HIGHER TENSOR PRODUCT FOR sl;, AND WEBSTER ALGEBRAS
MARK EBERT AND RAPHAEL ROUQUIER

ABSTRACT. We construct a model for the tensor product of the regular 2-representation of
the enveloping algebra of sl; with the vector 2-representation, based on the co-categorical
definition of [Rou3]. Our model contains McMillan’s minimal one [Mc]. Our use of an infinite
family of generators provides a simpler model that we prove is equivalent to Webster’s tensor
product category [We].
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1. INTRODUCTION

Higher representation theory is a version of representation theory where vector spaces are
replaced by categories. In this article, we consider the case of sly, where the original theory
was introduced in [ChRoul, and the graded version we consider in [Lau].

In [Rou3], the second author defines a tensor product for 2-representations and conjectures
that the tensor product of simple 2-representations agrees with Webster’s quiver Hecke algebra
2-representations.

The tensor product of 2-representations involves only the positive part of the Lie algebra and
in this article we consider the case of the one-dimensional Lie algebra slj. A 2-representation
of 5l on a category over a field k is the data of an endofunctor E and of endomorphisms z of
E and 7 of E? satisfying Hecke relations (cf (1) in §3.1). Equivalently, it is the action of the
monoidal category U generated by E and endomorphisms x and 7. The endomorphism algebras
in U are nil affine Hecke algebras of type A. Note that U/ is a 2-representation by left tensor
product. The 2-dimensional vector representation has a categorical version, £ = Ly ® L, with
L; the category with one object whose endomorphism ring is kly].

We consider the tensor product U@L of U and L. The general theory defines this as an oo-
category with an oo-categorical 2-representation. It also provides a dg-model for the category
together with an endofunctor F, and that is our starting point. The endomorphisms x and
7 exist only on the derived category. We construct a new t-structure on the derived category
for which the action of E is exact and we use the compatibility Y QL — U@Ly = U arising
from the categorical version of the one-dimensional quotient of the vector representation to
determine x and 7, in the new t-structure.

This t-structure was considered by McMillan [Mc] who provides an intricate description of
the endomorphism ring of a small progenerator in the heart and the bimodule corresponding
to E, as well as the endomorphisms x and 7. What we do here instead is consider an infinite
progenerating family for this t¢-structure. We show that the full subcategory with those as
objects has a very simple description: it is one of Webster’s tensor product categories.

Our work is a step in the description of the braided monoidal category of 2-representations
of sly, toward fulfilling Crane and Frenkel’s program [CrFr].

2. NOTATIONS

Let ¢ : A — B be a morphism of rings. Given M a left (resp. right) B-module, we denote
by ¢M (resp. M¢) the left (resp. right) A-module whose underlying set is M and where the
action of a € A is that of ¢(a).
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We denote by A-mod the category of finitely generated A-modules and by D°(A) its derived
category (when A-mod is abelian).

We fix a field k. By category, we mean a category enriched in k-vector spaces and all functors
between such categories are assumed to be k-linear.

Given a category C, we denote by C’ the full subcategory of the category of functors from
C°PP to the category of sets with objects the direct summands of finite direct sums of objects
of the form Hom(—, ¢) for ¢ € C. We identify C with a full subcategory of the k-linear category
C? via the Yoneda functor.

We denote by C[y] the category with the same objects as C and with Homgep(c,¢') =
Home (¢, ) @z Z[y].

Given an additive category A, we denote by Comp(.A) the category of complexes of objects
of A and by Ho(A) its homotopy category.

Let U be a monoidal category. We denote by U™ the monoidal category equal to U as a
category but with u ®™ v’ = v’ ® u.

Consider an action of U on a category A via the monoidal functor M : Y/ — End(A). Let
> : U — U be a monoidal functor. We denote by ¥*A the category A with the action of U
given by M.

Given E a functor, we write E for idg : £ — FE.

3. 2-REPRESENTATIONS OF sl

3.1. Monoidal category. Let U be the (k-enriched) monoidal category generated by an object
E and arrows x : E — F and 7 : E? — E? modulo relations

(1) 72 =0, (TE)o(ET)o(7E) = (ET)o(TE)o(ET), To(xE)—(Ex)or = 1 = (2E)or—70(Ex).

There are isomorphisms of monoidal categories

W:USUPP E—E, 7T 21
andU S U™, Ev— E, 77T, 1+ —2x.
Given n > 0, let H, be the k-algebra generated by x1,...,2z,, 71,...,7,—1 modulo relations
Ti2 = O,TZ‘T]‘ = Tsz' lf |Z — j| 7£ 1 and T;Tit1Ti = Ti+1TiTi4+1
Ty = Ty, Tiky = o1 if r# 4,0+ 1 and 7x; — w0 = 1 = 27 — 73X

for1<r,s<nand1<ij<n.

We put s; = 7;(x; —x;41) — 1. There is an injective morphism of algebras k[z1, ..., z,|x &, —
Hn, Ti — T, (Z,Z + 1) = S;.

We identify H,_, with a subalgebra of H,. The left H,_;-module H, is free with basis

(]_,Tn_l, S '7'1).
We put H_; = 0.

There is an isomorphism of algebras

H, = Endy(E™)°, x; s E" 2B 70 E" e B
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It gives rise to a fully faithful functor

@Hom(E”, ) U — @Hn—mod.

n>0

3.2. Algebra embeddings. Given m,n >0, r € {1,...,m}JZsmin and s > sup(m +n,r),
we define an injective algebra morphism

byt Holy] = Hs, T = Topgiy Ti ¥ Tingis Y > Ty

We put tg = tont1 and Ly, = tyym for m > 0.

Note that Hgty,, is a (Hg, Hy|y])-bimodule. We extend it to a (Hly|, H,[y])-bimodule by
letting the left action of y be the right action of y.

Similarly, we extend the structure of (H,[y], Hs)-bimodule on ¢, . H to a structure of (H,[y|, Hs[y])-
bimodule by letting the right action of y be the left action of y.

We define the morphism of algebras

o Hylyl = HignlYl, T Tongiy T 7 Tineis Y > Y.

3.3. U-modules. A U-module is a category V endowed with an action of U, ie, a monoidal
functor Y — End(V). An action of U on a category V is the same data (equivalence of
2-categories) as the data of an endofunctor F of V and of x € End(F) and 7 € End(E?)
satisfying (1).

Consider two U-modules (V, E,z,7) and (V', E',2’,7"). A morphism of U-modules

V,E,z,7)— V', E' 27

is the data of a pair (®, ) where ® : V — V' is a functor and ¢ : ®E = E'® is an isomorphism
such that g o (®x) = (2/®) o p and (E'p) o (pE) o (O1) = (7'®) o (E'p) o (pE).

A right U-module is defined to be a U**V-module.

3.4. Regular 2-representation. The left and right actions of & on itself by tensor product
give rise to commuting left and right actions of & on the abelian category A = €, -, H,-mod.
Let us describe those actions.

For the left (resp. right) action, E acts as the direct sum of functors H,14,®p, — : Hy-mod —
H,+1-mod with [ = 0 (resp. [ = 1). The endomorphism z acts as right multiplication by x4
(resp. 1) on H,i1. Via the isomorphism H, 2 ®u,,, Ho1 = Hyi2, a ® b — ay(b), the
endomorphism 7 acts on H,, .o as right multiplication by 7,41 (resp. 7).

n>0

3.5. Vector 2-representation. Let £, = k[y]-mod for » = 0,1. There is an action of U on
L =LyP Ly. The functor E acts as Id : Lo — £, and z acts as multiplication by y.
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4. DESCRIPTION OF THE TENSOR PRODUCT

4.1. Tensor product. We consider the tensor product L@&.A for the action of U [Rou3]. This
is an abelian category with an oo-categorical action of U on D*(L®.A). We will only use here
the classical action.

We will make a key use of the fact that the canonical morphism of ¢-modules £ — L, (where
E acts by 0 on L) induces a morphism of ¢/-modules

(2) DY(L®A) — D' (Li@A).

We will describe the category B = L®.A and the action of E following [Rou3|. The actions
of z and 7 will be described later using (2).

Remark 4.1. The general tensor product construction for U provides a dg-category. Because
the 2-representation of s[5? extends to 5[220, that dg-category is canonically equivalent to cat-
egories of complexes for an algebra with zero differential, cf [Rou3]. This is the model we will
use for B.

M
4.2. Underlying category. Givenn > 0, let B,, be the category with objects [ WT ] , where M

is an H,[y]-module, N an H,,_;[y]-module, and v : N — M is a morphism of H,_;[y]-modules
such that (y — z,,)y(m) = 0 for all m € N. We define

M M’
Homlgn([vT , ')/’T ])
N N’

to be the set of pairs (f, g) in Hompy, (M, M') ® Homp, ,1,j(N, N’) such that foy=+"0g.
Let

H,[y] Hyo
P = T and P, = CanT
0 Hpa[y]
We have
Sy
Hom(B,, | 7} |) 5 M, (f,9) = f(1)
L N
L
Hom(P,, | 7 |) 5 N, (f,9) = g(1).
L N

So P & P, is a progenerator of B,,. Right multiplication provides isomorphisms of algebras

H,[y] 5 End(PJ)Opp and H,_1[y] 5 End (P, )°PP.

We put B = €D, ~ Bn-
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4.3. Left action. We describe here the functor providing the action of the generator E of U
on B, following [Rou3|.

Proposition 4.2. We have a functor E : B, — Comp’(B,,1) given by

M 0= Hpp1ly] @u,py M —= Hyp10 O,y M — 0
E( WT ) = | a@mra(@n—y)m@y(m T m—1®m
N 0= Hulyl @m, 41y N — M =0

a@m—ray(m)

where the non-zero terms of the complexes are in degrees 0 and 1 and
f] {1 ®f 1® f]
E
({g )= l®g f

The functor E s exact.
Proof. Note first that the map
u Hn[y] ®Hn71[y] N — Hn+1[y] ®Hn[y] M7 a ® m CL(xn - y>Tn ® ’Y<m)

is well defined and it is a morphisn of H,[y]-modules. We have

(y — xn—&-l)u(a ®m) = a(xn - y)(y - xn—i-l)Tn ® V(m) = at,(y — xn—&-l) ® (xn - y)’V(m) = 0.
Let us show that F defines a complex. Given a € H,[y] and m € N, we have

ula @m) = a(tn(Tni1 —y) +1) @ 7(m),

and this has image a ® y(m) in Hp 100 @,y M. It follows that E defines a complex of objects
of Bn+1.

Since H, 4 is projective as a right H,[z,1]-module, it follows that H, ¢ is projective as a
right H,[y]-module. We deduce that E is exact. O

We extend E to an exact functor E : Comp®(B,) — Comp®(B,11) by taking total complexes
and we still denote by E the endofunctor of Comp®(B) obtained as the sum of the functors E
for each n.

Note that the action of £ on Comp®(B) does not extend to an action of . It only gives rise
to an action of U on D*(B).

4.4. Compatibility with the filtration of £. We have a canonical morphism of ¢/-modules

L — Ly given by the projection. It induces a morphism of -modules D*(L®.A) — D*(L{BA).

Via the canonical equivalence Aly] = Lo ®.A4, we obtain a U-module functor D*(£L®.A) —
D?(Aly]). Let us describe this explicitely.

Consider Y, Y_ : B — Aly| given by

M M

’YT ) =

N

N

T

]):MandT_(




HIGHER TENSOR PRODUCT FOR sl; AND WEBSTER ALGEBRAS 7

There is a quasi-isomorphism ¢

M
Hya[y] @, T( 7T]>:Hn+l[y] Oy M —= 0
N
wl

TE(

a@m—a(Tn+1—y)@m

M
g ] )= Hon[Y] @uay M o Hnvrto Ompy M
N

because

[y 2t Ty S Hyaitg — 0

0— Hn+1
is a split exact sequence of projective right H,[y]-modules.

This gives rise to a morphism of &/-modules

(Te7h)
5

D"(B) D*(Aly)).

4.5. Right action. The right action of U on itself by tensor product induces a right action of
U on LQU, hence on B. It is given by

[

fa®m ] | e @m
o' @ m/| adr;@m'|’

[Hpi1 [y @y M
)E —= 1®"/
| Hou [yl ®m,,_ypy) N

The endomorphism x acts by

Multiplication gives an isomorphism

M Hyo[yles @, M
(|} hE* S 18y
N Hy [yl @m, iy N

and 7 acts by
a®m s aty @ m
a @m' anem'|’
Note that all the functors constructed in §4.4 are compatible with the right action of U.

4.6. Commutation of the actions. There is an isomorphism from
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can

Hn+2[y] Lzl/ ®Hn+1[y] Hn+1LO ®Hn[y} M

Hy o[yl @w, iy Hoa [Y] @w, M

= | a®b@Mm—a@b(zn—y)Tn®y(m) a®@m—a®1@m
Hoa [y @) Holy] @, 1) N e ——— Hya[y]] @m, M
to
Hp o[yl @, M —=>  Hypotingr QM
L= a®m+—>a(xn+1y)7n+1®’y(m)1 Ta@m}—)a@m
Hoa [yl ®m, i) N pr——"— Hy 1yl @, M
given by

a1 @by ®@my  az ® by @ my . art{(by) @ my astf (b)) @ my
az ® by @ mg ag & my asti(b3) ® mg (g @ My

We have also an isomorphism from

M

"]

N

E((| ] E) =

can

Hn+2[y] ®Hn+1[y] Hn-‘rl[y]yll/ ®Hn[y] M — Hn—I—QLO ®Hn+1[y] Hn-‘rl[y]L?l/ ®Hn[y] M
= a®@b@mi—a(Tp4+1—Y)Tn+1QbRy(m) T Ta@m»—ﬂ@a@m

Hy [yl @, M

Yy
Hn-i—l[y] ®Hn[y} Hn[y]LI ®Hn—1[y] N aRb@m—sabry(m)

to L given by

a1 @b @My as ® by ® mo = a1by @ my azbs @ my
a3®bg®m3 Ay K My a3b3®m3 ag & my ’

Composing the second isomorphism with the inverse of the first one, we obtain an isomorphism
of functors

E((?)E) > (E(?)E.
5. NEW {-STRUCTURE

5.1. Hecke calculations. Fix n > 0. We put 1 Hy = 0. We define
An = Z Tpt  Tn—1 @ Ty Tr—1 € Hn[y] ®Hn,1[y] LlHn

1<r<n
and we denote by A, the image of A, in Hpto ®@m,,_yjy) t1Hy-
Lemma 5.1. We have aA,, = A,a for all a € H,.
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Proof. Given i € {1,...,n — 1}, we have

TiAn:E T Tn1Tic1 @7 T 047 7 1 @7 T+ E Tr Tp—1Ti QT Tl

1<r<i i+1<r<n
= E T Tp1 QTiTL Tr1 + T Tpo1 @ T1e - Ty + E Tr Tp—1 @ Tig1T1 " Tr—1
1<r<s i+1<r<n
:E Tre  Tp1 @T1Tp Ty T T Tpe1 @ Ty Ty + E Tre Tl @T1" Tp1T
1<r<i i+1<r<n
:AnTi.

Consider now i € {1,...,n}. Given n > d > j > 1, we have

TjTj " Td—1 = Tj** Tg—1%d + E Tjr Te—1Ts+1 """ Td—1;

hence

A, = E Tr  Tne1Tic1 @ Ty Tp_1 — E Tp TioTi Tl @ T Trq

1<r<i 1<r<i

n—1 n
+7—i"'7—n—1xn®7_1"'7—i—1+§ Tt Ts1Toq1 " Tp—1QT1** Ti—1+ E Tre Tp—1Ti QT+ - Ty
=1 r=i+1
We have

i—1 i—1 i—1
E Tpe Tp1Ti—1 @ Ty Trq = E Tpet Tl @TiTy "+ Tpo1 = E Tpt o Tn—1 @ T1 0 Tr—1T5,
r=1 r=1 r=1

n n
E Tr"'Tn—lﬂfi@Tl"'Tr—l:E Tr Tn—1 @ Tig1T1 "~ Tr—1
r=i+1 r=i+1
n n
= E Tr Tp—1 @T1 " Tr1T; — E Tr Tn—1 @T1 " Tim1Tig1 " Tp—1
r=i+1 r=i+1
and
Tit  Tp—1Tp @ T1 " Tim1 = Ti** " Tp—1 @ XT1T1 - Timl
i—1
:Ti"'Tn71®Tl“'Ti71xi+§ Tt Tn—1@T1 Ts—1Tsq1 """ Ti—1-
s=1
We have

n—1 n—1
E Tit To1Togl " Tno1 @ Ty Tim = E Totl " Tn—1Ti** To—1 @ T1 " Tiz1
=3 s=1

= E Totl " Tpe1 & Tjq1 -+ TsT1* " Tie1
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n
= E Tpe " Tp—1T1" Tim1 @ Tig1 -+ - Tpo1
r=1+1

and
i—1

i—1
E Ti"‘Tnfl®7—1"'7—5717—s+1"'7-i71:E Tit Tn—1 @ Teq1 " Tim1T1 """ Ts—1
s=1 s=1
i1
ZE Titt Tn1Ts Tim2 @ T+ Ts—1
s=1
i—1
=Y T TiaT T @ T T,
r=1

We deduce that x;A,, = A, z; O
We define a morphism of left H,[y]-modules
Vn t il — Hyly] © Holy] @m,_i ) 11 Hy
t(a)m -7 {Eg:g@nz Tp) @TL - Ty) i: < Z
where a € H,[y|] and r € {0,...,n} and a morphism of left H,;[y]-modules
vyt Hy10 @p, ) 1 Hppr — Hygrto @ Hu1ton @, jy) 1 Hn

(a,—ad r  Ts Tpo18, @m -+ Ts_q) ifr=n

a® e T ]
e {(O,a(wn — Tpi1)Sn QT+ Ty) if r < n.

where a € H, 1 and r € {0,...,n}.
Note that there is a commutative diagram

(3)

~

Hyy1to @,y t1Hngt Hyy1t0 ® Hyy1to @, yfy) t1Hn

1® id 0
vn 0 a®b— —asp, ®b

Hn+1['0 ®Hn[y} Hn[y] D Hn+1LO ®Hn[y] Hn[y] ®Hn_1[y} LIHn ﬁ Hn—l—ILO ¥ Hn—l-lLO ®Hn_1[y] LlHn

Lemma 5.2. There is an exact sequence of H,[y]-modules

(a——aly,can)

0= tHp = Holyl ® Holy] ®u, 1) 1 Hn Hyto @, [y t1Hn — 0

and an exact sequence of Hy1|y]-modules

(a——alAn,can) =
e

0— Hyr10®@m,[yt1 Hu = Hy1t0®Hpy1000®m, _y[y)t1 Hy Hy 1@, )1y — 0

where Hyy1 = Hyy1t0/Hpi1 (Trg1 — 7).
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Proof. There is an exact sequence of (H,[y], H,—1[y])-bimodules

0 — Hy] <= 1 y] < Hou — 0.
Tensoring by the free H,,_;[y]-module ¢; H,,, we obtain an exact sequence of H,[y]-modules

a®b—a(y—xn)Rb
T M

0— Hn[y] ®Hn—1[y] LlHn Hn[y] ®Hn—1[y} LlHn ﬁ) HnLO ®Hn—1[y] LlHn — 0.

That exact sequence is a subcomplex of the complex of H,[y]-modules

id 0
a—al, a®b—aly—z,)Q0b
(4) 0— Hylyl & Holy] ®n,_ypy) 1 Ha ( - St )>

(a—~—aly,can)

Hn[y] ¥ Hn[y] ®Hn_1[y} LlHn HnLO ®Hn_1[y] LlHn — 0

and the quotient is acyclic. We deduce that (4) is acyclic.

We have an isomorphism of H,[y]-modules

LlHn—l—l :> Hn[y] D Hn[y] ®Hn_1[y] LlHn

(a) = (a,0) ifr=n
v(a)m -7, ,
T 0, a®@m7---7.) ifr<n

.. . . id 0
where a € H,[y]. The composition of this map with the map <a v alA, a®bes aly — ) ® b)

of (4) is equal to v,. We deduce that the first sequence of the lemma is exact.

Tensoring the first exact sequence of the lemma with H,it9 gives an exact sequence of
H, 1 |y]-modules

(a——alAp,can) =
E—

0 — Hy100®m, i1 Hn =y Hy1t0® Hpy100®m, g1 Hn Hy1®m, 1 Hn — 0

where

(P T if r =
u;{(a®¢1---fr):{(a’z$—173 Tl @ T+ Ts—1) ifr=n

(0,ay —xp) @11+ 70) if r <n.
for a € H,11 and r € {0,...,n}. There is an isomorphism of (H,,1[y], H,_1[y])-bimodules
fiHy— Hy i1y, a— —asy,.

We have v}, = (id, f®1)ov) (commutative diagram (3)) and we deduce that the second sequence
of the lemma is exact. g
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Lemma 5.3. The following diagram commutes

can
a— alp

Hn-‘rl[y] Hn-i-lLO S¥ Hn—HLO,n ®Hn_1[y] LlHn

| -

Hyialy Hy100 @,y t1Hpgr

a—alp41

Proof. We have

n+1
Bo) = S V(T ® T i)
r=1

n n

= (17 - ZTS *Tp—15n ® T 7—5—1) + Z(O’ Ty Tn(mn - xn—i—l)sn X 71 Tr—l)

=1 r=1

S
n
§ 2
:(17 T’I’”.Tn—lsn®7-1”'7—7"—1)-
r=1

Lemma 5.4. We have s,—1---51(xn —y) - (T2 —y) - Ap = 1R 1 in Hyto @p,_ [y t1Hn.

Proof. We proceed by induction on n. The lemma is clear for n = 1. Assume the lemma holds
for n.
By Lemma 5.3, we have

V(s s1(@np —y) - (2= y) - Angr) = (080w s1(@nn —y) - (w2 —y) - An) =
= (0, sn(@ns1 = Y)sn-1 - s1(zn —y) - (22— y) - An) = (0, 5p(znn —y)(1 @ 1)) = 1,(1@ 1),
The lemma follows now from the injectivity of v/, (Lemma 5.2). O

Lemma 5.5. The element A, generates Hyto @p, 1y t1H, as a Hy[y]-module.

Proof. Note that 1 ® 1 generates Hnto ®p,_,[y t1H, as a (H,ly], H,)-bimodule. It follows
from Lemma 5.4 that A, generates Hyio ®p, [y 11y as a (H,[y], Hy)-bimodule, hence as a
H,[y]-module by Lemma 5.1. O
5.2. Generators. Given n > 0, we define a complex Y, of objects of B,, in degrees 0 and 1

a—al,

H,ly] ——= Hunto ®mu,_,y t1Hn
Yn = f‘ar—)l@a
0  —— 1 H,

Thanks to Lemma 5.1, right multiplication defines a morphism

Yo+ Hyy — End(Y;,)°PP.
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The canonical isomorphism H,_1[y] ®u, ,jy t1Hn = t1H,, induces an isomorphism
(0= Pf = P, @p, i 1H, = 0) > Y,.
We have isomorphisms
Hy1ly] @m, 1y Halyl ;:]f Hpalyl, Hpg1to @, Hlyl ;}j Hy 100,
Hy1[y] @, 1) Hoto @, () t1Hn = Hus1ton @, 1fy) 1Hn, ay' ® b®@ ¢ — abxl, @ ¢
fora€e H,y1, b,c € H, and ¢ > 0 and
Hy 10 @,y Hoto @m, i) iHn = Hy1 Qp,_ ) iHn, a@b® ¢ ab@ .

They give rise to an isomorphism

fo it E(Ya) =
(a '—(;a;An) (a——aly,can) —
Hn—l—l[y] I n+1L0 S Hn+11/0,n ®Hn,1[y] LlHn — Hn+1 XH, —1]y] LlHn
2 0
X, = (8 a®bb—>a(acn—y)7'n®b) can
0 - Hn[y] D Hn[y] S H,_1[y] v H, (o> —atomcan) Ho OH,_1]y] nH,

Proposition 5.6. There is a morphism f, : Y1 — X, given by
id v, 0
0 v, 0|

Proof. Since (z, — y)Tn = Tu(Tnt1 — xn) + 1 = —s, in Hyi1l0,, the commutativity of the
diagram (3) implies that the following diagram commutes

The map f, is a quasi-isomorphism.

/

Hn-‘rlLO ®Hn[y] LlHn—H = Hn-‘rlLO S Hn—i—lLO,n ®Hn,1[y] LlHn
L 0
aHl@aT T((()J a®b’—>a(l"n*y)7n®b)
Holyl ® Huly] ®m,, -1y 1Hy

This shows that (f,)' defines a morphism (Y,,)! — (X,,)'.
By Lemma 5.2, the compositions

L1Hn+1

(a——aln ,can)
—_—>

1 H, = H,[y] © H,[y] Qm, [y L1Hn Hpto ®@m,,_ypy) 1y,

and

(a——alAn,can) =
E—

Hy1to @m,1) t1Hnp =y Hyy1t0 ®© Hyy1to @,y t1Hn Hyy1 ®m, oy 1Hn

vanish.
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Together with Lemma 5.3, this shows that f,, is a morphism of complexes. Lemma 5.2 shows
that f, is a quasi-isomorphism. O

We put g, = f/=1o f,, : Vi1 — E(Y,). We define inductively h,, : Y,, — E"(Yy) by hy = id
and h,.1 = F(h,)og,. As an immediate consequence of Proposition 5.6, we have the following
corollary.

Corollary 5.7. The map h,, : Y, — E"(Yy) is a quasi-isomorphism.
Lemma 5.8. Let C and C' be two complexes of objects of B,, with

o CY and C" isomorphic to a direct sum of copies of PF

o C' and C"" isomorphic to a direct sum of copies of P,

o C'=C"=0 fori¢g{0,1}.
The map Y : Hompg,)(C, C")) = Hompu, ) (T(C), T(C")) is injective.

Proof. The canonical map Homy,s)(C, C") — Hompg) (C,C") is an isomorphism. Note that
since Hom(C', C") = 0, the canonical map Homcomps)(C, C") — Hompes)(C, C”) is also an
isomorphism.

Consider now o € Homcomps)(C,C’) such that Y(a) vanishes in D(H,[y]). We have
H(Y(a)) =0. Let k = [, (y — ) € klz1,...,2,]"[y] C Z(H,|y]). We have - Y(P;) =0,
hence Y (C?) C H°(Y(C)). We deduce that the restriction of T(a’) to kY (C?) vanishes. The
algebra H,[y] is free as a k[z1, ..., z,,y]-module, hence also as a k[z, ..., z,]°"[y]-module. So
the annihilator of £ in Y(C™) is 0. It follows that T («a)® = 0.

The composition Y(C')[—1] T, T(CM[-1] =5 YT(C") is equal to the composition
T(CY)[-1] =5 1(0) T, T(C"), hence it vanishes in D(H,[y]). There is an exact sequence
Homy, ) (T(C), T(C)) = Homp, ) (T(C"), T(C™)) = Hompa, ) (Y(CH), T(C)[1]).
Since kKY(C') = 0, it follows that Homp, [,(T(C'), T(C")) = 0. We deduce that Y(a') = 0,
hence T («) = 0.
Since the structure map T_(C"') — YT(C") is injective, it follows that T_(«) = 0. So
a = 0. U

The structure of «-module on D(B) provides a morphism of algebras ~;, : H, — Endp)(E"(Yp)).
The following proposition shows that the action of H,, on Y,, defined earlier is compatible with

T
Proposition 5.9. We have a commutative diagram

Endps)(Yn)

Endps) (E"(Y0))
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Proof. Multiplication provides an isomorphism r from (YE™(Y;))?, the degree 0 term of YE™(Yy),
to Hy,[y]. By §4.4, we have a quasi-isomorphism

p: Hulyl = TE™(Yy), a1 (a(zy —y) - (21— y))

and a commutative diagram

Endp(s)(E"(Yp)) —— Endpu, ) (T(E" (%)) -

| .

Hn [y] right mult. EndH" [v] (Hn [yD
There is a commutative diagram
T(Y,)
w—m(wn—y)m(y’
Hly) T (hn)
\
T(E"(Y0))

We deduce that the following diagram commutes:

EndD(B)(Yn)

Endpes) (E"(Y0)) —> Endp, ) (TE" (Y0))
The proposition follows from Lemma 5.8. 0

5.3. 2-representation on an additive subcategory. Given m,n > 0, we put

dn, ,m

HmJF”[y] — Hminlbmm+n ®Hn_1[y] LlHn
Yn,m = ’Tcan
0 - m+n—1[y]l/17/n ®Hn71[y] nH,

where d,, (@) = ad | Tmtr* Tmgn—1 @ 71+ - Tr—1. Note that Y, =Y}, .

Right multiplication provides a morphism of algebras

H, — Endcomp([g) (anm)()pp .
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Qo b1 X c aoh blh X cy

Multiplication provides an isomorphism (Y,,)E™ = Y, ,, that is equivariant for the action of
H,,. Corollary 5.7 provides a quasi-isomorphism Y}, ,, — E"(Y,,) compatible with the given
maps H, — Endpg)(Ynm)®? and H, — Endp)(E"(Yo,m))° (Proposition 5.9).

We have an isomorphism given by multiplication

— P

(0 — P mAn QHupin1[y] (Hpmn—1[y)e, O H,_1[y) uH,) — O) = Yom-

m+n
Lemma 5.10. Given m,n,m’,n' > 0, we have Homp gy (Ynm, Yo/ meli]) = 0 fori # 0.
Proof. Let r = m + n. We have a morphism
P” ®u, ) (Hr—1t¥, @u, g iHy) = P7, a®1@ 71+ Tooq = Oppa for 1 < <.

Via the isomorphism above, it gives rise to a morphism (Y, ,,)! — P~ whose composition with
;. 1s the canonical map PJr — P~. Since Hom(P, P7) is generated by the canonical map as a
module over End(P.), it follows that Homyosy(Ym, P ) = 0, hence Homyosy (Y m, Yorm[1]) =

0, as (Yo )" >~ (P,,)®" . Since Hom (P, P") = 0, the lemma follows. O

Lemma 5.11. The objects Yy, and Yy, for m > 0 generate D*(B) as a thick subcategory.

Proof. The algebra H,[y] has finite global dimension since it is isomorphic to a matrix algebra
over k[zy,...,1,]%"[y] (cf e.g. [Rou2, Proposition 2.21]). It follows that B, has finite global di-
mension since Hom(P, , P) = 0 and End(P;") and End(P,") have both finite global dimension
and P @ P, is a progenerator for B,,.

We have Yy, = P and the cone of the canonical map Y; ,,—1 — P, is isomorphic to P,,.
It follows that Yy, @ Y} 1 generates D°(B,,). O

Let T be the full subcategory of D(B) with objects the Y}, ,,’s and 7" the full subcategory
of D(B) with objects those isomorphic to Y, ,’s.

Lemmas 5.11 and 5.10 provide an equivalence Ho?(7) = D®(B). Proposition 5.6 shows that
the action of U on D(B) restricts to an action of 7’. Also, the right action of & on D(B)
restricts to 7'. So, we obtain commuting left and right actions of & on T and we have the
following theorem.

Theorem 5.12. There is an equivalence of (U,U)-bimodules Ho"(T) = D*(B).

By Lemma 5.8, the functor Y : T — D(A[y]) is a faithful functor of (U, U)-bimodules. Since
T (Yo,0) = Ky, it follows that Y (Y, ,,) has homology concentrated in degree 0. Composing with
the H° functor, we obtain a faithful morphism of (U, U)-bimodules

Q:T — Uy, Yom+— E"[y].
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6. RELATION WITH WEBSTER ALGEBRAS

6.1. Webster category. We follow [We, §4.2].

Let W be the free (U, U)-bimodule generated by an object x and by maps p : xE — Ex and
A BEx — B, y

Let W be the (U,U)-bimodule quotient of VW by the relations

TxolpopE =FEpopEoxt, TxoAE o EX=AEo EXoxT,
T*Op=pO*x, xTOX =0T, Aop=rs%x, po =%
pEoxto A\l — EAoTxoFp=FExFE.
6.2. From Webster’s category to the tensor product. Let ¥, : U[y] = U[y|] be the
monoidal self-equivalence given by
Y, (E)=FE ) (r)=x—yand ¥,(1) =T.
Let ® : W[y] — (2, ® %,)*T be the (strict) (i4,U)-bimodules k[y]-enriched functor given by
O(E™ % E™) = Y, ®(p) = pand &(N) = \.

Proposition 6.1. The functor ® factors through Wly| and induces a morphism of (U,U)-
bimodules ® : W[y] — (X, ® £,)*T.
Proof. Note that
K] klxy,y] —— klx1]

y] Yio =Y = b | and Yo, = {k[“l’y]].

Yoo =Yo = [
’ 0 0
0 —— klxi]

The action of z on Yy o = E(Yp) (resp. on Yy1 = (Yp)E) is given by multiplication by z;.
We put

A= {l(ﬂ 1 Y10 — Yo and p = {xlo_y] : Y01 — Yip.

The quasi-isomorphism Ely] = k[z1,y] — YT (Y1) is multiplication by z; — y in degree 0.
The isomorphism E[y] = k[z1,y] — T(Yp,1) is the identity.

It follows that Q(\) = x — y and Q(p) = id.
We consider ¥ = Qo ® : W[y] — (2, ® %,)*Uy]. We have
B () 0 Q) = 7 — y = Q(7) 0 W)
QAo Q(p) =z —y = Q(x)
Q(p) o Q) = a —y = Q(zx)
U(rx) 0 EQ(p) 0 Q(P)E = T = EQ(p) 0 Q(p) E o U (+7)
Q(p)E o ‘?(*T) 0 QNE — EQ(N) 0 U(r%) 0 EQ(p) = (¢ E — y) — (Ex — y)T = 1.
It follows that W factors through W[y|. Since @Q is faithful, the proposition follows. O
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Theorem 6.2. The functor ® is an isomorphism of (U,U)-bimodules Wly] = (£, @ X,)*T.

Theorem 6.2 will be deduced from its graded version (Theorem 6.5). Let us first show the
faithfulness of ®.

Lemma 6.3. The functor ® s faithful.

Proof. We define a k[u]-linear functor
R: W[y] — (Zy ® Zy) Uly]
of (U,U)-bimodules by ) ) )
R(x) =1, R(A\) = R(p) = E.
The functor R factors through Wy] and induces a k[y]-linear functor R : W[y] — (£,0%,)U|y]
of (U,U)-bimodules. It follows from [We, Proposition 4.16] that the functor R is faithful.
The composition Qo ® : W[y] — (X, @ X,)*U[y] is a k[y]-linear functor of (U, U)-bimodules.

The functors ) o ® and R take the same value on * and on the generating arrows p and \. It
follows that they are equal.

Since R is faithful, it follows that ® is faithful. O
6.3. Gradings.

6.3.1. Generalities. Consider a category C enriched in graded k-modules. We denote by C-gr the
category enriched in k-modules with objects pairs (¢, n) where ¢ an object of C and n € Z and
with Homeg, ((¢,n), (¢/,n’)) the space of homogeneous elements of degree n’ —n of Home(c, ¢/).
This is a graded category, i.e., a category endowed with an action of Z. We denote by ¢ +— v"c
the action of n € Z.

For example, if M is a graded k-vector space, then (v"M); = M;_,,. When the homogenous
components of M are finite-dimensional, we put grdim(M) = Y, , v* dim(M;). We put ¢ = v2.

Given C a graded k-linear category, we equip Ko(C) with a structure of Z[v*!]-module by
v[M] = [vM]. When Hom’s in C are finite-dimensional, we define a bilinear form

Ko(C) @z Ko(C) — Z[vFY], ([M],[N]) = grdim(Hom(M, N)).

6.3.2. Gradings of 2-representations. We enrich the monoidal category U in graded k-vector
spaces by setting deg(x) = 2 and deg(7) = —2. Similarly, we define a grading on the algebra
H, by setting deg(z;) = 2 and deg(r;) = —2.
M,
We define deg(y) = 2. We define B, to be the category with objects [ ’YT ], where M,
Mnfl
is a graded H,[y]-module and 7 is a morphism of graded H, _;[y]-modules v : M,y — M,
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such that (y — x,)y(m) = 0 for all m € M,_,. We define Homg, (M, N) to be the subspace of
Homg, (M, N) of graded morphisms. We define a graded version of the left action of U by letting
E act by multiplying by v the formula in Proposition 4.2. The graded version of the left action
of U is obtained by using the formula in §4.5. So, we have a structure of (U-gr,U-gr)-bimodule
on B'.
We define a graded structure on Y, ,,, by
dm,n n—1
Hm+n [?/] — q Hm+nbm,m+n ®Hn,1[y] LlHn
Yn,m = f‘can
0 — qn_le+n71[y]ﬁrln QH, 1) t1Hn

Corollary 5.7 provides a graded quasi-isomorphism Y, o — E"Yj .

There is a unique enrichment in graded k-vector spaces of VW that makes the structure of
(U,U)-bimodule compatible with gradings and with deg(p) = 2 and deg(A) = 0. Note that
while our choice of gradings differ from the one in [We, Definition 4.4], the categories of graded
modules are equivalent.

The functor ® gives rise to a morphism of graded (Ugr,U-gr)-bimodules Wylgr — (3, ®
X, )*T-gr.
Lemma 6.4. The functor ® induces an isometry Ko(W[ylgr) = Ko(T-gr).

Proof. Let U be the Q(v)-algebra generated by e, f, k*! modulo relations
k— k1

1°

ke = viek, kf = v 2fk and ef — fe =

v—v~
We consider the coproduct on U given by
Ale)=e®k+1®e, A(f)=f@1+k"® fand Alk) =k".

—1

We put [n], = =2+ and [n],! = [2], - - - [n],.

o—

Let R = Z[v,v™!] and let U be the R-subalgebra of U generated by the elements (™ = <

[n],!?

n

f = a1 for n > 1 and by EEL.
Let UT be the R-subalgebra of U generated by the elements e(™ = ﬁ:, for n > 1. There is
an isomorphism of R-algebras
Ut S Kol -gr), e [E].
As a consequence, if M is a graded category with a graded action of U-gr, then Ky(M) has
a structure of UT-module.

Consider the (n + 1)-dimensional representation L(n) of U with R-basis (b;)o<i<n and
f(bi) = dizo[n — 0+ 1pbi—1, e(b;) = 0izni + 1],bi11 and k(b;) = ¥,

Let V = L(1) and put b_ = by and b, = by.

We follow Webster, but we swap e and f and k and k1.
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The g-Shapovalov form on L(n) ® V is the Z-linear map (L(n) ® V) x (L(n) @ V) — Q(v)
defined by

( 1 — n—r+1
(vb; @ eb_,v°b; @ eb_) = v~ “5”56dH’" 1(1=q )
Hr 1(1_Q)
fora,b e Z,i,57 € {0,...,n} and ¢,d € {0,1}.

We define a new form on L(n) ® V by

(u, ') = (u,u' + (v = v ™) (e® f)(u)).
So

i 1 — n—r+1
(/Uabi ®b—,/Ubbj ®b_) ( ab ®b+,7j b ®b+) = ’Ub a(SZ]H ( g )
Hr 1(1 _Q)

ay,. by, _ ap by pb-a H:«:1(1_qn ")
(v*; @ by, v°b; ®b_) = 0 and (v*b; ® b_,v°b; @ by) = 8im1,4V —
[[-.(1—q")

for a,b € Z and i,5 € {0,...,n}.

Taking the limit as n — oo (cf [We, Proof of Proposition 4.39]), we obtain a form on UT ® V.
This is the Z-linear map (UT ®@ V) x (U ®@ V) — Q(v) defined by

1
(e @ b_, 1P @ b_) = (ve”) ® by, vl ®b+)zvbia‘51—
]Hr 1(]‘ —q )
. : ' 1
(e @b, 1PeP @b ) =0and (% @b_,v’%eW @b, ) = —0"7;_ ju

[0 —a)
for a,b € Z and 1,5 € Z>o.

We consider the (U™, U")-bimodule Ut ® V' where the left action of U™ is the diagonal
action and the right action of U* is the action by right multiplication on U*. Webster [We,
Proposition 4.39] shows there is an isomorphism of (U", UT)-bimodules

o: Ut @V S Ko(Wer)), 1®b_ — [

that is compatible with the bilinear forms (—,—). Note that Webster’s isomorphism is the
composition of ¢ with the automorphism coming from the anti-involution of W that swaps
E™x E" with E™ « E™, p with A\, 7 with —7 and that fixes x.

There is an isomorphism of (UT, UT)-bimodules
VU@V S Ko(Bgr), 1®@b_ [Py,
where the K is for B-gr as an abelian category. We have
P(e" ®bo) = [Pf]and ¢(e" @ by) = —v7! [Pr4].
We have

1)/ (1-q)---(1-q")

grdim(H,[y]) = (1 — g)2t! ’
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hence
—i(i— (1_q)"'(1_qi) 1 . i j
(Pr Py = g = T (A @b D )
_ _ —ili— (1_Q)(1_q2) 1 . i j
(Pri1, Pria) = 0i4q v (1 —q)%+t 1 q([l]v!)z(e( ) @by ,e9 @0by)
3 it 1—q---1—qi —v ; o
(P By = g B EE ) S e 90, @ )
(P, P) =0

We deduce that for all w,w’ € Ut ® V| we have (¢(w),(w')) = ﬁ(w,w’).

The composition yo¢~! is a morphism of (U™, UT)-bimodules sending [*] to [Py"]. So, o¢™!
and [®] agree on [x]. Since 1 ® b_ generates UT ® V as a (U™, U™)-bimodule, we deduce that
Yo ¢! = [®] and the proposition follows. O

Theorem 6.5. The functor ® is an isomorphism of graded (U-gr,Ugr)-bimodules W(ylgr =
(X, ®%,)*T-gr.

Proof. Lemma 6.3 shows that ® induces an injective map between graded Hom-spaces. By
Lemma 6.4, these Hom spaces have the same graded dimension. It follows that & is fully
faithful, hence it is an equivalence. O
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