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Abstract

The Nielsen number for n-valued multimaps, defined by Schirmer, has
been calculated only for the circle. A concept of n-valued fiber map on
the total space of a fibration is introduced. A formula for the Nielsen
numbers of n-valued fiber maps of fibrations over the circle reduces the
calculation to the computation of Nielsen numbers of single-valued maps.
If the fibration is orientable, the product formula for single-valued fiber
maps fails to generalize, but a “semi-product formula” is obtained. In this
way, the class of n-valued multimaps for which the Nielsen number can
be computed is substantially enlarged.

Subject Classification 55M20, 54C60

1 Introduction

A multifunction ¢: X — Y is a function such that ¢(z) is a subset
of Y for each z € X. For S a subset of Y, the set ¢~*(S) consists of
the points x € X such that ¢(z) C S and the set ¢, '(S) consists of
the points z € X such that ¢(z) NS # (. A multifunction ¢ is said
to be upper semicontinuous if U open in Y implies ¢~1(U) is open
in X. It is lower semicontinuous if U open in Y implies (bjrl(U) is
open in X.

An n-valued multimap ¢: X — Y is a function such that ¢(z),
for each x € X, is an unordered subset of n points of Y and ¢
is both upper and lower semi-continuous. Schirmer introduced the
Nielsen fixed point theory of n-valued multimaps in a series of pa-
pers [16], [17], [18]. The main result, there called the “minimum
theorem” ([18], Theorem 5.2) states that if ¢: X —o X is an n-valued
multimap of a compact triangulated manifold of dimension at least
3, then ¢ is n-valued multimap homotopic to an n-valued multimap



1 X — X that has exactly N(¢) fixed points, where N(¢) is the
Nielsen number defined in [17].

Schirmer’s papers were not concerned with the calculation of the
Nielsen number. There are only two examples in those papers, both
are 2-valued multimaps of the circle, for which the Nielsen number
is given. In [4], in addition to extending the minimum theorem to n-
valued multimaps of the circle, we determined the Nielsen numbers
for all the n-valued multimaps of the circle as follows. We defined
the degree of an n-valued multimap ¢: S* — S and proved that if
¢ is of degree d, then N(¢) = |n—d|. This concept of degree, which
is presented in Section 4 below, extends the classical definition for
a single-valued map f: S — S! and thus the result generalizes the
well-known formula N(f) = |1 — d| for f of degree d.

The purpose of this paper is to expand substantially the class
of n-valued multimaps for which the Nielsen number can be com-
puted. The type of multimap we consider, which we call an n-valued
fiber map, is ®: £ — F, defined on the total space of a fibration
p: E — B. In Section 2, we define n-valued fiber maps and estab-
lish their basic properties. In Section 3, we show that the covering
homotopy property of fibrations holds in the setting of n-valued
multimaps. As a consequence, we extend a fix-finiteness theorem
for n-valued multimaps, due to Schirmer, to n-valued fiber maps.
The main result of the paper, presented in Section 4, concerns fi-
brations in which the base space B is the circle. Under this hypoth-
esis, we obtain an addition formula that reduces the calculation of
the Nielsen number N(®) to the calculation of Nielsen numbers of
single-valued functions. (The class of single-valued maps for which
the Nielsen number can be calculated is quite large; see for instance
[9] and [11].) In Section 5, we consider orientable fibrations over the
circle. Nielsen numbers of single-valued fiber maps of such fibrations
satisfy a product formula that does not hold in general for n-valued
multimaps. However, we are able to show that a “semi-product for-
mula”does hold and we find additional hypotheses under which the
product formula is valid.

I thank Daciberg Goncalves for his help with proving Theorem
5.1 and the referee for improvements in the exposition.

2 Fiber maps

Throughout the paper, we will assume that all the spaces are fi-
nite polyhedra. Projections from cartesian products will be de-
noted 7xy: X xY — X. A map p: F — B is a fibration if it



satisfies the absolute covering homotopy property. That is, given
a homotopy H: X x I — B and a map f: X x {0} — FE such
that pf(z) = H(x,0) for all x € X, there exists a homotopy
F: X x I — FE such that F(z,0) = f(x) and pF(z,t) = H(x,t)
for all (z,t) € X x I.

Let p: F — B and p': E' — B’ be fibrations. A pair of maps
f:E — E' f: B — B’ such that p'f = fp is a morphism of fi-
brations ([6], p. 390), more commonly called a fiber map f with
induced map f ([14], p. 75). If f(b) = b then f takes the fiber
p~(b) to itself and the restriction of f to the fiber is denoted by
fo: p~1(b) — p~(b). We extend the class of fiber maps to the set-
ting of n-valued multimaps in the following manner. An n-valued
multimap ®: F — E’ will be called an n-valued fiber map if there is
an induced multimap, an n-valued multimap ¢: B —o B’ such that
p'® = ¢p, that is, the unordered sets p'®(e) and ¢p(e) are identical
for each e € E. An n-valued fiber map ® has the properties: (1) if
e, e € F such that p(e;) = p(ez), then p®(e;) = pP(es) and (2)
for each e € E, if ®(e) = {e},¢€),..., e}, then p(e;) # p(e)) for all
i # j. If p: E — B is an open map, for instance a fiber bundle, then
these properties are sufficient for an n-valued multimap ®: £ — E’
to be an n-valued fiber map.

An n-valued multimap ¢: X —o Y is w-split, for some w with
2 < w < n, if there exist nj-valued multimaps 9;: X — Y for
j=12 ..., w, where n; +ng +--- 4+ n, = n, such that

1/1(917) = {1#1(56)7%(37)7 e >wn<x>}

for all z € X. If ¢ is an n-split n-valued multimap so that the v; are
single-valued maps, then 1 is just called a split n-valued multimap.

The following classical result from [2] is an important tool in the
study of n-valued multimaps.

Lemma 2.1. (Splitting Lemma) Let ¢: X —o Y be an n-valued

multimap and let

Py ={(z,y) € X xY:y€o(x)}

be the graph of ¢. Then wx:1I'y — X is a covering space. It follows
that if X is simply connected, then any n-valued multimap ¢: X —o
Y is split.

The Splitting Lemma permits us to relate the splitting of an n-
valued multimap to the structure of its graph, as follows.

Proposition 2.1. If the graph ', of an n-valued multimap ¢: X —o
Y has w path components, then ¢ is w-split.



Proof. Let C be a path component of I';, then, since 7x: C' — X is
a local homeomorphism, it is a covering space by [15], Exercise 2.4,
p. 151, with fibers of cardinality nc < n. There is a multivalued
function ¢c: X — Y defined by ¢c(z) = {y € o(x): (x,y) € C}.
To show that ¢¢ is lower semi-coninuous, suppose (g, yo) € C and U
is an open subset of Y containing y,. Since the projection my: I'y —
Y is continuous, there is a neighborhood V' of (x¢, yo) in I, such that
(x,y) € V implies y € U. Let Vj be a neighborhood of (x¢, o) in
the open subset V'NC' of I'y such that the restriction of the covering
space mx: 'y — X to Vj is a homeomorphism. If z is in the open
subset mx (V) of X, then there exists y € U such that (z,y) € C
and we have proved that ¢¢ is lower semi-continuous. For the proof
that ¢¢ is upper semi-continuous, we assume that ¢o(xg) C U and,
for each (xg, yx) € C, we obtain a neighborhood V}, of xy as we did Vj
above. Then for V' the intersection of the V} we have ¢ (V) C U to
complete the proof that ¢¢ is a multimap. Now suppose that I'y, has
w path components {C4,Cy, ..., Cy}. Then there are finite-valued
multimaps ¢;: X —o Y defined by ¢;(z) = {y € ¢(z): (z,y) € C}}
such that ¢ = {¢1, ¢o, ..., dw}, that is, ¢ is w-split. ]

Splitting takes place for n-valued fiber maps, in the following
manner.

Lemma 2.2. Let p: E — B and p': E' — B’ be fibrations, let
®: F — E' be an n-valued fiber map and let b € B, then the restric-
tion ®y: p~L(b) — B’ of ® to p~1(b) is split.

Proof. For ¢: B — B’ the induced multimap of ®, let ¢(b) =
{05,065, ..., 00, }. Define fy;: p~'(b) — p'~'(b)) by fo;(e) = ®(e) N
P (b)), then

O(e) = {fur(e), fiale), - ., fonle)}
and we must show that the fy; are continuous. Let eq € p~'(b)
and let u’' be a neighborhood of fy;(eg) in p/~*(¥)). Let U’ be an
open subset of E' such that U' N p/~'(V)) = w'. Let W' C B’ be
an open subset such that W’ N ¢(b) = b). Since @ is lower semi-
continuous, there is an open subset V of E containing ey such that
le)N (U NPt (W) #Dforalle e V. Ife e VNplh) =v
then W’ N ¢(b) = b implies that no point of ®(e) other than fy;(e)
is in U' N p'~'(W’) and since fy;(e) € p'~'(b}), then it must be
that fi;(e) € «. Thus fi;(v) C @ and we conclude that f; is
continuous. ]

If ®: F — FE is an n-valued multimap and b is a fixed point of
the induced multimap ¢: B — B, then f,;: p~*(b) — p~'(b) for one
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of the j =1,2,...,n. We set f, = fi; for that j and we have shown
that f, is continuous.

An n-valued homotopy is an n-valued multimap A: X x I — Y.
The n-valued multimaps ¢,9: X —o Y defined by ¢(z) = A(x,0)
and Y (r) = A(z, 1) are said to be homotopic.

The path space of maps from [ to a polyhedron X, with the
uniform metric topology, will be denoted by X!. Given a fibration
p: E — B, define

Alp) = {(e;w) € B x B': ple) = w(0)}.

There is a lifting function for p, that is, a map A\: A(p) — E' such
that pA(e,w)(t) = w(t) or all t € I. If p is a covering space, then it
has the unique path lifting property, that is, if @, &’ € E' such that
pw(t) = pa'(t) for all t € I and w(ty) = &'(ty) for some ty € I, then
w(t) = &'(t) for all t € I ([10], Prop. 1.34, p. 62).

Generalizing Theorem 2.1 of [4], we have

Proposition 2.2. Let A: X x I — Y be an n-valued multimap
and define ¢,: X — Y by ¢(x) = A(z,0) and ¥(z) = Az, 1).
If ¢ is w-split as ¢ = {¢1, Pay ..., Du} then A is w-split as A =
{A1, g, ..., Ay} where Aj(x,0) = ¢j(x). Therefore ¢ is w-split
as v = {Y1,0q,..., Yy}, where Y;(x) = Aj(x,1), and each ¢; is
homotopic to v; by A;.

Proof. We consider the covering space mxxr: I'a — X x [ and
its lifting function A\: A(mxx;) — (Ta)!. For 1 < j < w, define
Aj: X x I —Y as follows: if ¢;(x) = {y1,v2,...,¥n,}, then

Aj(z,t) = {my [M(((2,0),5:), & x ()] }2;-

The unique path lifting property implies that A;: X x I — Y is
nj-valued and that if j # k, then Aj(x,t) N Ag(z,t) = 0. Since
ni+mns+---+n, =n, we see that {Aq, Ay, ..., Ay} is the required
w-splitting of A. O

Proposition 2.3. Let p: £ — B and p': E' — B’ be fibrations
and let ®: E — E’ be an n-valued fiber map with induced multimap
¢: B — B'. If ¢ isw-split as ¢ = {P1,¢2,...,dw}, then ® is w-split
as ® = {®y, Py, ..., Dy} such that each ¢; is the induced multimap
of the n;-valued fiber map ®;.

Proof. For j =1,2,...,w define ®;: E — E' by

®;(e) = @(e) NP~ (¢5(p(e)))



then ®(e) = {®(e), Pa(e),...,Py(e)} and p'®; = ¢;p. We will
prove that the ®; are continuous. Let eg € E and set by = p(ey).
There are disjoint open subsets W[, W3, ... . W/ of B’ such that
¢j(bo) € Wi for j = 1,2,...,w. Since the ¢; are upper semi-
continuous, there are neighborhoods Vi, V5, ..., V,, of by such that
¢;(V;) CWj. Let V.=VinVaN---NV, then for b € V we have
¢;(b) € Wjand ¢, (b) "W = 0 if k # j. Now let U’ be an open sub-
set of E' such that ®;(eq) NU’ # 0. Let U} = U'Np/~'(W]). Since ®
is lower semi-continuous, there is a neighborhood O of ey such that
e € O implies ®(e)NU; # 0. If e € ONp~'(V), then it must be that
dr(e)NU; = P for k # j because ¢ (p(e)) MW} = 0. We have proved
that ®;(ONp~(V))NU} # O and therefore &;(ONp~"(V))NU' # 0
so ®; is lower semi-continuous. The upper semi-continuity of ®; is
a consequence of the corresponding property of ® in the same man-
ner. O]

3 Fix-finiteness

The main result, Theorem 6, of [16], a generalization of a classi-
cal result for single-valued maps due to Hopf [13], states that an
n-valued multimap ¢: X — X on a finite polyhedron can be ap-
proximated arbitrarily closely by an n-valued multimap with only
finitely many fixed points, each of them in a maximal simplex of
the polyhedron. According to Lemma 4.1 of [17], sufficiently close
n-valued multimaps are homotopic. Thus ¢: X —o X is homotopic
to an n-valued multimap ¢ : X — X that is fiz-finite that is, it has
finitely many fixed points, and each fixed point lies in a maximal
simplex of X. The purpose of the present section is to prove the
corresponding result in the setting of n-valued fiber maps.

We first extend the covering homotopy property to n-valued mul-
timaps in order to obtain a tool that we will need for the study of
n-valued fiber maps.

Theorem 3.1. Let X be a finite polyhedron, p: E — B a fibration,
¢: X —o E an n-valued multimap and 6: X x I — B an n-valued
multimap such that po(x) = §(x,0) for all x € X, then there exists
an n-valued multimap A: X x I —o E such that A(z,0) = ¢(x) and
pA(z,t) = 6(x,t) for all (x,t) € X x I.

Proof. Choose by € B and set Y = p~'(by). Define an open cover of
X x I as follows. For (z,t) € X x I, write 0(z,t) = {b1,be,...,b,}
and let Uy, Us, ..., U, be n disjoint open contractible subsets of B,
such that U; N d(z,t) = b; for each j = 1,2,...,n. By Corollary



2.8.15 of [19], there are homotopy equivalences (;: p~*(U;) — U; xY
with 7y,(; = p and 0;: U; X Y — p~1(U;) with pf; = Ty, Since
0 is upper semi-continuous with respect to the product topology
on X x I, there are open subsets V' of X and J of I such that
(x,t) € VxJandif (¢/,t') € VxJ then §(z/,t') C UyUU,U- - -UU,,.
Moreover, since X is locally contractible, we will choose V' x J to be
contractible. By the Splitting Lemma, the restriction of  to V' x J
splits into n maps f;: V x J — B where we number the f; so that
fi(V - x J) CUj. Since X x I is compact, there is a finite subcover
{Vi x J,} of the cover {V x J}. By writing open intervals in I as
unions of smaller intervals open in I, if necessary, we can choose
the J, so that each intersects at most two others and number them
{J1,J2,...,J,} so that J, intersects only J,_; and J,4;. Choose
D=t <ty < --- <t < try1 = 1 such that tﬂ € Ju_lﬂJu for
W=2,...,7.

Now A(z,t1) = ¢(x) is defined by hypothesis, so we assume that
A: X x [0,t,] —o E has been defined and we will extend A over
X X [tu, t,41]. Subdivide X so that the mesh of the triangulation is
less than the Lebesgue number of the cover {Vj}. Let = be a vertex,
then the restriction of d to x X [t,,t,41] splits as maps d;: = X
[ty,tus1] — B for j = 1,2,...,n. Since = X [t,,t,11] is contained
in V x J, for some Vj, each d;(x x [t,,t,+1]) C U; for disjoint
contractible neighborhoods U;. Define A: x x [t,,t,41] — E by

A(l‘,t) = {ej[dj(xut)vﬂYCj(A<x7tu) mpil(Uj»] ?:1'

Note that A(z,t) is well-defined because d(x,t,) N U; is a single
point for each j. In this way, A is extended to [t,,?,41] over the
zero-skeleton of X. Now assume that A has been extended over
the (m — 1)-skeleton of X and let ¢ be an m-simplex. There is a
retraction p: o x [t,,t,11] — T where

T = (0 % t,) U (90 X [ta ts1]).

The restriction of § to T splits as maps {d;: " — U;} to disjoint
contractible neighborhoods U;. We extend A to o X [t,,t,41] by
setting

Az, t) = {6;[d;(z, 1), 7y G(A(p(x, £)) N p~ (U))]} =y

The required n-valued multimap A: X x [ —o FE is thus defined by
induction. [

An n-valued fiber map A: E x [ —o FE is an n-valued fiber homo-
topy. We say that the n-valued fiber maps ®, V: E — E defined by
d(e) = Ale,0),¥(e) = Ale, 1) are fiber homotopic.
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Theorem 3.2. Let p: E — B be a fibration and let : E — E be
an n-valued fiber map, then there is a fiz-finite n-valued fiber map
V: E — FE fiber homotopic to ®.

Proof. As noted above, Theorem 6 of [16] and Lemma 4.1 of [17]
imply that there is an n-valued homotopy 0: B x I — B such
that 6(b,0) = ¢(b), where ¢ is the induced multimap of ®, and
d(b,1) = 1(b) defines a fix-finite n-valued multimap. By Theorem
6 of [16], the fixed points of ¢ lie in maximal simplices of B. By
Theorem 3.1, there is an n-valued multimap A: E x [ — E such
that A(e,0) = ®(e) and pA(e,t) = d(p(e),t) for all (e,t) € E x I.
Then I': £ —o E defined by I'(e) = A(e, 1) is an n-valued fiber map
with induced multimap 1 so it has fixed points only in finitely many
fibers. Since I' is fiber homotopic to ®, we may assume, to simplify
the notation, that the n-valued fiber map ® of the statement of the
theorem has fixed points only in finitely many fibers.

Let p~1(b) be one such fiber, that is, b € ¢(b) is a fixed point of ¢.
Let U be a contractible neighborhood of b containing no other fixed
point of ¢. By the Splitting Lemma, ¢ = {¢1,¢2,...,¢,}: U — B
and so, by Proposition 2.3, ® = {®, ®,,...,®,}: p 1 (U) — E. We
may assume ¢;(b) = b, so ®1(p~1(b)) C p~1(b). Let h: p~1(b) x I —
p~(b) such that h(e,0) = ®;(e) and hy(e) = h(e, 1) is a fix-finite
map. Let V be a neighborhood of b whose closure lies in U and
define a subset T of p~1(U) x I by

T=@p ' (U)x{0Hhu @ (U\V) x ) U (p~'(b) x I).
Define H: T'— E by

_ J®i(e) ift=00reecp(U\V)
Hie,t) = {h(e,t) if e € pi(h)

By the fiber homotopy extension theorem ([1], Theorem 2.2), we
can extend H to a fiber-preserving homotopy H: p~'(U) x [ — E.
Define T'y: p~'(U) — E by T'y(e) = H(e,1). Noting that T'y(e) =
Py (e) for e € p~H(U\ V), we define ¥: F — F by setting

U(e) = {I'1(e), Pale), ..., Py(e)}

for e € p}(U) and ¥(e) = ®(e) otherwise. In the same way, the
homotopy may be extended to an n-valued fiber homotopy between
the n-valued fiber maps ¥ and ®. Repeating this construction for
each of the finite number of fixed points of ¢ completes the proof. [J



4 An addition formula

Throughout the rest of the paper, all spaces are finite polyhedra
that are connected.

In [17], Schirmer used the Splitting Lemma to generalize Nielsen’s
definition of equivalence of fixed points of maps in the following
way. For an n-valued multimap ¢: X — X let Fiz(¢) = {z €
X:z € ¢(x)}. Then g, 21 € Fizx(¢) are equivalent if there is a
path ¢: I — X with ¢(0) = z¢ and ¢(1) = z; and amap ¢;: [ — X
of the splitting ¢c = {¢1,¢2,...,¢n}: I —o X such that ¢;(0) =
zo, $j(1) = x1 and ¢, is homotopic to ¢ relative to the endpoints.
An equivalence class is called a fized point class.

The fixed point index of ¢ at an isolated fixed point x, denoted
ind(¢, x) is defined in [17], page 210 in terms of the classical fixed
point index by ind(¢,z) = ind(¢;,x) where ¢ = {¢1,¢2,..., 00}
is a splitting of ¢ in a neighborhood of = and ¢;(z) = z. Let
U be a neighborhood of a fixed point class F, then Theorem 6 of
[16] approximates the restriction of ¢ to U by a fix-finite n-valued
multimap and the index ind(F) of the fixed point class F is defined
to be the sum of the indices of the fixed points of the approximation.
The Nielsen number N(¢) is the number of essential fixed point
classes, that is, those of nonzero index.

The following result is a consequence of Theorem 4.1 of [12]. *

Proposition 4.1. Let p: £ — S! be a fibration and let f: E — E
be a fiber map with induced map f: S* — S of degree d. If d =1,
then N(f) = 0. Otherwise, let by, bs, ..., bji_q be points of S* such
that each b; is in a different essential fized point class of f, then

|1—d]

N(f)= Z N(fs,)-

Let p: E — B be a fibration. Since B is a polyhedron, there
is a regular lifting function for p, that is, a map \: A(p) — E!
such that pA(e,w)(t) = w(t) for all t € I and, in addition, if w is
a constant path, so also is A(e,w). For a path w € B! there is
a map 7,: p (w(0)) — p~H(w(1)), called the fiber translation ob-
tained from w, defined by 7,(e) = Ae,w)(1). If o’ € B such that
W'(0) = w(0),w'(1) = w(l) and w and w’ are homotopic relative
to the endpoints, then the fiber translations 7, and 7., are homo-
topic. Therefore a fiber translation 7, is a homotopy equivalence
with homotopy inverse 7; where w(t) = w(1 — ).

LA thorough survey of the Nielsen theory of single-valued fiber maps is presented by Heath
in [11].



Lemma 4.1. Let p: E — B be a fibration and let &: E — FE
be an n-valued fiber map with induced multimap ¢: B — B. If
bo, b1 € Fix(p) are equivalent, then N(fp,) = N(fp,)-

Proof. Since by and b, are equivalent, there is a path ¢ € B! with
¢(0) = bp and ¢(1) = by and a splitting ¢c = {¢1, P2, ..., pp}: [ — B
with a path ¢; such that ¢,(0) = by, ¢;(1) = by and ¢; is homotopic
to ¢ relative to the endpoints. For t € I, define a path gbg-t]: I — B
by (bgﬂ(s) =¢;i(s+1t) for 0 <s<1—tand qbgﬂ(s) = ¢;(1) = b for
1—t<s<1. Define H: p~'(by) x I — p~*(by) by

H(e,t) = M[®(Ae, c)(£) Np~H(g;(t))], o1 (1).

The function H is well-defined because

p(®(Ale, ¢)(1)) = d(p(Ale, c)(1)) = oe(t)

and it is continuous by Lemma 2.2. Now

H(e,0) = A([®(A(e,¢)(0) N p~(¢;(0))], 0})(1)
= A([2(e) Np~(bo)], ¢5)(1)
= AMJo(); 9)(1) = 7o, fro(e)

and

H(e,1) = M[@(A(e, o)1) np (o) o!)(1)
= A[®(r(e)) Np L (b1)], 61 (1)
= Mfuele), 8 (1) = fo7e(e)

80 Ty, fp, and fp, 7. are homotopic. Since ¢; is homotopic to ¢, then
T4, Jo, 18 homotopic to 7. fy, and therefore fy, is homotopic to 7 fy, 7.
By Theorem 5.4 of [14], this implies that N(fy,) = N(fs,)- O

Lemma 4.2. Let p: E — B be a fibration and let ®,V: F —o
E be fiber homotopic n-valued fiber maps with induced multimaps
¢,: B — B. There is a one-to-one correspondence between the
essential fized point classes of ¢ and ¢ such that if by € Fix(¢) and
by € Fix(y) are in corresponding essential fized point classes, then
N(fa) = N(gi,) where fi,: p~'(bo) — p~"(bo) and g : p~(b1) —
P (0 are define by fue) = ) 177 () and g, ) = ¥(0) 0
P bl .

Proof. Let D: E x I — E be an n-valued fiber map with induced
multimap d: B x [ — B such that D(e,0) = ®(e), D(e, 1) = ¥(e)
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and d is an n-valued homotopy between ¢ and 1. Define D: E x
I — E x I as follows: if D(e,t) = {e1,ea,...e,}, then D(e t) =
{(e1,1), (ea,t),...(en,t)}. Then D is an n-valued fiber map of the
fibration px: £ x I — B x I defined by py(e,t) = (p(e),t) with
induced multimap d: B x I —o B x I. Let Fy be an essential
fixed point class of ¢ then, by Lemma 6.3 of [17], there is a unique
fixed point class F of d such that Fy = {b € B: (b,0) € F}. By
Lemmas 6.2 and 6.4 of [17], there is an essential fixed point class
F4, the corresponding class, such that F; = {b € B: (b,1) € F}.
Let by € Fy and by € F; then (by,0) and (by,1) are equivalent
fixed points of d. Applying Lemma 4.1 to D: Ex [ — E x I, we
conclude that N(d,) = N(d,) where, for v = 0,1, the map &, is
defined by dy,(e,v) = D(e,v) N py(by,v). Since D(e,0) = (®(e), 0)
and pyl(by) = p~t(by) x {0}, then N(&,) = N(fp,). Similarly,
N(5b1):N(gbl)7SO N(fbo):N(gln)' u

In [4], the degree deg($) of an n-valued multimap ¢: S* —o S! is
defined as follows. Let n: R — S! be the universal covering space
defined by n(t) = e*™. There is a splitting {fo, f1,..., fu_1} of
¢n: R —o S where the f; are ordered so that f;(0) = n(t;) for
0<ty <ty <- o <tlpg <1 Let fo be the lift of fy to ty, then
fo(1) = v+t for some integer v and 0 < J < n — 1. The degree of
¢ is defined by deg(¢) = nv + J.

To illustrate the definition, represent S! as the unit circle in the
complex plane and define ¢: ST —o S! by ¢(2) = {z%2}. In terms
of the covering space 7,

1

s(1) = (0.0t + 3))

so ¢n = {fo, f1} where fo(t) = n(3t) and fi(t) = n(2t+ 1) and thus

to="0and t; = 1. Now fo(t) = 3t so

4
w

1
fl(l):—:1+§:zj+t1

and therefore deg(¢) =nv+ J =2(1)+1 = 3.

An equivalent definition of deg(¢) that resembles the definition of
degree for single-valued maps is developed in [5]. A homomorphism
of integer homology ¢.: H;(S') — H;(S') is induced by ¢ in such
a way that ¢,(1) = deg(¢) - 1, where 1 is a generator of H(S').
However, we will need the covering space definition of the degree to
prove the following result.

Lemma 4.3. Let p: £ — S' be a fibration, let ®: E — E be an
n-valued fiber map and let by € S* be a fived point of the induced

[\
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multimap ¢: S* — S, If deg(¢) # n, then f is a fized point class
of foo: P H(bo) — p~L(bo) if and only if there is a fized point class F
of ® such that FNp~t(by) =f.

Proof. Suppose ej and e; are equivalent fixed points of fp, in a fixed
point class f, then there exists a map c¢: I — p~*(bg) such that ¢(0) =
e, c(1) = e; and f,,c is homotopic to ¢ relative to the endpoints.
Since, by Lemma 2.2, the restriction ®q of p~*(by) splits with f;, as
a factor, then ey and e; are equivalent fixed points of ®. Therefore,
there is a fixed point class F of ® such that f C F.

To prove that FNp~t(by) C f, let ey, e; € FNp~t(by). Therefore
there is a path ¢: I — E such that ¢(0) = ep,c(1) = e; and a
splitting ®c = {®q,Py,...,P,}: I —o F such that the paths ¢ and
®; are homotopic relative to the endpoints. We must prove that e
and e; are equivalent fixed points of f3,.

We have a splitting {p®y, p®Ps, ..., pP,}: [ —o St of pdc = ¢(pc)
such that pc is homotopic to p®;. We first assume pc is contractible,
so there is a map h: I X [ — B that contracts pc to the constant
loop at by. By the covering homotopy property, we may lift h to ¢ to
obtain a homotopy H: I xI — FE, relative to the endpoints, between
c and a path ¢o: I — p~(by). Let ®H = {®3,®;,..., 8%} be a
splitting such that the restriction of ®7 is ;. Then ¢j: I X [ — F
is a homotopy between ®; and f,cy. Since c is homotopic to ®;, we
conclude that cq and fi,(co) are paths in p~!(by) from ey to e; that
are homotopic in £. In a fibration over S!, fibers are m-injective
into the total space, so ¢y and f,(co) are paths that are homotopic
in p~1(by) and therefore ¢y and e; are equivalent fixed points of fy,.

Now suppose that the loop pc is not contractible. We claim
that if pc is homotopic to ¢; = p®;, then the degree of ¢ must be
n and thus, since deg(¢) # n by hypothesis, no such loop exists
and therefore ey and e; must have been equivalent as fixed points
of fy, by the previous step, which will complete the proof. Let
n: R — S! be the covering space and let pc: I — R be the lift
of pc to the origin. Since pc is a loop, then pc(1) = m for some
integer m, which is nonzero since pc is not contractible. Lifting
the homotopy between pc and ¢; to the origin, the lift ¢; of ¢,
must have the property ¢;(1) = m also. Since m is an integer,
J = 0 in the definition of the degree of ¢ and therefore ¢ is split
by Corollary 5.1 of [4]. Thus ¢;: S' — S! is a well-defined map
such that the homomorphism ¢y, : m (S, by) — 71(S?, by) fixes the
non-zero element [pc] € m;(S?, by). The map ¢; must therefore be
of degree one so, by Theorem 2.2 of [4], deg(¢) =n -1 =n. O

We may now generalize Proposition 4.1 as follows.
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Theorem 4.1. (Addition Formula) Let p: E — S be a fibration
and let ®: F — E be an n-valued fiber map with induced multimap
¢: S —o St of degree d. If d = n, then N(®) = 0. Otherwise, let
bi,ba, ... by—q € St such that each bj is in a different essential
fixed point class of ¢, then

In—d|

N(@®) = 3 N(h).

Proof. 1f d = n then, by Theorem 5.1 of [4], there is a homotopy of
¢ to a fixed point free n-valued multimap . By Theorem 3.1, there
is an n-valued fiber map ¥: ' — E homotopic to ® such that v is
the induced multimap of W. Since v has no fixed points, ¥ is also
fixed point free so N(¥) = 0, and therefore N(®) = 0 by Theorem
6.5 of [17].

Now we assume that d # n. By Theorems 3.1 and 4.1 of [4], ¢
is homotopic to the n-valued power map ¢, 4: S* —o S* that has
fixed points 31, B2, . .., Bjn—q|, all of index +1 or all of index -1, such
that no two of these fixed points are equivalent. By the proof of
Theorem 3.2, there is a fix-finite n-valued fiber map V: £ — FE
that is fiber homotopic to ® and the induced multimap of & is
Gna. Let B; be a fixed point of ¢, 4 and let £ = {ej,eq,...,¢6,}
be an essential fixed point class of g, : p 1 (B;) — p1(B;) defined
by gs,(e) = ¥(e) Np~'(53;). By Lemma 4.3, there is a fixed point
class F of ¥ such that FNp~(3;) = f. f FNp '(Br) # 0 for
some k # j, let eg € F N p~'(B), then there is a path ¢: [ — F
such that ¢(0) = ep and ¢(1) = e; € f such that, for a splitting
Ve = {0y, V,,...,¥,}: I — E, some path ¥, is homotopic to ¢
relative to the endpoints, which are fixed by ¥,. But then there
is a splitting p¥c = ¢, q(pc) = {p¥1,p¥s,...,p¥,}: I — B such
that pV, is homotopic to pc relative to the endpoints 3 and f3;,
which would imply that these are equivalent fixed points of ¢y, 4.
Therefore, f = F is a fixed point class of W.

Let U C S*' be a closed interval with (; in the interior and
UNpy = 0 for & # j. The restriction of ¢,q to U splits as
WV Y, . Y} U — S'. By Proposition 2.3, the restriction
of ¥ to p~!(U) splits as {¥Y, 0¥ ... WU} p~1(U) — E with each
¥ the induced multimap of WY. Let f C p~'(5;) be an essential
fixed point class of gg, and let e, € f, then vY(e,) = e, for some k.

13



By Lemma 3.1 on page 84 of [14], the index of ¥ at e, satisfies

ind(V,e,) = md(\llg,ev)
nd(yy, 3;) - ind(gs,, ev)
an((bn d ﬂ]) an(Q,Bj? ev)~

~.

Since ind(f) # 0, then

ind(F) = > ind(V,e,)

T

= ind(¢n.d, 5;) Z ind(gg;, €v)

v=1

= =+ iz’nd(g@j, ey) = ind(f) # 0

v=1

so f = F is also an essential fixed point class of W.

Conversely, if F is an essential fixed point class of ¥ such that
Fnp'(B;) # 0, then f = FNp () is a fixed point class of
gs; by Lemma 4.3 and, again, ind(F) = £ind(f) so f is also an
essential fixed point class of gg,. We conclude that the essential
fixed point classes of ¥ are the essential fixed point classes of the
gp; for j =1,2,... |n —d| so

In—d]

- Z N(Qﬂj)‘

Since ® is fiber homotopic to ¥, by Lemma 4.2 there is a one-
to-one correspondence between the fixed points 3, 5s, ..., Bjn—q of
®n,q and the essential fixed point classes of ¢ such that, if we choose
bi,ba, ... by—g € S! in each of the corresponding essential fixed
point classes of ¢, then N(f,,) = N(gg;) for j = 1,2,...,|n —d|.
Since N(®) = N(V) by Theorem 6.5 of [17], we have proved that

In—d|

= Z N(fp;)-

]

To illustrate the addition formula, let R? denote the plane and
represent the Klein bottle as K = R?/ ~ where (z,y) ~ (z +
k,(=1)*y) and (z,y) ~ (z,y+£) for all integers k, £. The projection
p: R? — R on the first factor induces the fibration p: K — S!

14



with fiber S', where S* = R/ ~ with 2 ~ 2 + k. Define a 2-valued
multimap ®: R? — R? by

(I)($7y) = {(—.1' + 172y>7 (—I‘ + %73y)}

then @ induces a 2-valued fiber map ¢: K — K. The induced
multimap ¢: S — S* has four fixed points v = 0,1,3,3; let
fo: p~'(v) — p~'(v) be the corresponding restrictions of ®. Since

©(0,y) = {(1,2y).(3,3y)} and (1,2y) ~ (0,—2y), the degree of
fo is —2. Similarly, fi is of degree —3. Furthermore, ®(3,y) =
{(3,2y), (1,3y)} so f% is of degree 2 and, similarly, fg is of degree
3. Therefore, by Theorem 2.4,

N(®) = N(fo) + N(f1) + N(f1) + N(fs) =3+4+1+2=10.

5 Orientable fibrations over S!

Given a fibration p: E — B, choose a basepoint by € B and set
Y = p!(by). Let [Y,Y] denote the homotopy classes of homotopy
equivalences and define 7: w1 (B, by) — [Y, Y] by 7[w] = 7, the fiber
translation obtained from a loop w representing [w]. The fibration p
is orientable if T is the constant function, that is, the fiber translation
7., is homotopic to the identity map for all [w] € m(B,by). The
definition is independent of the choice of the regular lifting function
that determines 7.

The following product formula is a consequence of Theorem 5.6
of [21].

Proposition 5.1. Let p: E — S be an orientable fibration. If
f: E — E is a fiber map with induced map f: S* — S', then
N(f) = N(f)N(fs)-

When we consider n-valued fiber maps of such fibrations, the
formula fails to hold. For example, for Y = S! viewed as the unit
circle in the complex plane, define a 2-valued fiber map ®: S xSt —o
St x S by ®(w,2) = {(1, 2%), (-1, z%)}, then

N(®) = N(fi) + N(f-1) =2+3=5

by Theorem 4.2 whereas, since the induced multimap ¢ is constant,
N(¢) =2 by [17], Corollary 7.3.

Fibrations p: F — B and p': E' — B are fiber homotopy equiv-
alent if there exist fiber maps 6: E — E’ and (: E' — F such that
p'0 = p,p{ = p/ and OC and (O are fiber homotopic to the identity
maps.
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Theorem 5.1. An orientable fibration p: E — S with fiber Y =
p~L(by) is fiber homotopy equivalent to wg1: S* x Y — S

Proof. By the theorem of [8], the fibration is fiber homotopy equiv-
alent to a bundle. Since orientability is preserved by fiber homo-
topy equivalence, we may assume without loss of generality that
p: E — B is an orientable bundle, with fiber Y. Let S = ¢, Uc_
where S! is the unit circle in the complex plane and c, and c_
are the intersections of S' with the closed upper and lower half-
planes, respectively. Since c, and c_ are contractible, by Corol-
lary 11.6 on page 53 of [20] there are fiber-preserving homeomor-
phisms h:cy XY — pHey)and ho:c. xY — p(c ). Let
cy Neo = {zp,21} = S° and orient ¢, and c_ from 2y to z;. For
e = +,— and v = 0,1, define homeomorphisms h.,: Y — p~(z,)
by hew(y) = he(2,.y) and also set p, = h:’lvhﬂ,: Y — Y. Since c,
and c_ contract to z;, we may use Theorem 2.8.10 of [19] to homo-
tope h:}l and h4 ; so that 1 is homotopic to the identity map, see
page 102 of [19].

We define a lifting function A\: A(p) — BT as follows. Again
let n: R — S! be the covering space. Given (eg,w) € A(p) then
w(0) = n(ty) for some 0 < ¢y < 1. Let @ be the lift of w to R at
to and define @': I — R by &'(s) = (1 — $)tg + sw(1), then &' is
homotopic to @ by a homotopy L keeping tq and &(1) fixed. The
path ' = n@’ is homotopic to w by nL and it is a union of oriented
arcs: w' = ag-aq Qg -y, where a; C Ce, for €; = 4+ or ¢; = — and
o; Ny € 8% Lift ag to E by sending it to he, (o X myhz!(eo)).
Let e; # ey be the point in the lift of aq that lies in p~*(S°) and lift
o1 t0 he (ar X myh_'(e1)). In general, lift a; to E by sending it to
he,(a; % Wyh;jl(ej)), where e; # e;_; is the point in the lift of o4
that lies in p~'(S°). This construction defines the path A(eg,w’).
By the covering homotopy property, we lift the homotopy nL to
Aeg,w’) and the lifted homotopy determines A(eg,w).

Let w = apa; = cyc_* and let eg € p~*(z). Then

er = hy(z1,myhi (eo))
and
AMeo,w) = hy(ey x myhit(eg)) - ho(cZ' x myhZ'(ey)).
Therefore,
Tw(e0) = T (hy (20, %0)) = h—(z0, myh= hy (21, 0)) = hf,O(h:,llh%l(y))
and so

7TYh:17'wh+,0(y) = h:,l1h+,1(3/) = 11(y).
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Since the fiber translation 7, is homotopic to the identity by the
orientability assumption, then p; is homotopic to

myh=thy o = hZohyo = po

and we conclude that j is homotopic to the identity because p; is.
Therefore the restrictions of h, and h_ to S° x Y are homotopic and
we let hy: S° x Y — p71(S%) be a homotopy such that hy(z,,y) =
h—(y) and ha(zv,y) = hiw(y). Define

H: (S°xY x)U(c. xY x{0}) = E

by
hi(z,y) if zeS°

H(Z’y’t):{h_(z,y) if t=0

and extend H to H: ¢ xY xI — FE by the fiber homotopy extension
theorem [1]. Define ' : ¢. XY — E by b (z,y) = H(z,y,1).
Finally, define h: S x Y — E by

hy(z,t) if z€cy
h pu—
(z:9) {h’(znﬁ) if zec_

which is a well-defined fiber map because h' (z,,y) = hi(z,,y) for

v = 0,1. Since the restriction of hy to z x Y for any z € cy
is a homotopy equivalence, [7] implies that h is a fiber homotopy
equivalence. d

Lemma 5.1. Let p: E — S' be an orientable fibration and let
®: ' —o E be an n-valued fiber map. Let by and by be fixed points of
the induced multimap ¢: S* —o S so ® induces maps fy,: p~(by) —
p~Y(b,) for v=0,1. If there is a path in the graph

Ty ={(bV)e S xSV ecapb)}
from (b, bo) to (by,b1), then N(fo,) = N(fp,)-

Proof. By Theorem 5.1, there are homotopy equivalences 0: S x
Y — Eand (: E — S' x Y such that pf = 7g1,m71( = p and
0¢ and (6 are fiber homotopic to the identity maps. Define a mul-
tivalued function U: S' x ¥ — S! X Y as follows: for (b,y) €
Sl xY and e = 0(b,y), if ®(e) = {e1,e9,...,e,}, then U(b,y) =
{C(e1),C(e2),...,((en)}. By Theorems 1 and 1’ on page 113 of [3],
¥ is continuous, so ¥ is an n-valued fiber map and its induced mul-
timap is ¢. For v = 0,1, let g, : {b,} xY — {b,} XY be the restric-
tion of W. Let 6y, : {b,} x Y — p~(b,) and (y,: p~*(by) — {b,} XY
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be the restrictions of # and ( respectively, then 6, is a homotopy
equivalence with homotopy inverse (;,. Since gy, = 0y, fp,Cp,, Theo-
rem 5.4 of [14] implies that N(gy,) = N(fs,). To prove the theorem,
we will show that N(gs,) = N(gp,)-

~

Define a function U: Y xT'y — S'x Y as follows: for (y, (b,b')) €
Y x I'y, set

T(y, (0,8)) = U(b,y) N p~ (V).

To prove ¥ continuous at (y, (b,V)) € Y x Iy, write Ty, (b,V)) =
(t/,y) and choose a neighborhood of (¥',4’) which we may assume
to be of the form U x W where U is open in S* C R? and W is open
in Y. Let

v(¢) = inf{[b; — by|: bj, b € 4(b),b € S, b; # by},

then v(¢) > 0 because S! is compact ([17], page 211). We will

find a neighborhood of (y, (b,b")) that is mapped by ¥ into u x W
where u is a neighborhood of ¥ in U of diameter less than v(¢).
Since ¥: S! x Y — S!' x Y is lower semi-continuous, there is a
neighborhood of (b,y) in S x Y, which we may assume is of the
form V x O where V is open in S' and O open in Y, such that (b, ) €
V x O implies ¥ (b, 5) N (ux W) # 0. Since u is of diameter less than
v(¢), it must be that W (b, )N (ux W) is a single point of S* xY". The
multimap ¢ is lower semi-continuous so there is a neighborhood N
of b such that b € N implies ¢(b) Nu # (), and the intersection must
be a single point of B. Let M C I'y, be the open subset consisting

of all points (b, ') such that b € NNV and b’ = ¢(b) Nu. We claim
that U takes the open subset O x M of Y xTI'y, into u x W. To prove
it, let y € O and (b,V)) € Msobe NNV. Since b€ V and 3 € O,
then W (b, )N (uxW) # 0. On the other hand, b € N so ¢(b)Nu = b/
which implies W(b,3) C p~1(t') x Y. Thus the single point of ¥(b, )

~

that lies in u x W must be (g, (b,0)) = ¥(b,y) Np (V). We
conclude that U(Ox M) CuxW CUxWso¥: Y xTy — S xY
Is continuous.

By hypothesis, there is a path a: I — I'y such that a(v) = (by, by)

forv=20,1. Define H: Y x I — Y by
H(y7t) = WY(I}(yva(t))'

The continuity of H follows from the continuity of U that we just
established. For b € S', define i,: Y — p~1(b) C S' x Y by iy(y) =
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(b,y). For v =0, 1 we have

H(y, ’U) = WY(I\]Q/? (bva bv))
= a1y (U(by,y) Np~L(by))
= Ty Ggp,iv, (Y)-

Thus the maps 7y gy, ib,, Ty go, %, - ¥ — Y are homotopic by H so
N(7y foyin,) = N(7y fo,is,). Since iy, and the restriction of my to
p~'(b;) are homeomorphisms, N(gy,) = N (7y g, %,) by Theorem 5.4
of [14] and we conclude that N(gy,) = N(gs,)- O

Lemma 5.2. If ¢p,v: X — Y are homotopic n-valued multimaps,
then theiwr graphs I'y and Ty, are the same homotopy type and thus,
in particular, they have the same number of path components.

Proof. By hypothesis, there is an n-valued multimap A: X xI — Y
such that A(z,0) = ¢(x) and A(z,1) = ¢(z) for all z € X. The
strong deformation retraction R: X x I — X x {0} induces a strong
deformation retraction of covering spaces R: I'n — I'y so I'a and
I', are the same homotopy type. The strong deformation retraction
of X x I to X x {1} establishes the same relationship between I'a
and I'y, and completes the proof. O

For n a positive integer, we understand the greatest common
divisor of 0 and n to be n.

Proposition 5.2. Let ¢: S* — St be an n-valued multimap of
degree d, then its graph I'y has w path components, where w is the
greatest common divisor of n and d.

Proof. For n: R — S* the covering space, we represent points of S*
by n(t) for 0 < ¢t < 1. The n-valued power map ¢, 4: S* — S! is
defined by

Suan(t)) = (50 (St 4 ), (G4 (- )2y

We will first prove that if n and d # 0 are relatively prime, then
Iy, , is path connected. Define P: R* — S' x S' by P(z,y) =

(n(w),n(y)). Let

d
Gnag={(r,—z) € R*: 0 < x < n}
n

n

and note that G, 4 is path connected. For (z,y) € G, 4, write
x=1t+m where 0 <t <1and 0 <m <n—1is an integer, then
d d dm d

Coy=nCr+ T =G+
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where the integer j, with 0 < j < n —1, is congruent to dm modulo
n. Since n(x) = n(t), we have shown that P(G,.q) C Ty, ,-

Now let (n(t),n(4t+ ji)) € I'y,, where 0 <t <1l and 0 < j <
n — 1 is an integer. Since d and n are relatively prime, there exist
integers a, b such that 1 = ad+0bn. Let 0 < m < n—1 be the integer
congruent to ja modulo n and let © =t +m. We find that

d dm d 1 dm — j
St — ) = (=t+j-) =
n n n n n
dm — j(ad + bn)

n
d(m — ja) — jbn

Y

n

which is an integer because m — ja is divisible by n. Therefore

d d —dm d 1
n(ca)=n(t+-—=)=n(-t+j)
and we conclude that I'y , = P(Gpq) so I'y, , is path connected.
Now consider ¢,, 4 for n > 1 an integer and d any nonzero integer.
The power map is w-split as

= {0, ol el

for w the greatest common divisor of n and d, where gbflkgl is the
+-valued multimap defined by

(k) k: d k w d k n w

St )t (——1)—
SOUe) = (St D)t S+ D) (e (2 1))
for k =0,1,...,w—1. Since I'y , is the union oftheF<k),and the

r Gl are disjoint sets that are homeomorphic to each other through
n,d

rotations of S' x S, it is sufficient to prove that T" (1)(0) is path con-

nected. Noting that gbn g = ¢n7d and that =* and < are relatively
prime, the argument above shows that T 5, is path connected and

thus 'y, , has w path components. Now let ¢: S' — S' be an n-
valued multimap of degree d # 0. Then by Theorem 3.1 of [4], ¢ is
homotopic to ¢, 4. Therefore, by Lemma 5.2, I', also has w path
components.

If d = 0, then ¢ is homotopic to ¢, . Since Iy, , is the product
{20, 21, 2n—1} x S* where z; = ’r](%), Lemma 5.2 implies that ',
has w = n path components in this case also. O

20



Theorem 5.2. (Semi-Product Formula) Let p: E — S* be an ori-
entable fibration and let ®: E — E be an n-valued fiber map with
induced multimap ¢: St — St of degree d. Let by, by, ..., b, € S,
where w s the greatest common divisor of n and d, be fixed points in
distinct essential fived point classes of ¢ such that the points (b;, b;)
are in distinct path components of I'y, then

w

2SN,

W W

N(®) =

Proof. By Proposition 5.2, I'y has w path components, so ¢ is w-
split by Proposition 2.1 and we may write ¢ = {¢1, @2, ..., by} By
Theorem 3.1 of [4], ¢ is homotopic to ¢, 4 so, by Proposition 2.2,

each ¢; is homotopic to some ¢£le7 which is homotopic to ¢» «, and
therefore, by Theorem 4.1 of [4],

N(¢;) = N(6¥) = N(¢

w w

for each j. Proposition 2.3 implies that ® w-splits as & = {®1, Do, ..., D, },
where each ®; is an Z-valued fiber map with induced map ¢;. By

w

Theorem 4.1,
n_d
j=1
where by, bo, . .. ,b‘ﬂ_ 4 are fixed points, one in each essential fixed

w w

point class of ¢;. Since I'y, is path connected, N(fy,) = N(fs,) for
all j,k=1,2,...,|% — 4| by Lemma 5.1 so N(®;) = |2 — 4| N(f,,)
where b; is in any essential fixed point class of ¢;. Therefore, by the
Remark on page 218 of [17],

N(@) =Y N(@) =Y

j=1 J=1

22 Vi)

w

where the b; are in distinct essential fixed point classes of ¢ such
that (b;,b;) are in distinct path components of I'y. ]

We obtain the following product formula result:

Corollary 5.1. Let p: E — S* be an orientable fibration and let
®: £ —o E be an n-valued fiber map with induced multimap ¢: S* —o
St of degree d # 0. If d is relatively prime to n, then

N(®) = N(@)N(fs) = [n— d| N(fs)

where b € B is in any essential fized point class of ¢.
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Suppose B and Y are sets, S = {z1,zs,...,2,} is an unordered
subset of n points of B and y € Y, then S x y will denote the
unordered subset {(z1,v), (z2,v), ..., (xn,y)} of BXY. For ¢: B —o
B an n-valued function and f: Y — Y single-valued, define the
product n-valued function ® = ¢ x f: E = BxY — B xY by
O(b,y) = ¢(b) x f(y). If ¢ and f are continuous, so also is P, that is,
it is a product n-valued multimap. A product n-valued multimap P is
an n-valued fiber map with respect to the product bundle ng: B X
Y — B with induced map ¢ and f, = f for all b € ¢(b). From
Theorem 5.2 we also have the product formula result

Corollary 5.2. Let ¢ x f: St xY — St XY be a product n-valued
multimap where ¢ is of degree d, then

N(¢ x f) = N(@)N(f) = |n —d| N(f).
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