AN EXOTIC SPHERE WITH POSITIVE SECTIONAL
CURVATURE

PETER PETERSEN AND FREDERICK WILHELM

In memory of Detlef Gromoll

During the 1950s, a famous theorem in geometry and some perplexing examples
in topology were discovered that turned out to have unexpected connections. In
geometry, the development was the Quarter Pinched Sphere Theorem. ([Bergl],
[Kling], and [Rau])

Theorem (Rauch-Berger-Klingenberg, 1952-1961) If a simply connected, complete
manifold has sectional curvature between 1/4 and 1, i.e.,

1/4 < sec <1,
then the manifold is homeomorphic to a sphere.
The topological examples were [Miln]

Theorem (Milnor, 1956) There are T-manifolds that are homeomorphic to, but
not diffeomorphic to, the 7-sphere.

The latter result raised the question as to whether or not the conclusion in the
former is optimal. After a long history of partial solutions, this problem has been
finally solved.

Theorem (Brendle-Schoen, 2007) Let M be a complete, Riemannian manifold
and f: M — (0,00) a C*®—function so that at each point x of M the sectional
curvature satisfies

f (x)

o <sec, < f(x).
Then M is diffeomorphic to a spherical space form.

Prior to this major breakthrough, there were many partial results. Starting with
Gromoll and Shikata ([Grom] and [Shik]) and more recently Suyama ([Suy]) it was
shown that if one allows for a stronger pinching hypothesis § < sec < 1 for some
0 close to 1, then, in the simply connected case, the manifold is diffeomorphic to a
sphere. In the opposite direction, Weiss showed that not all exotic spheres admit
quarter pinched metrics [Weis].

Unfortunately, this body of technically difficult geometry and topology might
have been about a vacuous subject. Until now there has not been a single example
of an exotic sphere with positive sectional curvature.

To some extent this problem was alleviated in 1974 by Gromoll and Meyer
[GromMey].
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Theorem (Gromoll-Meyer, 1974) There is an exotic T—sphere with nonnegative
sectional curvature and positive sectional curvature at a point.

A metric with this type of curvature is called quasi-positively curved, and positive
curvature almost everywhere is referred to as almost positive curvature. In 1970
Aubin showed the following. (See [Aub] and also [Ehrl] for a similar result for
scalar curvature.)

Theorem (Aubin, 1970) Any complete metric with quasi-positive Ricci curvature
can be perturbed to one with positive Ricci curvature.

Coupled with the Gromoll-Meyer example, this raised the question of whether
one could obtain a positively curved exotic sphere via a perturbation argument.
Some partial justification for this came with Hamilton’s Ricci flow and his observa-
tion that a metric with quasi-positive curvature operator can be perturbed to one
with positive curvature operator (see [Ham]).

This did not change the situation for sectional curvature. For a long time, it
was not clear whether the appropriate context for this problem was the Gromoll-
Meyer sphere itself or more generally an arbitrary quasi-positively curved manifold.
The mystery was due to an appalling lack of examples. For a 25—year period the
Gromoll-Meyer sphere and the flag type example in [Eschl] were the only known
examples with quasi-positive curvature that were not known to also admit positive
curvature.

This changed around the year 2000 with the body of work [PetWilh], [Tappl],
[Wilh2], and [Wilk] that gave us many examples of almost positive curvature. In
particular, [Wilk] gives examples with almost positive sectional curvature that do
not admit positive sectional curvature, the most dramatic being a metric on RP? x
RP2. We also learned in [Wilh2] that the Gromoll-Meyer sphere admits almost
positive sectional curvature. (See [EschKer| for a more recent and much shorter
proof.) Here we show that this space actually admits positive curvature.

Theorem The Gromoll-Meyer exotic sphere admits positive sectional curvature.

On the other hand, we know from the theorem of Brendle and Schoen that the
Gromoll-Meyer sphere cannot carry pointwise, ifpinched, positive curvature. In
addition, we know from [Weis] that it cannot carry

sec > 1 and radius > g
and from [GrovWilh] that it also can not admit
sec > 1 and four points at pairwise distance > g
We still do not know whether any exotic sphere can admit
sec > 1 and diameter > g

The Diameter Sphere Theorem says that such manifolds are topological spheres
([Berg3], [GrovShio]). We also do not know the diffeomorphism classification of “al-
most +-pinched”, positively curved manifolds. According to [AbrMey] and [Berg4]
such spaces are either diffeomorphic to CROSSes or topological spheres.

The class with sec > 1 and diameter > 7 includes the globally %fpinched7 simply
connected, class, apparently as a tiny subset. Indeed, globally ifpinched spheres
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have uniform lower injectivity radius bounds, whereas manifolds with sec > 1 and
diameter > 7 can be Gromov-Hausdorff close to intervals.

In contrast to the situation for sectional curvature, quite a bit is known about
manifolds with positive scalar curvature, Ricci curvature, and curvature operator.
Starting with the work of Hitchin, it became clear that not all exotic spheres can
admit positive scalar curvature. In fact, the class of simply connected manifolds
that admit positive scalar curvature is pretty well understood, thanks to work of
Lichnerowicz, Hitchin, Schoen-Yau, Gromov-Lawson and most recently Stolz [Stol].
Since it is usually hard to understand metrics without any symmetries, it is also
interesting to note that Lawson-Yau have shown that any manifold admitting a non-
trivial S action carries a metric of positive scalar curvature. In particular, exotic
spheres that admit nontrivial S® actions carry metrics of positive scalar curvature.
Poor and Wraith have also found a lot of exotic spheres that admit positive Ricci
curvature ([Poor] and [Wrai]). By contrast Bshm-Wilking in [BohmWilk] showed
that manifolds with positive curvature operator all admit metrics with constant
curvature and hence no exotic spheres occur. This result is also a key ingredient in
the differentiable sphere theorem by Brendle-Schoen mentioned above.

We construct our example as a deformation of a metric with nonnegative sec-
tional curvature, so it is interesting to ponder the possible difference between the
classes of manifolds with positive curvature and those with merely nonnegative cur-
vature. For the three tensorial curvatures, much is known. For sectional curvature,
the grim fact remains that there are no known differences between nonnegative and
positive curvature for simply connected manifolds. Probably the most promising
conjectured obstruction for passing from nonnegative to positive curvature is admit-
ting a free torus action. Thus Lie groups of higher rank, starting with S® x S3, might
be the simplest nonnegatively curved spaces that do not carry metrics with posi-
tive curvature. The Hopf conjecture about the Euler characteristic being positive
for even dimensional positively curved manifolds is another possible obstruction to
53 x S having positive sectional curvature. The other Hopf problem about whether
or not S? x S? admits positive sectional curvature is probably much more subtle.

Although our argument is very long, we will quickly establish that there is a
good chance to have positive curvature on the Gromoll-Meyer sphere, ¥.7. Indeed,
in the first section, we start with the metric from [Wilh2] and show that by scaling
the fibers of the submersion X7 — S4, we get integrally positive curvature over
the sections that have zero curvature in [Wilh2]. More precisely, the zero locus in
[Wilh2] consists of a (large) family of totally geodesic 2-dimensional tori. We will
show that after scaling the fibers of X7 — S%, the integral of the curvature over
any of these tori becomes positive. The computation is fairly abstract, and the
argument is made in these abstract terms, so no knowledge of the metric of [Wilh2]
is required.

The difficulties of obtaining positive curvature after the perturbation of section
1 cannot be over stated. After scaling the fibers, the curvature is no longer nonneg-
ative, and although the integral is positive, this positivity is to a higher order than
the size of the perturbation. This higher order positivity is the best that we can
hope for. Due to the presence of totally geodesic tori, there can be no perturbation
of the metric that is positive to first order on sectional curvature [Stra]. The tech-
nical significance of this can be observed by assuming that one has a C'°° family of
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metrics {g;},cp With go a metric of nonnegative curvature. If, in addition,

%secgt P >0
t=0
for all planes P so that secy, P = 0, then g; has positive curvature for all sufficiently
small ¢ > 0. Since no such perturbation of the metric in [Wilh2] is possible, it will
not be enough for us to consider the effect of our deformation on the set, Z, of zero
planes of the metric in [Wilh2]. Instead we will have to check that the curvature
becomes positive in an entire neighborhood of Z. This will involve understanding
the change of the full curvature tensor.

According to recent work of Tapp, any zero plane in a Riemannian submersion
of a biinvariant metric on a compact Lie group exponentiates to a flat. Thus any
attempt at perturbing any of the known quasipositively curved examples to positive
curvature would have to tackle this issue [Tapp2].

In contrast to the metric of [EschKer], the metric in [Wilh2] does not come from
a left (or right) invariant metric on Sp (2). So although the Gromoll-Meyer sphere
is a quotient of the Lie group Sp(2), we do not use Lie theory for any of our
curvature computations or even for the definition of our metric. Our choice here is
perhaps a matter of taste. The overriding idea is that although none of the metrics
considered lift to left invariant ones on Sp(2), there is still a lot of structure. Our
goal is to exploit this structure to simplify the exposition as much as we can.

Our substitute for Lie theory is the pull-back construction of [Wilh1]. In fact,
the current paper is a continuation of [PetWilh], [Wilh1], and [Wilh2]. The reader
who wants a thorough understanding of our argument will ultimately want to read
these earlier papers. We have, nevertheless, endeavored to make this paper as self-
contained as possible by reviewing the basic definitions, notations, and results of
[PetWilh], [Wilh1], and [Wilh2] in sections 2, 3, and 4. It should be possible to skip
the earlier papers on a first read, recognizing that although most of the relevant
results have been restated, the proofs and computations are not reviewed here. On
the other hand, Riemannian submersions play a central role throughout the paper;
so the reader will need a working knowledge of [On].

After establishing the existence of integrally positive curvature and reviewing the
required background, we give a detailed and technical summary of the remainder
of the argument in section 5. Unfortunately, aspects of the specific geometry of the
Gromoll-Meyer sphere are scattered throughout the paper, starting with section 2;
so it was not possible to write section 5 in a way that was completely independent
of the review sections. Instead we offer the following less detailed summary with
the hope that it will suffice for the moment.

Starting from the Gromoll-Meyer metric the deformations to get positive curva-
ture are

(1): The (h1 @ ha)—Cheeger deformation, described in section 3

(2): The redistribution, described in section 6.

(3): The (U & D)—Cheeger deformation, described in section 3

(4): The scaling of the fibers, described in section 1

(5): The partial conformal change, described in section 10

(6): The A (U, D) Cheeger deformation and a further hy—deformation.

We let g1, 91,2, 91,2,3, ect. be the metrics obtained after doing deformations (1),
(1) and (2), or (1), (2), and (3) respectively.
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It also makes sense to talk about metrics like g 3, i.e. the metric obtained from
doing just deformations (1) and (3) without deformation (2).

All of the deformations occur on Sp(2). So at each stage we verify invariance of
the metric under the various group actions that we need. For the purpose of this
discussion we let g1, g1,2, g1,2,3, ect. stand for the indicated metric on both Sp (2)
and 7.

91,3 is the metric of [Wilh2] that has almost positive curvature on 7. g1,2,3 is
also almost positively curvature on ¥7, and has precisely the same zero planes as
g1,3. Some specific positive curvatures of g; 3 are redistributed in g; 2 3. The reasons
for this are technical, but as far as we can tell without deformation (2) our methods
will not produce positive curvature. It does not seem likely that either g1 2 or g12,3
are nonnegatively curved on Sp (2), but we have not verified this.

Deformation (4), scaling the fibers of Sp (2) — S%, is the raison d’étre of this
paper. ¢i2 3,4 has some negative curvatures, but has the redeeming feature that the
integral of the curvatures of the zero planes of g; 3 is positive. In fact this integral
is positive over any of the flat tori of g; 3.

The role of deformation (5) is to even out the positive integral. The curvatures
of the flat tori of g1 3 are pointwise positive with respect to g1,2.3,4,5-

To understand the role of deformation (6), recall that we have to check that we
have positive curvature not only on the O-planes of g; 3, but in an entire neighbor-
hood (of uniform size) of the zero planes of g1 3. To do this suppose that our zero
planes have the form

P =span{¢,W}.
We have to understand what happens when the plane is perturbed by moving its
foot point, and also what happens when the plane moves within the fibers of the
Grassmannian.

To deal with the foot points, we extend ¢ and W to families of vectors F¢ and
Fw on Sp(2). These families can be multivalued and Fy contains some vectors
that are not horizontal for the Gromoll-Meyer submersion. All pairs {¢, W} that
contain zero planes of (27, 9173) are contained in these families, and the families
are defined in a fixed neighborhood of the O-locus of g; 3. All of our arguments are
valid for all pairs {z,V'} with z € F; and V' € Fyy, provided z and V have the same
foot point. In this manner, we can focus our attention on fiberwise deformations of
the zero planes.

To do this we consider planes of the form

P =span{(+oz, W+ 71V}

where o, 7 are real numbers and z and V' are tangent vectors. Ultimately we show
that all values of all curvature polynomials

P(o,7)=curv((+ oz, W+71V)

are positive.

Allowing o, 7, z and V' to range through all possible values describes an open
dense subset in the Grassmannian fiber. The complement of this open dense set
consists of planes that have either no z component or no W component. These
curvatures can be computed as combinations of quartic, cubic, and quadratic terms
in suitable polynomials P (o, 7). In sections 12 and 13 we show that these combina-
tions/curvatures do not decrease much under our deformations (in a proportional
sense); so the entire Grassmannian is positively curved.



6 PETER PETERSEN AND FREDERICK WILHELM

The role of the Cheeger deformations in (6) is that any fixed plane with a non-
degenerate projection to the vertical space of £7 — S* becomes positively curved,
provided these deformations are carried out for a sufficiently long time. Although
the zero planes P = span {(, W} all have degenerate projections to the vertical
space of ©7 — S*, there are of course nearby planes whose projections are nonde-
generate. Exploiting this idea we get

Proposition 0.1. If all curvature polynomials whose corresponding planes have de-
generate projection onto the vertical space of ©7 — S* are positive on (27, g1727374,5)
then (27917273,47576) is positively curved, provided the Cheeger deformations in (6)
are carried out for a sufficiently long time.

Proof. The assumptions imply that a neighborhood N of the O-locus of g1 3 is
positively curved with respect to g1,2345. The complement of this neighborhood
is compact, S0 ¢1,2.3,4,5,6 is positively curved on the whole complement, provided
the Cheeger deformations in (6) are carried out for enough time. Since Cheeger
deformations preserve positive curvature g; 234,56 is also positively curved on N.
S0 g1,2,3,4,5,6 is positively curved. O

Thus the deformations in (6) allow us the computational convenience of assuming
that the vector “2” is in the horizontal space of X7 — S4.

In the sequel, we will not use the notation g1, g1,2,91,2,3, ect. . Rather we will
use more suggestive notation for these metrics, which we will specify in Section 5.
Acknowledgments: The authors are grateful to the referee for finding a mistake
in an earlier draft in Lemma 5.3, to Karsten Grove for listening to an extended
outline of our proof and making a valuable expository suggestion, to Kriss Tapp
for helping us find a mistake in an earlier proof, to Bulkard Wilking for helping us
find a mistake in a related argument and for enlightening conversations about this
work, and to Paula Bergen for copy editing.

1. INTEGRALLY POSITIVE CURVATURE

Here we show that it is possible to perturb the metric from [Wilh2] to one that
has more positive curvature but also has some negative curvatures. The sense in
which the curvature has increased is specified in the theorem below. The idea is
that if we integrate the curvatures of the planes that used to have zero curvature,
then the answer is positive after the perturbation. The theorem is not specific to
the Gromoll-Meyer sphere.

Theorem 1.1. Let (M, go) be a Riemannian manifold with nonnegative sectional
curvature and

m: (M, go) — B
a Riemannian submersion. Further assume that G is an isometric group action on
M that is by symmetries of m and that the intrinsic metrics on the principal orbits
of G in B are homotheties of each other.

Let T C M be a totally geodesic, flat torus spanned by geodesic fields X and W
such that X is horizontal for m and Dm (W) = H,, is a Killing field for the G—action
on B. We suppose further that X is invariant under G, Dx (X) is orthogonal to
the orbits of G, and the normal distribution to the orbits of G on B is integrable.
Let g5 be the metric obtained from gy by scaling the lengths of the fibers of ™ by

V1 — s2.
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Let ¢ be an integral curve of dm (X) from a zero of |Hy| to a maxzimum of |Hy|
along c,whose interior passes through principle orbits. Then

[eurvy, (W) =t [ (D (D))"

& C

In particular, the curvature of span{X, W} is integrally positive along c, provided
H,, is not identically 0 along c.

Here and throughout the paper we set
curv (X, W) =R (X, W, W, X).

The formulas for the curvature tensor of metrics obtained by warping the fibers
of a Riemannian submersion by a function on the base were computed by Detlef
Gromoll and his Stony Brook students in various classes over the years. We were
made aware of them via lecture notes by Carlos Duran [GromDur|. They will appear
shortly in the textbook [GromWals|. In the case when the function is constant, these
formulas are necessarily much simpler and can also be found in [Bes], where scaling
the fibers by a constant is referred to as the “canonical variation”. To ultimately get
positive curvature on the Gromoll-Meyer sphere, we have to control the curvature
tensor in an entire neighborhood in the Grassmannian, so we will need several of
these formulas. In fact, since the particular “W” that we have in mind is neither
horizontal nor vertical for 7, we need multiple formulas just to find curv(X, W).

For vertical vectors U,V € V and horizontal vectors X,Y, Z € H, forw : M — B
we have

(R% (X,V)U)" (1-s) (R(X,V)U)* + (1 - 5%) s*Aay 0V
R&“(V,X)Y = (1-s)RV,X)Y +s2(R(V,X)Y) + s?Ax AyV
(1.2) R% (X,Y) Z (1-s))R(X,Y)Z+s*(R(X,Y)Z2)" +s*RP(X,Y)Z

The superscripts " and ¥ denote the horizontal and vertical parts of the vectors, R
and A are the curvature and A-tensors for the unperturbed metric g, R9: denotes
the new curvature tensor of g, and RP is the curvature tensor of the base.
To eventually understand the curvature in a neighborhood of the Gromoll-Meyer
0-locus, we will need formulas for
R9 (W, X) X and
(R (X, W) W)™

where X is as above and W is an arbitrary vector in T'M.

Lemma 1.3. Let
m:(M,go) — B

be as above. Let X be a horizontal vector for m and let W be an arbitrary vector in
TM. Then

R (W, X)X = (1—-5°)R(W,X)X +s*(R(W,X)X)"
+s*RP (W X) X + s*Ax Ax WY
(R (X, W) W) = (1-) (R(X,W)W)"

+ (1= 8%) A4, WY + °RP (X, WH) W™
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Remark 1.4. Notice that the first curvature terms vanish in both formulas on the
totally geodesic torus.

Proof. We split W = WY + W™ and get
R (W, X)X = R%» (WY, X)X+R%» (WH X)X
— (1—) RWY, X)X + s> (ROWY, X)X)" + s> Ax Ax W
+(1=)RW™, X)X +* (R(W™, X) X)" + R (W™, X) X
= (1-8)R(W, X)X + s (RW, X)X)" + s?RE (W™, X) X + s> Ax AxWV
To find the other curvature we use
R (X,W)W = R (X,WY)WY+R% (X, W)WY
+R9 (X, WY)W + R (X, W) W™
Since Ax Ay WY and Ay Ax WY are vertical the above curvature formulas imply
(R (X, W W) = (1= ) (R(X, W) W)
(rRo (X, WV)w™)"" = (1-2) (R(X, W) W)™,
In addition we have
(Re (X, W) W) = (1-82) (R(X, W) W) 4+ (1= 82) 24, o WY
(Re (X, WY W)™ = (1-82) (R (X, WH) W)™ 4+ 22RB (X, WH) W™,
Therefore
(R% (X, W) W)™ = (1 - 5) (R(X, W) W) +(1 - s?) s2 A .y WV +s2RE (X, WH) w™t

as claimed. O

Now let X and W be as in the theorem. We set H,, = Dx (WH) and V =WV.
To prove the theorem we need to find curvg (X, H,,) and AxV.
Lemma 1.5.
DxDx |H,
RP (H,, X)X = - (ﬁ}"") H,

Proof. Since X is invariant under G, [X, H,,] = 0. Since X is also a geodesic field
RB (H,, X)X = -VxVpy, X.

Similarly, since the normal distribution to the orbits of G on B is integrable we can
extend any normal vector z to a G-invariant normal field Z, and get that all terms
of the Koszul formula for

Vi, X, 2)

vanish. In particular, Vg, X is tangent to the orbits of G.

If K is another Killing field we have that X commutes with K as well as H,,
and [K, H,] is perpendicular to X as it is again a Killing field. Combining this
with our hypothesis that the intrinsic metrics on the principal orbits of G in B are



AN EXOTIC SPHERE WITH POSITIVE CURVATURE 9

homotheties of each other, we see from Koszul’s formula that Vg, X is proportional
to H,, and can be calculated by

<vaX7 Hw> = <VXHw,Hw>
1
= §DX |Hw|2
= |Hy|Dx |Hy|, so
Dx |Hw|
Vg X = —H,.
Hw |Hw| w
Thus
Dx |Hy
RP(H,, X)X = —Vx <X||Hw>
| Hy|
Dx |Hw|) <Dx | Hy| )
| H ol | Hoy|

_ ‘Hw‘DXDX |Hw‘ — (DX |Hw|)2 H. _ <DX |Hw|)2H
|H,,|? b | H. v

_ (DXDX |Hw|) I

| H.y|
O
Lemma 1.6.
RB(X,H,) H, = — |Hy,| Vx (grad |H,|) .
Proof. Let Z be any vector field. Using that H,, is a Killing field we get
<VHU,Hw;Z> = - <VZHw7Hw>
1
= _§DZ <Hwan>
1
= 5Dz |H.|"
= - |Hw|DZ ‘Hw‘
= - <|Hw| grad ‘Hw| , Z)
showing that
vaHw = - ‘Hw| grad ‘Hw‘ .
Thus
RP(X,H,2)H, = VxVpg,Hy,—Vg,VxH,
Dx |H,
= —Vx (|Hwl|grad|Hy|) — Va, <|)3¥|Hw)
Dx |Hy,
= —(Dx |Hy|) grad |Hy| — (|Hy| Vxgrad |Hy|) — E}'vaHw
w
Dx |H,
= —(Dx |Hyl|)grad |Hy| — (|[Hyw| Vxgrad |Hy,|) + TLU |Hy| grad |H, |

— ([Hw| Vxgrad |Hy|)
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It follows that

curvpg (X, Hy) (RP (Hy,, X)X, Hy,)

DXDX|Hw|)

= —|———F ) (Hw,Hy
( w, ) o t)
—|Hy| (DxDx |Hyl) -

(1.7)
Next we focus on [AxV|?.

Lemma 1.8.
Dx |Hy|

AxV = -
ol

H,.

Proof. Since X and W are commuting geodesic fields on a totally geodesic flat
torus, VxW = 0.
So
AxV = (VxV)™

= (VxW —VxH,)"

= _(VXHw)H

= _vgw X

~ Dx [Hy|

Hy
[ Hol

Combining this A-tensor formula with equation 1.7 and Lemma 1.3 yields
curvg, (X, W) = (1-3s*) cwrv (X, W)+ s’curvp (X, H,) — s |AxV)* + st |[AxV]?
= (1—8) curv (X, W) — s (|H,| (Dx Dx |Hy|)) — s* (Dx |Hy|)> + s* (Dx |Hy|)?
Since curv (X, W) = 0, this further simplifies to
(1.9) cwrvy, (X, W) = —s* (Dx (|Hu| Dx |Hy|) + s* (Dx [Hu|)*

If ¢ is an integral curve of X from a zero of H,, to a maximum of |H,| along ¢,
then the first term integrates to 0 along ¢, yielding

/curvgs (X, W) = 84/(DX |Hul)?

c [+
as desired.
As we’ve mentioned, to get positive curvature on the Gromoll-Meyer sphere we
will have to understand the full curvature tensor. Combining the calculations above
we have

Lemma 1.10. Let X and W be as in Theorem 1.1. Then

Dx Dx |Hy| 2 Dx [Hy|
R (W, X)X = —s° ( H, —s*=— """ AxH,
[Ho| [Hoy|
Dx |Hy
(R (X, W)W)"* = —(1—52)SQMAHHJWV—52|Hw\VX(grad|Hw|).

| Ho|
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Remark 1.11. The two A-tensors AxH,, and Ag, WY involve derivatives of vec-
tors that are not tangent or normal to the totally geodesic tori. They cannot be
determined abstractly, and are in fact dependent on the particular geometry. We
give estimates for them in the case of the Gromoll-Meyer sphere in Lemma 9.2
below.

2. REVIEW OF THE GEOMETRY OF Sp (2)

The next three sections are a review of [PetWilh], [Wilh1], and [Wilh2].

We let h: ST — S* and h:S7T — 5% be the Hopf fibrations corresponding to
the right A" and left A" actions of S on S”.

Points on S” are denoted by pairs of quaternions written as column vectors. The
quotient map for action on the right is

@ T
v (4 = el = P,
and the quotient map for action on the left is
. @ 1o o
v (0) - (@ ol - )
The image is S*(3) C He R [Wilh1].

Proposition 2.1. (The Pullback Identification) Sp(2) is diffeomorphic to the total

space of the pullback of the Hopf fibration S” I, 84 vig ST L 54, where S* =1
S* is the antipodal map. In fact, the biinvariant metric on Sp(2) is isometric (up
to rescaling) to the subspace metric on the pullback

(=Ioh)" (S7) C S7(1) x S (1),
where ST (1) is the unit 7-sphere and S7 (1) x S7 (1) has the product metric.

In [GromMey] it was shown that X7 is the quotient of the S3-action on Sp(2)

given by
a b _( qaq qb
e (q’ ( ¢ d >) B ( acq qd )

We let go,—1 : Sp(2) — %7 denote the quotient map. It was observed by Gro-
moll and Meyer that X7 is the S3-bundle over S* of “type (2,—1)”, using the
classification convention of [Miln]. The submersion ps _1 : £¥7 — S* is induced by

T o palspea) 1 Sp(2) — S,

where po : 87 x ST — 87 is projection onto the second factor.

The Gromoll-Meyer metric on X7 is induced by the biinvariant metric via g, 1.
The metric studied in [Wilh2], g,,, ,.,. 114 1s induced via g2 1 by the perturbation of
the biinvariant metric that was studied in [PetWilh]. We will review the definition
of this metric in the next section.

The isometry group of the metric discovered by Gromoll and Meyer is O(2) x
SO (3). The O(2)-action is induced on X7 by the action Ap () on Sp(2) defined as

0(2) x Sp(2) — Sp(2)
(A,U) — AU
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The SO(3)-action is induced on X7 by the S3-action A"2 on Sp(2) defined as
S3x Sp(2) — Sp(2)

(elea) — (Fa)

Proposition 2.2. Every point in X7 has a point in its orbit under Aso(2) X Ah2
that can be represented in Sp(2) by a point of the form

cost asint
asint )P cost

with t € [O, ﬂ,p,aesg C H, and Re (o) = 0.

As in [Wilh1] we have

Since only A2 acts by isometries with respect to the metrics we study, the points
in the previous proposition have to be multiplied by SO (2) to get

Proposition 2.3. Every point in X7 has a representative point (Nip, Na) in its
orbit under A"2 that in Sp(2) has the form

cosf sinf cost asint
—sinf cosf asint | P cost

<( cosfcost + asinfsint ) (sin@costJracosHsint ))

(N1p, N2)

—sinfcost + acosfsint cosfcost — asinfsint
with t € [O, ﬂ ,0€[0,7], p,a € S3 and Re(a) = 0.
We have a similar representation in S7.

Corollary 2.4. Every point in S has a point in its orbit under Ah % AR of the

form
N ( cosf  sinf ) < cost ):( cosf cost + asinfsint )
—sinf cosf asint —sinfcost + acosfsint
with t € [0, ﬂ ,0€0,7], a€S3 and Re(a) = 0.
The h—fiber of NV consists of the points
{Np:pe S*}.

We need a basis for the tangent space of Sp(2) that is well adapted to the
Gromoll-Meyer sphere and its symmetry group. It turns out that a left invariant
framing is ill suited for this purpose; rather we use a basis that comes from S7 via
the embedding Sp (2) € S7 x S7. To get the correct basis we point out

Proposition 2.5. SO (2) x A" acts on S by symmetries of h. The action induced
on S* has Zy—kernel and induces an effective SO (2) x SO (3) action that respects
the join decomposition S* = S'xS2. The SO (2)-factor acts in the standard way on
St and as the identity on S%. The SO (3) action is standard on the S*—factor and
the identity on the S*—factor. (See [GluWarZil], cf also the proof of Proposition 1.2
in [Wilh1].)
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Remark 2.6. At a representative point

cosf) sinf cost asint

—sinf cosf asint ) P cost

(( cosf cost + asinfsint > (sin@cost+acos€sint >)

—sinfcost + acosfsint cosfcost — asinfsint

(Nip, N2)

the parameter 0, is the “S'”—coordinate in S* * S2, a is the S%—coordinate, t is
the distance to the singular S* in S* x S? and p parameterizes the fibers of pa, 1 :
Y7 — S%, giving us a partial coordinate system (t,0,c,p) for £7. We denote the
singular S in S* x S? by S} and we denote the singular S* by SE,. The points in
St are represented in Sp (2) by the points with t = 0, and S2, corresponds to the

set where t = T Thus

~ 0 sin 6
Sto= hop2|5p(2){(< fﬁw)“(iie >)€S’p(2):9€[0,77],p€53} and

~ 1 cosf + asinf 1 sin@ + a cos §
2 _ _ T .
Sim = h0p2|5p(2) {(ﬁ( —sinf + acosf )p, V2 ( cost — asinf >) €5p(2):
0 €[0,7],a,p€ S and Re(a)=0}.

Throughout the paper, v; and v, will be purely imaginary unit quaternions that
satisfy 7,7, = . Using such a choice for v; and 7, gets us a basis for the vertical
space of h at N C S” by setting

v = Nap,
191 = N'-Ylpa
va = Nrsp.

The fibers of h and h have a one-dimensional intersection when ¢ > 0 and coincide
when ¢t = 0. v is tangent to this intersection.

We get a basis for the horizontal space of h by selecting a suitable vector per-
pendicular to N. When 6 = 0 a natural choice is

N _ ( —sint ) )
acost
For general  we just multiply by an element in SO (2) and get
N cosf  sind —sint
- —sinf cosf acost
_ —cosfsint 4+ asinfcost
a sinfsint + acosf cost

With this choice we define the basis for the horizontal space as

z = Np,
= N&p

m = N”hl%

N = N”sz-

These vectors are well-adapted to the Gromoll-Meyer sphere since z is normal
to the S' x S2%sin S' % 5% = §4, 4 is tangent to the S'sin S x 2 C S % 5% = 54,
and the 7s are tangent to the S%s in S x $? C S % 5% = §*.
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We call z,y, and v, a—vectors, and we call 1,75, 91, and 99, y—vectors.
When ¢t = 0, our formula for Np becomes

cosf
Np = ( —sinf )p

which has no “a”. So the vectors

0,7, 02
become indistinguishable. This reflects the fact that the fibers of A and h coincide
when ¢ = 0. Similarly our formulas for the vectors

LyM15 72

become indistinguishable at t = 0. This reflects the fact that the set where ¢ = 0 in
5% is the “singular” S c S1%xS? = S, i.e. the place where the S%s are “collapsed”.
On the other, hand at ¢t = 0, y becomes

asinf \ _ ( sinf
acos )P T\ cosp )P

and hence is well defined, reflecting the fact that y is tangent to the circles of the
join decomposition.

Proposition 2.7. On S7 the “combined Hopf action” AP x A leaves the splitting

span {z,7;,7,} @ span {y} @ span {v, 71, U}

invariant and leaves the splitting

span {z} @ span {y} @ span {ny,7,} © span {v} @ span {1, 2}
nvariant when t > 0.

Proof. Since A" acts by symmetries of h, it at least preserves the horizontal and
vertical splitting of h. But it also leaves its own horizontal and vertical spaces in-
variant. The A"—invariance of span {v} ®span {1,792} when ¢ > 0 follows from the
fact that span {v} is the intersection of the two vertical spaces and span {91, 92} its

orthogonal complement in the vertical space of h. The A"~invariance of span {z} ®
span {y} @ span {n;,7,} when ¢ > 0 follows from the fact that at the level of 5%,
AP preserves our join decomposition. Finally, span {y} is A"-invariant when ¢ = 0
since on S*, the set where ¢ = 0 is the fixed point set of A", and span {y} is the
tangent space to this fixed point set.

A similar argument gives us the statement for A”. O

As observed in [PetWilh], T'Sp (2) has a splitting
TSp(2)=VieV,eH,
where V7 and V5 are the vertical spaces for the Hopf fibrations that describe
Sp(2)=(=Ioh)" (ST) Cc S™(1) x S7(1),

and H is the orthogonal complement of V; & V5 with respect to the biinvariant
metric.
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The vectors

(v,0) = (Niap,0),
(91,0) = (Nimp,0),
(92,0) = (N172p,0)
form an orthogonal basis for V;. Similarly,
(0,0) = (0,Nza),
(0,91) = (0,Namy),
(0,92) = (0,N2vy)

form a orthogonal basis for V5.
To get a basis for H at representative points we define

N cosf sind —sint
= —sinf cos6 acost |’
N, - cosf sind acost
2= —sinf cos0 —sint
and
x2,0 = Nlpa NQ) )

(
y? = (A17p7N204>
(Nmpﬁm)

(Nmp, Nm)

We refer the reader to [Wilh1] for the computations that show that 2%, 3*°, (1, n,) ,
and (7727772) are tangent to Sp(2). A corollary of the previous proposition is

(771,771) =

(772,772)

Corollary 2.8. The Gromoll-Meyer action A>~1 x A" leqves

span {332’0, (771? 771) 5 (7727 772)} @ span {yQ,O}
@®span {(v,0), (91,0), (¥2,0)} @ span {(0,v), (0,9;), (0,92)}

invariant and leaves the splitting

span {a*} & span {y*°} @ span {(1,m) , (12, 75)}
®span {(v,0)} @ span {(¥1,0) , (¥2,0)} @ span {(0,0)} ® span {(0,91), (0,92)}

invariant when t > 0.

3. CHEEGER DEFORMATIONS

The metric studied in [Wilh2] is induced via g2,_1 by the perturbation of the
biinvariant metric that was studied in [PetWilh]. We start by reviewing its con-
struction.

In [Cheeg] a general method for perturbing the metric ¢ on a manifold M of
nonnegative sectional curvature was proposed. Various special cases of this method
were first studied in [Berg2], [BourDesSent], and [Wall.

If G is a compact group of isometries of (M, g), then we let G act on G x M by

q- (p,m) = (pg~ ", qm).
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If b is a biinvariant metric on G, then for each [ > 0 we get a product metric 25+ g
on G x M. The quotient of this action then induces a new metric, g;, of nonnegative
sectional curvature on M. It was observed in [Cheeg] that we may expect the new
metric to have fewer O—curvatures and symmetries than the original metric, g = goo.
The quotient map of this action is denoted by

(3.1) goxym G X M — M.

In [PetWilh] we studied the effect of perturbing the biinvariant metric on Sp(2)
using Cheeger’s method and the S3 x §3 x 3 x §3 action induced by the commuting
S3-actions

a(m (00 ))= (e m),
A p2’<(cl fl - pzc de ’
o (0 ))=(om o)
w0 0)) = (0

If £ € TM, then £ € T(G x M) denotes the horizontal vector, with respect to
qax M, satisfying dpo (é) = ¢, where po : G X M — M is the projection onto the
second factor. Similarly if P C T'M is a tangent plane, then Pc T(G x M) is the

horizontal plane satisfying dps(P) = P. Cheeger’s observation was that ([Cheeg],
cf [PetWilh], Proposition 1.10)

Proposition 3.2. (1): If the curvature of P is positive with respect to goo,
then the curvature of
dgex o (P)

1s positive with respect g;.

(ii): The curvature of quXM(]:’) 18 positive with respect to g; if the A-tensor
of qax v 18 monzero on p.

(iii): If G = S3, then the curvature of quXM(]:’) is positive if the projection
of P onto TOg is nondegenerate.

(iv): If the curvature of P is 0 and A99xM yanishes on P, then the curvature

of dgaxar(P) is 0.
Remark 3.3. According to [Tapp2|, no new positive curvature can be created via
(i) if M is a Lie group with a biinvariant metric.

Following [PetWilh] and [Wilh2], our computations will be based on deformations
of the biinvariant metric on Sp (2). The biinvariant metric induced by Sp(2) C
S7(1) x S7(1) is called b. The biinvariant metric we use is scaled so that the vectors
2% etc. have unit length. Thus we use 1b, also called b = in [PetWilh] and [Wilh2],

wlhich is induced by Sp (2) C 57(%) X 57(%), where 87(%) is the sphere of radius

ﬁ'

The effect of the Cheeger perturbation A" x A"2 is to scale Vi and Vs and to
preserve the splitting V; @& Vo & H and %b|H The amount of the scaling is < 1
and converges to 1 as the scale on the S3-factor in (53 X 5'3) x Sp(2) converges to

oo and converges to 0 when the S® x S2 factor is scaled to a point. We will call
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the resulting scales on V; and Va2, v and vy. To simplify the exposition, we set
v = v1 = vy and call the resulting metric g, .
It follows that g, is the restriction to Sp(2) of the product metric S x ST where

S7 denotes the Berger metric obtained from S7(-L) by scaling the fibers of h by

V2
V2.
The following results can be found in [PetWilh].

Proposition 3.4. Let g,; denote a metric obtained from the biinvariant metric on
Sp(2) via Cheeger’s method using the S x S x S3 x S3-action, A% x A% x Ah x Ahz,

Then A x A4 x AM x AP2 s by isometries with respect to Guv.i- In particular, As
is by isometries with respect to g, 1, and hence g, induces a metric of nonnegative
curvature on the Gromoll-Meyer sphere, ¥.7.

Proposition 3.5. Let Ay : H x M — M be an action that is by isometries
with respect to both goo and g;. Let H4,, denote the distribution of vectors that are
perpendicular to the orbits of Ag.
P is in Hy,, with respect to goo if and only if quXM(P) 1s 1n Ha,, with respect
to g;. In fact,
Joo (U, w) = g1 (u, dgex v (W)
for all u,w € TM.

Notational Convention: Let

aexm G x (M, goc) — (M, q1)

be a Cheeger submersion. Suppose that 7 : M — B is a Riemannian submersion
with respect to both g, and g;. It follows that z is horizontal for 7 : M — B with
respect t0 goo if and only if dggw ar (2) is horizontal for m with respect to g;. To keep
the notation simpler, we can think of this correspondence as a parameterization of
the horizontal space, Hr 4, of m with respect to g; by the horizontal space, Hr 4.
of m with respect to go.. We can then denote vectors and planes in Hy, 4 by the
corresponding vectors and planes in Hr 4. We will do this for the (A* ® A%)—
Cheeger deformation, but not for the (Ahl & Ah2)fCheeger deformation.

Note that if ¢ € [0, 7) then the orthogonal projection py;, v; : Vi — V; with
respect to the unit metric on S7 is an isomorphism. In fact the matrix of PVi,V;
with respect to the ordered bases v, ¥, ¥2 and v, 1~91, Uy is

1 0 0
0 cos(2t) 0
0 0 cos(2t)

The horizontal space of ¢, _; with respect to g, is given by

Proposition 3.6. [Wilh2] For t € [0, T) the horizontal space of q2,—1 with respect
to g, at the representative point (N1p, N3) is spanned by

191 192
{.TQ’O, y2107 (7717771 + ta‘n(2t)y2> ’ (7725 M2 + ta’n(zt)yz> )

( b o pv,f,vﬁ(papNz)> < 9 9, pvj,vﬁ(mlez)>
S - 5 b Y 7_—2 b

v2’ 2 V2 2’ 2 v

(ﬁz ﬁ_fWWM)}

2’ 2 v?
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Notation: We will call the seven vectors in Proposition 3.6, 229, 20, U?’Oa

7%, 0271 927 and 957" respectively. We will call the span of the first four
Hjy _; and the span of the last three V, _;.

Although our partial framing of T'Sp (2) is well adapted to study the Gromoll-
Meyer sphere it is neither left nor right invariant. For example, the left invariant
field that equals 220 at

cost asint
QZ(( asint)’( cost >>
0 « cost asint 0 «
(LQ)* << a 0 )> - < asint cost ) < a 0 >

_ —sint «cost
- ocost —sint

20,

is

Since a varies, 220 is not left invariant.

Note also that one should think of {1, 75} as defining a global distribution rather
than as global vector fields. The fact that S? is not parallelizable corresponds to the
fact that 7, is not canonically determined by a. Consequently, any statement that
we make about a single unit v € span {vy,7,} is valid for any v € span {y,75} -
Similarly any statement about a single unit n € span {n;,7,} is valid for any n €
span {ny,m,}, and any statement about a single ¥ € span {1,392} is valid for any
¥ € span {¥1,U2}.

4. ZERO CURVATURES OF X7

In this final review section we discuss the zero curvatures of (27, gl,’l). The
description that we give is more geometric than that of [Wilh2]. We give a brief
idea of why the zeros occur, but for a full justification we combine [Wilh2] and
[Tapp2] with new computations of the zero curvatures when ¢ = 0. These were not
given in [Wilh2] because they were not needed. We give them here to fully justify
our description and also because they give a flavor of some of the important issues
of [Wilh2].

From Proposition 3.1, we see that a O-plane for g,; must have a degenerate
projection onto the tangent spaces to the orbits of all four S3-actions, A%, A4 A"
and A"z,

There is a vector field tangent to Sp (2) that is normal to the orbits of all four
actions. We call this field (.When restricted to an S”factor, ¢ is the field that is
normal to the S3 x S3s in the join decomposition S7 = S% % S3, that corresponds

to writing a point in S” as
( CCL ) with a,c € H.

( is of course in span {mg’o, y2,0} , but the combination is quite complicated.
(sin 2t cos 20) 2% — (sin 20) y>°
\/sin2 2t cos? 26 + sin® 26 .

So ¢ does not have much to do with our join decomposition S* = St x SZ . Rather

Im-*

it is the geodesic field that is the gradient of the distance from the point where
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(t,0) = (0,0) . In our coordinate system for S*, the antipodal point to (¢,6) = (0, 0)
is (¢,0) = (O, g) . So ( is the field that is tangent to the meridians between these
two points. Thus ¢ is multivalued at the two poles. This corresponds to the fact
that our formula for ( is % at these poles.

Unfortunately ¢ is everywhere normal to the Gromoll-Meyer action. Fortunately
the vectors

ZV ={U € TSp(2) |curvy ((,U) = 0}

are typically not horizontal for the Gromoll-Meyer submersion p; _;. However,
from [Tapp2] we know that every time a vector U is horizontal for ps _1, we get a
zero plane in X7, even with respect to o,

The projection to S* of the points in X7 that have zero curvature planes con-
taining ¢ are

Theorem 4.1. The points in S* over which there is a horizontal vector forqa,—1:
Sp(2) — X7 that is in ZV are the meridians emmanating from (t,0) = (0,0) that
make an angle that is < & with the meridians that go from (t,0) = (0,0) through
SIQm‘

The set is therefore 4-dimensional with a four dimensional complement. In
[Wilh2] it is described as the sublevel set L (¢,6) < 1, where L : S* — R is

2 cos(2t) sin(20) if (£.6 0.0 0.=
L(w):{ it (1,6) # (0,0 or (0,5)

\/sin2 20+sin? 2t cos? 20
0 if (¢,6) =(0,0) or (0,%)
Combining this with the main theorem of [Tapp2] and Proposition 4.7 below gives
us Theorem 4.1.

Of course there can also be zero planes that do not contain ¢. Since ¢ (generically)
spans the orthogonal complement of the orbit of the S2 x S3 x §3 x §3 action, such
planes necessarily have a nondegenerate projection onto the tangent space to the
entire orbit of S2 x S2 x S x §3, but a degenerate projection onto the orbit of
each individual S3-action. In addition, the plane must have zero curvature for the
biinvariant metric and be horizontal for the Gromoll-Meyer submersion, it is not
surprising that such planes are fairly rare.

Theorem 4.2. The set of points Z in S* over which there is a 0-plane in X7is the
union of the points described in Theorem 4.1 with the points where cos 20 = 0.

To get a quick idea of how these other zeros occur, we point out that the hori-
zontal vectors for gz _1 : Sp(2) — X7 that are also perpendicular to the orbits of
Al @ APz are

span {x2’0, yQ’O}

2,0 .20 .20 20
Span{x YY 7T 5 Tg }

when ¢t > 0 and

when t = 0.

Since ¢ € span {xQ’O,yQ’O}, the issue boils down to its complementary vector
¢ = a( in span {xQ’O, yg’o} . Fortunately £ does have a projection onto the tangent
space to the orbits of A*@® A?. Combining this with the other requirements for zero
planes it is argued in [Wilh2], that the points in S* over which there are 0 planes
are those described in the previous theorem.

The actual zero planes have the form
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Theorem 4.3. If P is a plane with 0 curvature at a point where (t,sin 26) # (0,0)
and cos 20 # 0, then P has the form

P =span{¢,W}
where
WeViaVa.
If ¢ has the form
¢ =a?%cosp + y*%sin ¢,
then W has the form

cos \ (i i) + sin A (f;, %cosz/}—&— %sinz/;)

where

1][} =T = 2907
91,99 € span {1,392}, correspond to spherical combinations 41,54 of {v1,7s} that
satisfy o’ = %4, and (cos \,sin \) is the point in the first quadrant of R? that is
on the unit circle and on the ellipse parameterized by

coso sino

When cos 20 = 0, there are zero planes of the form described above. In addition
there are zero planes of the form

P = span {xQ’O, W}

where

W:<U1+ﬁ\/§ 19\/§>

b1
v22  p2 27122 12 2

Remark 4.5. There is a further conjugacy condition for a vector of the form of W
to actually be horizontal for qa,—1 : 7 — S*. Because of this, in a given fiber of
X7 — 84 over a point in Z C S* most points do not in fact have zero curvatures,
and at most points where there is a zero curvature, there is just one zero curvature.
None of these issues will be tmportant for us, so we will not review them.

Remark 4.6. The unit circle and the ellipse in question do not intersect when
L (t,0) > 1. When this happens the corresponding Ws are not horizontal for the
Gromoll-Meyer submersion.

4.1. Zero Curvatures at t = 0. When ¢ = 0, all points have positive curvature
except for certain points with cos20sin20 = 0. The lack of 0-planes in X7 is
caused by the zero planes of Sp(2) not intersecting the horizontal distribution of
the Gromoll-Meyer submersion. The reason for this is the fact that the unit circle
and the ellipse in (4.4) do not intersect when L (¢,60) > 1. So the corresponding W's
are not horizontal for the Gromoll-Meyer submersion. For example, if ¢ = 0 and
sin26 # 0, then ¢ = —y*° and L (0,6) = 2. For span {y*°, W} to have 0 curvature,
with respect to g,, W must have the form

cos A (b,0) +sin A (9,9) = (N10p, N2j)
for some purely imaginary 8 € S3 C H.
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When t = 0, we have V}, = V; so none of the horizontal vectors

(Nlﬁp, —N2f +p;h1yﬁ (ﬁﬁpf\@))
can have the required form

(N1Bp, N23) .

When (¢,6) = (0,0) or (0, %), the definition of ¢ is ambiguous. The definition of
229 is also ambiguous since the « coordinate is nonexistent at ¢ = 0. In fact, the
three vectors 220, 77?’0, and 773’0 project under pa _10g2,—1 to a basis for the normal
space of St C S%. Declaring that a particular purely, imaginary unit quaternion
is “a” amounts to declaring that a particular unit normal vector to S is “x29”.
This choice is somewhat irrelevant since, on the level of S*, the isometric action
Ah2 fixes SL and acts transitively on the normal space. Thus, to find 0 curvatures
when (sin 2¢,sin 20) = (0,0) , we only need to consider planes of the form

P =span{z, W}

where z € span {:E’2’0, y2’0} and W € V, _;. There will of course be other O-—planes,
but they are the images of these under A"2.

Since L (0,6) = 2, when 6 # 0, 7, there are no O—curvatures when ¢ = 0, provided
6 is not 0, %, 5, or %’T. The details can be found in [Wilh2], but the basic reason
is contained in the remark above, when 6 # 0, 7, then ¢ = y%°, and the W's that
together with y form 0 planes are not horizontal at ¢ = 0.

The structure of the 0—planes when (¢,6) = (0,0) or (0, 3) was claimed in [Wilh2,

p. 556] to be

Proposition 4.7. Let

Cp = 2?9 cos o + y*Psin
for some ¢ € [%”,g] L If (t,0) = (0,0) or (O, %) and [sin | < %, then there are
values of p for which ¢, is in O-planes of the form

P = span {Qp, W}
where
W = cos A (v,0) + sin A (1,01 cos ¢ + Yo sine))
and
v =m— 2.
Any other 0—plane is the image of one of these under A",

The details of this were not given in [Wilh2], since it was not crucial to the goal
of that paper. Since we will need to use it, we will prove it here.

The value of cos A is determined by ¢; the relationship can be inferred from our
proof.

Proof. As explained in [Wilh2] it is enough to consider planes of the form
P =span{z, W}

where z is horizontal for py _; : ¥ — S* and W € V; @ V4 is horizontal for
q2.—1:Sp(2) — X7. Since t = 0, we can use the isometries A" to further reduce
our consideration to planes with z € span {xQ’_l, y2’_1} . In other words we may
replace z with

2

o= 0 cos p + y?Psin .
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Using Proposition 4.6 in [Wilh2], this then forces W to have the form listed in the

statement. It only remains to check what W' are horizontal for g2 _; when ¢ = 0.
We explained above that when ¢, = y?9, the required W is not horizontal.
When ¢, = 220, the required W is

v V3 v V3
W—<2+219,2—219>.

We see that W can be realized in the form

(N9, —NaB + w1, (BBPN))

SO

by choosing

2 2
and p so that
pop = a.
Now we consider the general problem of realizing
W = cos A (v,0) + sin A (91,71 cosyp + ¥asin)
in the form
(Nlﬁp, —NoB +py,) v (ﬁﬂpNz)) :
The first coordinate,
v cos A\ + sin Ay,

of W forces us to set
B = acos A+ v;sin A

The question then becomes whether there is a choice of p that will achieve the
desired second coordinate. The second coordinate of W can be written

(4.8) vcos A+ (U1 costp + e sint)) sin A = Noawcos A + Noy sin .
for v = 4 cos ) + v5sintp. On the other hand if we set
PBp = accoso + ' sino
then
—Noj3 +P(/,}7vﬁ (DBpN2) = —Na(acosA+sinA) + (pBp) Na
= —Noacos A — Noyysin A + (acoso + 7' sina) Ny
= Ny(—acosA+ acosa) + Ny (—v;sin X ++'sino)

since Ns is real and therefore commutes with all quaternions.
Equating this with 4.8 gives us the equations

QCOSA = —acosA+ acoso,
ysinA = —y;sinA++'sino
or
cosog = 2cos ),

v'sine = (y+7;)sin\.
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We can always choose p so that 4’ points in the direction of v+ ;. The issue is that
since v + v, has a variable length, sometimes there are solutions and sometimes
there are not. In fact, if we set

L=y+ml,
then our equations become
cos o
cosA = ,
2
sin o
sin\ =
L

So the question becomes whether or not the unit circle (cos A, sin A) intersects the
ellipse whose parametrization is

coso sino
or— ) .
2 L
Thus when |L| < 1 there are solutions and when L > 1 there are no solutions. So
it remains to analyze how L depends on .

Since
Y= 71008Y 4 ypsing,
w = T = 24)07
we have
Y = o8 (T — 20) + yysin (7 — 20)
= —7;C082p + vy sin 2¢p.
Thus
2
L = |y +9|
= 1—-2cos2¢p+ 1.

So our condition, L <1 for 0 curvature is

2—2cos2¢p <
—2cos2¢p < -1

or
1
20 > =
cos2p > o
Keeping in mind that ¢ € [—%, g] , we get
T T
o <2< &
3==73
or
1 < < 1
—= <sin —.
2 7=
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5. FURTHER SUMMARY

Having scaled the fibers of X7 — S%, we can get pointwise positive curvature
along any single (formerly) flat torus via a conformal change. The idea is that the
Hessian of the conformal factor needs to cancel the s? term in Equation 1.9,

(51)  curv,, (X, W) = —5* (Dx (|Hu| Dx [Ho ) + s* (Dx |Hu])*.

Unfortunately, there is no conformal change that will produce pointwise positive
curvature along all of the tori simultaneously. The problem is that only the com-
ponent of W that is horizontal for 7 — S* appears in our curvature formula.
Along any one torus, the vector H,, is a Killing field for the SO (3)-action on S*,
but the precise Killing field, and more importantly the ratio ‘IHI/;J\l varies from torus
to torus, so the size of the required Hessian varies as well.

This difficulty is overcome by using only a “partial” conformal change. The re-
striction of the metric to the distribution span {(Nap, N«a)} is not modified. The
metric only changes on the orthogonal complement of span {(Nap, Na)} . The de-
tails are carried out in Section 10.

A further difficulty is created by the fact that the pieces of the zero locus with
L (t,0) <1 and cos 26 = 0 intersect at certain points over points in S* where t > 5
and cos20 = 0. A description of this intersection is given in [Wilh2], Theorem
E(iv,v).

The difficulty this creates is that the natural choices of conformal factors do not
agree on this intersection.

To circumvent this difficulty, in Sections 7, 8, and the appendix we analyze the
effect on Equation 5.1 of running the ho—Cheeger perturbation for a long time. If
v is the parameter of this perturbation, then it turns out that making v small has
the effect of concentrating all of the terms on the right hand side of equation 5.1,
—s2(Dx (|Hy| Dx |Hy|) + s* (Dx |Hy|)?, around t = 0. We will make v small
enough so that we can choose a (partial) conformal factor that is constant near the
intersection of the two pieces of the zero locus, and hence not have to worry about
the conflict that the intersection creates.

The intersection of the two pieces of the zero locus, also creates a notational
conflict. To simplify the exposition we will henceforth write explicitly only about the
planes at points where L (t,0) < 1. With the obvious modifications in notation and
a few simplifications, the argument simultaneously will give us positive curvature
near the planes where cos 260 = 0.

Unfortunately, to really move the support of the partial conformal change away
from the intersection we have to make v depend on s. In the end we will pick
v=20 (36/ 7) . This means that our ultimate metric is not obtained as an infini-
tesimal perturbation of any (known) metric with nonnegative curvature. This fact
will further complicate our exposition. Before we can explain why, some further
clarification is needed.

Imagine that we have a deformation in which all of the former zero curvature
planes, span {¢, W}, are positively curved. Next comes the daunting challenge of
establishing that an entire neighborhood (of uniform size) of these planes in the
Grassmannian is positively curved. We have to consider what happens when we
move the base point of our plane and also when we move the plane with out moving
the base point.
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To deal with points that are close to, but not on the old zero locus, we expand
our definition of W to include certain vectors in T'Sp (2) that are close to, but not
on the old zero locus.

At points with O—curvature,

W= (Nlﬂpa N25) )

is determined by the requirements that curv(s,(2),4,.,) (¢, W) = 0 and that W be

horizontal for the Gromoll-Meyer submersion. The points in (27, g,,’l) with positive
curvature are images of points in Sp (2) at which no horizontal W solves

curv,; (¢, W) =0.

For the purpose of this discussion only, we require |8] = |6] = 1, and we let Z*4
be the set of (t,0) for which there is some zero plane in X7. For (t,0) € Z* the
size of the yv—component of § depends only on (¢,6), and not on («,p). At points
in Sp (2) with (¢,0) € Z*, we let W be any vector in T'Sp (2) proportional to such
a (N10p, N2d), with the size of the y—component of § determined by (¢,60) and
CUTV(Sp(2),9,.1) (¢, W) = 0. Note that such W are not required to be horizontal for
the Gromoll-Meyer submersion, there are no such horizontal W's when («, p) is such
that X7 is positively curved at (¢, 0, a, p), and W is of course multivalued.

At points in Sp(2) with (t,0) ¢ Z%, we let W be any vector of the form
(N18p, N2d) with CUTV (Sp(2),g,.1) (¢, W) =0 and 3,0 € span{vy;,75}. Of course,
when (t,0) ¢ Z*, W is never horizontal for the Gromoll-Meyer submersion.

In all of our subsequent statements we assume that span{¢, W} is any one of
these planes, whether or not it corresponds to a zero plane in 7. In this way
we will only have to worry about deforming our planes within the fibers of the
Grassmannian.

We get positive curvature on the Gromoll-Meyer sphere by proving

Theorem 5.2. There is a neighborhood N of the set of all {¢, W} in the Grass-
mannian of Sp (2), a choice of (v,1), and a deformation gnew of gu1, that is invari-
ant under the Gromoll-Meyer action, so that

curv,,., [ >0

and curvg, . > 0 on horizontal planes in the complement of N. In particular,
curvg, . > 0 on all horizontal planes.

We can now explain why the fact that our deformation is not infinitesimal will
further complicate our exposition.

If our deformation is infinitesimal, then we only have to understand the “qua-
dratic perturbations” of our planes in the Grassmannian.

To explain what this means precisely, let {gs} be a C* family of metrics on a
compact manifold with gg having nonnegative curvature, and let any zero curvature
plane with respect to go be represented by span {¢,W}. We represent a general
plane near span{¢, W} in the form P = span{¢+ oz, W + 7V} where z L (,
V L W, and 0,7 € R. The curvature is then a quartic polynomial

P(o,7)=curv((+ oz, W+ 1V)

ino and 7.
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Let R® be the curvature tensor of g,, let R°'d be the curvature tensor with respect
to go, and let RYffs — Rs — RO Tet P°ld and PIfs have the obvious meaning.
It is not hard to see

Lemma 5.3. At all points for which go has some O—curvatures, gs is positively
curved for all sufficiently small s provided for all 0—planes, span {¢, W} ,with respect
to 9o,

9 .
%curvdlﬁ’s ((W)ls=o = 0

0? diff
9gz2 WV (W) [s=0

\%
o

peold (o,7) > 0,
for all (o,7) # (0,0), and
Pg (0, 7) = curv®s (¢ W) + 20 RS (¢, W, W, 2) + 2r RS (W, ¢, ¢, V)
(5.4)  +olcurv? (2, W) + 207 [RO (¢, W, V, 2) + RO (¢, V, W, 2)]
+72curved ¢, V)
> 0

for all sufficiently small s and oll 0,7 € R.

Remark 5.5. In the abstract setting of this lemma, we can mot guarantee that
the metrics become positively curved because we know nothing about points that are
close to, but not on the point wise 0—curvature locus of go. This is not a concern for
the Gromoll-Meyer sphere because we have explained how to extend span{(, W} to
a family of planes in Sp (2) that includes all points in a neighborhood of the point
wise 0-locus (and also includes planes that are not horizontal for X7 — S%).

It should also be emphasized that we never establish the hypotheses of this Lemma
for our deformation. This is because our deformation is not infinitesimal. We have
never the less included the result because it suggests a reasonable frame work for
our computations.

Proof. Since we do not use this, we give only a sketch of the proof.

The idea is that all of the other terms of P (o, 7) are either positive, 0 or too
small to matter. Since gy is nonnegatively curved, the constant and linear terms
are 0 when s = 0. Since

‘Rdiff,s’ -0 (S)

the quadratic, cubic, and quartic terms of P45 are smaller than

sO (02 +or+12 ol +o%r + 027'2)

and hence are smaller than the corresponding terms of P°!4, if s is sufficiently small.
On the one hand, the minimum of 5.4 occurs in the region where

max{o,7} =0 (s),

and the size of this minimum is O (52) , so in this region the cubic, and quartic
terms of P are too small too matter. On the other hand, when max {o,7} > O (s),
the linear terms have order

O (s) max {o, T}
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and since P°'Y (o, 7) > 0 our curvature has order
>0 (02 + 7'2) ,
so the linear terms are too small to matter. O

Since our deformation is not infinitesimal, we will need to understand the full
polynomial P (o, 7). In fact, all of the possible values of all of the possible P (o, 7)s
only describe the curvatures of an open dense subset in the Grassmannian. The
curvatures of the complement of this open dense set are described by quadratic
sub-polynomials of the P (o, 7) that are proportional to sums of quartic, cubic, and
pure quadratic terms of the various P (o, 7)s.

We will establish positive curvature on the Gromoll-Meyer sphere by showing
that all of these polynomials and sub-polynomials are positive.

Since v = O (56/7) , we still have that s is much smaller than v. Morally this
means that even though our deformation is not infinitesimal, it is still fairly short
term. The upshot of this is that many of the higher order coefficients of P4 will
be too small to matter. Those that are large will turn out to be comparable (in a
favorable way) to terms in P°'4, We carry this out in sections 12 and 13.

It turns out that the metric we have outlined thus far is not actually positively
curved. The problem is that we do not actually get inequality 5.4 everywhere. To
correct this problem we make a further modification of the metric in section 6. We
call this the “redistribution” perturbation, and the resulting metric is g, re.

Finally, there is one further Cheeger deformation that we use that was not used
in the earlier papers. The diagonal of U and D, which we will call A (U, D).
The purpose of this final Cheeger deformation is that coupled with the h;—Cheeger
deformation it will allow us to see that any plane whose projection onto the vertical
space is nondegenerate is positively curved. Although none of the original zero
planes have this feature, this observation will still be useful, since it will allow
us to immediately see that many of the possible perturbations of span{¢, W} are
positively curved. Modulo an identification this diagonal perturbation is also used
in [EschKer].

The positively curved metric that we obtain can probably be constructed via
several orderings of our deformations. However, to make our construction unam-
biguous, we will adopt the following order:

(1): The (hy ® ho)—Cheeger deformation

(2): The redistribution, described in section 6.

(3): The (U & D)—Cheeger deformation.

(4): The scaling of the fibers.

(5): The partial conformal change.

(6): The A (U, D) Cheeger deformation and a further hy—deformation.

We will accordingly discuss the redistribution perturbation next. Although this
is the logical order, it is not entirely clear that this order of exposition is optimal.
The real need for the redistribution only becomes clear after one has done the
subsequent computations; moreover, the desired change in the curvature is also only
clear after further computations have been carried out. The reader may therefore
wish to skip the next section, until its need becomes clear. We have written the rest
of the paper in a sufficiently abstract form so that with the exception of subsection
8.1 this should be possible. The exceptional subsection concerns an effect of the
redistribution that is not discussed in section 6.
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Since our deformation is fairly short term, we have divided our curvature com-
putations into to those required to prove 5.4 and those required to understand the
higher order terms of P (o, 7). The part necessary to prove 5.4 is Sections 6-11, by
the end of which we will have proven

Lemma 5.6. (Main Lemma) Let g, ., be the metric obtained after carrying out
the deformations 1-3 above. Let gnew be the metric obtained after carrying out the
deformations 1-5 above. Set

Rdlff — RUew _ Ru,re,l'

Then for any choice of V and z as above with z horizontal for ps 1 : X7 — S*
and any o, 7 € R,

Pg (o, 7) = curv® (¢, W) + 20 RYT (¢, W, W, 2) + 2rRET (W, ¢, ¢, V)
+olcurv” "l (2, W) + 207 [R””'e’l (¢, W,V,2) + R (¢, V, W, z)]
+72curvV el ¢, V)

> 0.

Notation: We denote the metrics obtained following deformations 1-5 above
s Gures Guyreds Gs, and gney respectively. We let notation like curv”"®! and R®
have the obviously meaning.

We will not discuss the role of deformation 6, any further. It is a Cheeger de-
formation, so its effect is well understood. In particular, it preserves nonnegative
and positive curvatures, and for us the purpose is that it allows the a priori simpli-
fication of the polynomial P (o, 7) that we discussed above, and was explained in
detail in Proposition 0.1.

The notation O (s) will (as usual) stand for a quantity that converges to 0 faster
than a fixed constant times s. The notation O will stand for a quantity that is too
small to effect whether or not our metric is positively curved.

6. THE REDISTRIBUTION

As we mentioned above the metric obtained by carrying out deformations (1)
and (3)—(6) described above is not positively curved. It is not possible to fully
explain why at this point, but as mentioned above, the Main Lemma does not hold,
in particular, there are choices of 7 and V so that

Py (0,7) = curv™ (¢, W) + 27 RYT (W, ¢, ¢, V) 4+ 72curv®d (¢, V) < 0.

To fix this problem we discuss the redistribution deformation (2) here. The idea
is that certain (positive) curvatures of the type, curv®!d (¢, V), are redistributed so
that they become larger near t = 0 and relatively smaller away from ¢ = 0. This
is at least a reasonable goal, since (as we’ll see in section 8) curv®dif (¢, W) and
RY (W, ¢, ¢, V) are both concentrated near ¢t = 0.

Within V; @ V5 there is a 3—dimensional subdistribution Z, that has zero curva-
ture with ¢. Z+ C Vi @ V4 is therefore a three dimensional subdistribution, along
which we redistribute the curvature with ¢ by warping the metric by a function ¢
whose gradient is proportional to (.

We want to concentrate the curvature near ¢t = 0, so we choose ¢ to be concave
down near ¢ = 0 and concave up away from ¢ = 0.
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More specifically, using ¢’ for D, (¢), we choose ¢ so that

¥ (0) = 0
1
—-101 < % < —100 on an interval of size O (v) near t =0
v

and

10,0000% < ¢” < 10,0012 on an interval that looks like [O (v), 130} .

For this section only, we call the metric obtained by doing only the Cheeger
perturbations (1), (3), and (6) described above goq, and we call the metric obtained
by doing deformations (1), (2), (3), and (6), gnew. Where by (2) we mean, that we
multiply the restriction of the metric to Z+ by ¢?, and do not change the metric
on the orthogonal complement of Z=.

Our choice of ¢” allows us to also have

/| < O(1000°)
| — 1| O (1000°),
Alo(dn)s) = L
Since we carry out this change on Sp (2) before some of our Cheeger deformations
we have to check that the resulting metric is still invariant under the various S3-
actions. To see this, simply note that they all leave V3 & V5 and ( invariant. From

this it follows that they all leave Z and Z* invariant, and hence they all leave
Gnew—invariant.

IN

Remark 6.1. The constants 100, 101, 10,000, ect. really just symbolize large
constants that are independent of our choice of metric parameters. We have not
verified that our whole argument actually works with these particular constants.
This question is fairly subtle, but since it is merely academic we have only checked
that the argument works with some fixed constants playing the role of 100, 101,
10,000, ect.

It is not surprising that the effect of this change in metric is to redistribute
curv©ld (( , ZJ-) toward ¢ = 0. The fact that we can do this without changing other
curvatures in a substantial way, is an amazing fact, that makes our whole argument
work.

Theorem 6.2. ¢new induces a metric of nonnegative curvature on L7 whose zero
planes are identical to those of gola. Moreover, for any V € Z+

curv"" (Cv V) = Curv()ld (C’ V) + 3090,/ |V|c2)ld )
and all other curvatures satisfy
curv™™ (z,u) > curv® (z,u) + O (v) curv® (2, u) .

Remark 6.3. Please note that we are not asserting the existence of a new non-
negatively curved metric on Sp(2), only on X7. The difference is that we have a
tighter control on the pre-existing 0—curvatures of X7. The result is, nevertheless,
surprising. For a quick explanation of why it holds, we point to the extreme amount
of rigidity present. (Cf [Tapp2|.) For example, since the distribution Z is parallel
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along ¢, it follows that any vector v tangent to Z+ can be extended to a field V
tangent to Z+ so that

(VV)o% = .
Within this section, we will call such a field “vertically parallel”. Along a curve
tangent to H, these fields look like (N1, N2d), and hence in the language of Lie

g g ) . In the directions tan-

gent to Vi @ Vs, the splitting Z & Z+ is right invariant, but not left invariant. So
we will extend these “vertically parallel” to be right invariant along V1 @ Vo, If U is
such a field and Z is basic horizontal, then (as O’Neill observed)

U, 2)" =o.

groups are the left invariant fields determined by (

With respect to the biinvariant metric we have
VzU € H, and

Since the orbits of A"*@ A2 are totally geodesic, Vi Z is also in H, so [U, Z]Vl@v2 =

0, and in fact
[U,Z] =0.

Proposition 6.4. For P € Z*, vertically parallel along C,
/
v,re _ 20V '
VP =¢"V(P+ 5]3

VTP = V5P — ¢ |P[ ¢
For Z € H, perpendicular to ¢ and basic horizontal for hy @ ho
Vp°Z = o’V Z,
and for U € H and basic horizontal for hy @ hy and for Z basic horizontal for
h1 @ ho or for Z € Z and vertically parallel
Vi Z =V,Z.
Proof. For P € Z+, and vertically parallel

v,re

209" (P, P),
2(VYP,P) + 24 (P,P),.

2 <V2””"P, P> — D¢ (P,P)

v,re

For Q € Z* vertically parallel (with respect to g, ) and perpendicular to P

2(VEPQ) = 2(VIPQ),
= 0.
For Q € Z, vertically parallel, we also know that [{,Q] = [(, P] = 0. So
2 <VZ7TEP7 Q>V e = <[<’P] 7Q>u,re - <[<7Q] 7P>u,re

= 2(V{P,Q)

v,re



AN EXOTIC SPHERE WITH POSITIVE CURVATURE 31

For Z in the orthogonal complement H of V; & V4, and basic horizontal for hy & ho
2(VUPZ) = (2], P,

= 7<)02<[C7Z]’P>1/
= 20°(V{P,Z)

v,re

= 2p? (AP 7)

v,re

Combining equations gives us
v,re 29w ¢
Vi P=y VCP+EP
as claimed.

(VB™P.()

v,re

—(verp,p)

v,re

— <VZP, P>V — ' (P, P),
= (VPP.Q),,..—w¢' (P.P),
For Z € H and perpendicular to ¢
2(Vp"PZ),, = —Dz(PP),, +2(Z7P]P)
= 20°(VpP Z),

v,re

However, since (V5 P, Z),, = 0, we conclude that

2(V3"P, Z>u,re =(VpP, Z),=0
For Q € Z+,
2(VE°P,Q),,. = 20°(VpPQ),
= 2(VpPQ),,.
0
For Q € 2
2 <V;’T€P, Q>y77‘e = 2 <[Q7 P] ’P>V,7’e
= 20°(Q,P],P),

= 20°(VpPQ),
= 2@2 <VVPP7 Q>]j7’r‘8

However, since (V5 P,Q), = 0, both sides are again 0. Combining equations we
have

VEP = V5P — ¢ [Pl
For Z)Y € H, basic horizontal and Z perpendicular to ¢
2(V3°Z,Y) = ([Y,Z],P)

v,re v,re

= ¢2<[YaZ}’P>u
= 2(,02<V§>Z,Y>

v,re
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For Z € H, perpendicular to ¢ and for Q € Z+
2 <V;’reZ’Q>y7re = Dy <P7 Q>u,re - <[Za P} 7Q>y,re - <[Zv Q] ’P>y,re
= 20°(V%Z,Q),
— 2(V52.Q)

If @ is chosen to be one of our vertically parallel fields, then all three terms in the
second expression are 0, so in fact

2(V5"“2,Q),,.=2(VpZ,Q)

v,re

—2(V42,Q), =0

v,re v,re

Similarly for Q@ € Z vertically parallel, we have
2 <VII/:;T€Z7 Q>y’re = <[Z7 P] ’Q>y,re - <[Z7 Q] 7P>u,re
However, since both terms are 0 we have

2(Vs"2,Q),,. =2(VpZ,Q),,. =2(VpZQ), =0

v,re v,re

Combining equations we have
Ve Z = 9* Vi Z.
Finally, the last equation
V" Z =V} 2,
follows from the Koszul formula. O

Proposition 6.5. For P € Z+

"
R"™(P,0) ¢ = ¢*R" (P,() ¢ — 3pp/ A" P — %P

RViTe (C,P)P — Lp4RV (C7P)P_ (@@”) |P|,2JC

Proof. For P € Z1, vertically parallel, we know that [(,P] = 0. Since ( is a
geodesic field

RY(P,O)C = =VVEC
= —VW( 2vep 9O/P)
= ¢ (¥ Ve +(p

(72 ONAY /
— —2(pg0/A?1@h2P _ (PQV?TevZP _ pp (30 ) pP— gvu,rep

@2 p ¢
haoh ) " — (@) (¢)° 2
/ v,rexov v
= —2<p<,0AC1 2P —y VC VP — 2 P — 22 P—y EVCP
1
= PR(POC3pp AP - Eop
RvTe ((7 P) P = vzmev?rep _ VVP,reVg,reP
!
= v ( v P — g |P? g) — vy <<p2VZP n ZP)
Since

VLP = 0
VOTVLP = VEVHP =0,



AN EXOTIC SPHERE WITH POSITIVE CURVATURE 33

We use the third equation of the previous proposition to get
V5" (*VEP) = 'V V(P.
So

/
RV (CP)P = 'R (G P)P =V (¢ IPILC) - (ZV?“P)

/
= PRUGPI P~ (90" + (@) IPLC+ Dl IPIC

= 'R P) P~ (9") |PILC
|
Proposition 6.6. For W € Z, and vertically parallel along ( with respect to g,
VZ’TEW = ViW=0
Vi w = wW=0.
Proof. For the first equation, the point is that for V € Z+, and vertically parallel,
¢, W]=I[¢V]=0.

For the second equation, when we compute the inner product with P € Z+, we
extend W and P to be invariant under A" @ A", so we can compute their Lie
bracket as though they are right invariant vector fields in S3. In particular,

(W, P],W), o = (W, P],W), =0
o)
(Vi w, P)Vme =(Vy/“w,pP), =0.
O
Proposition 6.7.
RO (W,Q)¢=R"(W,() (=0
RUT(CW)W = R (W)W =0.
Proof.
RATE(W,0) ¢ = =V Vil “C = 0 = RY (W, )¢
RV (C, W) W = Vg,revuw,/rew o V;{,}revz,rew
= 0=R"(W)W.
O

Proposition 6.8. For z € H perpendicular to ¢ and P € Z+
R""(2,P) P = ¢'R" (2,P) P — o |P[} (V()",

where the superscript Tt denotes the component perpendicular to P.

/
RV (P,2) 2z = ¢*RY (P, z) z + 1I° (2, 2) %P,

where
¢ (2,2) = (VY2,C).
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Note that these give consistent answers for the sectional curvatures—
(R (2,P)P,z) = @' (R (2,P) P.z) = 9¢' || (VI(, 2)

!
(R (P.2)2,P) = @' (RY(P.2)2,P)+ 1 (2,2) £ (PP
¥

>u,re

Proof. Choose P to be the vertically parallel extension, then
RvTe (2,7 P) P = VZ,’I’EV;,TGP o V;’TEVZ’TEP
= VI (VEP =09 IPSC) = Vi (¢V52)
Since VP =0
Ve (VeP)=VY (VEP) =0.

Also
/
Vi (9*Vihz) = 'V (Viz) +‘P2%P<V;Z7C>V
= o'V (Vi2) + ey (Viz,(), P
So

R (z,P) P = ¢*R" (2,P) P — ¢y’ |P|2 V"¢ — oy’ (V%2,C), P.

The last term on the right does not seem to be correct since it is proportional to
P. The formula is nevertheless correct since this term cancels with the P—component
of the second term. Indeed

P P
_ / 2 v,re . / v
o' |Pl;, <Vz ¢1p > P o' (V2 (), P

| |V,re v,re

= _90410/ <VZC7 P>y P — 9090/ <V;Z, C>u P
SDSOI <C7VZP>1/P_QOSOI< VP’Z7C>1/P
-0

So
RV (2, P) P = ¢"R" (2, P) P — o |P|> (V¥¢) .
as claimed.

Extend z so that its basic horizontal and tangent to an intrinsic geodesic for the
metric spheres around (¢,sin 26) = (0,0) . Then

RvTe (P, Z) P V;’TEVZ’TCZ _ vz,revlll;rez
= V5VYiz — VY p*Vhz
Since VYz is proportional to ¢ write

VY = II°(z,2)¢

/
11 (2, 2) <¢2V'5P + iP)

V5 VY2
90/

= VY VYz + 116 (2,2) =P
P

Since V'%z is horizontal and z L ¢

v,re, 2x7V  __ , 2x7VUIV
Vz @VPZ*SDVZ Pz
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So

RV (P, 2)z = ¢®RY (P, 2) z + 1I° (2, 2)

!
p
¢

O

Proposition 6.9. For z € H perpendicular to ( and for W € Z, vertically parallel
with respect to g,

VY W = VYW € H N (span {¢})".
If P and Q are in Z+ and invariant under A" © A" and W and U are in Z and
invariant under A" @ A2 then

(Vi)' = (v, P =0,
(V?T‘eQ)VH@VQ _ (V;Q)%@Vg ’
(Vi o) = (v, 1) e
(VE W) = 2 (VW)

(Vi P)® = ¢* (Vi P)®

(VR wW)® = 0(1-¢?) (VW)
(Vi “P)? = O(1- ) (Vi P)*

Proof. For U € Z* vertically parallel and z basic horizontal all terms in the Koszul
formula for (V. W,U) are 0 with respect to both metrics. For U perpendicular to
Z+, all terms in the Koszul formula for (VY"“W, U) are the same for both metrics,
S0
VYW = VYW € H N (span {¢})".
If Z € H is basic horizontal, then all terms in the Koszul formulas for

(Vi “P,Z) and (Vy, P, 7Z),

v,re
vanish, so (V”M’,TQP)H = (V% P)" =o.
If P and Q are in Z+ and W is in Z and all three fields are invariant under
AP @ AP then
2(VERW), .. = (PQLW), . —(Q W], P), .+ (W, F],Q),

<[P7Q]7W>u _902 <[Q7W]7P>y +¢2<[W’P]7Q>u
We can compute these Lie brackets as though the fields are right invariant fields in
53, so

_902 <[Q7W]7P>y+@2<[VV7P]7Q>V =0
and

2 <v;T6Q’ W> = <[P7 Q] ) W>y
= 2(VpQ, W), .
If V is also in Z+, then
<V;TGQ’ V>y7re = 902 < VPQ? V>1/ = < ;Q7 V>y7re

So
(v;reQ)Vl@‘é _ (V;Q)%@VQ

as claimed.
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A similar argument give us
(vVV{/’I‘EU)VI@V2 _ (V;VU)VﬁBVz

Now suppose @ is in Z+ and invariant under A" @ A"2. Since Z and Z* are
invariant under A" @ AP2

(V5 W.Q),, . = — (W V5Q),,. = — (W.V5Q),,. = (VEW,Q), = > (VaW,Q), .
proving the fifth equation.

Similarly, if U is in Z and invariant under A" @ A"z,
(ViPU),,, = — PV, ,, = — (P V4 U)
proving the sixth equation.

The last two equations have similar proofs. The Koszul formulas only have Lie

Bracket terms, only we must compare terms with multiplied by ? with terms with
no ¢?. This leads us to get only the approximate answers that we have asserted. [

v,re = v,re = v,re = 7902 <P’ V‘V/VU>1/ - 502 < VWP7 U>u,7'e

Proposition 6.10. For z € H perpendicular to ¢ and for W € Z,
RV (2, W)W = R” (2, W)W € H N (span {¢})"
RU7e (W, 2) 2 = RY (W, 2) 2,
[R7e (W,¢) &) = [R" (W.¢) )"
m”%WO]Z—Qm%WO}Z
R (W, Q) 2% | = 0 (1= %) 12| W],

Proof. Choose z to be basic horizontal and W to be vertically parallel, then
RV (2, W)W = V2N W = V[, VoW
Since
Vi w = wW =0,
VI W W = VIV W =0.
On the other hand, using the previous proposition twice we have
V5OV W = VY, VYW e H N (span {¢}) "
So
RV (z2,W)W = R" (2, W)W € H N (span {¢})*
Choose z to be basic horizontal and W to be vertically parallel, then
RV (W, 2) 2=V VI 2 = VIV 2
Since
Vi 2z =V’z € H,
ViV ez =V Viz =V Viz
where the last equality follows from the previous proposition and Proposition 6.6.
As before we have
Vi ¢z = Viyz € HN (span {chH*
So
VTN 2 =V
So
R (W,2z)z=R" (W, 2) 2.
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To prove the final three equations we note that since [W, (] = 0,
R”" (W, () z = VVWTEVZ’TEZ - VZ’TEV;[’,TEZ.

Since
Vs = Viyze Hn(span{C})*
VZ’TeV;{/TeZ — VZ Wz
On the other hand H
(Vg,rez)

is basic horizontal, so
v,re v,re H 14 v H
vy (vcv z) = V¥ (V22)" € H (span{¢})* .

)V1 DV2

and Vi, (V{z

VieVs
) are both in V; & V5, it follows

Since Vi;/° (VZ’TEZ
that
v,re v,re H v,re v,re H v v H 1% 14 H
(Vireverez) =i (Verez) = Vi (V)" = (Wi vez) "
So . .
(R (W, Q) 2] = [RY (W, () 2] .
(Vi) R gt
it follows from the previous proposition that
z
(T wems) = (927
We also have V""“V;/“2 = V{ VY, z. However, since Vyj,z € H N (span {cH*, we
have (VZVVWZ)Z =0. So
[R7 (W,Q) 2% = * [R” (W.¢) 2] .
On the other hand, we just have

Since

1

zt z
(Vireverzs) =00 -¢) (Vi)
Combining this with
VY 2 = ViV 2
(R (W,0) 2% =0,

we have

R (W,0) 217 [ =0/ (1= %) [z (W],

A very similar argument gives us
Proposition 6.11.
(R (W, 2) ()" = [RY (W, 2) ("
(R (W, 2) ()" = @ [R" (W, 2) ().
(R (W,2) (7 [ = 0/ (1= %) 2 (W],
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Proposition 6.12. For U,V,Q € ZU Z*+ and mutually perpendicular
(R (U, V) Q)" = 0 (") U IV]|QC.

Proof. Extend all three vectors in be invariant under A" @ A"2. We have
" v v v,r H
(R (U V) Q) = (V7 VyQ = ViV Q- Vi)

Our covariant derivative computations and our hypothesis about the three vectors
being mutually perpendicular give us that the H—components of each of V{;"“Q,
V™ Q, and [U, V] are 0. Therefore using Propositions 6.4, 6.6, and 6.9 we have

) = (U7 .virQ) Ee

(vil/,requ,reQ)H _ <VZL , qu,reQ> %C’ and
H n /
(Virwe)” = (e wv)Se
So
(R"" (U, V)Q)" = 0() U IV]IQI¢

as claimed. |
When all four vectors are tangent to Z and Z+ we have
Proposition 6.13. For u,v,w,z € Z & Z+,
R (u,v,w,2) =0 (1 — <p2) RY (u,v,w,z) + O (1 — @2) lu| |v] |w]|z]

and
RY™E (u,w,w,u) = O (1= %) R (u, 0, w,u)

Proof. If U,W, and Z are in either Z or Z+ and invariant under A" @ A2, then
in the Koszul formula for 2 (V{;"“W, Z) , the derivative terms vanish The new Lie
bracket terms can differ from the old ones by a multiplicative factor of O (1 - cpz) .
Applying this principle several times yields the result. ([l

Finally mimicking the proof of O’Neill’s horizontal curvature equation we have
Proposition 6.14. If x,y, z, and u are in H,then
RV (2,y,z,u) = O (1 = %) R” (w,y, 2, u)

To complete the proof of Theorem 6.2 it remains to establish the assertion about
nonnegative curvature.

A plane that is perpendicular to either ¢ or W is positively curved, since such
planes were uniformly positively curved before the redistribution, and the redistri-
bution has a small effect on curvatures.

A plane that is not perpendicular to ¢ and not perpendicular to W has the
form P = span{( + oz, W + 7V}. Because of the Cheeger deformation (6) we
may assume that z is in the horizontal space for the Gromoll-Meyer submersion
Sp(2) — S*.

Our curvature is a quartic polynomial

Po,71)=R((+oz,W+1TV,W+7V,(+02z).
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We have seen that the constant and linear terms vanish with respect to gpew. S0
our polynomial is

P(o,7) = o*R™ (2, W,W,2) +20TR"™ ({,W,V,2) + 207R"*™ (¢, V, W, 2) + 72R"*¥ (¢, V, V, ()
+20%TR™Y (2, W, V, 2) 4+ 207 R™Y ((, V, V, 2) + 0*T2 R™Y (2, V, V, 2)

combining our curvature computations with the fact

1-¢* = 0(100/°)
¢ = 0(1000%)
2
— -
L T/

gives us that

(6.15) P(o,7)>(1-0 (1/3)) P (g, T)— %ROM GV, V,O)+Q(o,7).
Here Q (o, 7) is a quartic polynomial that looks like
Q(0,7) = Corom + Cr2r0°T + Cpr2o7?,
whose coefficients Cy-, Cy2,, and C 2 satisfy
Cor < OW)VR™ (2, W, W, 2)y/ R ((,V,V.()
Cozr < O W) VR (2,W,W,2)\/R*¥ (2,V,V, 2)
Corz < O W) VR ((,V,V,()V/R™ (2,V,V,2),

A

These estimates imply that we can replace @ (o, 7) in 6.15 with O. For example,
the quadratic

2RV (2, W, W, 2) + 07CyroT + T2 R (¢, V, V, ()
O (V?) R™Y (2, W, W, 2) R™Y ((,V, V,C)
R (¢, V,V,() )
o (R (2. W Wi 2) = O () R W,17,2)
o (R (2, W, W, 2) + O)

Similar arguments allow us to drop the C,2,027 and C,,2072 terms of Q (o, 7).
(Cf Theorem 12.1). So 6.15 becomes

Y]

o? <Rnew (2, W, W, 2) —

(6.15) P(o,7)> (1-0 V%) P (0,7) - %R"ld (¢, V,V,()+ 0.

We have an inequality instead of an equality because in many cases the curvature
is much bigger. For example from Proposition 6.5 we have that for P € Z+

(R (P,()C,P) > ¢ (R (PC)C,P) — (p9") P2y
1/2
100

but in many places this curvature is larger. Similarly from Proposition 6.8 we have
that for z € H, perpendicular to ¢ and for P € Z+

> o (RM(P,Q) ¢, P) — — [Py

new

(R"Y (P, z) 2, P) = ¢* (R°M (2, P) P, z) + 11 (2, 2) ‘g (P, P)

The extra term here is nonnegative since both II¢ (z,2) and ¢’ are nonpositive.
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The theorem follows from inequality 6.15.

7. THE WARPING FUNCTION INDUCED BY Sp(2)

As promised, in the next two sections we analyze the effect on Equation 5.1 of
running the ho—Cheeger perturbation for a long time. If v is the parameter of this
perturbation, then we will show that making v small has the effect of concentrating
all of the terms on the right hand side of equation 5.1,

curv (¢, W) = —=s* (D¢ (|Hu| D¢ |Ho ) + s* (D¢ |Hu|)?,

around ¢t = 0. (In the Gromoll-Meyer sphere ¢ plays the role of X.)

The advantage of doing this is that it will allow us to choose our “partial”
conformal factor so that it is constant away from ¢ = 0, thus avoiding an analysis
of how the partial conformal change effects the intersection of the two pieces of the
zero curvature locus.

Along any integral curve of ¢, |H,,| is the length of a Killing field of our SO (3)-
action on S%. Since the principal orbits of this action on S* are two spheres and
the action on these two spheres is standard, these two spheres are round.

So that our geometry is more easily comparable to the standard round S*, we
look at the Killing fields

03)
2

horiz
G
2

To understand the geometric meaning of 1, think of the join decomposition
described in the remark after Proposition 2.5,

St = S+ SE..
The S?s of the join decomposition are the principal orbits of the SO (3)-action and
the intrinsic metric on them is ¥? times the unit metric.

on Sp(2) and we set
'l/} =

) horiz

Along any integral curve of ¢, H,, is a constant multiple of (O 9 we call

)
this multiple wy,, so
19 horiz
Hw = Wp (0, 2)
|H,| = wpt, and

1
wp = o <y2) .

Remark 7.1. The exact value of wy, depends on which integral curve of { we are
on. The variation can be seen by noticing how sin A varies in Proposition 4.7. It is
for precisely this reason that we cannot use a reqular conformal change to even out
the curvature.

Since |(O,g)’ = g and ¢ = ‘(O,g)
of the ho—Cheeger perturbation on the geometry of S* is to shrink the S2s. More
precisely the S3s that are the join of S? and any S C Si become very thin
“cigars”. Unfortunately this coarse description is not sufficient for our purposes,
since we need to understand the derivatives and second derivatives of .

horiz

, it is not hard to see that the effect
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We will prove in subsection 8.1 that the redistribution described in the previous
section has a minimal effect on 1. Once this is established, it will be enough to
know the effect of the two Cheeger parameters v and [. For now we just focus on
this.

When we want to emphasize the dependence of ¢ on v and [ we will write, ¥, ;.

To find ¢, ; we recall that the horizontal vectors that project to the S2s look
like

9
(cos 2t) n?0 = <(cos 2t)m, (cos 2t) n + sin 2ty2> ,

here as always, the notational convention on page 17 is in effect. So

1 )
= —————— ([0, 2t) n>?
o |<cos2t>n2’°y,l<<’2)’<C°S X >

Using the formulas for the projections of 7?9 onto the orbits of A" x A¢ from
[Wilh2] we have

.2
2t 1
|(COS 21‘;) 7’]2’0’12/ L= C052 2t + % + ﬁ (1 — COS2 2t COS2 20)
. v
and
Proposition 7.2.
QQ/J = (1—|—#Sin2 29) cos 2t
vl = 3
ot [(cos 2t) n*°[, ;
|x2’0|i , oS 2t
p— —7 3
|(cos 2t) n*°[, ;
0 " 1 sin 2t cos? 2t sin 46
vl T T2 3
00 12 [(cos2t) 29[,
0? 2 sin 2t 2 9 2 1 5
— = — |22 —= (—4 220" cos?2t + = + 4 — | cos® 2t
ot2 v,l ‘ ’u,l (COS 2t) 772’0|15/71 ’ |u,l I/l2 Vl2
0 0 cos 2t sin 460 1 2 9 1 .5
==V, = (— 2?97 cos? 2t + —; sin”® 2t
20 ot " 12 |(cos 2t) 772,0|i’l 2 ’ }”vl v?
2,012 2 1 .2
0? b, = sin 2t cos? 2t €08 40 (!x ‘u,l cos” 2¢ + ;7 sin 2t> 3 sin 2t cos? 2t sin? 40
0> ! 12 |(cos 2¢) 11203, 2 4r(cos2t) 20,

The computations are long, but straightforward. Since the results are not qual-
itatively surprising, we have deferred giving the details until the appendix.

8. CONCENTRATED CURVATURE NEAR ¢t =0

Plugging ¢ = X and |H,,| = wpt) into 1.9 gives us

curvg, (¢, W) = —s*w} (D¢ (D)) + wis* (Dew)? .



42 PETER PETERSEN AND FREDERICK WILHELM

If z is the parameter of an integral curve of (, then the leading order, total derivative
term, —s?w? (D¢ (¥ D¢1)), is negative near z = 0, positive for large enough z, and
integrates to 0. The effect of the v perturbation is to concentrate this region of
negativity, and the bulk of the region of positivity near z = 0. Before proving this
we need

Proposition 8.1. Let n be the normalized gradient field for dist (Sﬂl§7 ) on S* with
respect to g,;. If

¢ =ncos g+ y*Osin g,
then

D¢ (cosp) = O(t)

D¢ (sing) = O(t).
Proof. Let ¢ be an integral curve of ¢ starting at (¢,6) = (0,0). Consider the
triangles, Ag whose sides are the geodesic with ¢ = 0, c¢, and the various geodesics
that are integral curves of n starting at (¢,6) = (0,0) .

Let ¢, be the angle between ¢¢ (0) and n. Then the interior angles of Ay are
5 — %o, and . So

SIE

© = @, + angle-excess (Ag) .
Since area (Ag) = O (92) , the result follows. O

Proposition 8.2. Fort > %

—s*wj, (D¢ (¥ Dcy)) > 0
and

curvg (¢, W) |[O(c3/4),ﬂ < / curvg (¢, W)

¢
provided cv = s and 1 = O (l/%> .

Remark 8.3. Together these inequalities imply that all of the negative curvature
of gs occurs on the interval [0,v] and the bulk of the positive curvature occurs on
[v,0 (¢)]. In particular, gs is positively curved for t > % and our partial warping

can be carried out on [0,0 (c)].

Remark 8.4. Our proof relies on the computations of the various derivatives of 1
that are stated in previous section and proven in the Appendix. They are done in
the Appendiz with respect to the metric g,.;, while to justify this proposition we will
need to know them with respect to gy re,1. So technically this proposition is about an
(as yet) undiscussed metric g, ;5. Ie. the metric obtained by scaling the fibers of
Sp(2) — S* after performing the Cheeger deformation A* x A% x A" x APz but
with out performing the redistribution. We will show in Subsection 8.1 (at the end
of this section) that the effect of the redistribution on the various derivatives of 1
is sufficiently small so that this proposition remains valid for the actual metric gs.

Proof. From the previous section we have

9 ’mQ’O‘Q , cos2t
*%,z — ”;3
ot |(cos 2t) 201,
0 1 sin2tcos? 2t sin 40

97 T TH (o2t 2OF,



AN EXOTIC SPHERE WITH POSITIVE CURVATURE 43

Since the & -direction is a linear combination of the vectors 4> and (—b,b) and
Dy ,0)¥,,; =0, we get
1 sin 2t cos® 2t sin 46

Dyooth, | = —— :
vt = I (cos2t) 20

where the extra factor of cos 2t is <%, y2’0> . So if

=ncosp + y>Ysin
¢ Yty ®

2,002 2t : 3 .

Dew E ’y,z cos 1 sin2tcos® 2tsin4f |

Yo = 7~ 53 COSY— % 3 ine
"t Neos2) P02, W |(cos2t) 2L,
So
2,04 2
T° cos” 2t 02 6 .2
(D¢ (7%,1))2 <2 ||V’l26 cos® ¢ s’ 21 cos 2;51(? i@ sin? .

|(cos 2t) >0, 8 |(cos 2t) n*0|, ;1

We can also get an explicit formula for —¢,, ;D¢ D¢ (1/},,71) , but its quite compli-
cated, so its easier to estimate it. First notice that erasing various A-tensors we
have

DD (¥,4)
1/111,1

Z Curvgu (Ca 77570) )

2,0
where 120 = |22,U|. So

=, 1 DeDe (wu,l) > wi,zcurvgy (Cﬂ?i’o)

2

v 1 .

= Lz cos? 2t + ~sin® 92t | .
|cos 2t77270|y,l 2

So to determine where the total derivative is positive, it suffices to solve

220} | cos? 2t in? 2¢ cos® 2t sin” 40
¢3,l (cos2 2t) >2 —| iy’l SO cos® p + oR SR 5 Slil : sin? ¢
[(cos2t)n 70|V’l 8 |(cos 2t) n20 ol
or
4
sin? 2t |$2’0 |,, ! 9 sin? 2t cos* 2t sin?40
2,02 — 2,004 cos” ¢ + 20 g2 ¥
4 |(cos 2t) >0, , |(cos 2t) n>0],, | 8 |(cos2t) n>0], ;1
or
.9 2,0 4 .. 9 4 .. 9
sin“ 2t |9C ’l,l 9 sin® 2t cos™ 2t sin“ 40 . ,
> —— | cos sin® ¢
4 2,02 . 2,012 4
|(cos 2t) n? |V7l 8(cos 2t) n* |V’l

Sincel = O (1/1/3) , and on the integral curves of  in the former 0-locus, sin 46 =
O (sin20) = O (sin2t) , and from the appendix we have

.2 2
2012 _ sin” 20 1 1 sin” 26 . 9
|cos2t77 |V,l = 1+T12+ <1/2+2l2_ 1+ 572 sin” 2t
sin? 2t + sin? 2t
V2 212 7

v

1+
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the last term and the ’mz’o‘il factor on the first term can be ignored. So (with a
minor adjustment) our inequality is

sin? 2t 1
4 |(cos 2t) n>°,

2 2 202

= ) = N 5
14+ 75”11/2” v2 + sin? 2t

or

which happens when ¢ > O (ul/ 2) , which is not good enough for our purposes.
However, assuming that ¢ < /2 allows us to greatly simplify our estimates for

=, D¢ D¢ (wu,l) . Indeed starting with
(=ncosyp+ysing

we have
9? . d 0 , 02
D<D<¢u,l = cos® @@w”’l + 2 cos @ sin ¢ cos 2t% ad)”’l + sin? c,ocos2 Qt@%,,l
902
|x2’0|1/,l cos 2t 1 sin 2t cos® 2t cos 26 sin 20

05 ¢)

LA U 5 Y _ =
|(cos2t) 7“72’0|i7l( ¢ 412 |(0052t) ﬁQ’O’iJ

When we consider our formulas for 337221%,17 %%wu,b and 3—9221&” from the appen-
dix, and the fact that (D¢sing) = O (t), we see that the second, third and last
terms are dominated by the first term when ¢ < O (v1/2).

The fourth term is positive (in —D¢D; (1&”71)), so dropping it gives us that for
t< /2

D¢D > 9 cos? o
—L¢ 41/11/,1 = 10 COS 90@1/11/,1
2 sin 2¢ 5
Z |$2,0|V7l (COSQ SD) 2019 o2
|(cos 2t) n? |V7l v
Similarly, when ¢t < v*/? we have that the second term in our estimate for

(D¢ (1/1%1))2 is overwhelmed by the first. So

4
’332’0‘ cos? 2t
v,l

(De ()" <2 | T
|(cos 26) 120];

cos” .

Thus the total derivative is positive when

|m270‘4 cos? 2t
v,l

6
|(cos 2t) n>0[,

sin 2t

2,0 2 2 —E
Yo }z |u,l (COS (p) |(cos 2t) 772’0|i,l vi

>2 cos” .

Since 1, ; = 2\@%3){77”\’ this is equivalent to
1 . 5 2
= sin? 22— > 2 (’xQ’O‘ cos? Qt) or
2 v v,l
sin?2t > v?or
42 > v}

(D¢sing) .
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so its enough to have

1
t Z 48
2
To prove the integral inequality we first note that
L2
9 1+ sin” 20
(DCwu,l) 2 12_ ) 3
2 (cos 2t + m;,izm)
1
> —forte [0,%}

16
So

/ curvg (¢, W) = / wi st (Dg@/})2
¢ e
> 0 (w}ZLs4u) .
On the other hand, we note that for ¢t > v
lcurv, (¢, W)| < 25%wj, [¢,,,DcDe (¢,,)]
So we have to find the interval where

28211}% |¢V,ID(DC (wu,l)| S 0 (IU%S4V) ’

or
%y, DcD¢ (v,,)] < O (s°v),
Since
0? . 0 0 . 9?
D¢Detp,, = cos? @@wy’l+2COS§DSIH¢COSQt%a¢V’l+Sln2(pCOS2 2t7892¢'j’l
~ 2 .
vl sin 2t cos® 2t cos 20 sin X
&20],,, cos 2t (D cos ) L Sn2cos’ dcosWsing )
———————— (D¢ cosp) — — ¢sing),
|(cos 2t) n*° |i,l Al? |(cos 2t) 772’0|1?;,l

we can use our formulas for ‘(cos 2t) 772’0’12/1 and the second derivatives of 1) and

from the appendix to get a formula for ¢, ;D¢ D¢ (z/;ml). So the only unknown
quantities in this (complicated) formula are (D¢ cos ) and (D sin ) , whose order
is O (1) . The important point is that for generic ¢, the largest terms in this formula

for ¢, ;D¢ D¢ (1/)1,’[) are of order ’l’—; So we have that for sufficiently large ¢

.00 .| = 0 (%)

using | = O (y1/3) and v = O (56/7) we then get for t sufficiently large
A
()
@ (1/1/7/3)
= 0 <I/ (56/7)7/3>
(0]

(vs?)

IN

‘wy,lD<DC (Tpu,l)‘

as desired.
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The interval where this holds is [O(c), 5], where ¢ is the constant so that
cv = s9/7. (]

Before leaving the subject of derivatives of 1) we establish the following estimate,

which will be used in Section 11.

Lemma 8.5.

Y

(86) ’DCDG/J

2
[D¢ (¢Dc¢)]‘ < ZZ~
Remark 8.7. Since

D¢ (Detp) = D¢ Detp + (Derp)?

and the two terms have opposite sign, it suffices to show

2
max {¢ D Dety, (Dev)’ } < =3

Since we prove this stronger estimate, we doubt that i is the optimal constant in

8.6; it is, nevertheless, sufficient for our purposes.

Proof. We have

D¢D¢yp

Y 2
w?/’D(DU/) =7,

and

1 sin? 2t

Ao 2012

4(cos 2t) 20,
sin? 2t

(\x2’0|12, , cos? 2t +

e

L sin? 2t)
vy

v? sin? 2t

4 (1/12 |22:0|? | cos? 2t + sin? Qt)

2
vy

IN

We saw above that
YDDetp > (Dep)?
when t > %L, so we only have to establish

P
D¢Dcyp

v

4

2
l

(Dew)? <

when t < %L
We saw in the previous proof that for ¢ < %,

[DeDe ()] 2 |27, (cos” o) 2=

Similarly we have

(D¢ (v,,))" <11
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for t < 4.
So for t < 4,
P 2

#2,0 4
1 sin 2t 1.1 v,l 2
ST o 201 . T o206 | COS .
2 [(cos 20)7%°],, , |: <|(C052t)”2’0|3,1) ﬁp:|

~2.02 sin 2t 5 2
12210 1 Teosanyieors (v?)“’s L4

1.1

2202 2
z |V,l Vi

10 ’(cos 2t) ﬁz’o‘i,l

2
£2.0 2
z |V,l Vi

IN

5 |(cos 2t) f/2’0|i .

vi

4 )

as desired. (I
8.1. Effect of Redistribution on .

A
|

Proposition 8.8. Proposition 8.2 remains true after the redistribution.

Proof. First we get a formula for v after the redistribution in terms of ¢ before
the redistribution. In other words, we will compare ¢, ; and ¢, . ;. For this proof
only we call ¥, ;, 1,4, and all other quantities that are computed with respect to
gy, will have an “old” sub or superscript attached.

All of our derivatives of v in this proof will be in the (~direction so we write 1’
for D¢ap.

Keeping in mind that ¢, ,.; is the length of the horizontal part of the Killing
field (0, %19) , we see that we just need to compute the inner product of (0, %19)
with the appropriate horizontal vector. Motivated by our computations of Cheeger
perturbations we see that in fact

sin 2t

1
wV,Te,l = 5 2,0’

’cos 2tn

v,re,l

where 7% is in the y-—part of the horizontal space. More specifically

1— ? L
cos 2t7*° = cos 2tn?° + # (cos Qtnz’o)z
2
Since the redistribution occurs before the (U, D)-Cheeger perturbation, the com-
L
putation of (cos 2t772’0)2 , can be viewed as happening with respect to the metric

with [ = oo, or more formally it happens within the Sp (2)—factor of (53)2 x Sp(2),
where the product metric is the one that gives the (U, D)—Cheeger deformation.

L
To compute (cos 2tn2’0)2 we need its direction within Z1. This direction looks

like
L (99
V2 \viv)’

there is a relationship between 3 and ¢, but it will not be important here.
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So
(cos2t%)7 | = K o ) : (0,sin2tz>> V2 (3, )‘
2\V v v Ve \vv
_|1sin2t (93 9
2w v'v
_ 1sin 2t
T2 v
and
2 1 sin? 2t
Virel = T a0
|cos 2t7) ’V red
= sin? 2t
o 2
Fleos 207202 + 2058 <C°S 29>, (cos 2tn2’°)ZL> + ’(1;75’2) (cos 2t720) %"
_ 1 sin? 2t
4cos 2tn? 0|Old +1 11— fQ) Slrll/222t T (11542)2 511;22%
. sin? 2¢ 1
- 2012 L sin? 2t (1=¢?) | (1-9?)? sin? 2t
4 |COS 2t77 |01d 14+ 2 v2|cos 2tn2,0|(2)1d 2 + 1 T7cos 2”72‘0‘31(1
. sin? 2¢ 1
4 |cos 2620 old 1+ Qwold ((1;7;”2) + %)
1/]21d 2
= wold <1—2 ° (1—gp )> +0
Since
(1 - @2) =0 (V3)
‘We have
wl%,’r‘e,l = dj?)ld + O
and

¢old z/Jold

(1/J12/,re,l)l = (¢gld) +8—- wold (‘P —1) +42%0¢' + O

Since we also have

(wy re l) 21% relwy re,l

We get
/ _ 3 (djgld) + 4%” o (9?2 —1) + 2w;%d g’ 0
wu,re,l - 1/) ol + 0.
Using wu rel = = 9%, + O, this becomes
2 3
Uy req = Youa + 41/}01(1 Yo (* = 1) + 2w01d o'+ 0
Since

¢ = 0(1000%)
©*—1 = 0 (1000
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and

Yha > O (V%) cos2t
we get

Uy req = Vora + O

It is impossible to get a similar formula for (1/}12,’%1)" in terms of (z/zgld)”,
since (wgld)" has a 0 around O (v). Instead we will show that the difference

’ (wi re l)/, - (77[}(2)1d)//

Combining this with our estimate 1)’
Starting with

is pointwise much smaller than max { (wgld)Q , |woldwgld}} )
=1} 1q + O gives us the proposition.

redistr

3 4
wold wold (802 _ 1) + 4w01d

(wi,re,l)/ = (T/ngd) +8—- op' + O

we have

2 3 3
(wi,re,l)” = (1/%2)1(1) + 24%1(1 (ql’gld) (@*—1) + SwOld Vg (©* —1) + 321/}"1d

+4wl/()21d ( ) +47/)01d

The second term is everywhere much smaller than (¢;ld)2 . Similarly we can bound
the third term by

wold

old (%02 - )‘ ‘800V’L/}old¢old
which is much smaller than v,,44"4. The fourth term is

¢31d 3
o !
‘ < 3200v9514%o1q

L iape’

and hence is much smaller than (wgld)Q in the region where ¢ < O (c¢) that matters.
The fifth term is smaller than O (v®) and 0 at ¢ = 0 and hence smaller than both

(¢gld)2 and 9,49 everywhere t < O (c).
The last term
‘ wold //

< 400954

and hence is smaller than both (wold) and 1,q%mq on (0,100v). On the other
hand, on (501/7 %) ,

‘ 1;[]01d //

< 40,0000,

and hence is much smaller than ¥4 O

9. CONCRETE A-TENSOR ESTIMATES

In this section we refine our formulas for the two key (1, 3)-curvature tensors

R® (¢,W) W and
R (W, )¢

Yorape’
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after the fibers are shrunk. We have to go beyond the abstract situation of section
1, to compute the iterated A-tensors of X7 — S*. Substituting

¢ = X

into Lemma 1.10 we have

Lemma 9.1.

RYs (VVvC)C: —Szwh <D454¢> kv _ g2 {wthiwACkv}

D¢y
H
(R ((,WYW)'" = —52w,2L1ZJVC (grad ) — (1 - 52) 52whiAkw wv

The possibilities for the iterated A—tensors in the curvature formulas above are a
bit daunting. We can nevertheless get estimates. First let (V7 & VQ)GM denote the
intersection V7 @ V5 with the horizontal space for the Gromoll-Meyer submersion
q2.—1:5p(2) — X7, and let Vo _; be the horizontal lift to T'Sp (2) of the vertical

space of py _1 : ¥7 — S%. Then away from t = 7, the orthogonal péol\;jfection onto

the vertical space Va,_1 restricts to an isomorphism porthog : (V1 @ V2)
Therefore the following lemma will give us all of the data that we need.

— Vo _1.

Lemma 9.2. Let II denote the second fundamental form of the S%s in S*, and let
S denote the shape operator.

For U € Vi &V, extend U to be a Killing field for the (h1 @® ha)-action. Then
for z € span {220,y*°} | and k, = Y020, with |n2°| =1

u

H
AUV = (VrrelU) s (U™,
v ¢ v,re,l H H w‘j o 2,0
A U7 = |cos 2tn2:0] (V(nm) U) —1 (kU )+4y3 (U s + O

where 7712;2 s the wvector in span{ni’g,ni’g} that is perpendicular to k, and U®

denotes the a—part of U.

Proof. To prove the first equation extend U to be a Killing field for the V3 & V4
action. Then

AUV

[Vg’m’l (U _ UH)} "
_ (Vg,re,zUy 3 (vz,m,z(ﬂg”.

Since U™ is a Killing field for the hy—action on S4, if we extend z to be a constant
linear combination of 2>° and y*°, then ([z, UH])H = 0. So

AUV = (VZ”’ZU)H — 5. (U™

as claimed.
For the second equation we again extend U to be a Killing field for the V3 & V;
action. As before

A, U7 = (Vi (U - UH))H
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Now

(VZ;“’ZU)H = v (v (U))H

Nu
= w v,re,l H H
= ooz (V'U) +OY)

where we have split 7% into its horizontal and vertical parts for h; @hg. Thus V is a

vector tangent to the ho orbits and perpendicular to U. It comes from differentiating
U in the direction of the Vo—part of k. Since we are taking the horizontal part of
V, only the a—component of U makes a contribution. Since k, = ¥ and the

Vo—part of n20 is (O, Qw%) , we have
2

H

(O7 V)H _ w vl/,re,l (0) Uoc)

mw%)
If, for example, (0,U%) = (0, %) , then

2 Ny
0,V) = 2¢ <7y4 , and

N
o = ‘2<w2 (o, VZ4>,ni:El>‘

where (07 IY,Z“) and 7712[,91 are perpendicular to k.. Thus

w?)
vh
3
e
14

)(O,V)H‘ = 4

‘Ua‘hQ 9
and
M LA 2,0
(07 V) = 4? ‘U ‘hg MNu,a +0

The “O” is present because we did not take the effect of the (U, D)—deformation
into account. The computation is very similar, but since [ = O (v!/ 3) , the terms
we get do not play a significant role.

For the other term, since U is a Killing field for the ho—action

H
(Vi) =1 (hy, U™,
So combining equations yields the claim. O

Combining the previous two results gives us

Proposition 9.3. For U € H,, _,,

<moMoaw¥w<”ﬁ“)wmw
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ForU € Vi @ Va,U extend U to be a Killing field for the (hy ® ho)—action. Then
D:D D,
(R WO CUY = —sPwp (iﬂ”) (ke U) — 52 (1— &%) w, wd’ (k. 5 (U™)
D¢y
2 2 ¢ v,re,l
s (1 s )wh—w <k7,VC U>.

Let 773’?4, be the unit vector in span {7712[27 ni”g} that is proportional to the projection

of W onto span {nu 1M 2} ,and let ni’?/vL be perpendicular to ni”%v. Then

(R* (W)W = —PwiV, (grad ) + s*w? (Deap) (grad o) +
D¢y
_ g2 Y v,re,l o
* U cos 2tn2 (an) W) + dwps? [Dd/f] IW Iy M- + O

Proof. From Lemma 9.1 we have

RI (W,¢) ¢ = 752wh <D<5C¢> ke — 52 {wthiwACk’y}

So for U € Hyp, _,,

(R (W,0) C,U) = — 5wy (Dﬁ“") (hy U)

and for U € V1 & Vs

(R*(W,Q)¢U), = —swy (D<5<w> (ky, U), — 8w Df (Acky,U),

B _82wh <D<igw) <k'y’ U>V,re,l + s> (1 o 82) wh% <k’77 ACUV>u,re,l
Applying Lemma 9.2
@060 = st (PDL) (0 (1= ) 5 (k5 (07)

D
s (1—s? )wh v <l<:,y,VZmlU>
()
From Lemma 9.1

(R (¢, W) W) = —s*wiyV, (grad ) — (1 — s%) sth%Akw wY

Applying Lemma 9.2

(R* (¢, WYW)t = —s2wﬁ¢vc(grad¢)+(l—s)SQwh%II(kW,WH)

2 C?,ZJ dj v,re,l H
— (1 - 8%) sPwp,—— v Joos 2020 (V(n,n) W) +
Deip®
v v

+4wp,s? (1752) W”‘\hQ qu +0
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where 773(1)/VL is the unit vector in span {77?2,7732} that is perpendicular to W*.
Thus

(R (W)WY = —swiyVe (grad ) — (1— 5?) s} (Dev) (grad v) +
_SwnDd (e 2 Ve 20
|cos 2tn2:0] (v(" ) W) +dwns” [Dey] 3 (W h, Mywe +O
= —s’w; V¢ (Ygradv) + s'wj (D) (grad ) +
S2whDC’(/} v,re,l QﬁQ a
" Jcos 2t (Vm ") W) + dwps® [Dey] 5 [W g Mo + O

Corollary 9.4.

(B9 (¢ W)W).¢) = = (s°wh) D¢ (D) + s*wj, (Deyp)?

Proof. For redundancy we compute ((R% ({,W)W),() twice, using each of the
last two formulas of the previous proposition. Since

VECdiStr W = O7

the second formula gives us

<Rredistr (W, C) Ca W> — 78211.)}1, (Dgic'd)) <k,y7 W> — 52 (1 — S ) whD w <k’Y? S< (WH)>

= —s*wiyYDcDetp — 57 (1 - s%) wit (Derp)? '
—s*w} (VDeDev + (D)’ ) + s*ui (Dewy)’
= — (s*w}) D¢ (DCY) + s*wi (Derp)?
Computing the other way we get
(R9 (C,W)W,() = —s*w} (Ve (Ygradv), ¢) + s'w} (Dew)?
= =} ((Dev)’ + v (Vegrad ,Q) ) + s*wi (Dgv)”
—s*w} ($DD + (Dey)? ) + s*wf (Dew)”
= — (sw}) De (WDGY) + s*wi (Derp)?

O

In the remainder of this section we record the effect of the s—deformation on
some key covariant derivatives that we will need later.

Proposition 9.5.
Vi W = —s?wivygrad v,

wW? —s2wipgrad 1, and
AW = —sPwiipgrad 1

where W7 is the y—part of W.



54 PETER PETERSEN AND FREDERICK WILHELM

Proof. Since W is a Killing field on Sp (2)

(VwW,2) = —(VzW,W)
1
= _§DZ (W, W)
1
—|W|Dz [W|
= —(|W],grad|W|,, Z)
Since
|W| = \/(1 - 82) |WU|12/,re,l + ‘Wh‘iyrevh and
|W|U’re’l is constant
1 012 2 1/ v)?
DZ ‘W|s = 5 ((1 - 52) ‘W |1/,re,l + ‘Whlu,re,l> (_SQDZ ‘W |V7’I‘€7l)
1 52 2
- - ° D ( wh )
2 |W|S 4 | |z/,7‘e,l
2
. S h h
= ‘W|6 ‘W ’y,rc,l DZ (‘W ’v,rc,l)
- (wnt)
= ——wpp Dy (wp
W,
s wiyDy ()
= Z
wi, "
Thus
(ViyW,2Z) = —|W| Dz |W|,
= —s*wpy Dz (¥)
= 75210}% <Z7/l/) gra‘d /ll)>
So
W = —s?wiipgrad ¢
as claimed.

Since W7 is also a Killing field we have

(VW™ 2) = —(VzW, W)

1
- —§DZ <W’Y,W>

But Dz (WY, W) = Dz (W, W) so Vi, W7 = —s*wipgrad 1. Similarly Vi, W7 =
—s?wiygrad ¥ O

Proposition 9.6.

D
VW = Vi = 2Py
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Proof. For any vertical field U with respect to pa, 1 : & — S* we have Dy (W, () =
Dw (U, ¢) = ([U,W],¢) = [U,¢]"" = 0. So the Koszul formula gives us

2(VeW,U) = D¢ (W.U), +([¢,W],U), +{[U.¢], W),
_ _ v,re,l
= 2(1-5?) <v< W,U>WJ
= 0.

Breaking W into its horizontal and vertical parts we have

H
0 = (vere'w)
H H
_ (Vz,re,lv) + (vz,re,le)
H
On the one hand, (VZ’T'e’le) = (Vsz)H . On the other hand, for any basic
horizontal field Z
2<VZMZ>S = _<[CvZ]aV>s
= —(1-5°){¢2],V),
= (1-s%)2 <vg”€’lv, Z>

So "
s H 2 v,re,l
(Vev)' = (1= ) (v2r'v)
and
SW _ SW H
VW = (VW)
sy\H s H
= (VeV)" + (Vi)
_ Vu,'re,lv + vu,re,lH H . 82 Vu,re,lv H
- ¢ ¢ w ¢
H
_ —82 (vz,re,lv)
D¢ |Huy|
27¢ [ Hw
= s——H,
[ Hy|
D
= s2ﬂHw
Y
where for the next to last equality we have used Lemma 1.8. A similar argument
gives us VW7 = SQ%Hw. O

10. PARTIAL CONFORMAL CHANGE

Having carried out deformations (1)—(4), we have apparently made things worse.
Indeed, from Corollary 9.4, we see that near ¢t = 0, some of the planes that used
to have O—curvature now have negative curvature. The ray of hope is that, as we
discussed in section 1, the integral of the curvatures over the old zero locus is now
positive. In this section, we will even it out to make it positive everywhere. The
metric that we obtain is in fact positively curved; however, after this section we
will only know that it is positively curved along the former zero locus. In the final
three sections we check that the curvature is positive everywhere.
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Consider the 1-dimensional subdistribution
A (a) = span{(Nap, Na)}.

We change the metric on Sp(2) by multiplying the restriction to the orthogonal
complement of A (a) by a function /. We leave A (a) and its orthogonal com-
plement perpendicular to each other, and we leave the metric restricted to A («)
unchanged.

In each S7—factor of Sp (2) C S7xS7, our distribution A («) is the intersection of
the vertical spaces of the two Hopf fibrations h and h. Since the two Hopf actions are
by symmetries of each other, our distribution A () is invariant under the Gromoll-
Meyer action of (53 X 53) on Sp (2), and also under the symmetry action of S3. So
our new metric will be invariant under all of these actions. In particular, it induces
a metric on X7.

Our notational convention of writing vectors before the (A“ X Ad)fCheeger de-
formation doesn’t matter much when we talk about A («), since its invariant under
the “Cheeger parameterization”. On the other hand, the orthogonal complement
of A («) is not invariant, and we continue with our convention of page 17.

We choose

—C’—i2 E
f_ 21/21/’4' 9

where C is a constant that is a little larger than 1 and F is a function Sp (2) — R
that is much smaller than %wi,z in the C?~topology. The function E has the form

E =T odistga ((0,0),-) o pamr
where
pam : Sp(2) — 5

is the Gromoll-Meyer submersion, (0, 0) one of the two points in S* with (sin 2¢, sin 20) =
(0,0), and T : R — R is a function that satisfies

re = o
I/‘[O(c),%] = 0,
54
I,/ == O<y2>
Thus
52
grad f = ——tgrady + grad B
v
52 ,
= —ﬁz/}gradw—i—lg.

Remark 10.1. There is a minor problem with our partial conformal change. Our
distribution, A («), is three dimensional at t = 0, and one dimensional everywhere
else. We circumuvent this by having our conformal change be a standard conformal
change in a very, very small neighborhood of t = 0, and then flattening out the
A (a) portion. Since we can do this on an arbitrarily small neighborhood of t = 0,
the effect on curvatures can be made to be irrelevant.
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Lemma 10.2. Let V' and V™Y denote the covariant derivative before and after
the partial conformal change. If x,y are fields that are orthogonal to A («), then

A(a
(10.3) vy = 0( —1) (Vi) )

Aa),
+(924) 5 D)y + (D)~ () V.

where the superscripts () and 2+ denote the components tangent and perpen-
dicular to A () .

Proof. If we replace the first two terms on the right hand side of equation 10.3
with Vg]dy, then we get the formula for the covariant derivative after an actual
conformal change. It can be found in exercise 5a on page 90 in [Pet]. The three
derivative terms come from the three derivative terms in the Koszul formula.

When we test V,°"y by taking its inner product with a vector in the orthogonal
complement of A (), the Koszul formula looks precisely like the one for a standard
conformal change, and so we certainly have that the component of V}*"y that is
perpendicular to A («) is given by 10.3.

Finding the component tangent to A (o) takes more care. The important point
is that there is no standard field that is tangent to A («). Indeed, “a” changes in
the directions span{(n,1;), (12,72)} . So even though we can compute the precise
formula for the A (a)-component in many cases, we can’t get a general formula
that is much better than equation 10.3. (Il

To deal with covariant derivatives involving vectors in A («) we prove

Lemma 10.4. (i): For x and U fields with
xr€ HUVI @&V, and U € span {(Nap, Na)}
ViU =0 (e* —1) ViU, and
Tre=0 (€2f -1) vely,
(ii): For U = (Nap, Na)

ViU = VU
Proof. Since at least one of our fields is in A («), the three derivative terms from
equation 10.3 are not present. For (i) the three Lie bracket terms of the Koszul
formula can be a bit complicated, so again we can’t get general formulas that are
much better than the two we have asserted.

For (ii) the key point is that for Z perpendicular to A («), the Koszul formula
gives us

2 <VIIIJEWU7 Z>ncw —Dy <U7 U>ncw +2 <[Z7 U] ) U>ncw
= —Dg <Ua U>01d +2<[Za U] 7U>old
= 2 <V(&ldU’ Z>old
Similarly (V" U, U),, = (VH'T,U) . O

For us the really important curvatures are
(R(¢,W)W)™ and
R(W,¢)¢.
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Fortunately we can get precise formulas for the required covariant derivatives.
Note that W is typically neither tangent nor perpendicular to A («) . We let W7
denote the component of W that is perpendicular to A («). With this we have

Lemma 10.5.

Vi W = VSiW — (WY, W)V f
VYW = VW + (Def) W, and
V¢ = VI +2(Def) ¢~ V.

Remark 10.6. In other words, if we replace W with W7 then the formulas for the
three covariant derivatives are precisely the same as that of a standard conformal
change.

Proof. If Z is any standard field that is either ¢, W, or initially perpendicular to
span {¢, W}, then all three Lie bracket terms in the three Koszul formulas for
(Vi W, Z) , <VZ‘EWI/V, Z>, and <VEEWC, Z>

vanish. So the only change in the Koszul formula comes from the three derivative
terms, and only the y—component of W effects these terms. ]

To get the two key curvature formulas, we will also have to check the A («a)-
components of the various iterated covariant derivatives. Since A («) is contained
in the vertical space of Sp(2) — 5%, we do not need to worry about the A (a)—
component of

(R(¢, W) W)
Thus it suffices to check the following.

Proposition 10.7. Before and after the partial conformal change the A (a)—components
of

VVEW, and

VWVICleWC
are 0.
Proof. The bottom line is that all of the Lie Bracket terms in all of the relevant
Koszul formulas are 0. Because of the importance of the result we check this.

Let V be a unit field in span{A (a)}. Since the partial conformal change oc-
curs after the (U, D)—Cheeger deformations, we will have to consider all of these

computations as occurring in (53)2 x Sp(2).

For (V VW, V) we first note that VW = VW (D¢ f) W7 and VZW €
span {H, } . Next we point out that in both the Sp(2) and the (53)27factors,
[¢,V] = 0. It remains to compute each of

(¢, Hul V),
(V, Hu], C)
([&w7,v),
(v, w71,¢)

These are all 0 in both the Sp (2) and the (53) —components because in each case
one of the vectors in the inner product is an a—vector and one of the vectors is a
y—vector.
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For (Vw VE(, V), we note that
VeV =V +2(Def) ¢~V
and Vgldc = 0. The terms

(V,W],¢) and
(v, W], Vf)

are 0 since [W, V] is a y—vector and both ¢ and V f are a—vectors.
The computations that gave us these O—planes in the first place yield that each

of
W.cl
v.dl,
V., V]
is 0.
The inner product
(W.VI1,V)

is 0 in the Sp (2) factor since W is vertically parallel. In the (53)27factor, we point
out that [W, Vf] is a y—vector so

(W, vf],v) =0.
O

Combining the previous two Lemmas we see that our two key curvature tensors
R (W, ()¢ and
(B (¢, W) W)™

are obtained from R° from the familiar conformal change formulas (cf exercise
5B on page 90 in [Pet]) with W replaced by W7.

Proposition 10.8. For any vector U
6_2f <Rnew (VV7 <—) <-7 U> _ <R01d (W, C) <-7 U>
—g (W7, U) Hessy (¢,¢) — g (¢, ¢) Hessy (W™, U) + g (¢, U) Hessy (W7, ()
+9 (W7,U) D¢ fDe f — g (¢,¢) g (W, U) [grad f|?
For any vector Z € H>»~1
e HRY (W)W, Z) = (RO (( W)W, Z)
—9(¢, Z) Hessy (WY, W7) — g (W, W) Hessy (¢, Z) + g (W", Z) Hessy (¢, W7)
+g (W, W) D fDzf — g (W, W7) g (¢, Z) [grad f|*

Since our deformation is not infinitesimal, this result is not enough. By com-
bining our first two lemmas on the covariant derivatives of the almost conformal
change we have
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Proposition 10.9. For arbitrary X,Y, Z, and U

e 2RV (X,Y,Z,U) = RM(X,Y,Z,U)
—g(X,U)Hessy (Y,2) — g (Y, Z)Hess; (X,U)
+9 (X, Z)Hessy (Y,U) + g (Y,U) Hessy (X, Z)
+9(X,U)Dy fDzf+g(Y,Z)Dx fDu f
—g(Y,U)DxfDzf —g(X,Z) Dy fDuf
—g(Y,Z) g (X,U) |gradf|” + g (X, Z) g (Y,U) |gradf|*,
+0 (e*f — 1, |grad f|) max { R°" (X, Y, Z,U), |X||Y||Z| |U|}

o~ o~ o~ o~

To evaluate curvatures we need to compute the Hessian of f. Recall that ¢ is the
vector in span {xQ’O,yz’O} that is perpendicular to {. Some of the formulas below
are redundant. We include the redundancy for later convenience.

Proposition 10.10.

2
Hess; (C,¢) = —%D( (WD) + 1"

Hoss; (6.6) = 53 (D () De (0) + 9D 1D (0] - 00e ()0 (5 )

52

Hossy (6.4°) = =5 (e (6) Dy () 4 DeDya0 () = ¥ arad 0] 0 (5 ) ) 417 (6.0°)

s 52

wreradf = - \grad1/1|2 H, + ﬁ?j) (De) V"m’,re’lf +0

2
Hessy (W7, W7) = —s4w—gw2 lgrad ¢|> + O
v
Proof. Since

2
grad f = f%wgraddz +I'C.
v

we have

Hessy ((,¢) = —— (Ve (gerady), ) + (Ve (1), Q)
= =55 (D) + 4 (Ve (gradey) ,Q)) + 1"
= —% ((Dew)’ +yDcDew) + 1"

— f%DC (WD) + 1"
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Hessy (¢,§) = (Vcgradf,§)
2

- —%(Vc(l/}gradl/}),ﬂ-F(VcU/C)v@

52

= —= (D¢ () (grad ), &) + ¢ (Ve (grad ), §))

= 2 (D¢ () De () + D {(arad ), €) — v ((erad ), V)

= =% (Do) D) + 00D ()~ b (). 0 (1))

2

52

= -2 (DC (¥) De (¥) + ¢ D¢ [De ()] — ¢ De () O (;))

-
Hess (C,yQ’O) = <Vggradf,y2’0>

2
- f% (V¢ (grad ), y>°) + (V¢ (I'¢) ,y*°)

s2

= =5 (D () (grad,y*°) + ¢ (Ve (grad ) ,y*7)) + O

s2

= =3 (Dc(¥) Dyoo (¥) + 9D ((grad v) ,y>) = v ((grad¢)) , Vey™?)) + O
To evaluate the next to last term

(grady, Vey*?) = cosep (grad e, V,20y>0) + sin o (grad b, V20y™°)
t
= |grady|O (12>

So

82

Hessy (g, yz’o) =2 (Dg (V) Dy2.0 (¥) + D¢ Dy2.0 (¢) — o |grad | O (;)) +0

To find Vy~gradf we note that since gradf € span {z?°,y*°} | and V”M}ZS’ZC =0,
we should think of grad f as a linear combination of ¢ and £. Since this combination
is constant in the W direction we have

Vi leradf = (gradf,&) Vi
2
S v,re,l
= 50 De) Vi
We proved in Proposition 9.6 that
D
VW = sQﬂHw
(G
X D¢y
_ v,redyrry 2 ¢
= VC W7+ s T/J H,.
A similar argument gives us
Dy,
svagradf = Vi O grad f + SQ%WHH,
Substituting we get
s? (grad f, grad ¢)

rgradf = S50 (Dey) Vi e + 5 H

G
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Since grad f = —i—zwgradw +I'Cand I'=0 (i—i) , we get

S 82 v,re 84
wogradf =~ (D) Vi '€ — 5 |grad o* Hyy + O

as claimed.
For redundancy we compute
—Hessy (WY, W7) = —(Vw~gradf, W7)

=+ {(gradf, Vi~ W?)

< s? grad 1, 782w;2LTZJgI‘a,d L/)> + <fI’C, fsgwii/zgrad z/J>

v2

4 Wi 2
s V—;w lgrad | + O

We can now compute curv (¢, W)

Proposition 10.11.

2
e (R (G W) W,0) 0, = ™0} (Det))’ + 8" =1 (grad v, ¢)° + 14O,

where

L= —|WPT.
In particular, we can choose t so that the zero planes with respect to g,; have
positive curvature with respect to gpew-

Proof. Our partial conformal change formula gives us
R (GWYW ey = (R (G W) W), — Hessy (C,¢) [W7[* —Hessy (W7, W) ¢
+(Def)* W = VP WP I

new

To evaluate this we combine
(R (¢, W)W),¢), = — (s’wh) D¢ (Dctp) + s*wj, (D) + O
2
S
(W7 Hessy (C,Q) = =W 5D (0Dew) + W71
2 252
= w5 D (YD¢p) —
= —wis’De (YD) —

2
Hessy (WY, W7) = 754%1&2 lgrad ¢ + O

and
84 84
— WP lgrad f* + (WP (Def)* = = WP —20? [grad g * + W7 —20? (grad v, () + O
2 2
= "0y gradyf* + 52y (grad4,¢)* + O,
to get

2
e (B (¢ W) W.C) o, = ™0} (D) + 5* 0 (grad () + 1+ O
as desired. O
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Proposition 10.12.

D¢t
—2f pnew _ ¢ v,re,l
R (W W) = —stwn iy (Virstwe) +0

Proof. From Proposition 10.8 we have
e 2R (¢, W, W, €) = RO (¢, W, W, €)—g (W, W) Hess (¢, €)+g (W7, W) D fDe f

From Proposition 9.3 we have

((ECwyW) €)= —sPuf (Ve (bgrad ), €) + s*w} (Dew) (grad ¥, €)

2 <¢ vV 7el
= wh|0052t772’0|< (n.n) ’£>

Since
2
grad f =~ ygrad ¢+ I'C,
12
e TR (CWWE) = —s"wp (Ve (Ygrad ¥) &) + s*wj (Derp) ((grad e, €)
2 D§¢ v,re,l
o |cos 2tn329| <V W, £>

+V2wi; (Ve (Ygrad ), &) +g (W, W) D¢ fDe f + O

!
= s'w} (D) (Derp) + vPwj, 4111 (D¢tp) (D))
DCw v,re,l
—sw " cos 2tn2 0| <V (1) VV’§> +0

D¢y
] el S v,re,l
- T |(:052t7720|<v W£>+O

O

Let ni’,?,v be the unit vector in span {nu 1,77u2} that is proportional to the

projection of W onto span {nu’)l, 771[,2} ,and let nu’W . be perpendicular to 7712;?4/'

Proposition 10.13.

2
— new S
e R (W, 2y ) = —s2wn (DeDew) + wny— D¢ ($Detp) + O

Proof. Indeed for U = 7772;,?/1/ we have
R (WG Gnty) = R (WG Gnlty)
— <W, ni(‘)/v> Hessy (¢,¢) — Hessy <VV, ni(‘],v)
+(Won2S ) (Def)” +

~ (Winy ) lerad s
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Using Propositions 9.3 and 10.10 this becomes
. D:D
R (WG] = st (P ) ()
20 \ 5

st 2 2,0 s?
+ 25 lerad ol (Hu, 8y ) +0 ( S5 (Dev)

st 2 2 2,0
+O ﬁ |gra’d¢| 7/} <Hwa 7]11,,W> + O
So

2
el il (AN

—32wh (Dng’(/J) + wlﬂ/}%DC (QZ}DU/})

4 4
+%wh lgrad > ¢ + O (s*wnt (Dey)) + O (;wh |grad o[> ¢3> +0

2
= —s%wn (DDt) + wnth = D¢ (WDe)) + O

Proposition 10.14.
- new : Y
e (R (W) Wn2ly L ) = 4wns* Doty (W, + 0
Proof. The partial conformal change has no effect here. So this is just what comes
from Proposition 9.3. O
. . 2,0
Proposition 10.15. For U perpendicular to span{VV, nu;w} .
(i): IfU € Hp,
(R (W) U) =0
(ii): If U e V; @ Vs,
(R (W, Q) ¢, U) = s*wnDety (20, VE™'U) +.0
Proof. Yor U € H,, _,,
o D¢Detp
(1 (09,0 ¢.0) = sun (2L g, 0,
and this is 0, if U is also perpendicular to span{VV, 7712[,%[/
For U € V; & V,, extend U to be a Killing field for the (hy @ hs)-action. Then

<Rold (W,¢) ¢, U> = —s?wy (Dcid/}> (ky,U) — s (1 - 32) wh% <k7, S¢ (UH)>
D v,re
+52 (1—52) wh% </€7,V<’ ’lU>

= s De (120, VLU ) + 0

since U is also perpendicular to Span{VV, ni%v} . (Il
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Corollary 10.16. For U perpendicular to spam{VV7 773’7?/[,}

(i): IfU € Hy, _,
(R (W, ()¢, U) =0
(ii): IfU € V1 @ V2 and a Killing field for the (h1 @ h2)—action

(R (W,0) ¢, U) = e s, Dew (n2°, V™0 ) 4 0

Proof. The partial conformal change does contribute some nonzero terms here, but
they are too small to matter. O

11. QUADRATIC PERTURBATIONS OF PLANES

Having established that the planes span {¢, W} are now positively curved, we
are left with the daunting problem of establishing that an entire neighborhood of
these planes in the Grassmannian is positively curved. I.e. proving Theorem 5.2.
Our first task will be to prove the main lemma (5.6), which we do in this section.

Accordingly, we represent a general plane near span{¢, W} in the form P =
span{¢ + oz, W + 7V} where z L (, V L W . The curvature is then a quartic
polynomial

P(o,7)=curv((+ 0oz, W+ 7V)

in 0 and 7. As we mentioned in section 5, running the Cheeger perturbations by
hi and A (U, D) for a long time, allows us to reduce to the case z € H,, ;.

Our first task is to analyze the “quadratic perturbation”, i.e. to prove the main
lemma, that is we will show that for all o, 7 € R and for all possible choice of z and
V’

Py (0,7) = carv® (¢, W) + 20 RET (¢, W, W, 2) + 27 R (W, ¢, ¢, V)
+olcurv” "l (2, W) + 207 [R”’Te’l (¢, W,V,2) + R"L (¢, V, W, z)]
+72curvy el ¢, V)
> 0,
where

Rdiff — Rnew _ RV,Te,l and

diff

curv = curv™¥ — curv’ "ol

Because of the e?/—factor in the partial conformal change curvature formulas,
we will ultimately want this to also hold with all of the (v, re,l)—curvature terms
multiplied by e2/. This is actually easier to prove, and is in fact what we will do.
Because e2f is pretty close to 1, our argument also gives the main lemma, but this
is just an academic point.

We have already established that curv® (¢, W) = curv®™ (¢, W) > 0. By com-
bining

o Pvrel (g 1) >0 for all 0,7 € R, and
e The constant and linear terms of P¥'"¢! are 0

we see that
oteurv " (2, W) 4207 [RVTH(C, W, V, 2) + BTV, W, 2) ]+ eurv ™ (V) > 0
for all o, 7 € R.
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Therefore we only need to focus on the cases where the two linear coefficients
RYF (¢, W, W, 2) and RY® (W, ¢, ¢, V) are large enough so that they could possibly
cause a negative curvature. By combining our formulas for the curvature of the
partial conformal change with Propositions 9.3, 10.10, 10.12, 10.13, 10.14, and
Corollary 10.16 we see that these are

e V=UcV,®V, is perpendicular to span{VV, 7712[,?/[/} .

e 2 =¢
2,0
b V:nu,W
_ 2,0
[ ) Z—T’u’WJ_

In the first two cases we will show that the linear terms are not even close to
being large enough to create negative curvature. Because this turns out to be the
case, to dispense with the first two possibilities, it will be enough to consider just
the single variable quadratics corresponding to the perturbations span{¢, W + 7U}
and span{¢ + &, W}.

In the first case we consider the single variable quadratic polynomial

P (1) = curv?™ (¢, W) + 27 RY (W, ¢, ¢, U) + 722/ curv ™! (¢, U) .
The minimum of this quadratic polynomial is
(R (W,()¢,U)”
e2fcurvvorel (¢, U)
Combining Proposition 10.11 and Corollary 10.16 we get that

curv™V ((, W) —

(11.1)
2.0 v,re,l 2
, (n20, Ve

2
P (7_) > 62f (3411);% (D@,/})Q + 84%w2 <grad 1/), <>2 —+ L> _62f34UJ}2L (Dd/)) curvvrel (Ca U)

Using Theorem 6.2 we will prove

Proposition 11.2. For any constant ¢ > O (v) , there a choice of metric g, ye; S0
that with respect to gy re,

0 wrrelrr\2
/;L(Dciﬁ)z <77§°,V¢ U> <CA(D<¢)2,

curv el (C,U) —
where p is any of the geodesics of length 7, tangent to ¢ along the old zero locus,
starting over either of the two points in S* with (t,sin20) = (0,0).
Moreover, for any constant ¢ > O (v) , there is a choice of gy req and a choice

of v so that with respect to gy e,
(11.3)

20 grrely)’
(n20,vertu)
curvvrel (¢ U) -

2
c [le (5410;21 (D<¢)2 + 84%¢2 (grad ¥, ¢)” + L)} > el sty (Dgl/J)2
In particular, P (7) > 0.

Remark 11.4. At this point we can begin to appreciate the need for the redistri-
bution metric. It allows us to make the negative term in 11.1 as small as we like.
It will become clear after we have considered the case when V = ni:%v that without
this redistribution there would in fact be some negative curvatures.
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Proof. From Proposition 6.4 we see that the redistribution has very little effect on
(n2°,v.U >2 . To compute this quantity with respect to g, ;, we must again consider

Sp (2) x (5’3)2 . So for the purpose of this proof we suspend the notational convention
on page 17, and revert to the “~” notation for discussing Cheeger deformations.

52,0 Grilfy 290 vL )2 22,04 (5%) V.U ’
<"7u 9 ¢ > - <77'u, ) ¢ >Sp(2) + (nu ) ) ¢

(8%)*

The Sp (2) derivative is given by quaternion multiplication and lives in the orthog-
onal complement H of V; & V5. So

2
2.0 wvrn2 cos” 2t 2
=, VU = ———=((n,n),VU
(s ¢ >sp(2) cos 20202 ((n,m) ¢ >l,
1
< —— curv? (U
|cos 2tn20|? &)

Our estimates for the (53)27portion will be efficient, but not optimal. First
notice that if [U], = O (%), then
1
of).
. l

N\ S?
‘(VCU)
1 t
S
1 |cos2tn?9| !

3\2 R 2 1 2
(@) vy < —o(%)
(532 |cos2tn>0| !

combining estimates we have

since

()

we get

<A20 v”lU>2 < . ( (GU)+0 (tQ))
RV < —— | curv” (¢, =
T e |cos 2tn2:0)? 12

Llcurv! (¢, U)

IN

From Proposition 6.4 we see that (with an irrelevant adjustment), this estimate
o\ 2 2
also holds with <f7i’0, VZ’IU> replaced by <ﬁi’0, VZ’76’IU> . On the other hand,
we see from Theorem 6.2 and O’Neill’s horizontal curvature equation that

curv” " (¢, U) > curv” (¢, U) + " |U|z ,

Since (Dd/))2 is concentrated on a set that looks like [0, O (v)], we can redistribute
the ratio

2
(n20,vem0)
e2fcurvvoreld (¢, U)

so that it is small where (Dgw)2 is large, and large where (DC¢)2 is small. The
choice of ¢” that we made at the beginning of section 6 will give us the desired
integral inequality (perhaps with an adjustment of the constants 100, 10,000, ...).
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To get 11.3 we combine the integral inequality with the fact that we have yet to
impose any conditions on ¢ except,

L = O(s4w,2l), and

/L:O.
m

To get 11.3 we must now require that ¢ be positive and (relatively large) on a region
that looks like [const v, ﬂ . The quantity const v is near the inflection point of the
redistribution function ¢. (|

In the case where z = £ we will again see that linear term is overwhelmingly
dominated. Consider the quadratic

P (o) = curv® (¢, W) + 20 RYUE (¢, W, W, €) + 0% curve!d (¢, W)
The minimum is ) )
RYT (¢, W, W, €)
e2fcurveld (£, W)
Combining Propositions 10.11 and 10.12 we see that this is

curv®f (¢, W) —

2
stf (Dev)* (Vi€

2
e?! (s‘*w% (Dew)? + s‘*%w? (grade, ¢)® + A) — e

cos 20720 curve e (€, W)’

(11.5)
Since

v,re,l v ’ t2

curv”" " (§, W) > <V(W7)VV,§>V +0 (16) ’
v,re,l 2 v ? t2 v
<V(nﬂ7) W’§> = <V("’")W’§>u o <l4> o <18> ’
2
<V(,,]7,,1)W,§>V =1
1 1
|cos 2tn20|? (cos2 2t + w;#)
o (v2 cos? 2t +sin®2t)’
and

=0 (v'?)
we see that the negative term in 11.5 is much smaller than the positive term,
provided the constant ¢ so that [ = cv'/3 is relatively large.

In the final two cases, V = ni”%[, and z = ni”[‘)/v 1, the linear terms can be a
substantial fraction of the total, so we will have to be more careful. In particular,
we will have to consider the entire polynomial Py (o, 7). We start by analyzing the
two mixed quadratic coefficients

vore,l 2,0 2,0 vore,l 2,0 2,0
L <C7 W’ nu,W’nu,Wl) ’R h (CVT}u,WvI/Vanu’WL) '
First notice that they are 0 if our only deformations of the biinvariant metric

are the hy; and hy Cheeger perturbations. We track the effect of the U and D
perturbations by considering the corresponding submersion S3 x % x Sp (2) —
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i:?xv L) and
v,re,l 2,0 2,0 3\ 2

RVe (C,an,W, nulwi) that come from the Sp (2)-factor of (S ) x Sp(2) are

0. For similar reasons the components that come from the S3-factor are 0. The

A-tensors of S x §% x Sp(2) — Sp(2) and Sp(2) — X7 might make a nonzero

contribution, but its contribution to the curvature of the entire plane

Sp(2). As we have observed the components of RY:"®! ((:, V[/,ni’)?,v,n

2,0 2,0
Curvv,re,l <C + O—nuJ/VJ. W+ Tnu,W)

is nonnegative so we may drop it. (As long as we drop it from all curvatures.)
Finally we saw in section 6 that the redistribution deformation only has a large
effect on curvatures that have ¢ in two variables. So in the end we see that these
two mixed terms are too small to matter.

Although this simplifies matters considerably, we still have to consider the rest
of Py (0, 7) as a whole. More specifically we have to verify that

aift (jy 20 \? aft (¢ w20 )
diff R ( 9 Ca Cv anW) R (Ca 9 9 77u’W¢>
curv™ (¢, W) — - > 0.

, 2,0 . 2,0
e2fcurvvired (Qnu’)w) e2fcurvvired (nule,W)

To simplify the exposition we compute the sum of the first two terms and then
the last term. Using Propositions 10.11 and 10.13 and the fact that

curv” 7! (C,ﬁi’y%) = —% + 0,
we find )
RO (W,¢.¢, 5y )

2,0
ercurVu,re,l (C) nuv W)

curvdf® (¢, W) — +0

etf (—SQUJ}L (DcDgw) + ’wh’l/)lstDC (¢DC¢))2

2
- o2 <s4w;2L (Dg¢)2 + 54%1#2 <g1“ad P, C>2 + L) B

—leW
2
= stw? ((D<¢)2 + 15—2 (grad v, §)2> + ey
+e*lstwj, [ v ((D<D<¢)2 -2 (D¢Dep) D¢ (D) + v [D¢ (%/JDc%b)]z)}
D¢Deyp v? vt
2
= e stw? ((Dgz/))2 + % (grad 1, C}Q) + ey
+e? sty <¢ (D¢Detp) — wach (YD) + _v ¥ [D¢ (¢D<¢)]2>
v D¢Devp v
P P ¢ P

= 5wy (Dc (WD) + —5 (Dep)? — 25 D¢ (YD) + [D¢ (¢D<¢)]2) +e*ly

D¢Detp vt
The integral the first term is 0. The integral of the second term is positive and
the integral of the third term is positive as well, since the total derivative is positive
where 9 is small and negative where v is larger.
The next to last term has a negative integral, but in Lemma 8.5 we showed

v2
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2

g Pewnewl| < 7
SO
vy 2| _ ¥
Doy ot D WD < 151D e

This is an eighth of the third term so
2
i 2,0
R (W,¢,¢.n25 )

curv (¢, W) —
e2fcurvvirel (Q ni?/v)

+0

Y? P? P?
> sty (Dc (WD) + —5 (Dew)” - 275 D¢ (YD) + el | D¢ (¢Dc¢)|> +e*lu
2f 4 2 P s TV’ 2f
= estwy (Dc (¥ D¢ip) + ] (Deyp)” — 1,2 D¢ (#}Da/))) +ele
(11.6)

Finally using Proposition 10.14

) 2 2
RIT (¢, W, W02, ) A1 (425 (W)

u, W+ 4 9 2
2,0 = s, (Dey) 2,0
e2f curvv.rel (nu77wL7W) e2fcurvvorel (nu:WL;W)

) 2
(455 W)

|cos 27202 + 4%—2 ’

< 62f54w;% (Dc’(/J)2

sin 2t

where the factor of 4 in the denominator comes from the fact that ¢ = %W

Since |W,|* < 1=, we get another factor of 4. So
REE (¢ W, W25, ) 2

’ u, Wt 2 ’ll)
: 20 < e stw} (De)” —
e2fcuryvred (nu:Wi’W> v

Combining the displays we get

diff 2,0 2 diff 2,0 2
diff R VV7 Ca Cv nu7W R C’ VV7 VV’ 77u,,WL
curv™ (¢, W) — o N 20 Z
e2fcurvvirel (C7 nu),W) e2fcurvvired (’l’]ule y W)

of 4, 2 Vo TV _ e e
e*l stwy | D¢ (YD) + 2 (D¢y) 12 0¢ (¥ D¢rp) 3 (Deyp)™ | + e+ 0
7 >

= sty (Dc WDev) = 175 Dc WDW]) +1e? 4+ 0.

4

So we can choose ¢ so that the right hand side is point wise positive. With some
moments of reflection we see that this choice of ¢ can be consistent with the choice
required for the proof of Proposition 11.2.
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Remark 11.7. With a careful review of the estimates in this section one can ap-
preciate the mecessity of the redistribution. Indeed without the redistribution, we
can’t do much better in Proposition 11.2 than

2
rel
(w20, vere'u)
<1.
curvrel (CU) —

Tracing through the rest of our estimates one can then see that there can be a vector

in V € span {Vl @ Vs, Ui’,?/v} so that the single variable polynomial
P(r)=curv(¢(,W+71V)
has some negative values. To see this one must also observe that the integrals of

2 2
Y WDDew) and V3D WD

i) times the integral of

are something like O (100
YD Deip.

12. HIGHER ORDER TERMS

To prove that the Gromoll-Meyer sphere is now positively curved it remains to
show that the higher order terms in the curvature polynomial

P(o,7)=curv((+ oz, W +1V),

do not change enough under our deformations to create a nonpositive curvature.
Recall that it is enough to consider the case when z € H%~!. For computational
convenience, we choose z and V so that their components in span {z*°,y*°} are
proportional to y%°. In addition, we choose V so that its component in V5 is per-
pendicular to the y-part of W. We further assume that z and V are normalized so
that they are spherical combinations of our standard vectors.
The curvature of P is a quartic polynomial

P(o,7)=R((+ oz, W4+ TV, W +7V,( +02)

in o and 7.
In addition we must verify the positivity of the quadratic subpolynomials
Q¢ (o) = curv((+o0z V) and
Qw (1) = curv(z, W+ 7V).

We let s»c: Ry — Ry stand for a function so that limg_,g 5 (s) = 0.
Set

HY (g,7) = 7R ((,V,V,Q) + 207RYT (¢, W, V, 2) + 207 RUT ((,V, W, 2) + 0" R (2, W, W, 2)
+207m? R (¢, V,V, 2) + 2027 RYE (2, W, V, 2) + 0272 R (2, V)V, 2),
and let P! (o, 7) be the curvature polynomial for g, ;.

Theorem 12.1. To verify that P (o,7) > 0, Q¢ (o) > 0, and Qw (1) > 0 for all
o, T, We May ignore

(a): Any term in a coefficient of HYY that is smaller than »(s) times the
corresponding coefficient of P¥ L,
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(b): Any term in the (o1)—coefficient of HYY that is smaller than

x (8) \/curv”””e’l ¢, V) \/curv”’real (2, W)

(c): Any term in the (o*1)-coefficient of HY that is smaller than

x (s) \/curv””“e’l (2, W)\/curvl’”“e’l (2, V)
(d): Any term in the (072)*606ﬂ€6i6nt of HYY that is smaller than

x (s) \/curv’/”’e»l (¢, V) \/curv””‘e’l (z,V).

Proof. Part (a) follows from the main lemma and the fact that P*"%! (o, 7) > 0,
QZ’m’l (¢) > 0, and Q" (1) > 0 for all o, 7 > 0.

To prove part (b) we fix 7 and view the 72 and ¢ terms of P*"%! together with
the term in the (o7)—coefficient that is smaller than

x (s) \/curv"”“evl (¢, V)\/Curv”vmvl (z, W).

as a quadratic in ¢. The minimum is smaller than

) (\/curvl’”’l (¢, V) eurvvrel (z, VV))2

curvv:rel (2, W)

2 | curvV ! (G, V) —=x(s)

= 72 (Curv”’re’l (¢, V) = x(5)" curv” ! (¢, V))
_ 7_2curvu,re,l (C’ V) — 0.

Parts (c) and (d) are proven with similar arguments. For part (c), we dominate
the portion of the (JQT)fcoeﬂicient of HM in question with the o2 and o272
coefficients of P*"*! (o, 7). For part (d), we dominate the portion of the (o72)-
coefficient of H4f in question with the 72 and o27%—coefficients of PV'"*! (o, 7).
We do not have to consider the Q¢ (o)s and Qw (7)s for part (b). The proofs of
parts (c) and (d) for the Q¢ (0)s and Qw (7)s are essentially the same as the proofs
for P(o,T). O

Remark 12.2. Since many of the possible coefficients of PY""¢! can be large, many
of the terms that this theorem allows us to ignore are in fact large. Its just that
their effect is swamped by certain terms of PY7e!.

We let
Rdiff,big

denote the terms of RYf that can not be thrown out using the previous theorem.

Theorem 12.3. If z and V are as above and normalized as in our standard basis,
then curvd:Pis (2 V) and curviifbie (2 W) | are nonnegative and

| RAfEbiE (2 VW, 2)| < \/Curvdiff,big (Zvv)\/curvdiff,big (2, W)

All other coefficients of RUEPE qre 0, unless our perturbation bivector (z,V) has
a nonzero inner product with either the case when z = y?>° and V = 773’,?,[, or with

the case when z = ni’%v and V = y>0.
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Theorem 12.4. If z =y?° and V = ni’g/v orz = ni’,%v and V = y>° then

<Rdiff (W y2’0) 20, W> _ 62f52w2w2curv54 (yz’oyni’,%v) ¥ 3(s)
‘Rdiﬁ,big (C’n?;:(l)/[/? W, yz,o)‘ _ ‘Rdiﬁ,big (Q Wni:%wyzo)‘
= e2fszwhwcurvs4 (y270, ni”?ﬁ,) <y270, §> + 5 (s)
‘Rdiﬁ‘,big (W yQ’OyZ’O,ni’,?/V)‘ _ erszwh1/)curVS4 (92’07772’,%) + 5 (s)

and all other coefficients of RUF:Pie gre 0.

Before discussing the proofs, we show how these two theorems gives us that
P(o,7) > 0,Q¢ () > 0, and Qw (1) > 0 for all 0,7 € R, and hence that the
Gromoll-Meyer sphere is positively curved. The proofs that Q¢ (o) > 0, and
Qw (1) > 0 are strictly contained in the proof that P (o,7) > 0,50 we only write
out the details that P (o, 7) > 0.

We discuss the case of Theorem 12.3 and then those of Theorem 12.4.

From our proof of the main lemma, we have that in the case of Theorem 12.3

P(o,7) > O (s4w;2LV) + pyored (o,7)+ o2curvdiffbig (z, W)

+2027'\/Curvdiff’big (z, V)\/culrvdiﬁvbig (z, W) + o2 r%curvd®Pie (2 V) 4 0.

The sum

o2curvibis (5 1) 4 20’27'\/curvdif'f>big (z,V) \/Curvdif'fvbig (z, W) + o272 curviiff-bie (1)

2
— g2 (\/Curvdiﬁ‘,big (2, W) + T\/Curvdiﬂ,big (z,V)>

is nonnegative so we may drop it.
Thus

P(o,7) >0 (s4w,%l/) + pvred (o,7)+ O,

and hence is positive.
In the case of Theorem 12.4, when z = 3% and V = 0>,

P(o,7) > O (s4w;2lu) + prored (o,7)+ o2 curydiff-bis (y2’07 W)
{90 RAiff.big (C’ W,T]2’0,y2’0) | 97 Rdiff.big (C»Ui’oa W, y2’0) I

u

192027 RAiff big (yz,o, VV,772’0,y2’0) + 2072 RAiff big (C, 772,0’7712L,0,y2,0) + 0.

u u

Plugging in our curvature estimates we get
P(o,7) > O (s4wil/) + pvred (o,7)+ 0262-f82w,%w20urvs4 (yz,o’ ni’,%v)
+40762f52wh1/)curvs4 (yQ’O,nZ’R,V) <y2’0, C>
—i—2<727'62fs2wh¢curvs4 (yz,o, ni’)?,v)
For fixed 7, we can view the 0 and 72 terms of P*""%! (¢, 7) together with

4 4
azleSQwiz/churvs (yQ’O,ni’%V) and 40’7’62f82’wh’(/JCU.I‘VS <y2’07n3’(€,v) <y2’0,§>
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as a quadratic in 0. Since |[(y*,¢)| < 1 4+ O(t), the minimum is

2 st (20 20 \]?
sTwppeurve (Y=o, n,

2
curvvsrel (y2.0 W) + SQwﬁwQCurvs4 (yQ’O, 77u7(t)/v>

,7_2 Curvu,'re,l (C,ni,[)) o

+0

> TQCurvu,re,l (Ca"ﬁ/o) +0.

Thus we may replace the mixed quadratic o7 term with O, and our estimate be-
comes

Plor) > O(sudv) + Pl (0,0) + o sudueurs™ (120,020, )
—i—2027'62f82111;11[1(:111“VS4 (yQ’O,niﬁv) + O.

For fixed o, we view the 02e2f52w%¢2curv34 (yZ’O, 772’%,) term, the 202762fSQwhw(}urvs4 (yz,o’ 773’,?/1/)
term and the 0272 term of P*"%! (5, 7) as a quadratic in 7. The minimum is
o2e?t (SZwiw2curvS4 (3/2’07773,%) — (~3411),2L1/J2cu1rvs4 (92’07773,?4/))"'0 = UZSZwiwzcurvS4 (yQ’O,ni’R,V>+O
So we again have
P(o,7) > O (s4w,2ll/) + pvored (o,7)+ 0
> 0.

Finally, in the exceptional case when z = ni’%v and V = y*% we plug in our
curvature estimates and get

P(o,7) = O (s*wjv) + P""! (o, 7)
+207’62f32wh1/10urvs4 (yz,o’ ni%,) <y2’0, C> + O
When ¢t > O (V1/2), the (o07)-term is dominated by the ocurv (ni’g/‘,,W) and

T2curv (yz’o, C) terms of P¥"*! (5, 7). So we may assume that ¢t < O (1/1/2) .
In this case, we view the o7, and 0272 terms of P (0,7) as a quadratic in o7.
The minimum of this quadratic is

942 st (, 20,20 2,0 2

sfwpcurv YO M w <Zl/ 7C>
4curvs? (yz’o,ni’f‘),v)

Since |(y*°,¢)| < 3 + O (¢) our minimum is

1
—62f34w,%z/}2 (4(:111«/54 (yz’o,ni’ﬁv) + curv®’ (yQ’O,ni’,?,V) t)

2
_ —leis“w,%q/JQ {(Dcidﬁ_'_tz;é))] 40

1
(124) = —leZs"‘w,%z/JDCDCi/J +0

_e2f + 0

v

This is of the order of our constant coefficient

2
curv™®? (¢, W) = e*/ s*w? (Dey)? {1 + id ] + e/,

v2

So we will have to be careful here.
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Notice that the minimum occurs when
or =0 (SQwhl/J) ,
and we have not used the two positive quadratic terms
olcurv (ni’,[‘),v, W) + r2curv (y2’0, C) .

It will be sufficient to show that near the minimum this sum is much larger than
0] (s4w,zly) .We will actually show that this holds except for ¢ € [0, SQwhu] . We will
then argue that with a very minor adjustment in ¢, we can easily dominate the
negative term 12.4 on the exceptional region.

Thus we have positive curvature except possibly if

o2curv (7712/,?/% W) <0 (s4w;2lz/)

2
o? <1—|— 15;)

> O (s*wiv)
-9
J1+Y%

> v P
= O (sPwpv'/?)

or

IN

0 (s4wiv) or

g or

Q=

Since we also have
ot =0 (SQwh’L/J> ,

we get
S O (s2wh1/})
o
1+ %
Z 0] (32'ZUh1/}) 0 (SQ’LU}LV]‘/Q)
Y P
SPTERN

Thus our quadratic term

2 2
2curv (yz’O,C) >0 <dl)j> <1 + 1;;) .

This is much larger than O (34w,2Lu) , except if
?
v < 0 (SQwhv)

@) (s4wiv2) , or

VANVAN

Since
0

on [0,0 (v)], the exceptional region is when ¢ € [O, (0] (szwhy)] .
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On this region, we see from Proposition 14.2 that

sin? 2t
2

[WD¢Dep| < »
0] (szwhy)2
2
= 0 (s4wi)
So the absolute value of our minimum in (12.4) is
<O(s wh) =0 (s*w})
and the integral of our minimum over this exceptional region is
O (s"wjv).

So with an extremely small adjustment to ¢, we can dominate the negative term
12.4 even on this exceptional region.

13. HIGHER ORDER COMPUTATIONS

In this section we prove Theorems 12.3 and 12.4, and so (modulo the appendix)
complete the proof that the Gromoll-Meyer sphere admits positive curvature. To
do this we think of the lift of TX" to T'Sp (2) as split into

span {¢} & span {y**} & span {n%$, n2 } @ span {W} @ span { (1 & Vo) "'} .

Since z € Hy _1, it can only be in either the second or the third factor, whereas the
perturbation vector V' can be in any but the ¢ or W factors.
We divide our computations accordingly. So we have five cases to consider

z = P veWia)W
z,V € span {nu 1,77u2}

z = y>° VEspan{n ’07772 }7

z € span{ N ’0}

Z &€ span {771’ S }, Ve (V163V2)L’W

Some sectional curvature terms occur in more than one of these cases. So to simplify
the accounting we handle the possible sectional curvatures in the first subsection.
These are those that occur as quadratic or quartic coefficients of P42 (g 7) in
each of these five cases.

We also need the o7, 072, and o7 coefficients of PP (o 7). These are com-
puted on a case by case basis in the last four subsections. (The third and fourth
case are handled as one in the third subsection.)

13.1. Sectional Curvatures. Letting V be a vector in (V; & V5)™" | the (unnor-
malized) sectional curvatures that we need are

curvdift ¢, V) ,curvdiff (Q, ni’o) ,curvdiﬂ (C7 y2’0) ,curvdlilcf (I/V, ni’o) ,curvdiﬂ (VV, yQ’O) ,

diff (, 2,0 diff (2,0 2,0 diff 2,0 diff (2,0 2,0
curv (nu ,V),curv (nu Y ),curv (V,y ),curv (%,1»%,2)-
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The A-tensor term in 1.2 does not appear in the curvatures of two horizontal
4

vectors, and the s?curv® term and all of the terms of the partial conformal change

are also small on these planes. Thus

Proposition 13.1. The curvatures
diff,bi 2,0 diff,bi 2,0 diff,big (,,2,0 , 2,0 diff,big 2,0 2,0
curv & (Cv Y ) , Curv 8 (C? Ny ) , curv & (nu Y ) , curv & (77u,1» 77u,2>
are 0.
. 1w
Proposition 13.2. ForV € (V; ® V)
. . 4
curvdiff:big (VV7 y2’0) = s2wiw26urvs (y2’0,77i’?,v) + O,
. . 4
curyiff-big (V7y2,0) _ Szv%wzcurvs (yz,o, Wi(i/)

Proof. The iterated A-tensor term is small because Sy (k) is small. Similarly, the
partial conformal change is small because the various y—derivatives of 1 are small.
The S*-term gives the leading contribution so

. . 4
curydiff:big (VV7 y2’0) = sPwi*curv® (y2’07773’%v) + O and

. . 4
curvdiff:big (V,y2’0) = sQw%wQ(:urVS ( ,ni(é,)+0.

Proposition 13.3.
curydiff-pig ¢V)=0

Proof. This computation looks like the computation of curv(¢, W) . The A-tensor,
S*-curvature, and — |V|2 hesss (¢, () terms can all be large, but to leading order
they cancel each other out. (Il

Proposition 13.4. For Ve V; @ Vs

. . 2
RYMDIE (720 7y 20) > 22 52 |grad o[ (1 - <ni’,%v, n3’0> )

_— 2
RAELEE (20 v 1 n20) > 2w s? |grad v (1 - <77i’,?/,773’0> )
Proof. The two inequalities have similar proofs, so we just focus on the first.
2
R* (20, W, W,n20) = Rvrel (320 W, W, 520) +s2RS" (20, H, H,12°)—s2 (1 — s°) ’Ani,oW”

We have

v 1 v,re,l H 2,0 H L
ApoW? = W(V(M)W) — 11 (20, W )+4—|W|( 0)

0(1+l%+§—§)

1
= W + wpgrady <77u anu > "‘47 [Wa |h2 ( )

So

2 v 2 2/ 20 2
24w =20 (G W, )+ 0t hradof? (28 927) 0
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Since
2,0 P? 2
curv (nu’ ,W) > s |I/Vo¢|h2 ,

we can bound the first term of the A-tensor by
2

2 ¥ 20 17} > 20 1/)4W2
sﬁcurv(nu, ) >s F| alh, | -

The second term in our expression for s ‘Anz,oW” compares well with the
u

— |W|2 Hess (77%70, 1712;0) term from the partial conformal change indeed
— W Hessy (2°,n20) = —[W[*(V,zogradf, 730 )
2
= WP 25 (V20 (bgrad ) ,n2°) + 0
s2
= — WP S ((werad ), V,z0m2) + O

2
s

= |[W|* = [grad¢|* + O
v

w,%s2 lgrad ¢|2 +0,

So combining displays we have
R™ (20, W, W,n2%) > RUS (20 W, W,020) + s2RS" (120, H, H,12°) — s2curv (20, W)
suts? lgrad of? (1= (128.920) ) + 0
SO
AT (20,1 W, 20) > s e uf? (1 (128.92°) )
as claimed. 0
132. 2 =420 VeV, @ Vs

Proposition 13.5. If V is in (Vi & Vi) and the ho—part of V is perpendicular to
W, then

|<Rdiff W, Q) y*°, V)| < Dy2o (¥) O (swy) + D¢ () O (s*vy,) + O <;§>
< x(s)
KRdiff (W yQ’O) ¢, V>} < D¢ ()0 (82’wh) < x(s)

and
[(RET (W, y*0) 0, V)| < Dyzo (¥) O (s° (wp + o)) + O (13>
= x(s)

[(REE (Voy>?) G V)| < 5 (s)

In particular, for all four curvatures RUf-Pie =0,
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Proof. To find the effect of shrinking the fibers we use equations 1.2 and get

R (W,Q)y*° = R (WY, ¢) > + R* (W, () y>°
_ (1 _ 52) RU’TS’Z(WV,C)Z/Q’O + 52 (Ru,re,l(WV7C—)y2,O)v + $2A<Ay2,0WV
+(1— &) RV (W, O)y20 4 52 (Ru,re,l(WH’C)yQ,O)V n 32R54(WH,C)y2’0
= (1) (RO (R (.0 70)”
+57 AcApo WY + SRS (W, )y
Similarly
R W) ¢ = (L= ) (el (Wg20) O 4 (Rt (w520 )
+52 A0 AWY + $2RS" (W™ y%9)¢, and
R (W, 20 = (1—s2) (RV"e! (W,420) yz,O)H + (RVTe (W, 20) yz,O)V

+82Ay2‘oAy2,oWV + 82Rs4 (WHy yQ’O) y270'

Since A"2—induces an SO (3)-action on S* that is standard on the SZ s and leaves
¢ and y*° invariant, the restriction to T'S3, of the compositions of orthogonal
projection to T'SZ  with any of RS (-,yz’o) TR RS4(~,C)y2’0, or RS4(~,y2’O)C are
homotheties. In particular, for V in (V; @ Vo) N HEM with the ho-part of V per-
pendicular to W,,, we have

(RS (W™, y20) y20,v) = o,
<RS4(WH7C)y2’O,VH> — 0, and
(RS' (WM, 20, V™) = 0,
For V in (Vi @ V) we use Lemma 9.2 to see that
[ (AcAypo WY, V)| = |5 (Ao WY, AV

s <(VZ{§’ZW>H — S0 (WH), (vg”‘”v)ﬂ ~ S (V”)>‘
k’Yv

. <(v;;“§vlw)H —wiDyeo () 7

Since the y—part of V' is perpendicular to the y—part of W,

|52 (AcAyea WY, V)| < 82<’<(VZ§T,§JW)H,U;1DC(¢) kzp»v>‘+’<whpy2,o(¢) ’CZW
+s? <(v;;f§’lW)H : (vg“’lv)H>‘
2
< Dﬁuwow%M+Duwo@%@+o(;)
< x(s)

w (vz,re,lV>H — onDe () kmv>‘
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Similarly,

5% (A2 0 AWV, V)| D¢ (¥) O (s*wp) + O

IAIA

/2,0 () O (S2U}h) + Dyz,o (¥)O (82’Uh) + 0
().

(There are fewer terms in the estimate for |s? (Ay20 A WY, V)| since VZ’Te’lW =
0.)

These three A-tensor inequalities give the first three inequalities after the fibers
have been shrunken.

Combining this with our partial conformal change and Hessian formulas yields
the first three results.

The final curvature is also small, but this fact is much subtler.

The A—tensor part give us

§? (Ao AVY. VY = =5 (AVY, ApoVY)

|S2 <Ay2,0Ay2.0Wv, V>| D
r

INIA

52 (vg’“’lv) — S (VM)

H
= —52 <<VZ"T6’ZV) —vp D¢ (1) —
= —s*0;D¢ (¥) Dyzo (¥) — %y, (D
= —5°0D¢ () Dy2o () + O
The S*-curvature gives us
82R5'4 (C; V'horiz7 V‘horiz7 y2,0) _ —82 }Vhoriz| <V§grad |Vhoriz| 7y2,0>
= —3211,%1/1 <chrad¢7 y2’0>

(1) + Dy2o (¥)) + O

Adding we get
Rdiff,s (Ca Vho’ri27 Vhoriz, y2,0)

75 Up, <VC¢grad¢a >
|V7| hess (C,yz’o) +0

So this cancels with a hessian term from the partial conformal change. The other
terms of the partial conformal change are small, so the result follows. ([

13.3. 2,V € span {niﬁ,ni’g}.

Proposition 13.6. If z,V € span {ni’g,ni’g} and |z| = |V| =1, then
RYT (W, V,z), RN (¢, V. W,2), and R (¢, V.V, z)

are all 0.

2
diff _ 2,0 2 S* ([ 20 2,0 S 2
RET (2, V.W,2) = (VW) (2,025 ) ( curvS (3l ) = 5 lgrady ) +0

Remark 13.7. For generic t, cury” "¢ (C,ni’o) =0 (V2) , so it 1s important to
have pretty tight estimates RY (¢, W, V, 2), R (¢, V,W,2), and RY ({,V,V, 2).

H
”;s’lv) — S0 (VH)>

(VV re, lV) —vpDy20 (¥)

kyv

s

(G

)
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Proof. In all four cases the A—tensor term is 0 because at least three of the vectors
are horizontal.

In the first three cases all other terms of R4 are also 0.

The S*-curvature term is 0 because of the fact that three of the vectors are in
span {ni’g, ni’g and one of the vectors is (. Hessian terms are all 0 because the
hessian of ¢ with each of the other three vectors is 0 and ( is perpendicular to each
of the other three vectors. The derivative terms of the partial conformal change are
all 0 because the directional derivative of f in each of the directions W, V| and z is
0 and because ( is perpendicular to each of the other three vectors.

The error component

+0 (¢*) — 1, [grad f]) max { R (X, Y, Z,U), | X| [Y']|Z||U|}

of Proposition 10.9 is also 0.
This is because

the Lie brackets of all of z,V, and W with ¢ have no A («) — component,

the Lie brackets of (Nap, Na)) with each of z,V, and W have no (—component, and
the Lie bracket of ¢ and (Nap, Na) is 0.

For the last curvature, we note that only the components of z that are perpen-
dicular to V and W can make a contribution.

The first term comes from the S*-curvature via the s—perturbation and the
second term comes from

—(V,W)hess(z,z) = —(V,W)hess (”i’,?/ﬂ , niv,%VL)

|grady)|
(3

2
= —(V,W) = lgrady | + 0

2
S
— (V.W) = [gradu| ¥ +0

There are other nonzero terms that come from the partial conformal change, but

they are much smaller. [l
Since
1 P*
2,0 _ v
curv (nwi_ ; W) = 7|cos 2P + 5
20 20\ _ 1 P!
curv \ Ny My = 7|cos 2t772’0|4 + 6

we have in any case that
Proposition 13.8. If z,V € span {ni’ﬁ, ni’g}, then
RYTVE(C WLV, 2) = RYTPE (G VW, 2) = RYTPE (V. V, 2) = RETYE (2, V, W, 2) = 0

13.4. z=y*° V € span {n%o,ng’o} or z € span {77%’07773’0} , Vo=qy20,
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Proposition 13.9.

Rdii‘f,big (C 7,]2,0 W. yQ,O) — Rdif‘f,big (C w. 7,]270 yQ,O)
sy ) ) sl
= sPwppeury® (320, 120) (52°,¢) <ni’fév7 ni’o> +0
RAff big (Cay2’0aVV777i’O) — 0
(RS (1,320) 20 1200 = o™ (429,128, ) (128 2
(RO (20,020, 120) = (RO (W, r2) 1) = (B (120, C.20) 20) =0

Proof. Each of the curvatures involves at most one vector that is not horizontal, so
the A—tensor contribution from the s—perturbation is 0. For the first two curvatures,
the S* term gives us

(RE(W, Q) > n2%) = (B (W,9*°) ¢,n2°)
= (W% emv® (y20,52°) (5*°,¢)
= SwpeurvS (520, 720) (120,¢) <ni’,ow,ni’°> :

For the third curvature RS’ (C, >0, W, 773’0) =0.So R* (C, 20 W, 7712;0) = 0. Simi-
larly

<Rs (W, yQ’O) 2/2’077712/0> _ <Ru,re,l (W yz,O) y2’077712j0> 4 s2wh¢curv54 (y2’077712jo) <77i’,(1)/va773’0>a and
<RS (n?joa ) yQ’Oani)0> = SQCHTVS4 (y2’0,7772j0) <y2’0,<> = Oa and
s 2,0 02,0\ ,20\ _ s (2,0 2,0y 2,0\ _
k) - ) -
(R (W m®) s y™?) (B (y*°,¢,m") ™) =0
Combining these computations with our partial conformal change and Hessian for-
mulas yields the result. O

13.5. z € span {n?’o,ng’o} , VeViels.

Proposition 13.10. For V € Vi & V4, with Vo—component perpendicular to the
y-part of W and normalized so that |V, = O (1)

’<Rs (W, ¢) n>°, V>| < 5wy, |grady| f\/curv”vl (n?jo, Wa) + 0

(0 () )| < e 410 (e (520) ) w0

Proof.
R (W, Q)m* = R (WY, Q)na® + R (W, Q) n2°
_ (1 _ 32) Ru,re,l(WV’g)ni,O 12 (Ru,re,l(WV’C)ni,O)v n SQAcAni,oWV
n (1 _ 32) RVl (W, On20 + 2 (Ru,re,l(W')'l’C)ni,O)v + 82R54(WH,C)7712[0
= (1= (R W)+ (R (W m20)”
+52Ac Ao WY + s2RS (W, (O

As before we have
4
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1 H 1/)2 1
AV _ H v,re,l 2,0
AniTOW B (77u W ) |cos 2tn?: (V(”*") W) + 4; |WO‘|}‘2 <n“ )

wH 1 "o
_ 2,0 v,re,l 2,0
= whgradw <77u y |WH|> + |COS 2t7’]270| (V(nm) W) + 4; |Wa|h2 (nu

4. . . . .
where (7712;0) is the spherical combination of span{ni’g, 7712[,%} that’s perpendicular
to n20.

To estimate the last term note

w2
curv’ "ol (I/V, ni’o) 47 |Wa‘;212 )

v

Qw\/curvu,re,l (VV, ,,7370) > %4£ O“}LQ
14
w2
= 4:? |Wa‘h2 .

We estimate the middle term as

L v = L o1 t
|cos 2tn?: ( (n.1) ) '  |cos 2tn? ( e 2 N 4 )

The % and ;—Z terms come from differentiating the S3factor of W in (53)2 xSp(2).
The l% comes from the derivative in the Sp (2) direction. The factor of ¢, is present
because we are taking the horizontal part of the answer, and the entire horizontal
space is perpendicular to the orbits of the (U, D)-action when (sin2t,sin260) =
(0,0). The ’f—jffactor comes from taking the derivative in the S3-direction. The
extra factor of ¢ comes the fact that (1,n) is perpendicular to the orbits of the
(U, D)—action when (sin 2t,sin 20) = (0,0).

On the other hand,

D¢ [¢] n
v _ ¢ v,re,l
AVY = —on = By 4 (V27

and if V' has the usual normalization, then
v,re,l H
(veretv) | =o(1+ 5 12

‘32 (AcA oW, VY|

So

IN

25%vy, |gradi)| f\/curvyv"evl (VV, n%’o)
D t2
+32vhg[1/}]20< + 2 + l4>
t s t t 2
2
dyO |1+ = ——O0O(14+5)O|(1
sstungndvo (1431 ) + o (1) o (14 5+ 1)

52 t 1/)\/
2 Ol1 v,re,l (W ivo)
+ lcos 2020 < + l2> curv n

sy, |grady| qu\/curv””“evl (VV, 7712;0) +x(s)+ O

IN

)L
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It follows that

’<RS (W, ¢) n>°, V>| < 5wy, |grady| f\/curv’”evl (7772;0, Wa> + 0

Similarly, since

D
(0
and
AoV = (V””v) — 11 (n2°, V™) +4¢ Val, (02°)
Ny - |COS 2t772’0| (n,m) Alhg

1 t t2 2,0 VH ¢2 2,0 1
- WO <1+12+l4>+vhgrad¢<nu VA 3|V |, (12°)

where (12?) s the spherical combination of span{ni’g, 773’,%} that’s perpendicular
to 20,

It follows that
‘32 <AT]3,0A<WV, v>(

O(1+h+5) g
2 2,0 2,0\ 1
= D] | gy + 4o Waly, (025, (13°) ")
S WhrlJ¢ [d}] |C082t’l72’0| + 3 | ‘hg 77u7W (nu )

The first term is too small to matter. It is natural to control the second term in
terms of curv’"%! (th’a, 773’0) , however, since this a mixed quadratic term, it is
much nicer subsequently if we can control it in terms of curv:"%! (VV, 775’0) . To do
this we need to use our normalization [V, =0 (%).

Since

2
curv”" ! (W) > 4% (025 (20)"),

we have

et (W) 2 72 (55 (e 02 )'")
= 0 (L ah,) (it ()"

It follows that

|<RS (VV, 7712;0) G V>| < SQwhD< [¥] O (f\/curvu,re,l (VV, 773,0)) )

Corollary 13.11.
|<Rd1ffb1g (W C)ni()7 >| =0
‘<Rd1ff,b1g (W, 77u7 C’ V>‘ =0.
Proposition 13.12. For V € V} @ V5 with the Vo part of V' perpendicular to the
~v—part of W
| RETDE (6 V. V,n30) | = 0
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‘Rdiff,big (7712/07 W, V, 7772;0)} < \/Curvdiff,big (n?jo’ V) \/Curvdiff,big (7712[07 W)

Proof. We will use

D v,re H
ACV = —wp ijfw) k%V + (VC, ’ZV)

and

1 v,re,l H s H ’(/}2 , L
AoV = (o] (Virsv) =120, vH) + 0 <y3 |Va|) (20"

If V has the usual normalization, and we estimate as in the previous proof we get

(VE’T'e’lV)H =0 <1 + lt?> and

H 1 t ot
v,re,l _ e v
(v("’n) V) ’ o |cos 2t17210|0 <1 + 2 + l4> '
‘82 <A<VW, Ani,0V7>‘

O(1+l%+§—j)

|cos 2tn2:0

2
+5%vy, |grady| O (1 + ;2) + 520 (jf?) |Va> @) (1 + t)

12 |cos 2tn?0|
s to t
—— O |1+ -+ 50|14+ =
+|cos 2tn20| ( Tt l4> ( + l2)

where the extra factor of

1
|cos 2720

So

2 2 77[’2 2,0 2,0\
< s D¢ (1) + s vp D¢ (1) O Val <77u,w(77u ) >

v3

in the 5 7] part of the fourth term comes

1 t
|cos 2tn2:0| |cos 2tn

from the fact that we would be taking the component of VZ’TE’ZV in span {77?2, 7732} .
It follows that

[ {ackio o) € e 0 (5 W) i (0 w0

Since V' has the usual normalization,

P° 2
curv? el (7]12[0’ V) > ﬁ |Va|h2
So
SQth\/CurVV,Te,Z (n%,()’ V) > (SQth) % ‘Va|h2
v v) v
2
2
= S g [Vl
> |5 (AcVy, AoV )|
So
|Rdiﬂ’s ¢V, Vﬂﬁjo)| < x(s) \/curv”vml (7712/07 V) +0
where

Rdiﬂ,s — RS — Rl@re,l
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The partial conformal change does not add anything nearly this large so we have
proven the first statement.
To find RV (n20, W, V, n%0) we use

_ 1 v,re,l H w2 , i
ApoW = W(Vm) W) =T (", W )+0(V3|Wah2> (")

1 v,re,l H grad¢ 2,0 w? 2,0 L
[cos 26720] (V(W,) W) + ” (W,n2%) +0 §|VVaz|h2 (n2°)

and

_ 1 v,re,l H ¢2 2,01—
AoV = gy (Vi) - HOENV) 40 (55 Ve, ) ()
2

1 v,re, gradqp w n
- W (v(n n)lv) + w <‘/7 7712;70> + O <V3 |Va|h2) (77370) )

Letting 7;,7s, and 5 be the unit y—quaternions corresponding to W, V, and 72 we
have

[ (AW, A20V)| = 52 (wnen) leradeif? (11, 75) {12, 7%2)
O(1+4+5)
|cos 2tn?:

2
0 (1+ 5+ %)
|cos 2tn?:

+5% (wp, + vp) gradyy

+¥0(¢<mwm+uwbﬂ

+320< [We | 7 Ve |)

We again give V' the usual normalization. So

Curvu,ra,l( 2,0 V) > ﬁ |V |2
nu ) p 1/4 «
77Z}\v/curvl’v’”e’l <77%’0,V) > ¥ (1/; |Va|>
v v \v
¢2
= ; |Voc|

So the third term is bounded by

2 O(1+%+%)
2on (¥ =z 2 ¥ 1 (2,0 1 (2,0
R N < R v,re, ’ v,re, B
s°0 (1/3 (IWal| + |Va|)> cos 200 S 0 <s V) <\/curv (nu 7V) + \/curv (77u 7W)

and the last term is bounded by

0 ¢2 ¢2 2,0 2,0
s < 3 |W | 3 |V |> curvv:rel (77“’ 7‘/) curvv:re.l (771[ ,W)
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Combining inequalities we have

52 (Ao, ApoV)| < 5 (wnon) lerad? (1,7) (2, 72)

0.2 (et (50 e 120) |

(13.13) +52 \/curv”ﬂ"e’l (1712;0, V) \/curv””’e’l (77,2[0, W) +0

To dominate the first term, s2 (wpvs) |grade| (v1,7s) (9, 73) ; we use the Propo-
sition 13.4 to get

RATPE (2.0 W W, n20)

v

g g of? (1 (31,707)

= esz;QLS2 |gradz/;|2 (<727’Y3>2>

and

i i 2 2
RUMDIE (20 17 n20) > 2yl s? [grad | (<71,73> )

Combining the previous two displays gives us

21 52 (wnon) lgradss|” (7,,73) (v275) < Wﬂ (m%.v) \/ curv it bis (25, )
Plugging this into 13.13 gives us

2 |52 (4,200, 4,20 V)|

Mu,3

<o (118, e (125,7) +
+0 (s%) (\/curv (7712/07 V) + \/Curv (7712[0, w))
+57 \/curv (773’0, V) \/curv (nz’o, W) +0

Arguing as before this gives us

diff,bi 2,0 2,0 iff,bi 2,0 iff,bi 2,0
‘R g (nu W,V 3, )‘ < \/curvdlff,blg (77%3’ V) \/Cllrvdlff,blg (77%37 W)

14. APPENDIX

This appendix contains the calculations we omitted in section 7.
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Qt 1 2
|(cos 2t) > 0| cos? 2t + sin” + 2072 <2 sin 2t cos 2t + sin 2¢ (f cos? @sin® t 4 sin? § cos® t)>
2 sin? 20
2 51114 (0052 ot + sin? 2t)2
Qt 1 2
= cos?2t+ sin” + 2072 <2 sin 2t cos 2t + sin 2¢ (sin2 § — sin? t))
sin? 26
202
2t 1 > 1sin?20
= c0822t+sm + 2172 sin? 2t( 3¢ cos 2t + ( 51n20—sin2t)) ﬁsmT
2 2
2t 1 1 20
= c0822t—|—sm + 207 2in? 2t ~ +sin%6 —l——&
2 1z 2
2 .
2t 1 1 20
= cos? 2+ sin’ + 207 2sin? 2t —cos20 | + —&
2 2 2
in“ 2¢ 1
= cos?2t+ sin” + 22 (Sin2 2t (0052 20) + sin? 29)
u
2t
= cos?2t+ sin” + = P (1 — cos® 2t cos® 20)
So we can now prove
Proposition 14.1.
gw - (1 + 55 sin®26) cos 2t
vl 3
ot |(cos 2¢) 20,
’mQ’O‘i , oS 2t

|(cos 2t) 20,
81/} B 1 sin 2t cos? 2t sin 460
20 4]2 |(0082t)772’0|,3,,l

Proof. We first rearrange the terms in |(cos 2t) 7]2’0|V , as follows

2
2t 1
’(cos 2t) 772’0|il = cos?2t+ sin + 22 (1 — cos® 2t cos® 260)
2t 1 1 1
1 — sin? 2t+sm Tpfﬁcos 29+2—l2s1n 2t cos? 26
n2 2t

1 1
= 1—}—?5111 20 + —sin? 2t + ?sm 2t cos? 20

1 2t 1 1
= 1+ﬁsm 29+Sm — sin? 2t+2—l251n 2t—ﬁsm 2t sin? 20

sin“ 260 1 1 sinZ 20 .9
1+212+(V2+212<1+ 212 ))sm 2t
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Setting
L_1 1
v? w2212
and using the fact that
.2
2012 _ sin” 20
[, =1+ ——
we get
2,0(2 _ 2,012 1 2,012 2
|(coth)77 {VJ = |£L’ !VJ—I- (1/12 - |x |V,l> sin” 2¢

1
= |x2’0|2 . cos? 2t + — sin? 2t
v, Vl

This gives us
1

0 2 2 .
e |(cos 2t) 772’0’%[ = <V12 - ‘35270’,/,1) 4 sin 2¢ cos 2t

a 2.0 2 . 8 Sin2 29
gl = (1 52)

2 sin 26 cos 260
2
sin 460
12

and using

we get

0 o 1 )
90 | (cos 2¢) 77270‘3,1 = % (‘xwﬁ,z + <V12 - ’352’0‘,2,’1) sin? 2t>

sin4f sin4f . o
= B sin” 2t
sin 46 cos? 2t

l2

Thus
0 01 sin 2¢

— | = o
ot 0t 2 [(cos 2t) n*0|

1 2e0521 ([(eos20)°0], ) — hoin2e (5 [cos20 7 )

3
2 |(cos 2t) n>°[,,
1 2 cos 2t (’m270‘2 ;T (% — ‘$2’0|2 l) sin? 2t)
1 v, V] v,
2 |(cos 2t) >0},

1 %sin?t ((V—llz — }x2*0|i}l) 4 sin 2t cos Qt)
) 3
2 |(cos 2t) n>0],

2
2’0| cos 2t
v,l

|2

3
|(cos 2) 7>°[,
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Similarly

0 01 sin 2¢

%1/}14 = %im

. 5 71/2
| sin 2t <880 “(cos 2t) 172’0|V)l] )

= 2

2 |(cos 2¢) 20,

2 173 2

B 1 sin2t “(cosZt)nz’O‘ywl} (% U(coth) 772’0’”})
- 2

4 |(cos 2¢) >0,

1 sin2¢ (% | (cos 2t) 772’0}12,7l>
B 4 |(cos 2t) n20 i’l

1 sin 2t (sin 49lgosz 2t>
-7 3
4 |(cos2t) 29[,
1 sin 2t cos? 2t sin 460
_ —
A2 |(cos 2t) 20,

Proposition 14.2.

02 2 sin 2t 2 2 1
==, = -z — (—4 2?07 cos? 2t + = + 4 — | cos® 2t
ot2 ) ‘ ’V,l (COS2t) 772’O|15,’l | |V,l I/% Vlz
0 0 cos 2t sin 460 1 2 2 1 .5
Vil = <— 2207 cos® 2t + —; sin? 2t
00" = Elcoszn o, 217 b %
2,0|2 2 1 2
9? b = sin 2t cos? 2t €05 40 ({x |u,l cos® 2t + gz sin 2t> N 3sin2tcos?2t  sin?46
06> ! 12 |(cos 2t) 172!0|i . 2 414 |(cos 2t) 172!0|i .
Proof.
izw - |:r2’0|2 9 cos 2t
gz YO |(cos 26) 020,

i 2,0/3 9 2002 \*?
—25in 2t (’(cos2t)77 ’ |u1) —cos2t | 5; (|(cos?t)77 ; |Vl)

6
|(cos 2t) 77270|le

1/2
—2sin 2t (‘(COS 2t) 772’0’3 l) -3 (’(COS 2t) 772’0|2) cos 2t (% |(cos 2t) 77270’12/ l)

2
>
v,l

2,02
= [*°], .
|(cos 2¢) 20,
. 9 ,
20[ —2sin2t¢ (}(cos 2t) 772’O|V,z) _ %COS 2 (% |(COS 2t) 772’0|l,,l)

|(cos 2t) 20,
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2sin 2t (‘x2’0|i,1 + (17112 _ ‘xz,o’i’l) sin2 2t>

_ |x2,0 2
v,l I
|(cos 2t) >0,
2 .
|$2’0|2 3 cos 2t ((Vil2 - |x2,0|y71) 4 sin 2t cos 2t)
_ . | i
Y |(cos 2¢) n20[)
3 2,0 2 1 2.0 2 9
o ‘xZO’z sin 2t (2 |1“ |l,’l +2 (”12 |az Lz,l) sin 2t>
" |(cos 2t) 772’0|15/,z
2
6 (% — |22 ) cos? 2t
— |a:2’0|l2/ ,sin 2¢ i ”2’l0 .
' |(cos 2¢) %0
9 X 1
. o (2’5”2’0\2#2(2— ’$2’0‘21> Sin22t+6<2—}$2’0\31> 00s22t>
O |(cos 2t) >0, v Vi v v ;
i 2t 2 2 2t 1
‘ 2,0’2 : 2 > (2 ’mQ 0‘2 l cos” 2t + Sm2 0 <2 - ‘x2,0’2 z) cos? 2t>
v, ‘(COS 2t) 772,0|V . v, Vl Vl V.
2 o 5 <_4 ’x2’0|2 ! cos” 2t + San +6 (2) cos? 2t> ,
|(cos 2t) n20| | v, v v
5in 2t 1
” > <_ ’x2’0| ! cos® 2t 4 — +4 (2) cos? 2?5)
(cos 2t) n>0|” , l "
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and

99
26 ot

and

ﬁr@z}u,l

wy,l
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2
|x270|

COS 275* _—
99 |(cos 2t) 20| ,

3/2
) ) 2o, (4 eos2opof | )
cos 2t ( —cos2t 2,06
cos 2t) n? |(cos 2t) n>°|,
Sm‘w) (’ (cos 2t) 20| )
cos 2t
|(cos 2t) n?

1/2
3, w%wmw%}%wmwm
|(cos 26) 120]7
(522 (11 + (G = #271,) s 2)
[(cos 26) 729,

sin 46 cos? 2t
2

cos 2t

2]
|(cos 2t) 77270|5
(45) (je20 cos? 2 4 3y sin 1)
|(cos 2t) 20,

|£L'2’0 ’2 sin 46 cos? 2t

—= 2t
5 cos

cos 2t

——cos 2t £ =
2 |(cos 2t) n>°[}
2t sin 40 1 3
cos s = <|x2’0’i . cos? 2t + — sin? 2t — = |x2’0|i . cos? Qt)
12 [(cos 2t) n>°[ , ' v; 2 ;
cos 2t sin 46

1 1
= < |x2’0}2 l(:osQ 2t + —QSin2 2t>
12 |(cos2t) >0, \ 2 . vi

sm 2t cos? 2t O sin 40
41200 |(cos 2t) 2O},

3/2
2 : 2 2,02
sin 2t cos? 2t 4 cos 40 (‘ (cos 2t) *° ’y,z) sin2tcos? 2t 40 (39 [| (cos 2)n |V7J >

+
2 5 2 6
4l |(cos 2t) 270| 4l |(cos 2t) n2:0 |u,l

2,
sin 2t cos? 2t 4cos 40 (| (cos2t)n 0| )

2
4l |(cos 2t) 77270|V,l

. 2 71/2 2
+3 sin 2t cos? 2t 51 40 D(COS 2t) 9 |1/,l:| (% | (cos 2t) |u,l)

2 6
2 4l |(cos 2t) n*0],,
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2,0/2 1 2,012 ) w12
sin 2t cos? 2t €08 40 (’33 ‘V’l + (712 — | ’U’l) sin 2t)

12 |(cos 2t) 772’0|15/,z
3 sin 2t cos? 2t sin 46 ((3052 2tSirl‘—249)
2 412 |(cos 2t) ’72’0|15/,z

2,02 2 1 2
sin 2t cos? 2t €08 40 (|z |u7l cos™ 2t + oz sin Qt)
_ . i
: [(cos 26) 207,
3sin2t cos? 2t sin® 46
2 414 |(cos 2t) 20 |15/l
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