Assignment 8
Here is a collection of Rudin problems.

1. Assume that y is an uncountable set, and let M be the set of all countable
subsets of x and their complements. Show that M is a o-algebra and that u,
defined by pu(E) = 0 if E is countable and p(E) = 1 if E€ is countable, is a measure
on M.

2. Suppose that M is a o-algebra containing a countably infinite number of sets.
Show that M cannot be countable.

3. A sequence of measurable functions {f,,} converges in measure to a measurable
function f with respect to u if for every € > 0 there is an N such that

p{z s | fn(z) = f(z)| > €}) <€

for n > N. Show that if || f,, — f||1 — 0 then f,, converges to f in measure. If u(y) <
oo show that if f,(z) converges to f(z) a.e., then f, converges to f in measure,
and conversely, if f,, converges to f in measure, then {f,] has a subsequence that
converges to f pointwise a.e.

4. If u(x) = 1, show that for any measurable function f and p € (0, c0)
expl [ Jog f1du) < ([ |f17du)! .
X X

where e~ is defined to be 0. Somewhat surprisingly, if you assume that fx |f|"dp <

oo for some r > 0 and define e~ = 0, the right hand side of that inequality
converges to the left hand side as p — 0. That is harder to show.

5. Suppose that f is a continuous function on the bounded interval [a, b] with total
variation T[a,b] < co. Show that for each M < T'[a,b] there is a 6 > 0 such that
the variation of f over any partition of [a,b] with mesh less that § will be greater
than M.



