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1 Introduction

In the past decades Monte Carlo methods proved to
be of a great importance in both theory and applica-
tions. There are several main techniques for bound-
ing the convergence of Markov chains used in the
analysis of algorithms. While they are powerful in
some examples, they are weak in others. Here we
will show how the use of a largely forgotten strong
stationary time technique due to Aldous and Diaco-
nis (see [1]) can improve some old bounds and give
new bounds in cases when other techniques fail.

We will restrict ourselves to random walks (r.w.)
on groups, which can defined as nearest neighbor ran-
dom walks on Cayley graphs. Among others, we ob-
tain bound O(n2.5) on a mixing time for a random
walk on a group of upper triangular matrices. A
bound O(n3.5 log log n) is given for a group of real
orthogonal matrices generated by random rotations.
While in the first case only a weaker O(n3 log n)
bound was known (see [8]), no polynomial bound was
known in the second case.

We also show that at least theoretically one can
always speed up the random walk on a group G by
changing the probability of generators as well as by
considering liftings to nonreversible Markov chains
on G×G. The first approach improves mixing from
a general bound O(|S|∆2 log |G|) to O(∆2 log |G|),
while the second improves further to O(∆ log |G|) (∆
denotes the diameter). The first result solves an open
problem of Aldous and Fill (see [2]), while the sec-
ond can be generalized to all Markov chains by use of
multicommodity flows (joint work with L. Lovász).
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Let G be a finite or compact group, and let S be
a set of generators. A random walk W(G,S, p) on
G generated by S, with a holding probability p is
defined as X0 = id, Xt+1 = Xt · s, where s = id with
probability p, or s is uniform in S with probability
(1 − p). Let Qt(g) = P(Xt = g) → 1/|G| as t →
∞. Define a mixing time : mix = min{k |Qk(g) >
1/2|G| ∀ g ∈ G}.

Let τ be a stopping time defined by a randomized
stopping rule. We say that τ is strong uniform if its
stopping state Xτ is uniformly distributed on G and
is independent on τ : P(Xτ = g | τ = k) = 1/|G|
for all k > 0, g ∈ G. The results of Aldous and
Diaconis (see [1, 4, 6]) imply that mix ≤ 2E(τ) given
τ is strong uniform. Not unlike coupling, the main
practical problem now is to find a good construction
of a strong uniform times. While this is difficult in
most cases, it is known to be theoretically possible
(see [2, 4]).

2 Results for specific random
walks

Let G = U(n; Fq) be a group of upper triangular
matrices over Fq (i.e. matrices with 1 on diagonal
and 0 below diagonal.) Let Mi,j(a) be a matrix with
a at (i, j) and 0 elsewhere. Let S1 = {Ei,j(a) | 1 ≤ i <
j ≤ n, a ∈ F∗q}, S2 = {Ei,i+1(a) | 1 ≤ i < n, a ∈ F∗q},
where Ei,j(a) = I +Mi,j(a). Everywhere below O(·)
depends only on n and does not depend on q.

Theorem 2.1 For a r.w. W(G,S1, 1/q) we have
mix = O(n2 log n).
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Theorem 2.2 For a r.w. W(G,S2, 1/q) we have
mix = O(n2.5), given q = Ω(n2)

The first result has been recently generalized to
all nilpotent groups and certain solvable groups (see
[3, 6]). The second result improves a bound by Stong
(see [8]). Both results are proved via explicit con-
structions of the strong uniform times.

Let G1 = SO(n; R), G2 = SO(n; Fq). Let Ri,j(α)
be a rotation by a uniform angle α ∈ [0, 2π] of a ran-
dom basis 2-dimensional plane (i.e. chosen uniformly
among

(
n
2

)
.) Let S1 = {Ri,j(a) | 1 ≤ i < j ≤ n, a ∈

[0, 2π]}, and S2 is defined analogously by using ele-
ments of SO(2; Fq) instead of rotations.

Theorem 2.3 For a r.w. W(G1, S1) we have mix =
O(n3.5 log log n).

Theorem 2.4 For a r.w. W(G2, S2, 1/q) we have
mix = O(n3 log log n), given q = Ω(n3).

Both results are proved in [7] using strong uniform
times. No polynomial upper bound were known in
the first case. Theorem 4 is a analog for an orthogonal
group of the fast mixing in case G = SL(n; Fq) which
give rise to expander constructions.

3 Speeding up the walk

There is a weak general bound mix =
O(|S|∆2 log |G|) which follows from O(1/∆|S|)
expansion property of Cayley graphs (see [2]). Here
S = S−1, and ∆ is the diameter of G in terms of S.
Rather than take a uniform distribution on S, we
can use a different distribution P on S + id. Denote
such r.w. by W(G,S, P ).

Theorem 3.1 For any finiteG, and any S ⊂ G there
exist a distribution P on S + id such that for a r.w.
W(G,S, P ) we have mix = O(∆2 log |G|).

This results solves an open problem 7.18 in [2].
In fact, we can inexplicitly construct such a P . Fix

any set of decompositions of all elements of G as a
shortest prodect in terms of S. Now take P (s) to be
proportional to the average number of times s ∈ S is
used in these decompositions.

We say that a Markov chain M on H is a lifting of
W(G,S, p) if there is a projections ψ : H → G such
that ψ(M) = W.

Theorem 3.2 For any finiteG, and any S ⊂ G there
exist a lifting of W(G,S, p) to a Markov chain M on
G×G, such that mix = O(∆|S| log |G|).

The proof is based on an explicit, while purely the-
oretical construction of a stopping time and is a sub-
ject of an ongoing project with László Lovász (cf.
[5]).
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