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Abstract. The aim of this Note is to prove a weak version of the conjecture of Benjamini and Schramm
about phase of non-uniqueness for the Bernoulli bond percolation on nonamenable
transitive graphs. We show that every nonamenable finitely generated group has a finite
system of generators such that the Bernoulli bond percolation on the corresponding Cayley
graph has a nonempty non-uniqueness phase. Together with previously known results, this
gives a characterization of amenability of finitely generated groups in terms of uniqueness
of percolation.J 2000 Académie des sciences/Editions scientifiques et médicales Elsevier
SAS

Sur la non-unicité de percolation dans des graphes
de Cayley non moyennables

Résumé. Le but de la présente Note est de démontrer une version faible de la conjecture de
Benjamini et Schramm sur la non-unicité de la percolation dans des graphes transitifs non
moyennables. Nous montrons que chaque groupe non moyennable de type fini posséde un
systéme fini symétrique de générateurs avec la propriété que la phase de non-unicité est non
vide pour la percolation de Bernoulli sur les arétes du graphe de Cayley correspondant.
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Version francaise abrégée

Dans cette Note, nous nous intéressons au probléme d’unicité du cluster infini pour la percolation
Bernoulli sur les arétes d'un graphe de Cayley non moyennable.

Soit G un groupe infini de type fini, et soif un systeme fini symétrique de générateursjede
cardinalitéd. Le graphe de Cayley d& associé & est notd.

Laconductance = ¢(G, S) del estdéfinie pap = inf xc¢ |0 X |/d- | X|, 000X = {(z,y) |z € X,
y € G~ X}, etl'infimum est pris sur tous les sous-ensembles fiais
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Le rayon spectralp = p(G, S) est défini parp = limsup,, ., (p™ (x,y))l/", ol p(™(z,y) est la
probabilité que la marche aléatoire simple, débutant au poit7, se trouve au poiny € G aprésn
pas. Il est bien connu que le rayon spectral ne dépend paside G.

Les conditions suivantes sont équivalentes G(gst non moyennable; (iD(G,.S) < 1 pour toutsS fini
symétriqueyoir [9]); (iii) ¢(G,S) > 0 pour toutS fini symétrique Yoir e.g. [5]).

Soit0 < p < 1. Chaque arét§y, g s) del estindépendemmeativerteavec probabilite ouferméeavec
probabilitél — p. Un clusterest une composante connexe du sous-graple fdemé d’arétes ouvertes.
Nous dirons que Ipercolationa lieu si I'identité deG appartient a un cluster infini avec une probabilité
0(p) positive. Nous considérons également la probahjiit que le cluster infini est unique. Les valeurs
critiques de ces probabilités

pe(G,S) =sup{p|6(p) =0},  pu(G.S)=inf{p|{(p) =1},

présentent un intérét particulier.
Il est démontré [1,2,4] que sk est moyennable, alorg. (G, S) = pu (G, S) pour tout systéme fini
symeétrique de générateus's Benjamini et Schramm ont conjecturé dans [2] que la réciproque est vraie.

CONJECTURE 1 (Benjamini, Schramm). Soit G un groupe non moyennable, séitun systéme fini
symétrique de générateurs de Alorsp. (G, S) < pu(G, S).

Dans cette Note, nous démontrons le résultat suivant.

Soit S un systéme fini symétrique de générateurstePour tout entierc > 1, 'ensembleS®) de
cardinalitéd®, est constitué de tous les éléments G' de norme inférieure ou égalekadans la métrique
des mots induite pa$, chacun des éléments étant pris autant de fois qu'il y a de manieres différentes «
I’écrire comme produit de générateursSle

THEOREME 2. —SoitG un groupe non moyennable, séitun systéme fini symétrique de générateurs
deG. Alorsp, (G, S™®) < p, (G, S™®) pour toutk > log2/log (1/p(G, S)).

Combiné au résultat cité ci-dessus sur les graphes moyennables, ce théoréme implique une caractéris
des groupes moyennables en termes de percolation. Plus précisémegroupe infini de type firti’ est
moyennable si et seulementisiG, S) = p, (G, S) pour tout systeme fini symétrique de générateirs
deG.

La preuve du théoreme est basée sur le lemme suivant.

LEMME 2.-SoitG un groupe non moyennable. Alokﬂggo p(G,S™) =0 et lim ¢(G,8™) =1.
Nous utilisons aussi deux résultats de Benjamini et Schramm [2].

LEMME 3.-Sip(G,S) - p.(G,S)-d<1,alorsp.(G,S) < pu(G,S).

LEMME 4.-Ona p.(G,S)<1/(d-¢(G,S) +1).

Nous présentons aussi deux autres conditions suffisantes pour qu’un graphe de Cayley ait une phase
vide de non-unicité de percolation.

1. Introduction

In the past few years there has been an explosion in the number of results dealing with percolation
transitive graphs. We refer to [6] for a general treatment of percolation (mosthfprto [2,3] for other
groups, and to [10] for percolation and other probabilistic processes on nonamenable groups.
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Percolation on Cayley graphs

The problem of uniqueness of infinite cluster for percolatiorZ8nwas open for a long time until an
elaborate solution was found in [1]. In [7], Grimmett and Newman discovered that for a prodiietnaf a
regular tree of sufficiently large degree, the Bernoulli percolation has radically different behavior, namel
there are infinitely many infinite clusters fprclose to the critical valug., but only one “giant” infinite
cluster forp close tol.

In a pioneer paper [2], Benjamini and Schramm introduced and provided a unified setting for a hc
of problems related to percolation on transitive grapgeeélso [3] for the survey of recent progress and
relevant references). They observed that the work of Burton and Keane [4] can be easily generalized to sl
the uniqueness of infinite cluster for percolation on all amenable transitive graphs. Benjamini and Schrar
conjectured in [2] that for all nonamenable transitive graphs the Bernoulli percolation has a nonempty nc
unigueness phase, and proved that this is true for all nonamenable trapisitieegraphs.

In this paper, we present a proof of the following statement which, together with the result on amenat
Cayley graphs mentioned above, can be regarded as a percolation criterion of group amenability:
every honamenable group has a finite set of generators such that the Bernoulli bond percolation on t
corresponding Cayley graph has a nonempty non-unigueness phase.

The proof uses results from [2] and is based on the fact that the spectral radius of a Cayley graph ¢
nonamenable group is not bounded away frorfor equivalently, the conductance is not bounded away
from 1) uniformly over all finite symmetric generating sets.

More careful analysis of behavior of random walks on Cayley graphs allows to obtain new informatio
on the dependence of the isoperimetric constant on the generating set. One result is stated here, but |
details and proofs will be given in the forthcoming paper [12].

2. Definitions and main results

Let G be an infinite, finitely generated group, and $ebe a finite symmetric multiset of generators of
cardinalityd. (This means that we allow to contain several copies of the same generator. From now on
we will use the word “set” for simplicity, though all our sets of generators will indeed be multisets.) Denot
byI' =T'(G, S) the Cayley graph of with respect toS.

Define theconductance = p(G, S) as

@ = inf —|8EX|
xca d-|X|’

wheredg X = {(z,y) |z € X, y € G~ X} and the infimum is taken over dihite setsX.

Thespectral radius = p(G, S) is p = limsup,, . (p™ (z,y)) /™ wherep™ (z,y) is the probability
that the simple random walk of starting atx € G reachesy € G aftern steps. It is independent of
xz,y €G.

The following conditions are equivalent for a finitely generated grGup

(i) Gisnonamenable;
(i) p(G,S) < 1forany finite symmetric generating s&t(see[9]);
(i) (G, S) > 0 for any finite symmetric generating sét(see e.qg., [5]).

LEMMA 1 (Mohar [11]). —=The constantp, ¢, andd are related by the following inequalities
d(1—p)
d—1

e </1—p2 (equivalentlyp < /1 — p2).

Let 0 < p < 1. The Bernoulli bond percolatioron I" is defined as follows. An edggy, g s) is open
with probability p andclosedwith probability1 — p. Connected components of the subgraph spanned by

> (equivalentlyp >1-— @), (1)
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the open edges are called open clusters. Deno#{jpythe probability that the identity elemeid € G
belongs to an infinite open cluster. Denotelify) the probability that there exists exactly one infinite open
cluster. Consider the corresponding critical values:

pe(G,S) =sup{p|0(p) =0},  pu(G,S)=inf{p|{(p)=1}.

Itis easy to see thd(p) is nondecreasingée e.g., [6] p. 13). Itis known that for Cayley grapfi®) = 1 if
p > py (See e.g., [8]). Thus we obtain three intervals for the percolation behaliop:.), (pc, pu), (Pu, 1),
where the percolation a.s. hgsxo, 1 infinite open clusters respectivelsge[2]). The following conjecture
is due to Benjamini and Schrammseg]2,3]):

CONJECTURE 1 (Benjamini, Schramm). ket G be a nonamenable group, and Iét be a finite
symmetric set of generators @. Thenp.(G, S) < pu(G, 5).

We now state our main result.

THEOREM 1. —Let G be a nonamenable group. Then there exists a finite symmetric set of genéfrators
in G such thaip. (G, S) < pu(G, S).

Let S C G be any finite symmetric generating set. For any intdgerl, defineS*) to be the multiset of
cardinalityd” which consists of all elementsc G of length less or equal th in the word metric given by
S, each taken with multiplicity equal to the number of possible ways to wrie a producy = s; - - - s,
with s1,...,s, € S. Obviously, anyS*) generates.

THEOREM 2. —Let G be a nonamenable group, I8tbe a finite symmetric set of generatorginThen
pe(G,SM) < pu(G,5W) forall k >log2/log (1/p(G,S)).

The proof of Theorem 2, which of course implies Theorem 1, makes use of the following fact.

LEMMA 2.-LetG be anonamenable group. Theim p(G,S™) =0 and lim ¢(G,S™) =1.

More elaborate arguments lead to a quantitative version of Lemma 2, as follows.

THEOREM 3. —Let G be a nonamenable group, I8tbe a finite symmetric set of generatorginThen,
foranye > 0, one hasp(G,S®) > 1 —¢, givenk > C/¢? log(1/<) whereC is a universal constant.

This leads to the following version of Theorem 2.

THEOREM 4. —Let G be a nonamenable group, I8tbe a finite symmetric set of generatorginThen
pe(G,S®) < p,(G,5™), givenk > C/p(G,S)?, whereC is a universal constant.

3. Uniqueness of percolation

We start by proving Lemma 2.

Proof of Lemma&. — Denote byM (G, S) the Markov operator of averaging over generators on the Cayley
graphI'(G, S). The spectral radius of the graph is then equal to the norid afs of self-adjoint operator
on the Hilbert spacé?(G). As the groups is nonamenable, the spectral radiud'dt strictly less thar.
The norm of thek-th power of M (G, S) is exactly the Markov operator on the Cayley graphCoWwith
respect to the generating s&t). Therefore we have

p(G.5W) = M(G, S(k))Hez(G) = "M(Gas)k||ez(c;) S HM(G’S)HZ(G) =p(G,89)" 2.0
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In order to prove the second part of Lemma, we apply the inequality (2{@ S*)) and get

dk
dk —1

0(G,5M) > (1 — p(G,S(k))) 1 O

k—o0

Besides Lemma 2, the following results will be used in the proof of Theorem 2.

LEMMA 3 (Benjamini, Schramm). ¥
p(G, ) pe(G,5)d <1, 2

thenp. (G, S) < pu(G, S).

LEMMA 4 (Benjamini, Schramm). We have

1

< —.
A N (A ES|

Both results are proven in [2] for the Bernoulli site percolation. For the bond percolation, the first proc
goes through verbatim, and the second can be adopted without difficulty.
Proof of Theoren®. —We will show thatp(G, S*)) p. (G, S*®)) @* — 0. Theorem then follows from
Lemma 3. Lemma 4, the inequality (1), and Lemma 2 imply:
1 k
dk (G, 50)
dF—1
(1= p(G,S®)) +dk —1
1
" (k) TR
71 (1= (G, SW))) + gr — g koo

p(G, 5™ pe(G,SM) d* < p(G,S™)

<p(G,8™) d*

<p(G,8™) 0.

We see that for large values bfthe producp(G, S®) p. (G, S*)) d* is strictly less tharl. In particular,
the inequality (2) is satisfied for eveR(G, S*) with k > log2/log (1/p(G,S)). ©

Proof of Theorem 3 will be given in [12]. We present below two estimates of independent interest whic
can be used in the proof of Theorem 4. The first of them was obtained independently by R. Schonmann

PROPOSITION 1. —Let G be a finitely generated group, a finite symmetric generating set.
(i) Assume thap(G,S) > 1/v/2. Thenp.(G, S) < pu(G, S).
(i) Assume thap < (d? +d —1)/(2d* — d). Thenp.(G, S) < pu(G, S).

Proof. —By inequality (1), p(G,S) < /1 —¢(G,S)? < 1/v/2. By Lemma 4,p.(G,S) < 1/(d -
(G, 8)+1) < v2/(d++/2). We conclude that(G, S) - p.(G, S)-d < d/(d++/2) < 1, and by Lemma 3
the proof is complete. Similar proof works for the second statement. Note that the second assumptiol
satisfied ifp < 1/2, independently ofl. O

Remark— The setS(*) can be viewed as the bal,, of radiusk in the grapil where each element has
been assigned a weight equal to the number of paths of lénigtih® connectingid and this element. It is
natural to ask whether in Lemma 2 one can put all weights equiabtod consider the ballsBy }.>1 (or
some subsets of them) instead{cﬁ‘(k) }k>1. The answer appears to be positive for many groups.
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Example 1. —Groups with free subgroups If G' contains a free subgroup then it contains a free
subgroupG,, on any numbern € N of generators. Denote hyl,, C G a set of elements ofr which
freely generat&s,,,. Consider symmetric generating sets, = S U A, U AL in G. EveryT'(G,,, A.)
is a spanning tree in the Cayley graphG, A,,). The graph is homogeneous of degtee + 2 + | 9|
and the spanning tree is homogeneous of degreet 2. Thereforep(G, A,,) — p(IFm)":;O 0. As

p(Fn) =v2m —1/m, we getp(G, A,,) — 0

Example 2. —Groups with rapid decay propertyA group is said to have (RD)-property if the Haagerup
inequality @[> < C Y- ¢ lo(g)2(1 + |g|2)26 is satisfied for every operatdr of convolution with a
function ¢ € (2(G), with constantsC = C(G), § = §(G). Recall that the class of groups with (RD)-
property is closed under direct product and contains all word hyperbolic groups. It also includes sor
interesting examples of groups acting on buildinggse{13]) 2.

Suppose has (RD)-property. Fok > 1, let By, Ay denote respectively the ball and the sphere of
radiusk in the Cayley graptt' = I'(G, S) for some finite symmetri¢'. The (RD)-property implies
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