Page 86, Problem 6

Let f(x) be a continuous function on a finite interval [a, Db].
Suppose that f(a) < f(b) and choose ¢ and d so that

f(a) <c <d < f(b). Let

S={x: ¢

IA

f(x) =< d}.

(a) Show by exanmple that S need not be a single interval.

(b) Suppose that f(x) is increasing on [a, b]. Prove that in this
case Sis a single interval.

Proof: (a) Consider the function f(x) = sin(x) on [0, Pi]:
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Take ¢ = sin(Pi/4)

1/sqgrt(2) and d

sin(Pi/3) =sqrt(3)/2. Then

S={ x: 1/sqgrt(2) <sin(x) <sqrt(3)/2} =
{x : M4 £ x £ wW3}O{x : 3W4 < x € 2w 3}

is the union of two disjoint intervals.
(b) Suppose f(x) is increasing on [a, b] and

S={x: ¢

IA

f(x) < d}.

Then, since ¢ < d, the internedi ate val ue theorem guarant ees t hat
Sis not enpty. So |et

oninf(S) X]_:SUp(S).
Now, f(xq) 2 c:
Let m=1, 2, .. take Xy € Xm € Xo *1/mand x, in S
Then,since f is increasing, f(Xo) < f(Xp.
Since xpnis in S f(xy 2 c.
Since X, -> Xo and f(x) is continuous,

it follows that f(xy) = ¢

Simlarly f(xo) < d.



To continue, let x be any nunber in [Xo, Xi]. Then

Xo € X € X1 >

c < f(xg) =f(x) £f(x) =d =
XisinS >

[Xo, X410 S

Finally if X < Xg then x is not in Sso f(x) <c and if x > x;
then f(x) > d. Consequently, S O [Xo, Xi].

Thus S = [Xo, X4] -



