A convergent series which is not absolutely convergent
can be rearranged to sum to any number you choose, but rearrangement
never changes the sum of an absolutely convergent series.

Part I. To see that rearrangement of a convergent but not absolutely convergent
series can lead to any desired sum one can argue as follows:

Given a sequence of real numbers {a,}, we can introduce the sequences {a}}

and {a,, } defined by

ot = a, if a, >0 and a- — —a, if a, <0
n ] 0ifa, <0 o Oifa, >0

Note that |a,| = a)f + @, and a, = a} —a,.

© o+ _

Proposition 1. If Y >  a, converges and >~ |a,| diverges, then > 7 af =

D meq Gy = 00,

Proof: Since S0 Jan| = SN at + 3N 4, we cannot have both S af and

n=1"n n=1""n
N — . N o N + N —
Yoy G boujr\lfded as N —1>V oo. However, since > . _jan, = _jaF —> " a,
. . _|_ _ .
if either of ) ', a;f or "', a, is unbounded as N — oo, the other must also be

unbounded.

Theorem: Let {a, }5°, be a sequence of nonzero real numbers. If > > a, con-
verges and Y -, |a,| = oo, then, given any o € R U {+o0} U {—00}, we can

rearrange the terms aq, ao,... so that the new series converges to a.

Proof: Let by, bs,... be the numbers af,a;, ... in the same order but with the
zeroes omitted, and let c;, ca,... be the numbers a; ,a, ,... in the same order but
with the zeroes omitted. Then any series consisting of all the b’s with plus signs
and all the ¢’s with minus signs will be a rearrangement of Y~ | a,,.

I will take o > 0 first, and give the changes needed for a < 0 and @ = o0 at
the end.

To build a series converging to a proceed as follows. The new series will be
oo al,. Take a} = by, ah = bo,... until the first n such that

b1—|—b2+---+bn>a

(n might be 1, but that is OK). Call this n, n;. Then take a;, | = —c1, ap, 2 =
—cCo, ... until the first n such that

b1+62+"'+bn1_01_02_"’_Cn<05~

Call this n, no. Next repeat the process, adding b’s until the sum is greater than «
and then subtracting ¢’s until the sum is less than «, back and forth, forever.



The series you get will look like

bite - Fbn, —C1— —Cnytbn p1+ Fbnypng —Cnot1 =~ Cnofny Fbny g1+
. . N / _ . . o0 _ o0 _
I claim that limy_ oo )., _;a, = «. First, since > > b, = > " ¢, = 00,

no matter how many b’s or ¢’s you have used the sum of those remaining is still
oo. That means that at each stage you will be able to get above a or below a as
required, and the integers n, with ni > 1 will be defined for all k. Secondly, for

ny+ng+--ng-1 <N <np+na+--ng
the difference between 22;1 al, and « is bounded by by, ynyt.tn,_, if k is even
and Cp,qny4-tn,_, if k1is odd. Since 2?21 a, converges, lim,, .. a, = 0 and this
implies lim,, o b, = lim,,_, ¢, = 0. Thus, given € > 0, there is a K(€) such that
| ij:l a,, —a| < e when N >nj +ng+ -+ ng_1 with & > K(€). This completes
the proof for a > 0 (I admit that the last step here is a bit of a leap, but I think
that more words will not help you understand it).

If o < 0, just begin with ¢’s instead of b’s. If &« = 400, add b’s until the sum is
greater than 1. Then subtract ¢’s until the sum is less than 1. Then add b’s until
the sum is greater than 2. Then subtract ¢’s until the sum is less than 2. Continue
this way, going up 1 when you add b’s each time. If a = —o0, start by subtracting
c’s until the sum is less than -1. Then add b’s until the sum is greater than -1.
Then subtract ¢’s until the sum is less than -2, and so on.

Part II. To see that rearrangement does not change the sums of absolutely con-
vergent series one can argue as follows:

Assume that ¥°° ;a,, = S and that Xa,, is absolutely convergent. Then, given
e > 0, we can choose Nj(e) so that |[X}_,ar — S| < €/2 for n > N;(e), and choose
Ny (€) so that X7_ |ag| < €/2 for m,n > Na(e). We can assume that N, is chosen
to be greater than N;. Let o, mapping N one-to-one onto N, be the rearrangement,
and choose N (¢€) so that

{neN:n < Ny(e)} C{o(k): k< N(e)}.
Note that N(e) > Na(e). Now for n > N(e) we have
n N (e
[Yh—1aom) — S| < =2y — S|+ Yo (k):o(k)>Na(e),k<n}|Ua(k)]| < €/2+ €/2.

Thus
lim 2221%(@ =S.

n—oo



