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Abstract. The aim of this Note is to prove a weak version of the conjecture of Benjamini and Schramm
about phase of non-uniqueness for the Bernoulli bond percolation on nonamenable
transitive graphs. We show that every nonamenable finitely generated group has a finite
system of generators such that the Bernoulli bond percolation on the corresponding Cayley
graph has a nonempty non-uniqueness phase. Together with previously known results, this
gives a characterization of amenability of finitely generated groups in terms of uniqueness
of percolation. 2000 Académie des sciences/Éditions scientifiques et médicales Elsevier
SAS

Sur la non-unicité de percolation dans des graphes
de Cayley non moyennables

Résumé. Le but de la présente Note est de démontrer une version faible de la conjecture de
Benjamini et Schramm sur la non-unicité de la percolation dans des graphes transitifs non
moyennables. Nous montrons que chaque groupe non moyennable de type fini possède un
système fini symétrique de générateurs avec la propriété que la phase de non-unicité est non
vide pour la percolation de Bernoulli sur les arêtes du graphe de Cayley correspondant.
 2000 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Version française abrégée

Dans cette Note, nous nous intéressons au problème d’unicité du cluster infini pour la percolation de
Bernoulli sur les arêtes d’un graphe de Cayley non moyennable.

Soit G un groupe infini de type fini, et soitS un système fini symétrique de générateurs deG, de
cardinalitéd. Le graphe de Cayley deG associé àS est notéΓ.

Laconductanceϕ= ϕ(G,S) deΓ est définie parϕ= infX⊂G |∂EX |/d· |X |, où∂EX = {(x, y) | x ∈X ,
y ∈GrX}, et l’infimum est pris sur tous les sous-ensembles finisX .

Note présentée par Étienne GHYS.
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Le rayon spectralρ = ρ(G,S) est défini parρ = lim supn→∞
(
p(n)(x, y)

)1/n
, où p(n)(x, y) est la

probabilité que la marche aléatoire simple, débutant au pointx ∈ G, se trouve au pointy ∈ G aprèsn
pas. Il est bien connu que le rayon spectral ne dépend pas dex, y ∈G.

Les conditions suivantes sont équivalentes : (i)G est non moyennable ; (ii)ρ(G,S)< 1 pour toutS fini
symétrique (voir [9]) ; (iii) ϕ(G,S)> 0 pour toutS fini symétrique (voir e.g. [5]).

Soit06 p6 1. Chaque arête(g, g s) deΓ est indépendemmentouverteavec probabilitép ou ferméeavec
probabilité1 − p. Un clusterest une composante connexe du sous-graphe deΓ formé d’arêtes ouvertes.
Nous dirons que lapercolationa lieu si l’identité deG appartient à un cluster infini avec une probabilité
θ(p) positive. Nous considérons également la probabilitéζ(p) que le cluster infini est unique. Les valeurs
critiques de ces probabilités

pc(G,S) = sup
{
p | θ(p) = 0

}
, pu(G,S) = inf

{
p | ζ(p) = 1

}
,

présentent un intérêt particulier.
Il est démontré [1,2,4] que siG est moyennable, alorspc(G,S) = pu(G,S) pour tout système fini

symétrique de générateursS. Benjamini et Schramm ont conjecturé dans [2] que la réciproque est vraie.

CONJECTURE 1 (Benjamini, Schramm). –SoitG un groupe non moyennable, soitS un système fini
symétrique de générateurs deG. Alorspc(G,S)< pu(G,S).

Dans cette Note, nous démontrons le résultat suivant.
Soit S un système fini symétrique de générateurs deG. Pour tout entierk > 1, l’ensembleS(k) de

cardinalitédk, est constitué de tous les élémentsg ∈G de norme inférieure ou égale àk dans la métrique
des mots induite parS, chacun des éléments étant pris autant de fois qu’il y a de manières différentes de
l’écrire comme produit de générateurs deS.

THÉORÈME 2. –SoitG un groupe non moyennable, soitS un système fini symétrique de générateurs
deG. Alorspc

(
G,S(k)

)
< pu

(
G,S(k)

)
pour toutk > log 2/ log

(
1/ρ(G,S)

)
.

Combiné au résultat cité ci-dessus sur les graphes moyennables, ce théorème implique une caractérisation
des groupes moyennables en termes de percolation. Plus précisément :un groupe infini de type finiG est
moyennable si et seulement sipc(G,S) = pu(G,S) pour tout système fini symétrique de générateursS
deG.

La preuve du théorème est basée sur le lemme suivant.

LEMME 2. –SoitG un groupe non moyennable. Alorslim
k→∞

ρ
(
G,S(k)

)
= 0 et lim

k→∞
ϕ
(
G,S(k)

)
= 1.

Nous utilisons aussi deux résultats de Benjamini et Schramm [2].

LEMME 3. –Siρ(G,S) · pc(G,S) · d < 1, alorspc(G,S)< pu(G,S).

LEMME 4. –On a pc(G,S)6 1/
(
d ·ϕ(G,S) + 1

)
.

Nous présentons aussi deux autres conditions suffisantes pour qu’un graphe de Cayley ait une phase non
vide de non-unicité de percolation.

1. Introduction

In the past few years there has been an explosion in the number of results dealing with percolation on
transitive graphs. We refer to [6] for a general treatment of percolation (mostly onZd), to [2,3] for other
groups, and to [10] for percolation and other probabilistic processes on nonamenable groups.
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Percolation on Cayley graphs

The problem of uniqueness of infinite cluster for percolation onZd was open for a long time until an
elaborate solution was found in [1]. In [7], Grimmett and Newman discovered that for a product ofZ and a
regular tree of sufficiently large degree, the Bernoulli percolation has radically different behavior, namely,
there are infinitely many infinite clusters forp close to the critical valuepc, but only one “giant” infinite
cluster forp close to1.

In a pioneer paper [2], Benjamini and Schramm introduced and provided a unified setting for a host
of problems related to percolation on transitive graphs (seealso [3] for the survey of recent progress and
relevant references). They observed that the work of Burton and Keane [4] can be easily generalized to show
the uniqueness of infinite cluster for percolation on all amenable transitive graphs. Benjamini and Schramm
conjectured in [2] that for all nonamenable transitive graphs the Bernoulli percolation has a nonempty non-
uniqueness phase, and proved that this is true for all nonamenable transitiveplanargraphs.

In this paper, we present a proof of the following statement which, together with the result on amenable
Cayley graphs mentioned above, can be regarded as a percolation criterion of group amenability:
every nonamenable group has a finite set of generators such that the Bernoulli bond percolation on the
corresponding Cayley graph has a nonempty non-uniqueness phase.

The proof uses results from [2] and is based on the fact that the spectral radius of a Cayley graph of a
nonamenable group is not bounded away from0 (or equivalently, the conductance is not bounded away
from 1) uniformly over all finite symmetric generating sets.

More careful analysis of behavior of random walks on Cayley graphs allows to obtain new information
on the dependence of the isoperimetric constant on the generating set. One result is stated here, but more
details and proofs will be given in the forthcoming paper [12].

2. Definitions and main results

Let G be an infinite, finitely generated group, and letS be a finite symmetric multiset of generators of
cardinalityd. (This means that we allowS to contain several copies of the same generator. From now on
we will use the word “set” for simplicity, though all our sets of generators will indeed be multisets.) Denote
by Γ = Γ(G,S) the Cayley graph ofG with respect toS.

Define theconductanceϕ= ϕ(G,S) as

ϕ= inf
X⊂G

|∂EX |
d · |X | ,

where∂EX = {(x, y) | x ∈X , y ∈GrX} and the infimum is taken over allfinitesetsX .

Thespectral radiusρ= ρ(G,S) is ρ= lim supn→∞
(
p(n)(x, y)

)1/n
, wherep(n)(x, y) is the probability

that the simple random walk onΓ starting atx ∈ G reachesy ∈ G after n steps. It is independent of
x, y ∈G.

The following conditions are equivalent for a finitely generated groupG:
(i) G is nonamenable;
(ii) ρ(G,S)< 1 for any finite symmetric generating setS (see[9]);
(iii) ϕ(G,S)> 0 for any finite symmetric generating setS (see, e.g., [5]).

LEMMA 1 (Mohar [11]). –The constantsρ, ϕ, andd are related by the following inequalities:

ϕ> d(1− ρ)

d− 1

(
equivalentlyρ> 1− ϕ(d− 1)

d

)
, (1)

ϕ6
√

1− ρ2 (equivalentlyρ6
√

1− ϕ2).

Let 0 6 p 6 1. The Bernoulli bond percolationon Γ is defined as follows. An edge(g, g s) is open
with probabilityp andclosedwith probability1− p. Connected components of the subgraph spanned by
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the open edges are called open clusters. Denote byθ(p) the probability that the identity elementid ∈ G
belongs to an infinite open cluster. Denote byζ(p) the probability that there exists exactly one infinite open
cluster. Consider the corresponding critical values:

pc(G,S) = sup
{
p | θ(p) = 0

}
, pu(G,S) = inf

{
p | ζ(p) = 1

}
.

It is easy to see thatθ(p) is nondecreasing (see, e.g., [6] p. 13). It is known that for Cayley graphsζ(p) = 1 if
p > pu (see, e.g., [8]). Thus we obtain three intervals for the percolation behavior:(0, pc), (pc, pu), (pu,1),
where the percolation a.s. has0,∞, 1 infinite open clusters respectively (see[2]). The following conjecture
is due to Benjamini and Schramm (see[2,3]):

CONJECTURE 1 (Benjamini, Schramm). –Let G be a nonamenable group, and letS be a finite
symmetric set of generators inG. Thenpc(G,S)< pu(G,S).

We now state our main result.

THEOREM 1. –LetG be a nonamenable group. Then there exists a finite symmetric set of generatorsS
in G such thatpc(G,S)< pu(G,S).

LetS ⊂G be any finite symmetric generating set. For any integerk > 1, defineS(k) to be the multiset of
cardinalitydk which consists of all elementsg ∈G of length less or equal tok in the word metric given by
S, each taken with multiplicity equal to the number of possible ways to writeg as a productg = s1 · · ·sk
with s1, . . . , sk ∈ S. Obviously, anyS(k) generatesG.

THEOREM 2. –LetG be a nonamenable group, letS be a finite symmetric set of generators inG. Then
pc

(
G,S(k)

)
< pu

(
G,S(k)

)
for all k > log 2/ log

(
1/ρ(G,S)

)
.

The proof of Theorem 2, which of course implies Theorem 1, makes use of the following fact.

LEMMA 2. –LetG be a nonamenable group. Thenlim
k→∞

ρ
(
G,S(k)

)
= 0 and lim

k→∞
ϕ
(
G,S(k)

)
= 1.

More elaborate arguments lead to a quantitative version of Lemma 2, as follows.

THEOREM 3. –LetG be a nonamenable group, letS be a finite symmetric set of generators inG. Then,
for anyε > 0, one hasϕ

(
G,S(k)

)
> 1− ε, givenk > C/ϕ2 log(1/ε) whereC is a universal constant.

This leads to the following version of Theorem 2.

THEOREM 4. –LetG be a nonamenable group, letS be a finite symmetric set of generators inG. Then
pc

(
G,S(k)

)
< pu

(
G,S(k)

)
, givenk >C/ϕ(G,S)2, whereC is a universal constant.

3. Uniqueness of percolation

We start by proving Lemma 2.

Proof of Lemma2. – Denote byM(G,S) the Markov operator of averaging over generators on the Cayley
graphΓ(G,S). The spectral radius of the graph is then equal to the norm ofM as of self-adjoint operator
on the Hilbert spacè2(G). As the groupG is nonamenable, the spectral radius ofΓ is strictly less than1.
The norm of thek-th power ofM(G,S) is exactly the Markov operator on the Cayley graph ofG with
respect to the generating setS(k). Therefore we have

ρ
(
G,S(k)

)
=
∥∥M(G,S(k)

)∥∥
`2(G)

=
∥∥M(G,S)k

∥∥
`2(G)

6
∥∥M(G,S)

∥∥k
`2(G)

= ρ(G,S)k −→
k→∞

0.
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In order to prove the second part of Lemma, we apply the inequality (1) toϕ
(
G,S(k)

)
and get

ϕ
(
G,S(k)

)
> dk

dk − 1

(
1− ρ

(
G,S(k)

))
−→
k→∞

1. 2
Besides Lemma 2, the following results will be used in the proof of Theorem 2.

LEMMA 3 (Benjamini, Schramm). –If

ρ(G,S)pc(G,S)d < 1, (2)

thenpc(G,S)< pu(G,S).

LEMMA 4 (Benjamini, Schramm). –We have

pc(G,S)6 1

d ·ϕ(G,S) + 1
.

Both results are proven in [2] for the Bernoulli site percolation. For the bond percolation, the first proof
goes through verbatim, and the second can be adopted without difficulty.

Proof of Theorem2. – We will show thatρ
(
G,S(k)

)
pc

(
G,S(k)

)
dk −→

k→∞
0. Theorem then follows from

Lemma 3. Lemma 4, the inequality (1), and Lemma 2 imply:

ρ
(
G,S(k)

)
pc

(
G,S(k)

)
dk < ρ

(
G,S(k)

) 1

dk ϕ
(
G,S(k)

) dk
6 ρ
(
G,S(k)

) dk − 1

d2k
(
1− ρ

(
G,S(k)

))
+ dk − 1

dk

< ρ
(
G,S(k)

) 1
dk

dk−1

(
1− ρ

(
G,S(k)

))
+ 1

dk−1 −
1
dk

−→
k→∞

0.

We see that for large values ofk, the productρ
(
G,S(k)

)
pc

(
G,S(k)

)
dk is strictly less than1. In particular,

the inequality (2) is satisfied for everyΓ
(
G,S(k)

)
with k > log2/ log

(
1/ρ(G,S)

)
. 2

Proof of Theorem 3 will be given in [12]. We present below two estimates of independent interest which
can be used in the proof of Theorem 4. The first of them was obtained independently by R. Schonmann.

PROPOSITION 1. –LetG be a finitely generated group,S a finite symmetric generating set.
(i) Assume thatϕ(G,S)> 1/

√
2. Thenpc(G,S)< pu(G,S).

(ii) Assume thatρ < (d2 + d− 1)/(2d2− d). Thenpc(G,S)< pu(G,S).

Proof. –By inequality (1), ρ(G,S) 6
√

1− ϕ(G,S)2 < 1/
√

2. By Lemma 4, pc(G,S) 6 1/(d ·
ϕ(G,S)+1)<

√
2/(d+

√
2). We conclude thatρ(G,S) ·pc(G,S) ·d < d/(d+

√
2)< 1, and by Lemma 3

the proof is complete. Similar proof works for the second statement. Note that the second assumption is
satisfied ifρ < 1/2, independently ofd. 2

Remark. – The setS(k) can be viewed as the ballBk of radiusk in the graphΓ where each element has
been assigned a weight equal to the number of paths of lengthk in Γ connectingid and this element. It is
natural to ask whether in Lemma 2 one can put all weights equal to1 and consider the balls{Bk}k>1 (or
some subsets of them) instead of

{
S(k)

}
k>1

. The answer appears to be positive for many groups.
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Example1. –Groups with free subgroups. 1 If G contains a free subgroup then it contains a free
subgroupGm on any numberm ∈ N of generators. Denote byAm ⊂ G a set of elements ofG which
freely generateGm. Consider symmetric generating sets̃Am = S ∪Am ∪ A−1

m in G. EveryΓ(Gm,Am)

is a spanning tree in the Cayley graphΓ(G, Ãm). The graph is homogeneous of degree2m + 2 + |S|
and the spanning tree is homogeneous of degree2m + 2. Thereforeρ(G, Ãm) − ρ(Fm) −→

m→∞
0. As

ρ(Fm) =
√

2m− 1/m, we getρ(G, Ãm) −→
m→∞

0.

Example2. –Groups with rapid decay property.A group is said to have (RD)-property if the Haagerup

inequality‖Φ‖2 6 C
∑
g∈G |φ(g)|2

(
1 + |g|2

)2δ
is satisfied for every operatorΦ of convolution with a

function φ ∈ `2(G), with constantsC = C(G), δ = δ(G). Recall that the class of groups with (RD)-
property is closed under direct product and contains all word hyperbolic groups. It also includes some
interesting examples of groups acting on buildings (see[13]) 2 .

SupposeG has (RD)-property. Fork > 1, let Bk, Λk denote respectively the ball and the sphere of
radiusk in the Cayley graphΓ = Γ(G,S) for some finite symmetricS. The (RD)-property implies

ρ(G,Bk) =

∥∥∥∥ 1

|Bk|
∑
g∈Bk

g

∥∥∥∥6 C

|Bk|

√√√√ k∑
i=1

(1 + i)2δ|Λi|6
C

|Bk|

k∑
i=1

(1 + i)δ
√
|Λi| −→

k→∞
0.
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