MATH 171 (Spring 2009)
Instructor: Roberto Schonmann
Final Exam

Last Name:
First and Middle Names:
Signature:

UCLA id number (if you are an extension student, say so):

Provide the information asked above and write your name on the top of
each page using a pen. You should show your work and explain what you are
doing; this is more important than just finding the right answer. You can use
the blank pages as scratch paper or if you need space to finish the solution
to a question. Please, make clear what your solution and answer to each
problem is. When you continue on another page indicate this clearly. You
are not allowed to sit next to students with whom you have been studying
for this exam or to your friends.

Good Luck !
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1) (10 points) Three boxes are numbered 1, 2, 3. A total of N balls is
distributed among these three boxes at each time. 2 of these balls are red
and the others are blue. In step n, n = 1,2,... one of the balls is chosen
at random and also one of the boxes is chosen at random, independently.
The chosen ball is then taken and placed in the chosen box (note that if the
chosen ball happens to be in the chosen box, it will not move). Let Y5 be
the number of red balls in box 1 at time 0, and let ¥, be the number of red
balls in box 1, immediately after step n, n = 1,2, .... Find

p(i,§) = P(Ynp1 =jl¥a =1),

i,§=0,1,2.
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2) (10 points) Prove that if a Markov chain is irreducible and = is an invariant
distribution for this chain, then for every state z we must have w(z) >
0. (Do not use any theorem; use only the definitions of irreducubility and

invariance.)
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3) (10 points) An irreducible Markov chain has a finite number N of states
and has a symmetric transition matrix, i.e., p(z,y) = p(y, x), for each pair
of states z,y. Find its invariant distribution 7.
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4) (10 points) A Markov chain has states 1,2,3,4 and transition matrix given

by
1 0 0 ©
_l1/2 01/2 0
T 0 0 1/4 3/4
0 0 1 0

Compute lim, o p*(z,z), for z = 1, 2, 3 4.
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5) (10 points) Give examples of Markov chains with the indicated properties,
or explain why it is impossible to have such a chain. a) Give an example of a
Markov chain with exactly one transient state, exactly one positive recurrent
state and at least one null recurrent state. b) Give an example of a Markov
chain with exactly one transient state, exactly one positive recurrent state
and exactly one null recurrent state.
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f\(x) =

6) (10 points) A Markov chain has states 1,2,3,4 and transition matrix given

by
3/4 1/4 0 0
s o0 13 13
P=1 90 12 0 1/2
1/2 0 0 1/2
Define V' = min{n > 0: X,, = 4}, i.e., the first time that the Markov chain

is in state 4 {possibly time 0). Compute E;(V), i.e., the expected value of V
when the Markov chain is started from state 1.

g (V). E (V)= Ly =7
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7) (10 points) Suppose that X/, and X, are independent Markov chains, both
with two states, denoted by 1 and 2, and with the same transition matrix

p= l1(/)2 1}2]

Let L, = 35— 14 X=X} be the number of times that the two chains are in
the same state, from time 0 to time n. Compute

. Ly
lim —,
n—oo mn

when initially both chains are in state 1.
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8) (10 points) Suppose that N(t) is a Poisson process with rate A. Compute
the conditional probability

P(N(2) = N(1) = kI N(@3) =7),

for 7=0,1,2,...,and k=1,2,..., 5.
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9) (10 points) Suppose that Y, is a discrete time Markov chain with states
S =1{1,2,3} and transition matrix

1/2 1/4 1/4
[1/3 2/3 0 }
1/5 2/5 2/5

U =

and suppose that N(t) is an independent Poisson process with rate A. Then
we know that X; = Yy defines a continuous-time Markov chain, that jumps
at the arrival times of the Poisson process N(t), according to the transition
matrix u. Let A be the event that X; = 3 for 0 < ¢ < 10, ie., the event
that the continuous-time Markov chain X; stays in the state 3 from time 0

to time 10. Compute P5(A). d’ .
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10) (10 points) Customers arrive at a full-service one-pump gas station at a
rate of 15 cars per hour. However, customers will go to another station if
there are two cars in the station (one being served and one waiting). Suppose
that the service time for customers is exponential with mean 5 minutes.
Formulate a Markov chain for the number of cars at the gas station and find

its stationary distribution.
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