that Υ(α)0 = 0.

The composition Υ(C1)[−1]
Υ(α1)[−1]−−−−−→ Υ(C ′1)[−1]

can−−→ Υ(C ′) is equal to the composition

Υ(C1)[−1]
can−−→ Υ(C)

Υ(α)−−→ Υ(C ′), hence it vanishes in D(Hn[y]). There is an exact sequence

HomHn[y](Υ(C1),Υ(C ′0))→ HomHn[y](Υ(C1),Υ(C ′1))→ HomD(Hn[y])(Υ(C1),Υ(C ′)[1]).

Since κΥ(C1) = 0, it follows that HomHn[y](Υ(C1),Υ(C ′0)) = 0. We deduce that Υ(α1) = 0,
hence Υ(α) = 0.

Since the structure map Υ−(C ′1) → Υ(C ′1) is injective, it follows that Υ−(α) = 0. So
α = 0. �

The structure of U -module onD(B) provides a morphism of algebras γ′n : Hn → EndD(B)(E
n(Y0)).

The following proposition shows that the action of Hn on Yn defined earlier is compatible with
γ′n.

Proposition 5.9. We have a commutative diagram

EndD(B)(Yn)

hn∼

��

Hn

γn
77pppppppppppp

γ′n ''NN
NNN

NNN
NNN

N

EndD(B)(E
n(Y0))
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Proof. Multiplication provides an isomorphism r from (ΥEn(Y0))0, the degree 0 term of ΥEn(Y0),
to Hn[y]. By §4.4, we have a quasi-isomorphism

ρ : Hn[y]→ ΥEn(Y0), a 7→ r−1(a(xn − y) · · · (x1 − y))

and a commutative diagram

EndD(B)(E
n(Y0))

Υ // EndD(Hn[y])(Υ(En(Y0)))

Hn[y]

γ′n

OO

right mult.
// EndHn[y](Hn[y])

∼ ρ

OO
.

There is a commutative diagram

Υ(Yn)

Υ(hn)

��

Hn[y]

a7→a(xn−y)···(x1−y)
99rrrrrrrrrr

ρ %%LL
LLL

LLL
LL

Υ(En(Y0))

We deduce that the following diagram commutes:

EndD(B)(Yn)
Υ // EndD(Hn[y])(Υ(Yn))

Υ(hn)∼

��

Hn

γn
77pppppppppppp

γ′n ''NN
NNN

NNN
NNN

N

EndD(B)(E
n(Y0))

Υ
// EndD(Hn[y])(ΥE

n(Y0))

The proposition follows from Lemma 5.8. �

5.3. 2-representation on an additive subcategory. Given m,n ≥ 0, we put

Yn,m =

Hm+n[y] Hm+nιm,m+n ⊗Hn−1[y] ι1Hn

0 Hm+n−1[y]ιym ⊗Hn−1[y] ι1Hn

dn,m //

//
can
OO


where dn,m(a) = a

∑n
r=1 τm+r · · · τm+n−1 ⊗ τ1 · · · τr−1. Note that Yn = Yn,0.

Right multiplication provides a morphism of algebras

Hn → EndComp(B)(Yn,m)opp.
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Hm → EndComp(B)(Yn,m), h 7→
([
a0 b1 ⊗ c1

0 b′1 ⊗ c′1

]
7→
[
a0h b1h⊗ c1

0 b′1h⊗ c′1

])
.

Multiplication provides an isomorphism (Yn)Em ∼→ Yn,m that is equivariant for the action of
Hm. Corollary 5.7 provides a quasi-isomorphism Yn,m → En(Y0,m) compatible with the given
maps Hn → EndD(B)(Yn,m)opp and Hn → EndD(B)(E

n(Y0,m))opp (Proposition 5.9).

We have an isomorphism given by multiplication(
0→ P+

m+n → P−m+n ⊗Hm+n−1[y] (Hm+n−1[y]ιym ⊗Hn−1[y] ι1Hn)→ 0
) ∼→ Yn,m.

Lemma 5.10. Given m,n,m′, n′ ≥ 0, we have HomD(B)(Yn,m, Yn′,m′ [i]) = 0 for i 6= 0.

Proof. Let r = m+ n. We have a morphism

P−r ⊗Hr−1[y] (Hr−1ι
y
m ⊗Hn−1[y] ι1Hn)→ P−r , a⊗ 1⊗ τ1 · · · τr−1 7→ δr,na for 1 ≤ r ≤ n.

Via the isomorphism above, it gives rise to a morphism (Yn,m)1 → P−r whose composition with
dm,n is the canonical map P+

r → P−r . Since Hom(P+
r , P

−
r ) is generated by the canonical map as a

module over End(P−r ), it follows that HomHo(B)(Yn,m, P
−
r ) = 0, hence HomHo(B)(Yn,m, Yn′,m′ [1]) =

0, as (Yn′,m′)
1 ' (P−m′+n′)

⊕n′ . Since Hom(P−r , P
+
r ) = 0, the lemma follows. �

Lemma 5.11. The objects Y0,m and Y1,m for m ≥ 0 generate Db(B) as a thick subcategory.

Proof. The algebra Hn[y] has finite global dimension since it is isomorphic to a matrix algebra
over k[x1, . . . , xn]Sn [y] (cf e.g. [Rou2, Proposition 2.21]). It follows that Bn has finite global di-
mension since Hom(P−n , P

+
n ) = 0 and End(P+

n ) and End(P−n ) have both finite global dimension
and P+

n ⊕ P−n is a progenerator for Bn.
We have Y0,m = P+

m and the cone of the canonical map Y1,m−1 → P+
m is isomorphic to P−m .

It follows that Y0,m ⊕ Y1,m−1 generates Db(Bn). �

Let T be the full subcategory of D(B) with objects the Yn,m’s and T ′ the full subcategory
of D(B) with objects those isomorphic to Yn,m’s.

Lemmas 5.11 and 5.10 provide an equivalence Hob(T )
∼→ Db(B). Proposition 5.6 shows that

the action of U on D(B) restricts to an action of T ′. Also, the right action of U on D(B)
restricts to T ′. So, we obtain commuting left and right actions of U on T and we have the
following theorem.

Theorem 5.12. There is an equivalence of (U ,U)-bimodules Hob(T )
∼→ Db(B).

By Lemma 5.8, the functor Υ : T → D(A[y]) is a faithful functor of (U ,U)-bimodules. Since
Υ(Y0,0) = k[y], it follows that Υ(Yn,m) has homology concentrated in degree 0. Composing with
the H0 functor, we obtain a faithful morphism of (U ,U)-bimodules

Q : T → U [y], Yn,m 7→ En+m[y].
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6. Relation with Webster algebras

6.1. Webster category. We follow [We, §4.2].
Let W̃ be the free (U ,U)-bimodule generated by an object ∗ and by maps ρ : ∗E → E∗ and

λ : E∗ → ∗E.
Let W be the (U ,U)-bimodule quotient of W̃ by the relations

τ ∗ ◦Eρ ◦ ρE = Eρ ◦ ρE ◦ ∗τ, τ ∗ ◦λE ◦ Eλ = λE ◦ Eλ ◦ ∗τ,
x ∗ ◦ρ = ρ ◦ ∗x, ∗x ◦ λ = λ ◦ x∗, λ ◦ ρ = ∗x, ρ ◦ λ = x∗

ρE ◦ ∗τ ◦ λE − Eλ ◦ τ ∗ ◦Eρ = E ∗ E.

6.2. From Webster’s category to the tensor product. Let Σy : U [y]
∼→ U [y] be the

monoidal self-equivalence given by

Σy(E) = E, Σy(x) = x− y and Σy(τ) = τ.

Let Φ̃ : W̃ [y]→ (Σy ⊗Σy)
∗T be the (strict) (U ,U)-bimodules k[y]-enriched functor given by

Φ̃(Em ∗ En) = Ym,n, Φ̃(ρ) = ρ̄ and Φ̃(λ) = λ̄.

Proposition 6.1. The functor Φ̃ factors through W [y] and induces a morphism of (U ,U)-
bimodules Φ :W [y]→ (Σy ⊗ Σy)

∗T .

Proof. Note that

Y0,0 = Y0 =

[
k[y]

0

]
, Y1,0 = Y1 =

k[x1, y] k[x1]

0 k[x1]

can //

//
id
OO

 and Y0,1 =

[
k[x1, y]

0

]
.

The action of x on Y1,0 = E(Y0) (resp. on Y0,1 = (Y0)E) is given by multiplication by x1.
We put

λ̄ =

[
id
0

]
: Y1,0 → Y0,1 and ρ̄ =

[
x1 − y

0

]
: Y0,1 → Y1,0.

The quasi-isomorphism E[y] = k[x1, y] → Υ(Y1,0) is multiplication by x1 − y in degree 0.
The isomorphism E[y] = k[x1, y]→ Υ(Y0,1) is the identity.

It follows that Q(λ̄) = x− y and Q(ρ̄) = id.

We consider Ψ̃ = Q ◦ Φ̃ : W̃ [y]→ (Σy ⊗ Σy)
∗U [y]. We have

Ψ̃(x∗) ◦Q(ρ̄) = x− y = Q(ρ̄) ◦ Ψ̃(∗x)

Qλ̄ ◦Q(ρ̄) = x− y = Q(∗x)

Q(ρ̄) ◦Q(λ̄) = x− y = Q(x∗)
Ψ̃(τ∗) ◦ EQ(ρ̄) ◦Q(ρ̄)E = τ = EQ(ρ̄) ◦Q(ρ̄)E ◦ Ψ̃(∗τ)

Q(ρ̄)E ◦ Ψ̃(∗τ) ◦Q(λ̄)E − EQ(λ̄) ◦ Ψ̃(τ∗) ◦ EQ(ρ̄) = τ(xE − y)− (Ex− y)τ = 1.

It follows that Ψ̃ factors through W [y]. Since Q is faithful, the proposition follows. �
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Theorem 6.2. The functor Φ is an isomorphism of (U ,U)-bimodules W [y]
∼→ (Σy ⊗ Σy)

∗T .

Theorem 6.2 will be deduced from its graded version (Theorem 6.5). Let us first show the
faithfulness of Φ.

Lemma 6.3. The functor Φ is faithful.

Proof. We define a k[u]-linear functor

R̃ : W̃ [y]→ (Σy ⊗ Σy)
∗U [y]

of (U ,U)-bimodules by

R̃(∗) = 1, R̃(λ) = R̃(ρ) = E.

The functor R̃ factors throughW [y] and induces a k[y]-linear functor R :W [y]→ (Σy⊗Σy)
∗U [y]

of (U ,U)-bimodules. It follows from [We, Proposition 4.16] that the functor R is faithful.
The composition Q ◦Φ :W [y]→ (Σy ⊗Σy)

∗U [y] is a k[y]-linear functor of (U ,U)-bimodules.
The functors Q ◦ Φ and R take the same value on ∗ and on the generating arrows ρ and λ. It
follows that they are equal.

W [y]
R //

Φ !!D
DD

DD
DD

D
U [y]

T
Q

=={{{{{{{{

Since R is faithful, it follows that Φ is faithful. �

6.3. Gradings.

6.3.1. Generalities. Consider a category C enriched in graded k-modules. We denote by C-gr the
category enriched in k-modules with objects pairs (c, n) where c an object of C and n ∈ Z and
with HomC-gr((c, n), (c′, n′)) the space of homogeneous elements of degree n′− n of HomC(c, c

′).
This is a graded category, i.e., a category endowed with an action of Z. We denote by c 7→ vnc
the action of n ∈ Z.

For example, if M is a graded k-vector space, then (vnM)i = Mi−n. When the homogenous
components of M are finite-dimensional, we put grdim(M) =

∑
i∈Z v

i dim(Mi). We put q = v2.

Given C a graded k-linear category, we equip K0(C) with a structure of Z[v±1]-module by
v[M ] = [vM ]. When Hom’s in C are finite-dimensional, we define a bilinear form

K0(C)⊗Z K0(C)→ Z[v±1], 〈[M ], [N ]〉 = grdim(Hom(M,N)).

6.3.2. Gradings of 2-representations. We enrich the monoidal category U in graded k-vector
spaces by setting deg(x) = 2 and deg(τ) = −2. Similarly, we define a grading on the algebra
Hn by setting deg(xi) = 2 and deg(τi) = −2.

We define deg(y) = 2. We define B′n to be the category with objects

[
Mn

Mn−1

γ
OO
]

, where Mr

is a graded Hr[y]-module and γ is a morphism of graded Hn−1[y]-modules γ : Mn−1 → Mn



HIGHER TENSOR PRODUCT FOR sl2 AND WEBSTER ALGEBRAS 19

such that (y − xn)γ(m) = 0 for all m ∈ Mn−1. We define HomB′n(M,N) to be the subspace of
HomBn(M,N) of graded morphisms. We define a graded version of the left action of U by letting
E act by multiplying by v the formula in Proposition 4.2. The graded version of the left action
of U is obtained by using the formula in §4.5. So, we have a structure of (U-gr,U-gr)-bimodule
on B′.

We define a graded structure on Yn,m by

Yn,m =

Hm+n[y] qn−1Hm+nιm,m+n ⊗Hn−1[y] ι1Hn

0 qn−1Hm+n−1[y]ιym ⊗Hn−1[y] ι1Hn

dm,n //

//
can
OO


Corollary 5.7 provides a graded quasi-isomorphism Yn,0 → EnY0,0.

There is a unique enrichment in graded k-vector spaces of W that makes the structure of
(U ,U)-bimodule compatible with gradings and with deg(ρ) = 2 and deg(λ) = 0. Note that
while our choice of gradings differ from the one in [We, Definition 4.4], the categories of graded
modules are equivalent.

The functor Φ gives rise to a morphism of graded (U-gr,U-gr)-bimodules W [y]-gr → (Σy ⊗
Σy)

∗T-gr.

Lemma 6.4. The functor Φ induces an isometry K0(W [y]-gr)
∼→ K0(T-gr).

Proof. Let Ũ be the Q(v)-algebra generated by e, f, k±1 modulo relations

ke = v2ek, kf = v−2fk and ef − fe =
k − k−1

v − v−1
.

We consider the coproduct on Ũ given by

∆(e) = e⊗ k + 1⊗ e, ∆(f) = f ⊗ 1 + k−1 ⊗ f and ∆(k) = k−1.

We put [n]v = vn−v−1

v−v−1 and [n]v! = [2]v · · · [n]v.

Let R = Z[v, v−1] and let U be the R-subalgebra of Ũ generated by the elements e(n) = en

[n]v !
,

f (n) = fn

[n]v !
for n ≥ 1 and by k±1.

Let U+ be the R-subalgebra of U generated by the elements e(n) = en

[n]v !
for n ≥ 1. There is

an isomorphism of R-algebras

U+ ∼→ K0(U -gr), e 7→ [E].

As a consequence, if M is a graded category with a graded action of U-gr, then K0(M) has
a structure of U+-module.

Consider the (n+ 1)-dimensional representation L(n) of U with R-basis (bi)0≤i≤n and

f(bi) = δi 6=0[n− i+ 1]vbi−1, e(bi) = δi 6=n[i+ 1]vbi+1 and k(bi) = v2i−n.

Let V = L(1) and put b− = b0 and b+ = b1.

We follow Webster, but we swap e and f and k and k−1.



20 MARK EBERT AND RAPHAËL ROUQUIER

The q-Shapovalov form on L(n) ⊗ V is the Z-linear map (L(n) ⊗ V ) × (L(n) ⊗ V ) → Q(v)
defined by

〈vabi ⊗ ecb−, vbbj ⊗ edb−〉 = vb−aδi,jδc,d

∏i
r=1(1− qn−r+1)∏i

r=1(1− qr)
.

for a, b ∈ Z, i, j ∈ {0, . . . , n} and c, d ∈ {0, 1}.
We define a new form on L(n)⊗ V by

(u, u′) = 〈u, u′ + (v − v−1)(e⊗ f)(u′)〉.
So

(vabi ⊗ b−, vbbj ⊗ b−) = (vabi ⊗ b+, v
bbj ⊗ b+) = vb−aδi,j

∏i
r=1(1− qn−r+1)∏i

r=1(1− qr)
,

(vabi ⊗ b+, v
bbj ⊗ b−) = 0 and (vabi ⊗ b−, vbbj ⊗ b+) = −vb−aδi−1,jv

−i
∏i

r=1(1− qn−r+1)∏i−1
r=1(1− qr)

for a, b ∈ Z and i, j ∈ {0, . . . , n}.
Taking the limit as n→∞ (cf [We, Proof of Proposition 4.39]), we obtain a form on U+⊗V .

This is the Z-linear map (U+ ⊗ V )× (U+ ⊗ V )→ Q(v) defined by

(vae(i) ⊗ b−, vbe(j) ⊗ b−) = (vae(i) ⊗ b+, v
be(j) ⊗ b+) = vb−aδi,j

1∏i
r=1(1− qr)

,

(vae(i) ⊗ b+, v
be(j) ⊗ b−) = 0 and (vae(i) ⊗ b−, vbe(j) ⊗ b+) = −vb−aδi−1,jv

−i 1∏i−1
r=1(1− qr)

for a, b ∈ Z and i, j ∈ Z≥0.

We consider the (U+, U+)-bimodule U+ ⊗ V where the left action of U+ is the diagonal
action and the right action of U+ is the action by right multiplication on U+. Webster [We,
Proposition 4.39] shows there is an isomorphism of (U+, U+)-bimodules

φ : U+ ⊗ V ∼→ K0((W-gr)i), 1⊗ b− 7→ [∗]
that is compatible with the bilinear forms (−,−). Note that Webster’s isomorphism is the
composition of φ with the automorphism coming from the anti-involution of W that swaps
Em ∗ En with En ∗ Em, ρ with λ, τ with −τ and that fixes x.

There is an isomorphism of (U+, U+)-bimodules

ψ : U+ ⊗ V ∼→ K0(B-gr), 1⊗ b− 7→ [P+
0 ],

where the K0 is for B-gr as an abelian category. We have

ψ(en ⊗ b−) = [P+
n ] and ψ(en ⊗ b+) = −v−1[P−n+1].

We have

grdim(Hn[y]) = q−n(n−1)/2 (1− q) · · · (1− qn)

(1− q)2n+1
,
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hence

〈P+
i , P

+
j 〉 = δi,jq

−i(i−1)/2 (1− q) · · · (1− qi)
(1− q)2i+1

=
1

1− q
([i]v!)

2(e(i) ⊗ b−, e(j) ⊗ b−)

〈P−i+1, P
−
j+1〉 = δi,jq

−i(i−1)/2 (1− q) · · · (1− qi)
(1− q)2i+1

=
1

1− q
([i]v!)

2(e(i) ⊗ b+, e
(j) ⊗ b+)

〈P+
i , P

−
j 〉 = δi,jq

−i(i−1)/2 (1− q) · · · (1− qi)
(1− q)2i

=
−v

1− q
[i]v![i− 1]v!(e

(i) ⊗ b−, e(j−1) ⊗ b+)

〈P−i , P+
j 〉 = 0

We deduce that for all w,w′ ∈ U+ ⊗ V , we have (ψ(w), ψ(w′)) = 1
1−q (w,w

′).

The composition ψ◦φ−1 is a morphism of (U+, U+)-bimodules sending [∗] to [P+
0 ]. So, ψ◦φ−1

and [Φ] agree on [∗]. Since 1⊗ b− generates U+ ⊗ V as a (U+, U+)-bimodule, we deduce that
ψ ◦ φ−1 = [Φ] and the proposition follows. �

Theorem 6.5. The functor Φ is an isomorphism of graded (U-gr,U-gr)-bimodules W [y]-gr
∼→

(Σy ⊗ Σy)
∗T-gr.

Proof. Lemma 6.3 shows that Φ induces an injective map between graded Hom-spaces. By
Lemma 6.4, these Hom spaces have the same graded dimension. It follows that Φ is fully
faithful, hence it is an equivalence. �
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