
σ(x) ≥ κ > 0, ∀x ∈ T (5)
and there are α < β ∈ [1, 2] such that α ≤ 2β

β+1, and

cnα ≤ Φ(n) ≤ Cnβ (6)
then u(t, x) has a smooth density at every t ≥ 0 and x ∈ T.

If in addition to conditions (2) and (3), σ is bounded below by some positive number κ

Theorem 3 (Existence and Smoothness of Density).

:

If (2) and (3) hold then u(t, x) ∈ D∞ and furthermore

lim sup
t→∞

ln E‖Dmu(t, x)‖pH⊗m
t

<∞. (4)

Then u(t, x) ∈ D∞, and (4) holds

Proof. If we let

sup
n
‖Γ1vn+1‖2

β,p ≤
CmΥ(2β

p )

1− CmΥ(2β
p )
.

Since Υ(β)→ 0 as β →∞, then by iteration

‖Γmvn+1‖2
β,p ≤ CmΥ(

2β

p
)(1+‖Γmvn‖2

β,p).

then there is large β such that
Γmt,xv := ‖Dmv(t, x)‖H⊗m ,

Theorem 2 (Malliavin Derivatives).

:

Proof. Let v0(t, x) = Ex(Xt), and for n ≥ 1 define vn(t, x) through the Picard scheme

vn+1(t, x) = v0(t, x) +

∫ t

0

∫
T
qt−r(x, z)σ(vn(r, z))W (dr, dz).

There is β > 0 sufficiently large such that

‖u− vn‖β,p→ 0

lim sup
t→∞

ln E|u(t, x)|p

t
<∞.

‖f ‖β,p :=

 sup
t≥0 ,x∈T

e−βpE|f (t , x )|p


1/p

, ∀β ≥ 0, p ≥ 1.

then the mild solution exists

Υ(β) :=
∞∑
−∞

1

β + 2<Φ(n)
<∞. (3)

If X ′ =d X is independent of X , then X−X ′ has local time,

i.e

lim
|n|→∞

<Φ(n)

log |n|
→ ∞, (2)

If:

Theorem 1 (The Mild Solution).

:

We study on torus T, the stochastic partial differential equation (SPDE):

∣∣∣∣∣∣∣∣∣∣∣∣∣

ut(t, x) = Lu(t, x) + σ(u(t, x))Ẇ , t ≥ 0, x ∈ T

u(t, x) = u0(x), x ∈ T,
(1)

where L is the generator of a Lévy process X := {Xt}, σ ∈ C∞b (R), and Ẇ is the space-time white noise. Furthermore, let Φ : Z→ C denote the

characteristic exponent of X . Define
A Family of Seminorms

Department of Mathematics, UCLA, U of U
Pejman Mahboubi

for a Stochastic Heat Equation
Existence and Regularity of the Density


