DEMYSTIFYING THE WEITZENBOCK CURVATURE
OPERATOR

PETER PETERSEN

ABSTRACT. The goal is to define two concepts that make computations of
Laplacians of Tensors considerably simpler. This allows us in almost no time
to prove many major theorems that use the Bochner Technique.

1. INTRODUCTION

The goal is to better understand the Lichenrowicz Laplacian for a tensor and
show that we can deconstruct the curvature term fairly easily. Our strategy comes
from what happens for the Hodge Laplacian on forms. Weitzenbock realized, prior
to Hodge’s work, that the Hodge Laplacian can be decomposed into two terms
one is the connection Laplacian the other a tensorial term that depends on the
curvature of the manifold. This term is often called the Weitzenbock curvature
operator on forms. We shall extend this curvature operator to tensors. Whne this
term is added to the connection Laplaician we obtain one version of what is called
the Lichnerowicz Laplacian.

One step in our reduction is modelled on W.A. Poor’s approach to the Hodge
Laplacian, which in turn was inspired by work of Chern, and only relies on the
canonical representation of the orthogonal group on tensors. This allows us to
include all tensors and also take it one step further. There have been many other
attemps to understand the Hodge Laplacian on forms. One particularly effective
approach uses spin calculus as well as other added constructions.

Along the way we shall see that almost all curvature concepts: Ricci, sectional,
isotropic, complex sectional curvatures etc are related to a Weitzenbock curvature
of a articular type of tensor.

The Weitzenbick curvature operator on a tensor is defined by

Ric (T) (X1, Xp) = > (R(ej, Xi) T) (X1, o0y €5, 0, X)

We use a variation of the Ricci tensor to symbolize this as it is the Ricci tensor
when evalutaed on vector fields and 1-forms. The more standard notation involving
W is too easily confused with the Weyl tensor

The Lichnerowicz Laplacian is defined as

ALT = V*VT + cRic (T)

for a suitable constant ¢ > 0. We shall see below that the Hodge Laplacian on forms

is of this type with ¢ = 1. In addition interesting information can also be extracted

for symmetric (0, 2) tensors and the curvature tensor via this operator when we use
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The Bochner technique works for tensors that lie in the kernel of some Lich-
nerowicz Laplacian
AT =V*VT + Ric (T) = 0.

The idea is to use one of two maximum principles to show that T is parallel. In
order to apply the maximum principle we need

g(V*VT,T) <0
which by the equation for T is equivalent to showing

g (Ric (T),T) > 0.

The two maximum principles that have been used most in the past are stated in
the next lemma.

Lemma 1. Let (M, g) be a complete Riemannian manifold and T a smooth tensor
such that

g(V*VT,T) <0.
If |T| has a mazimum or |T| € L?, then T is parallel.

Proof. Note that when M is closed both conditions on T are trivally satisfied.

In case |T| has a maximum we can simply apply the maximum principle to the
fucntion |T|° .

When M is closed and oriented the divergence theorem also offers an alternative
proof by observing

0 < /|VT|2dvol

= /g (V*VT,T) dvol

< 0.

This proof has been extended by Yau to the case where M is noncompact using
the assumption |T'| € L? (see ) O
The two assumptions we make about T’
AT =0
and
g(Ric(T),T) 20
require some discussion. The first assumption is usually implied by showing that
some other naturally defined Laplacian A satisfies a Weitzenbock formula
A =V*VT + Ric (T)
The fact that AT = 0 might come from certain natural restrictions on the tensor
or even as a consequence of having nontrivial topology. The second assumption
g (Ric (T),T) > 0

is often difficult to check and in many cases it took decades to figure what curvature
assumptions gave the best results. The goal here is to first develop a different
fomual for Ric (T') and second to change T' in a suitable fashion so as to create a
significantly simpler formula for g (Ric (T"),T'). This formula will immediately show
that g (Ric(T),T) is nonnegative when the curvature operator is nonnegative. It
will also make it very easy to calculate precisely what happens when T is a (0,1) or
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(0,2) tensor. It is worthwhile mentioning that the original proofs of some of these
facts were quite complicated and only developed long after the Bochner technique
had been introduced.

2. LICHNEROWICZ LAPLACIANS

In this section ....
Conventions

(V'T) (Xa, ..., Xy) = = (VET) (Bi, Xa, ..., X)

2.1. Forms. The first obvious case to try this philosophy on is that of the Hodge
Laplacian on k-forms as we already know that harmonic forms compute the topology
of the underlying manifold.

Theorem 1. (Weitzenbock, 1923) For any form the Hodge Lapalcian is the Lich-
nerowicz Laplacian with ¢ = 1. Specifically

Aw = (dd+dd) (w)
= V'V + Ric ().

Proof. We shall follow the proof discovered by W.A. Poor. To perform the calcu-
lations we need

bw(Xa,, X)) = =Y (Vew) (Ei, X2, .., Xi),
dw (Xoy-s Xi) = S (=) (Vx,w) (XOXXk)

and employ the usual assumptions about all covariant derivatives of vector fields
vanishing at a fixed point p € M. We this in mind we get

dw (X1,0 Xi) = > (= )”1vxaw(xl,... XZ,...,X,C)
_ Z(q)ivxiijw(Ej,Xl,...,Xi,...,Xk)
= =) Vx,Vw (X1, Ejy oy Xi)

8dw (X1,... Xg) = =Y Vgdw(Ej, X1, ..., Xp)
= —ZVEVE.w(Xl,...,Xk)
=Y ) Ve Viw (B X Koy X
= (V'Vw) (X1,..., Xx)
+> Ve, Vxw (X1, By, ooy Xi)

Thus
Aw = V'Vw+ > (R(Ej, X;)w)(X1,.... Ej, ... Xp)
= VVw—Z(R( X;) )(Xl,...,Ej,...,Xk)
= V*Vw + Ric (w)
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2.2. The Curvature Tensor. We show that a suitably defined Laplacian is in fact

a Lichnerowicz Laplacian. This Laplacian is a symmetrized version of (Vx (V*R)) (Y, Z, W)
in order to make it have the same symmetries as R and appears as the right hand

side in the formula below.

Theorem 2. The curvature tensor R on a Riemannian manifold satisfies

(V'VR) (X,Y,Z, W)+ %%ic (R) (XY, Z,W)

S (VXV*R) (Y, Z,W) — L (VyV"R) (X, Z,10)
5 (V2VR)(W,X,¥) ~ £ (VwV'R) (Z,X,Y)

Proof. By far the most important ingredient in the proof is that we have the second
Bianchi identity at our disposal. We will begin the calculation by considering
the (0,4)-curvature tensor R. Fix a point p, let XY, Z, W be vector fields with
VX =VY =VZ=VW =0 at p and let F; be normal coordinates at p. Then

i=1
=1
= > (VigR) (Y.E, ZW)+ (VY 5 R) (B, X, Z,W)

=1

(V'VR) (X,Y, Z,W)

3 (B (EX) (R)) (Y. B Z,W) + (R(EwY) (R)) (Ev, X, Z.17)
(VAR (Y.ZW) — (VyV*R) (X, Z,WV)

- i (R (EWX) (R)) (EivY’ Z, W) + (R (E%Y> (R>) (X’ E;, Z, W)

where we note that the last two terms are half of the expected terms in —Ric (R) (X,Y, Z,W).
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Using that R is symmetric in the pairs X, Y and Z, W we then obtain

(V'VR)(X.Y,Z,W) = L (V'VR)(X.Y,Z W)~ 3 (V'VR)(Z,W,X,Y)

=1
- % (VxV*R) (Y, Z, W) — (VyV*R) (X, Z, W)
+% (V29" R) (W, X.Y) — (VwV*R) (Z, X,Y))
—%Sﬁic (R) (X,Y, Z,W)

O

One might expect that, as with the Hodge Laplacian, there should also be terms
where one takes the divergence of certain derivatives of R. However, the second
Bianchi identity shows that these terms already vanish for R. In particular R is
harmonic if it is divergence free: V*R = 0.

2.3. Symmetric (0,2) Tensors. Let h be a symmetric (0, 2) tensor. We can define
a connection dependent exterior derivative d¥ h as follows

dvh(X7Y7Z) = (th) (KZ) - (VYh) (Xv Z)

While this definiton is a bit mysterious it does occur naturally in differential geom-
etry. Originally it comes from considering the second fundamental II for an im-
mersed hypersurface M"™ — R"*!. In this case the Codazzi-Mainardi equations can
be expressed as

dVII = 0.
The second natural situation is the Ricci tensor where the second Bianchi identity
implies
(dVRic) (Z,W,Y) = (V*R) (Y, Z,W).
Using this exterior derivative we obtain a formula that is similar to what we saw

for forms and the curvature tensor.

Theorem 3. Any symmetric (0,2) tensor h on a Riemannian manifold satisfies

(VxV*h) (X)+ (V*dVh) (X, X) = (V*'Vh) (X, X) + = (Ric (b)) (X, X)

1

2

Proof. Observe that on the left hand side the terms are
(VxV*h) (X) = = (Vi . h) (Ee, X)
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and
(V*dVh) (X,X) = —(Vgdh)(B;,X,X)
= (Vi ph) (X, X) + (VE, xh) (Bi, X)
Adding these we obtain
(VxV*h) (X)+ (V*dVh) (X, X) = (V'Vh)(X,X)+ (V3 xh) (B, X) — (Vigh) (B, X)
= (V*Vh)(X,X)+ (R(E;, X)h) (E;, X)
Using that h is symmetric we finally conclude that
(R(Es, X)) (2, X) = 5 (Bie () (X, X)
thus finishing the proof. 0

A symmetric (0, 2) tensor is called a Codazzi tensor if d¥ h vanishes and harmonic
if in addition it is divergence free. This characterization can be simplified slightly.

Proposition 1. A symmetric (0,2) tensor is harmonic iff it is a Codazzi tensor
and has constant trace.

Proof. In general we have that

(V'h)(X) = —(Vgh)(Ei,X)
= (VE h) (X, E;)
= —(Vxh) (B, E)) + (dVh) (X, By, E;)
= —Dx (trh) + (dVh) (X, E;, E))
Thus Codazzi tensors are divergence free iff their trace is constant. O

This shows that hypersurfaces that have constant mean curvature have harmonic
second fundamental form. This fact has been exploited by both Lichnerowicz and
Simons. For the Ricci tensor to be harmonic it suffices to assume that it is Codazzi,
but this in turn is a strong condition as it is the same as saying that the full curvature
tensor is harmonic.

Corollary 1. The Ricci tensor is harmomic iff the curvature tensor is harmonic.

Proof. We know that the Ricci tensor is a Codazzi tensor precisely when the cur-
vature tensor has vanishing divergence. The contracted Bianchi identity together
with the above proposition then tells us

2Dxscal = —(V*Ric) (X)
DX (tI‘RlC)
= Dx (scal)

Thus the scalar curvature must be constant and the Ricci tensor divergence free. [

3. NATURAL DERIVATIONS

In differential geometry there are many natural derivations on tensors coming
from various combinations of derivatives. We shall attempt to tie these together in
a natural and completely algebraic fashion by using that all (1,1) tensors naturally
act as derivations on tensors.
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3.1. Endomorphisms as Derivations. The goal is to show that (1,1) tensors
naturally act as derivations on the space of all tensors.
We use the natural homomorphism

GL(V)— GL(T(V))

where T (V) is the space of all tensors over the vector space V. This respects the
natural grading of tensors: The subspace of (s, t)-tensors is spanned by

vl®"'®vs®¢1®"'®¢t
where vy,...,v5s € V and ¢q,...,¢, : V — R are linear functions. The natural
homomorphism acts trivially on scalars, on vectors

g-v=yg (’U) ’
on 1-forms
g-o=¢og ",
and on general tensors:
g (@ RUsRP; @ @ ¢y)
= g) @ @g(v) @ (¢pr097 )@@ (d,097")
The derivative of this action yields a linear map
End (V) — End (T (V))
which for each L € End (V) induces a derivation on T (V). Specifically if L €
End (V), then
Lv =L (v)
on vectors, while on 1-forms
Lp=—¢olL

and general tensors

L® - Qu;0¢; @@ ;)

= L(Ul)®"'®vs®¢1®"‘®¢t
1@ RL(,) @6, 8 D¢,
—U1®"'®’Us®(¢1OL>®"'®¢t

7Ul®"'®vs®¢1®"'®(¢toL)

As the natural derivation comes from an action that preserves symmetries of
tensors we immediately obtain.

Proposition 2. The linear map

End(V) — End (T (V))
L — LT

is a Lie algebra homomorphism that preserves symmetries on tensors.
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We also need to know how this derivation interacts with an inner product. The
inner product on T' (V) is given by declaring
e, - ®e; Rel' @ ® el
an orthonormal basis when ey, ..., e,, is an orthonormal basis for V and e, ..., e" the
dual basis for V*.
Proposition 3. If V has an inner product, then

(1) The adjoint of L : V. — V extends to become the adjoint for L : T (V) —
(V).

(2) If L € s0(V), i.e., L is skew-adjoint, then L commutes with type change
of tensors.

(3) If L € s0(V), then L commutes with contractions of symmetric tensors.

3.2. Derivatives. Note that both the Lie derivative Ly and the covariant deriva-
tive Vi act as derivations on tensors. However, these operations are non trivial on
functions. Therefore, they are not of the type we just introduced above.

Proposition 4. If we think of VU as the (1,1) tensor X — VxU, then
Ly =Vy— (VD)
Proof. 1t suffices to check that this identity holds on vector fields and functions.

On functions it reduces to the definition of directional derivatives, on vectors from
the definition of Lie brackets. O

This proposition indicates that one can make sense of the expression VU where
T is a tensor and U a vector field.

3.3. Curvatures. For any tensor 7' we define the curvature of T" as follows
RxyT = (Vx(VyT))—(Vy (VxT)) = (VixyT)
= V_QX,YT - V%CXT

Note that Rxy acts as a derivation on tensors. Moreover as the Hessian of a
function is symmetric
V%(,Yf = V%/,Xf
it follows that it acts trivially on functions. This shows that the Ricci indentity
holds
Rxy =R(X,Y)
where on the right hand side we think of R(X,Y) as a (1,1) tensor acting on
tensors. As an example note that when T is a (0, k) tensor then
(RxyT) (X1, s X0) = (R(X,Y)T)(X1,..., Xp)
= -T(R(X,Y)Xy,...,Xk)

-T(Xy,...,R(X,Y) Xy)
4. COMPUTING g (Ric(T),T)

The various types of derivations introduced in the previous section enable us to
better understand the curvature expressions g (Ric (T'),T). We start by extending
Poor’s result for forms to general tensors. We then make a change to the tensor T’
that further simplifies this expression.
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4.1. Simplification of Ric(T). Since R(X,Y) : T,M — T,M is always skew-
symmetric it can be decomposed using an orthonormal basis of skew-symmetric
transformations =, € so (T, M). A tricky point enters our formulas at this point.
It comes from the fact that if v and w are orthonormal, then v A w € A>T, M is a
unit vector, while the corresponding skew symmetric operator, a rotation of 7/2 in
span {v,w}, has Euclidean norm v/2. To avoid confusion and unnecessary factors
we assume that so (T, M) is endowed with the metric that comes from A2?T},M.
With that in mind we have

R(X,Y)

where the last line is due to the convention

g((zAy)(v),w) = —g(zAy,vAw).

This allows us to rewrite the Weitzenbock curvature operator.

Lemma 2. For any (0, k) tensor T
Ric(T) = - R(Ea)(EaT),
AT = V'VT —c¢Y R(Z.)(EaT)
Proof. This is a straighforward calculation:
Ric (T) (X1, ..., X1) Z(R(ej,Xi)T)(Xl,...,ej,...,Xk)
= =) g(R(Ea) €, Xi) (BaT) (X1, €5, s Xi)
= =) (BT (X1, 9 (R(a) €j, Xi) €5, ..o, Xi)
= Y (EaT) (X1, .0, R(Za) Xiy o, Xi)
= =Y (R(Ea) (EaT)) (X1, 00, Xiy ooy Xi)

O

At first sight we have replaced a simple sum over j and ¢ with a possibly more
complicated sum. The next result justifies the reformulation.

Corollary 2. If R >0, then g (Ric(T),T) > 0.

Proof. Select the orthonormal basis 2, to consist of eigenvectors for R, i.e., R (E,) =
AaZq. When taking inner products with 7" and using that R (Z,,) is skew symmetric
we obtain

Y 9(R(Ea) (BaT),T) = > g(E.T,R(E)T)
= > AalZT)

This shows that the curvature term is nonnegative when the curvature operator is
nonnegative. ([

This corollary immediately implies:
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Theorem 4. (D. Meyer 1971 and D. Meyer-Gallot 1975) Let (M, g) be a closed
Riemannian manifold. If the curvature operator is nonnegative, then all harmonic
forms are parallel. Moreover, when the curvature operator is positive the only par-
allel p-forms have p = 0, n.

Proof. The first statement is immediate given the Weitzenbock formula for forms.
For the second part we note that when the curvature operator is positive then the
formula

0 = g (Ric(w),w) = > _ Ao |[Eaw|’

shows that Z,w = 0 for all a. Hence by linearity Lw = 0 for all skew-symmetric L.
If we assume k < n and select L so that L(e;) =0 for i < k, L (eg) = €41, then

0= (Lw) (e1,...,er) = —w (€1, ..., €l_1,€Lt1)

Since the basis was arbitrary this shows that w = 0. (I

Next we present a similar result for the curvature tensor.

Theorem 5. (Tachibana, 1974) Let (M,g) is a closed Riemannian manifold. If
the curvature operator is nonnegative and V*R = 0, then VR = 0. If in addition
the curvature operator is positive, then (M, g) has constant curvature.

Proof. We know from above that
1
V*VR + 59‘{& (R)=0

So if the curvature operator is nonnegative, then VR = 0.

Moreover, when the curvature operator is positive we see that as in the case
of forms that LR = 0 for all L € so(T,M). This condition will imply that
R(z,y,y,2) = 0 and R (z,y,v,w) = 0 when the vectors are perpendicular. This
in turn shows that any bi-vector z A y is an eigenvector for 9%, but this can only
happen if R = kI for some constant k.

To show that the mixed curvatures vanish first select L so that L (y) = 0 and
L (z) = z, then

0 = LR(x,y,y,x) = _R(L (1’),y,y,l’)—R($,y,y,L($))
= —2R(z,y,y,2).

Polarizing in y = v + w, then shows that
R(z,v,w,2) = —R(z,w,v, 2)
The Bianchi identity then implies

R(z,v,w,z) = R(w,v,z,2)— R(w,z,v,2)
—2R (w,x,v,2)
2R (z,w,v, 2)
= —2R(z,v,w,z)

showing that R (z,v,w,z) = 0. O
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4.2. Simplification of g (Ric (T"),T). We shall work out the formula for 1-forms
and general (0,2) tensors. In both cases we easily recover the results that are
already known for such tensors.

Having redefined the Ricci curvature of tensors, we can now take it a step further
and also discard the orthonormal basis Z,. To assist in this we note that a (0, k)-

tensor T' can be changed to a tensor T with values in A2T'M. Implicitly this works
as follows

g (Lj“(Xl, ...,Xk)) = (LT) (X1, ..., X3) for all L € so (TM) = A>T M.
Lemma 3. For any (0, k) tensor T' we have
g(Ric(T),T) =g (m (T) T) .
Proof. This is a straight forward calculation

g (mlc (T) 7T) = Z g (EaTv R (Ea) T)

I I
Q —
[1
Q
[1]
e =
=N
—~ g
o -
v(\:
g &
S N—
> —~
SN—
N——— :U
Pilg
S
/?U Q
)
— ~
mo=
~
P
> <
= o®
= s
N—
“('b
%
kol
N—
N—

O

This new expression for g (Ric (T'),T) is clearly nonnegative when the curvature
operator is nonnegative. In addition it also occasionally allows us to show that it
is nonnegative under less restrictive hypotheses.

We obtain the well known result by Bochner that Ricci curvature controls 1-forms
and vector fields.

Proposition 5. If w is a 1-form and X the dual vector field, then
w(Z)=ZNX

and

SO
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This shows that the curvature term in the Bochner formula becomes

_Zg ~—*a ~—*ozw Zg —'aw R —'a) )
S0 (6 (E), % (@ (B))

= Y gR(ENX),ENX)

> R(X,E; E;, X)
Ric (X, X)

More generally one can show that if w is a p-form and
g (Q (Xl, ---7Xp71) ,Xp) = w (Xl, ...,Xp) s

then
p : A
O(X1, e Xp) = Y (-1 X A0 (Xl, o X, Xp> .
=1

Moreover, note that @ can only vanish if w vanishes.
Next we focus on understanding PRic (ﬁ) for any (0,2)-tensor. We have the
corresponding (1, 1)-tensor called H

h(z,w) =g(H (2),w)
and the adjoint H*
g(H (2),w) =g(z,H" (w)).

Proposition 6.

h(z,w)=—H(z) Aw+ 2z A H* (w)
and h =0 iff h = Ag.
Proof.

(Lh) (z,w) = —=h(L(z),w)—h(z L(w))

—9(H (L (2)),w)—g(H (w),L(2))
= —g(L(z),H" (w)) —g(L(2),H (w))
g(L,zANH* (w))+g(L,z A H (w))
g(L,—H (2) Nw+ 2z AN H" (w))

First note that if h = Ag then H = Al = H*, thus h = 0.
Next assume that h = 0. Then for all z,w we have
ZANHY(H(w)) = H(z)AH (w)
= —H(w)AH(z)
= —wAH"(H (2))
— H(HE)Aw

But that only be true if H*H = A\%I and H = Al (I
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This indicates that we have to control curvatures of the type
gR(—HEZ)Aw+2zANH (w)),—H () ANw+2zANH* (w)).

If H is normal, then it can be diagonalized with respect to an orthonormal basis
in the complexified tangent bundle. Assuming that H (z) = Az and H (w) = pw
where z,w € T, M ® C are orthonormal we obtain

g(%(—H(z)/\w—i—z/\H* (w)),“H @) AwtzAH* (w)) — A+ A gR(Aw), 7 Aw).

The curvature term g (R (z A w),z Aw) looks like a complexified sectional cur-
vature and is in fact called the complexr sectional curvature. It can be recalculated
without references to complexifications. If we let z = £4+/—1y and w = u++/—1v,
z,y,u,v € TM then

gR(zAw),zAw) = gR(@Au—yAv),zAu—YyAv)
+gR(@Av+yAu),zAv+yAu)
= gR(@Au),zAu)+g(RYAv),yAv)
+g(R(@xAv),zAV)+gRyAu),yAu)
—29(R(xAu),yAv)+29(R(xzAv),yAu)
= R(z,u,u,z)+ R(y,v,v,y) + R(z,v,v,z) + R(y,u,u,y)
+2R (z,u,y,v) — 2R (x,v,y,u)
= R(z,u,u,z)+ R(y,v,v,y) + R(z,v,v,2) + R (y,u,u,y)
—2(R (v,y,z,u) + R(z,v,y,u))
= R(z,u,u,z)+ R(y,v,v,y) + R(z,v,v,z) + R(y,u,u,y)
+2R (y,z,v,u)
= R(z,u,u,z)+ R(y,v,v,y) + R(z,v,v,2) + R (y,u,u,y)
+2R (z,y,u,v)
The first line in this derivation shows that complex sectional curvatures are nonneg-
ative when R > 0. Thus we see that it is weaker than working with the curvature
operator. On the other hand it is stronger than sectional curvature.
There are three special cases depending on the dimension of span {z,y,u,v}.
When y = v = 0 we obtain the standard definition of sectional curvature. When

x,%,u,v are orthonormal we obtain the so called isotropic curvature, and finally if
u = v we get a sum of two sectional curvatures

2R (z,u,u, x) + 2R (y, u, u, y)

also called a second Ricci curvature, when x,y, u are orthonormal.
The next result is a general version of two separate theorems. Simons and Berger
did the case of symmetric tensors and Micallef-Wang the case of 2-forms.

Proposition 7. Let h be a (0,2) tensor such that H is normal. If the complex
sectional curvatures are nonnegative, then g (9‘{ (ﬁ) ﬁ) > 0.

Proof. We can use complex orthornormal bases as well as real bases to compute
g (9‘{ (ﬁ) ,iz) . Using that H is normal we obtain a complex orthonormal basis e;
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of eigenvectors H (e;) = \je; and H* (e;) = Mje;. Using that we quickly obtain

g (9‘1 (ﬁ) ,iz) = Zg (9‘1 (iz(ei,ej)) ,ﬁ(ei,e.j)>

Zg (%(—H(ei) Nej+e; NH" (e5)),—H (e;) Nej +e; NH* (ej)>

Z |*>\z +5\j|29(9{(61/\6j),67;/\6j)

O

In the special case where H is self-adjoint the eigenvalues/vectors are real we
need only use the real sectional curvatures. When H is skew-adjoint the eigenvectors
are complex unless they correspond to zero eigenvalues. This shows that we must
use the isotropic curvatures and also the second Ricci curvatures when M is odd
dimensional. However, none of the terms involve real sectional curvatures.

These characterizations can be combined to show

Proposition 8. g (9‘{ (ﬁ) ,il) > 0 for all (0,2)-tensors on T,M if and only if all

complex sectional curvatures on T,M are nonnegative.

Proof. We decompose h = hg+ h, into symmetric and skew symmetric parts. Then
g (R (0). 1) = g (0 () h) +o (9 (o) Be) 40 (R () o) + (9 () )
(98 (he) ) 20 (98 (1) . )

Il
Q@
/N
=
/N
S
»
SN—
JD‘)
3
SN—
_|_
Q

However,
g (9‘{ (ﬁs) ,ﬁa) = Zg <9‘i (ﬁs (&4, ej)) ha (ei,ej))
= >y (m (ﬁs (ej,ei)) e (ej,ei))
- (1) )
g (% (R).0) =g (% (Be) ha) + (% (ha) o)
and the result follows from the previous proposition. (I

From this one can now easily recover the results about 2-forms, the Ricci tensor
and second fundamental form found in.....
5. LAPLACIANS WITH DIFFUSION

The goal here is to add first order terms to the Lichnerowicz Laplacian.
5.1. Generalized Divergence. When the Riemannian measure is changed from
being dvol to e~/ dvol, then it is natural to also change the way we compute diver-

gences so as to make sure they are still adjoints to exterior and covariant derivatives.
To this end we define

§¢ = else™ =5 +iyy
= Vitiyr=e/ Vel =V}

Proposition 9. V} is the adjoint to ¥V and d with respect to the measure e~fdvol.
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Proof.
/g(dw,w’) e Tdvol = /g(dw,effw’) dvol
= /g )) dvol
= /g fw )) e~ fdvol
= /g (w,d70") € e fdvol
Likewise

/g(VS,T) e fdvol = g(VS,e fT dvol

Il
— S~

g )) dvol
g S er )) e Fdvol

9(S,V3T) e fdvol
O

The previous proposition certainly works for tensors with compact support and
thus by extension in W2, the Hilbert space of tensors in L? (e*f dvol) with weak
derivatives also in L2 (e*f dvol). This is quite interesting as we can, e.g., use
(M,g) = (R™ can) with f = %|:z:|2 In this case the measure is propoertional
to the Gaussian measure and thus has finite volume. This means that bounded
tensors with bounded derivatives lie in W2

More generally one can consider

by = d+iy
V*U = V'+ iy
for a vector field U, but this divergence operator will not necessarily be the adjoint

to d or V for any measure. Nevertheless calculations of Lichnerowicz Laplacians
are just as simple using this more general divergence.

5.2. Bochner with Diffusion. As long as we use the maximum principle we can
easily generalize the Bochner technique to work when we have a diffusion term.
The important observation is

Lemma 4. Let T' be a tensor such that
g (VL VT, T) <0,
If |T| has a mazimum, then T is parallel.
In case U = V f, we can instead use integration.

Lemma 5. Assume that fe’fdvol < oo0. Let T € L? (effdvol) be a tensor such
that

g (V3VT,T) <0,
then T is parallel.
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5.3. Lichnerowicz Laplacians with Diffusion. To start we check what happens
for Hodge Laplacians using the generalized divergence operator. In this case the
natural U-Hodge Laplacian becomes

Ay = dyd+diy
= dd+dd+ipd+ diy
= A+ Ly
and is thus the stardard Hodge Laplacian with a Lie derivative as diffusion term.

Proposition 10. The U Hodge Laplacian on forms satisfies the Weitzenbick for-
mula
Ayw = Vi Vw 4+ Ric (w) — (VU) w.

Proof. Lie derivatives and covariant derivatives are related by the derivation coming
from the (1,1) tensor VU
Ly =Vy-VU
Since we already know that A = V*V + Ric on forms this will balance the terms
in the formula that only depend on U. O

The Lichnerowicz Laplacians also generalize in a natural fashion. From the
previous proposition is it natural to define a new Weitzenbdck curvature. In the
case of 1-forms it was introduced by Lichnerowz who simply called the C' tensor.
Today it is better known as the Bakry-Emery tensor. It is defined as follows

Ricy = Ric — (VU).
and leads to the U-Lichnerowicz Laplacian on tensors
Apy = VLV 4+ ARicy
= ViV +cRic— (VU)), ¢> 0.
In case U = V f we also use the notation
Ricy = Ric— (VV[) =Ric— 5y,
Apy = ViV 4+ Ric.

It is useful to have a formula for g ((VU) T, T) since that term now gets added
to the curvature term. Let VU = Sy + Ay be the decomposition of the operator
VU into symmetric and skew symmetric parts.

Proposition 11. If T is a (0,k) tensor then
1
9 (VU)T.T) = g (SyT.T) = & (Lug) (1.7)

Proof. Since Ay is skew symmetric we clearly have that
g(AyT, T)=0
For the other equality simply observe:
g(VU)T,T) = —g(LuT,T)+g(VuT,T)
= —g(LyT,T)+ %DU T)?

- (g (1),
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Next we show that diffusion terms can also be included when considering curva-

ture tensors.

Proposition 12. The curvature tensor satisfies

1
Vi VR + SRicy (R)

ALuR
1 1
S (VXVER) (Y, Z,W) = 2 (Vy Vi R) (X, 2, W)

1 1
5 VZ2VpR) (W, X,Y) = o (VwVp R) (2, X,Y)

Proof. We start with the formula

1
V*VR + ;Ric (R)

ALR

% (VxV*R) (Y, Z,W) — % (VyV*R) (X, Z,W)
E (VzZzV*R) (W, X,)Y)

3 (VwV*R) (Z,X,Y)

1
2

To verify the proposition we need the extra terms that involve U to cancel out.
This relies on the second Bianchi identity. Assume as usual that X,Y,Z W are
parallel at a some fixed point. On the left hand side we have

VuR - % (VU) (R)

To understand the right hand side we first need to observe that

(VxVyR) (Y, Z,W)

(Vx (V'R+iyR)) (Y, Z,W)
(VxV*R) (Y, Z,W) + Vx (R(U,Y, Z,W))
(VxV'R) (Y, Z, W)+ (VxR) (U,Y,Z,W) + R(VxU,Y,Z,W)
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This allows us to simplify the U terms on the right hand side:
1 1
+§ (VXR) (U7K Z> W) - 5 (VYR) (U7 Xa Za W)

45 (V2R) (U,W,X,Y) = 5 (VwR) (U, 2, X,Y)

=N

1
+5R(VxU.Y, Z,W) = SR(VyU. X, Z,W)

1 1
+5R(V2UW,X,Y) = SR(VwU,Z, X,Y)

1 1

1 1

1

1
SR(VXUY.Z W)+ S R(X,VyU,2,W)

=N

1
+5R(V2U W, X,Y) + SR(Z,9wU, X,Y)
1 1

1 1
+5R(VXU.Y.ZW) + SR(X,VyU, 2, W)

1 1
+3R(XY, VU W) + SR(X,Y. 2. VwU)

- (VUR) (X7 Y7 Za W) (VU)R(Xv Ya Za W)

!
2
Finally for (0,2) tensors we also obtain.

Corollary 3. If h be a symmetric (0,2) tensor, then

(VxVih) (X) + (Vid¥h) (X, X) = (V5 Vh) (X, X) + % (Ricy (h)) (X, X)

Proof. Since we know that

(VxV*h) (X) + (V*aVh) (X,X) = (V*Vh) (X, X) + % (Ric (h)) (X, X)
we can isolate the terms that depend on U. Thus we must show
(Vxcivh) (X) + (iwd7h) (X, X) = (Vh) (X, X) =~ 3 (VU) h) (X, X)

This follows if we start on the left hand side

(Vxh) (U, X) + (Vuh) (X, X) — (Vxh) (U, X) + h (VxU,X) = (Voh) (X, X)+h(VxU,X)
= (Voh) (X, X) ~ 3 (VU) 1) (X, X)

O

Add something about what a natural assumption on kA might be. Having it be
Codazzi would seem natural but we know that that is not what happens to the Ricci
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tensor for solitons. In fact the natural condition for the curvature tensor V;R = 0
translates into
ViRic=0
and
(dVRic) (Z,W,Y) = (V*R) (Y, Z,W) = =R (U,Y, Z,W) = R(Z,W,Y,U).
5.4. Ricci Solitons. A Ricci soliton is a metric that satisfies
1
Ric + §LUg = Ag,

As endormorphisms
Ric+ Sy = Al
on all tensors.
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