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1 Introduction

Let (7, p, R) (see section 1.1 below for that notation) be a p-adic family of rank 2 Galois represen-
tations, this is to say a free module of rank 2 over a complete local noetherian ring R of residual
characteristic p with a continuous action of the absolute Galois group G of a totally real number
field F'. We assume that (7, p, R) satisfies the following conditions:

1. The action of Gg on 7 is unramified outside a finite set of places X.
2. For all v|p, the restriction of p to G, is reducible and .

3. There exists a Zariski-dense subset S, called the set of of arithmetic points, of Hom(R, @p)
such that V., = (7 ®g x(R)) @z, Q, is the p-adic étale realization of a pure critical motive
M, for all k € S.

4. There exists k € S such that the L-function L(M,, s) of M,, does not vanish at s =0

Under these hypotheses, it was conjectured in [Gre91, Gre94| (see also [Och06]) that there exists
a non zero-divisor p-adic L-function L,(7) € R interpolating the critical values of the L-function
L(M,, s) in the sense that x(L,(7)) is equal to L(M,, 0) divided by a suitable period and multiplied
by Euler factors for all v|p. On the other hand, properties 1 and 2 and Galois cohomology make
possible the construction of a finite type R-module Sel(F,7) and, for all x € S and all x(R)-lattice
T, inside Vi, of finite type x(R)-modules Sel(F,T,;). These modules are conjectured to be linked
respectively with L,(7) and k(L,(7)). In particular, if L(M,,0) is non-zero, then it is conjectured
in [BK90] that Sel(F,V}) is trivial, or equivalently that Sel(F,T,) is torsion. In analogy with the
case of R = Z, and taking into account property 4 above, the R-module Sel(F,T) is conjectured
to be torsion. More precisely, the Tamagawa Number Conjecture states that when x(L,(7)) is
non-zero, its p-part should be related to the length of Sel(F,T,). When R is a normal ring, the
Iwasawa Main Conjecture states that the characteristic ideal charg Sel(F, T') should be equal to the
ideal generated by L, (7).

Combining these two conjectures with the interpolation property defining L, (7) suggests that
Sel(F,T,) and Sel(F,T) ®r x(R) should both be linked with x(L,(7)) and thus that the natural
map

Sel(F,T) ®g k(R) — Sel(F,T})

should be very close to an isomorphism. The fact that Selmer groups indeed satisfy this property
is called a control theorem.

Historically, the first setting in which such a theorem was proved was in [Maz72| (in fact even
before p-adic L-function of abelian varieties were investigated but with the ideas of Iwasawa in mind)



for the family of GG p-representations T, A ®z, A, where T}, A is the Tate module of a good ordinary
abelian variety defined over F' and A = Z,[[Gal(F/F)]] is the complete group algebra of the
Galois group of the cyclotomic Z,-extension of F' with its natural Gal(Fu,/F)-action. Subsequently,
it was generalized to abelian varieties and more general p-adic Lie extensions (see among others
[Gre03]), to Z;-extensions for some abstract R[Gr]-modules in [Nek06, (8.10)] and to families of
Go-representations arising from nearly ordinary Hida families of modular forms in [Och01, Och06].

From now on, we assume that 7 arises from Hida theory of nearly ordinary automorphic rep-
resentations of GLa(Ar) in the following sense. In [Hid88|, nearly ordinary Hecke algebras T°™d
for inner forms of GLy were studied and were shown to be noetherian rings of dimension at most
2+ [F : Q]+ 0p, where ), is the defect of Leopoldt’s conjecture at p and finite torsion-free mod-
ules over a regular ring A. Let R = T4 /a be the quotient of a local factor of T°'¥ by a minimal
prime a. It is a local domain with residual field F. To R is attached a residual G p-representation
(T, pm,F) with coefficients in F. For simplicity of exposition, we assume in this introduction that
Pm is irreducible and that R is a regular ring (much of our results in fact require need neither
assumptions, see section 2.1.3 and propositions 3.1 and 3.2). In [Wil88, Hid89], it is explained how
to construct a Gp-representations (7, p, R) satisfying the properties 1-3 listed above. In particular,
to an arithmetic point k of 7 is attached a newform f which is an eigenform under the action of R
and k is the map which sends a Hecke operator to the corresponding eigenvalue of f. We remark
here that families of G p-representation satisfying the properties 1-3 should in fact all arise in this
way according to [FM95].

In this article, we consider the Pontryagin dual Sel(F, 7) of the Selmer group of [Gre91] as well as
the second cohomology group f[; (F,T) of the Selmer complex RT'¢(F,T), as defined and studied
in [Nek06], and prove prove control theorems for them. We remark that both objects and thus
both style of control theorems have their use: Selmer groups are easier to link to special values
of L-function whereas Selmer complexes satisfy convenient base change properties. The following
theorem summarizes our results but we refer to section 2.2 for definitions and to propositions 3.1
and 3.2 for precise statements (the reader is especially advised that the hypothesis that R is a
regular ring and that py, is irreducible is not used in proposition 3.1).

Theorem 1. Let R be a an irreducible component of the nearly ordinary Hecke algebra localized
at a non-FEisenstein maximal ideal and let (T, p, R) be the Gg-representation with coefficients in R
constructed by Hida theory. We assume that R is a reqular ring. Let k be an arithmetic point of R
with values in a discrete valuation ring O. Let w(fs) be the automorphic representation attached to
k and T(fy) be the G p-representation with coefficients in O attached to f... The second cohomology
group INJJ%(F, T) of RT'#(F,T) satisfies:

H}(F,T) ®r, O —> H}(F,T(fy)) (1.0.1)
Assume that w(fy), is not a Steinberg representation at vt p. Then:
Selstr(Fa T) ®R,n (@] ;) Selstr(F7 T(fﬁ))

Moreover, the surjection
SGI(F, T) ®R,H O — Sel(Fv T(ffc))

has only finite kernel.

The classical lower bound for the domain of convergence of L(w(f,),s) due to Hecke shows that
there exists arithmetic specializations V,, such that L(Vj,0) is non-zero, and in fact that they form
a Zariski-dense subset. Consequently, the Selmer groups we consider are expected to be torsion,
and this is indeed known when F' = Q by [Kat04, Theorem 14.2] and [Och01]. When F # Q,
however, and perhaps to the exception of families with complex multiplication, even examples of



this were yet unknown to the best of knowledge of the authors. Our control theorem shows that if
there exists an arithmetic x such that Sel(F,V,;) vanishes, then Sel(F,T) is torsion. In proposition
4.1, we give sufficient conditions for this to happen. These conditions are verified for roughly half of
the nearly ordinary families coming from Hida theory so that though our work is far from settling
this question, it provides plenty of examples. Finally, we show that our control theorems imply
that the Iwasawa Main Conjecture for 7 implies the Tamagawa Number Conjecture for an infinite
number of arithmetic specializations of 7.

This article is organized as follows. First, we recall the construction and properties of Gp-
representations with coefficients in Hecke algebra coming from Hida theory and introduce Selmer
groups and Selmer complexes attached to them. The control theorems proved in the second part
follows from three main ideas: the local regularity of Hecke rings in the neighborhood of arithmetic
points, the base-change properties of complexes and an analysis of local cohomology conditions. The
fact that Sel(F,T) is often torsion follows from recent results of S.Zhang and Y.Tian in [YZZ08].

1.1 Notations

Let F' be a totally real field and let p > 5 be a rational prime. Let 6, be the defect of Leopoldt’s
conjecture for F' at p, hence the rank of the maximal Z,-extension of F' minus 1. For v a finite
place of a finite extension of Q, let Fr(v) be the geometric Frobenius morphism. Let A, Ay, Ap
and F be respectively the adéles and finite adéles of Q and the adéles and finite adéles of F'. Let
I = {7;}i=1,....a be the set of infinite places of F. If L is a finite extension of Q or Qy, let G,
be the absolute Galois group of L. For R a complete local noetherian ring containing Z,, a G-
representation (7, p, R) is an R-module free of finite rank endowed with a continuous action of G,
given by the representation morphism p. Let S be a complete local noetherian ring containing
Zp. An S’-specialization x of S is a morphism of Z,-algebras from R to S. The S-specialization
T, of T attached to k is the Gp-representation (I’ ®g . 5, p, S) with trivial Gp-action on S and
G p-action through p on T. A sub-specialization of T}, is an S’-specialization T, of T such that T}
is an S-specialization of 7).

2 Selmer structures of nearly ordinary Hecke algebra

2.1 Generalities on nearly ordinary Hecke algebras
2.1.1 Representations of G and Hecke operators

2.1.1.1 Hilbert modular forms Let G be the reductive algebraic group GLs over F. We
identify G(Ap) with the restricted direct product of the groups G(F,) with respect to G(Op).
To an ideal N of O, we attach the standard compact open subgroups Uy, Uy, U' and U;; of
G(Ay). These groups are maximal outside N and verify

Uo(N)y = {<C“ 3) € QLy(Op)|c = omod/v} (2.1.1)
U1 (), = {(g Z> € Up(N)uld = 1mod/\/} (2.1.2)
UYN), = {(f Z) € Up(N)yla = 1mod/\/} (2.1.3)
Uri(N)y = U(N)y NUYHN), (2.1.4)



at v|. Let U be a compact open subgroup of G(Ar) verifying

U =]CL2(Ok,) [[ Uy Us € GL2(OF,)

vlp vtpoo

and such that there exists an A with Uy 1 (N) C U C Up(N). For s > 1, define Uy(s), Uy (s), U(s)
and Uy 1(s) by
U.(s) =UNU.(p%)

for x =g,1," ;11. A weight k is an element of Z[I]; an arithmetic weight is a weight such that
k, > 2 for all v € I and such that the k, have constant parity; a parallel weight is an integral
multiple of ¢ the weight such that ¢, = 1 for all v € I; a parallel defect is a weight v such that v, is
non-negative for all v and such that one v, at least is zero. To an arithmetic weight are associated
(m, v, p) € Z[I]? x Z as follows:

m=Fk—2t (2.1.5)

The weight v is a parallel defect such that p -t = m + 2v is a parallel weight. For k € Z[I] and
x € CI, let z¥ € C be []zF. We refer to [Shi78, Section 1], [SW99, Section 3.1] or to [Nek06,

v|oco
Section 12.3] for definitions of holomorphic cuspforms. For k an arithmetic weight, let S, (U) and
Sk be respectively the C-vector space of holomorphic cuspforms of weight £ and level U and the
direct limit lim Si(U). Then Sy, is an admissible representation of G(F')/ F* under the right action

U
of G(ﬁ ) on f € Sk. This representation decomposes into a direct sum of irreducible admissible
representations V. Then Sj(U) is the direct sum of the V, such that V.V # 0. To f € Si(U) is
thus attached an automorphic representation 7(f) of G(Ar). We recall that for v a finite place of
F, the G(F),)-representation m(f), is either an irreducible principal series, a twisted Steinberg or a
supercuspidal representation.

2.1.1.2 Hecke operators For g € G(F), the correspondence [UgU] defines an endomorphism
of S(U) by:

[UgU] - Zf (xg; 1), [UgU] = Hng

This in particular defines an action of G(s) = Up(s) - Of /Uy 1(s) - OF in the following way. For
g= (g 2) € Up(s) and y € O, let x - y act via the correspondence [[w(a,)™* [U1,19U;1]. For

vlp
v ¢ Sp, we choose an element AV e Op ® 7 such that )\( ) is an uniformizer of OF,, and )\(v)

equal to 1 outside v. If v|p, we require furthermore that A belongs to O and that A" belongs
to O, for v'|p and v' # v. Let T'(v) and S(v) be the following correspondences:

o=y ) s[5 )1

The full abstract Hecke algebra is the Z-algebra generated by the correspondence g -y of G(s), and
by the T'(v) and the S(v) for all v ¢ Sp. Let k be an arithmetic weight. For v|p, let Tp(v) be

(Aq(,v))_”T(v). Let p € Ap be p at v|p and 1 at v ¢ p and let Tp(p) be

e 5)]



The Hecke algebra b (U) is the sub-algebra of End(S;(U)) generated by the image of the action
of G(s), by the images of the Ty(v), of T(p) and of T'(v) and S(v) for all v ¢ Sp such that U, is

maximal. As Sy.(U) = @V.V, the Hecke algebra acts on each V.Y

2.1.1.3 Nearly ordinary representations Let f be a newform in Si (U1 1(s)) and 7(f) be the
attached automorphic representation. Then f or 7(f) are said to be nearly ordinary at v|p if there
exists a v-good line on Vﬂ(@.‘)l(s)”, this is to say a line on which Ty(v) acts via a unit in the ring of

integers of Q,. In that case, m(f), is either a principal series representation (1, | - |U_1/2, &l \;1/2)

or a special representation (&, - |71/2,&,| - [M/?) with A;7€,()\,) a unit in the ring of integers of
Qp. They are said to be ordinary at v|p if moreover &, is unramified. They are said to be (nearly)
ordinary if they are (nearly) ordinary at all v|p. We recall that the nearly ordinary subspace S¢™(U)

of S(U) is the span in @V,V of well-chosen w(r) which are eigenvectors under the action of the

Hecke algebra and which span v-good lines for all v dividing p.

2.1.2 The nearly ordinary Hecke algebra

2.1.2.1 The weight Iwasawa alebra The constructions of 2.1.1 make sense when s goes to
infinity, or equivalently as U shrinks at v|p. Let G(oo) be the inverse limit on s of the G(s), with
transition maps induced by the inclusion of Uy(s 4+ 1) in Uy(s). Define:

Z(s) = (Up(s) N FX) - O3 /(Ur1(s) N F*) - O, Z(00) = lim Z(s)

Then Z(00) is a Z,-module of rank 1 + dr,. Moreover:
G(s) = (Op/p°)* x Z(s), G(00) = (OF @ Zy)* x Z(o0)

This identification defines correspondences T, = (y,1) and S, = (1,z) for (y,z) € (Op @ Z,)* X
Z(00). Thus G(o0) is a Z,-module of rank 1+ dp, + d. Let Ap be the regular ring of dimension
2 +06pp +dequal to O[[ X1, -, X146, Y1, -, Yq]]. A choice of a system of generators of the
maximal Z,-free summand of Z(o0) and of (O ® Z,,)* provides an isomorphism between Ap and
O[[G(00)/G(00)tors]] given by X; — S, and Y; — T,,,. We fix such a choice and henceforth
identify Ap with O[[G(00)/G(00)tors]]- For O a discrete valuation ring flat over Z,, let Ao/ be
Ao @0 O'.

An ©O-algebra morphism A of Ap with values in @p is called an arithmetic point if there exists
a finite character ¥ of Z(c0), a non-negative integer p and a parallel defect v such that A is of the
following form:

A G(x) —Q,
(a,2)  — xty(z)a”

The arithmetic weight (p+2) -t — 2 and the character ¢ are called the weight and the character of
A. The set of arithmetic primes Spec® " (Ap) C Spec(Aop) of Ao is the set of primes equal to the
kernel of an arithmetic point. If R is a finite Ap-algebra, the set of arithmetic primes Specamh(R)
of R is the set of primes P verifying P N Ap € Spec“"ith(Ao). We will often make use of the
elementary observation that arithmetic primes do not contain elements of Q,.

2.1.2.2 Nearly ordinary Hecke algebra The nearly ordinary Hecke algebra Ty (U(s), O)

of weight k and level s is the sub-algebra of Endc(S™d(U(s))) generated over O by the same



operators as the Hecke algebra. The O-algebra Ty (U(s),O) is finite flat and reduced. Let the
nearly ordinary Hecke algebra T (U, O) be the inverse limit on s of the T2 (U(s), ©). According to
[Hid88, Theorem 1], the O-algebra T, (U, O) is also isomorphic to the inverse limit lim T (U(s), O)

for any arithmetic weight k. The nearly ordinary Hecke algebra is a finite torsion-free Ap-module,
hence a semi-local ring. When O and U are clear from the context or unimportant, we write A for
Ap and T for T (U, O).

The nearly ordinary Hecke algebra is a finite Ap-algebra by the inclusion of G(c0) in T (U, O).
If f is a nearly ordinary eigenform under the action of T (U, O), then the map A; sending T €
T (U, O) to the eigenvalue of f under T is an arithmetic point of T (U, ©). Conversely, if \ is
an arithmetic point of T, (U, O) of weight k, then there exists a nearly ordinary eigenform f such
that A(T'(v)) and A(S(v)) are equal to the eigenvalues of T'(v) and S(v) acting on f for all v ¢ Sp
such that U, is maximal. To f a nearly ordinary eigenform are thus attached an arithmetic prime
Py, a maximal ideal m, a local ring Ty, = Too(U, O)n and a unique minimal prime a C Py such
that A; factors through the local domain R = T\, /a.

Lemma 2.1. Let P be a minimal prime of Spec To,. Then the set of arithmetic primes of fixed
weight containing P is Zariski-dense in Spec Too /P.

Lemma 2.2. Let P € Spec™ " T, be an arithmetic prime over p € Spec™ ™" A. Then (Tso)p is
an étale extension of A,.

Lemma 2.3. Let f be a nearly ordinary eigenform of weight k and level U. For all prime numbers
p such that f is p-ordinary, there exists a local factor Ty, attached to f. The rings Tw, are almost
all reqular local rings.

Proof. By finiteness of Si(U) over Z, for p large enough, the arithmetic point Ay is not congruent
modulo p to another arithmetic point of the same weight and level. For such a p, let m be the
maximal ideal attached to f, let P be the kernel of Ay and let p be P N Ap. After a finite flat
extension of O if necessary, Ty (U, O)y, is then isomorphic to O and the local ring Ty, /p injects in
T (U, O)y so is itself a discrete valuation ring. The prime ideal p being generated by a regular
sequence contained in a system of parameters, m is generated by (p, 7o) and so Ty, is a regular
ring. O

The following lemma is often called the control theorem for ordinary Hecke algebras.

Lemma 2.4. Let m be the mazimal ideal attached to a nearly ordinary eigenform. Assume that
R = Tyw/a is reqular and let P € Spec™ ™ R be an arithmetic prime of weight k and level U. Then
R/P is isomorphic to TYY(U, 0')/a.

2.1.3 Galois representations

2.1.3.1 Galois representations of nearly ordinary eigenforms Let f € S,‘fd(U, ©) be a
nearly ordinary eigenform under the action of T (U). Let N be the conductor of 7(f). Let L, be
a finite extension of Q, containing the Hecke eingevalues of f, let O’ be its ring of integers and F
be its residual field. Let Ay be the arithmetic point of T (U, 0’) induced by f. There exists a
continuous, irreducible Gp-representation (V(f), ps, Ly) free of rank 2 which is unramified outside
Np and which verifies

det(1 — Fr(v)X|V(f)) =1 = Ap(T(0))X + Ap(S(v)) Np/guX?> (2.1.6)

for all v f N'p. If 7 is a complex conjugation, then ps(7) is odd. Hence, the G p-representation
V(f) is absolutely irreducible and thus characterized up to isomorphism by (2.1.6). If v|p, the local



G, -representation V(f) admits a one dimensional sub-representation V(f);" on which AM) acts as
Af(To(v)) and y € Of,, acts as As(T,) (after identification of G“FZZ with F'*). Hence, V(f) fits in
an exact sequence of G g, -representations

00— V()i — V() —V(f), —0

with V(f)§ unramified if k is parallel. If v|N, then I, acts on V(f) non-trivially and through
an infinite quotient if and only if 7(f), is a Steinberg representation. If it acts through a finite
quotient, it does so reducibly if and only if 7(f), is a principal series. In particular, the automorphic
type of w(f) does not change after twisting by a character. The eigenvalues «; of a lift of Fr(v) to
G, seen as complex numbers have modules (Np/@v)w/2 with w = k — 1 if 7(f), is either principal
series or supercuspidal and w € {k — 2, k} if w(f), is Steinberg.

Remark that the trace of p; determines a pseudo-representation py with values in O hence a
semi-simple residual representation (T, pr,F). If ps is absolutely irreducible, there thus exists a
G p-representation (T'(f), py)or verifying the same properties as V(f) by [Nys96, Théoréme 1.

2.1.3.2 Galois representations attached to minimal ideals of T, Let P, be a minimal
prime of T, let R™™ be the local domain Too/Pmin and let A, be the projection from To to
R™in, The pseudo-representations attached to arithmetic primes containing P, define by lemma
2.1 and [Wil88, Lemma 2.2.3| a pseudo-representation § with values in R™", Thus, there exists
a continuous, absolutely irreducible, semi-simple G p-representation (7, p,,, Frac(R™™")) which is
unramified outside A'p and which verifies

det(1 — Fr(v)X|?) =1 — An(T(v))X + A (S(v))NpjguX? (2.1.7)

for all v 1 Np. If v|p, the local G, -representation ¥ admits a one dimensional sub-representation

.7 on which A acts as Am(To(v)) and y € Of, acts as A, (Ty). Hence, ¥ fits in an exact
sequence of G, -representations:

O—>7/v+—>7/—>7/v_—>0

Let Py be an arithmetic prime containing Pmin attached to a nearly ordinary newform f, let
P € Spec(R™™") be Py /Pmin and let Ap be the morphism To — R%‘i”. The ring R;‘;i“ is nor-
mal by lemma 2.2 s0 (¥, ppin, Frac(R™")) descends to a Gp-representation (Jp, pp, RB™) whose
representation space we also sometimes denote by 7;. Property (2.1.7) and absolute irreducibility
show that Zp /P is isomorphic to ps. The representation (Zp, pp, R™") verifies the same properties
as ¥ with A\, replaced by Ap.

2.1.3.3 Galois representations attached to maximal ideals of T,, Let m be a maximal
ideal of T, and Ay be the natural morphism T, — Ty,. Let a be a minimal prime contained in
m and let R be Ty /a. Let gy be the residual representation g, attached to any arithmetic prime
contained in m. As T, is a factor of T, the pseudo-representations attached to the minimal
primes contained in m define a pseudo-representation p, with values in T,/ N P,,, hence in Ty,
as this ring is reduced. If the residual representation py, is irreducible, then [Nys96, Théoréme 1]
implies that py, is the trace of a Gp-representation (Zy, pm, Tm). Reducing modulo a gives a Gp-
representation (7 (a), pm, R). If 7 (a) exists, it verifies the same properties as ¥ with A, replaced
by Am mod a.

2.1.3.4 Rigidity of automorphic types The automorphic types of arithmetic points in ¥
and 7 (a) are rigid in the following sense.



Lemma 2.5. Let vt p be a finite place. Then the arithmetic specializations of ¥ and T (a) have
all the same automorphic type at v.

Proof. Let I and I! be respectively the wild and tame inertia subgroup. The representation ¥
is continuous so admits an R™-lattice T stable under Gg. The residue field of R™™" is finite
of characteristic p # Np/gu so there exists an open normal subgroup U of I, such that py is
unipotent. Let p be the pseudo-representation with values in R™" attached to ¥ and let f and g
be two arithmetic specializations of 1" with associated arithmetic primes Py and P,.

Assume first that the action of U on ¥ is trivial, so that §(I,) is a finite subgroup of Q,. Then
it is also trivial on V(f) and V(g) so 7(f), and 7(g), are not Steinberg representations. The two
pseudo-rerpresentations py and j, of I, with coefficients in Q,, verify p; = pmod Py = p,. The
Qp[I,]-modules V(f) and V(g) are thus isomorphic. In particular, they are both reducible or both
irreducible. Hence, the automorphic representations 7 (f), for arithmetic points of R are either all
principal series or all supercuspidal.

Assume now that there then exists an arithmetic point f such that I, acts through an infinite
quotient on V(f) and thus such that w(f), is Steinberg. Then U acts non-trivially. Twisting
by a finite order character if necessary, we can assume than w(f), is an unramified Steinberg
representation. Then V(f)!* is of dimension 1 and I acts trivially on V(f). As I* acts through
a finite quotient on J%, its action on 7 is also trivial. Thus, there exists an open subgroup <o >
of the tame inertia group acting unipotently and non-trivially on 7%, which implies that ﬂf(’:l is
free of rank 1 over Rp. As V(f)?=" and 7= are both of rank 1, V=" is of rank 1 for any sub-
specialization V' of V(f). Let (x;)1<i<r be a regular sequence generating the ideal P;. Computing
ranks shows that the short sequence

0— ‘gf(r:l/(‘rlv T ,l'n) JLH ‘gf(r:l/(xlv e ,l‘n) - (%/(1‘1, e ’xn+1))0:1 —0

is exact for all n > 0. The group I}/<o > is finite so taking I! /< o >-invariants respect exact
sequences. Hence, 9][] " is Rp-free of rank 1. Thus #!* is Frac(R™®)-free of rank 1. The determinant
det ¥ of ¥ restricted to I, is a finite order character by the equivalent of (2.1.6) for ¥ so is equal
to det V(f) and thus trivial. The Frac(R™")[< Fr(v) >]-modules ¥ (—1)» and ¥ /¥ are thus
isomorphic by the monodromy operator. Let x be the character through which Fr(v) acts on
¥ (—1)'», and thus also on ¥ /¥!*. Then det ¥ (Fr(v)) is equal to x?(Fr(v))x e (Fr(v)) so x* = 1.
Hence x? is of finite order and so m(f), = St(x). By specialization, 7(g), = St(x) for g an
arithmetic specialization.

The statement for 7 (a) comes from the fact that 7 (a) localized at an arithmetic prime Py is
isomorphic to 7. O

2.1.3.5 Analogies between .77 and 7,, When f is such that R = T\, /a is a regular local ring,
the Gp-representations .7y and 7 (a) share many formal properties: they are both free modules
of rank 2 over a regular ring satisfying a control theorem and their residual representations are
absolutely irreducible.

2.2 Selmer structures
2.2.1 Generalities

We keep the notation of section 2.1.3 and assume that we have chosen a nearly ordinary eigenform
f, and thus a maximal ideal m and an arithmetic prime Py. Let I be the residue field of Ty,. Let
S be a principal artinian ring finite over F, or a finite flat extension of O, or a finite extension of
Ly, or Frac(R™™) or a non-zero integral quotient of R%i" or R. The constructions of 2.1.3 provide
by specialization a pseduo-representation p with coefficients in S. Assuming that p, is irreducible



in the first two and the last cases, we thus have a G p-representation (T, p,.S) with coefficients in
S. We say that T' contains an arithmetic point if 7" admits an arithmetic specialization.

Let L be a finite extension of F. Let ¥, be the set of places of L above p and let ¥ be a finite
set of places of L containing 3, the places of ramification of 7" and the infinite places. Let Ly, be
the maximal Galois extension of L unramified outside ¥. Let G be Gal(Lx/L) or G, or I, for v a
place of L. Then the continuous cohomology groups H'(G,T) are finitely generated S-modules by
[Nek06, Proposition 4.2.3|. Let C2,..(G,T) denote the complex of continuous cochains with values
in T'and RT(G, T) the corresponding object in the derived category. We write H*(Gal(Ly/L),T)
and H (G, ,T) respectively for H(L,T) and H'(L,,T) and similarly with complexes.

Lemma 2.6. Let x = (x1, - ,2,) be an S-reqular sequence. For i > 1, let x; be (x1, - ,x;).
Then:

L ~
RF(G, T) ® S/Xl — RF(G, T/XZT)
Proof. The exact sequence

0— S/x; At S/x; — Sx;n — 0

induces an exact sequence

0— T/x; "5 T/x; — T

Xi41 0

hence an exact sequences of complexes:

0o—C?

cont

(G,T/XZ) E— C.

cont

(G, T/x;) — C?,

cont (G7 TX

i+1) —0

O

We sum up the previous property by saying that RT'(G, ) descends perfectly. More generally, we
say that a functor X (-) from the category of free modules over quotient of a ring S to the category
of bounded complexes of such modules of finite type descends x-perfectly if:

X(T) & §/x = X(T/xT)

and that it descends perfectly if it descends perfectly for all regular sequences x. Note in particular
that Nakayama’s lemma implies that if X () descends x-perfectly and if X (7T'/x) is acyclic, then so
is X(T).

Let F be the residue field of S and let I be an injective hull of F. Let D be the Matlis du-
ality functor D(-) = Homg(-,I). If F is finite, let D, be the Pontrjagin duality functor D,(-) =
Homgz, (-,Qp/Zyp). If D and D,, are both defined, they coincide.

2.2.2 Greenberg Selmer groups

We assume that F is finite. Let A be D, (T) = T ®5 Homg, (S, Q,/Z,). For v|p, let Af be D,(T;")
and A, be A/A}. Let Sel(L, A) and Selg, (L, A) be the co-finite S-modules defined respectively by
the following exact sequences:

0 — Sel(L, A) — H'(L,A) — PH'(I,. A;) e P H'(1L,,A) (2.2.1)
vlp vED\T,
0 — Selyr(L, A) — H'(L,A) — EPH' (G, A;)) & €D H'(1,.A) (2.2.2)
vlp vEX\XE,



There is thus an exact sequence:
0 — Sely (L, A) — Sel(L, A) — EH" (G, /1, (A7)")
vlp
Or equivalently:
0 — Sely (L, A) — Sel(L, A) — (A7) /(Fr(v) — 1)
vlp
Let Sel(L,T) and Selg, (L, T) be respectively D,(Sel(L, A)) and D, (Selg, (L, A)).

Lemma 2.7. Let x be an arithmetic point such that w(fy), s not Steinberg at v|p. Then Sel(F,T})
is isomorphic to Selg, (F, Ty)

Proof. O

2.2.3 Selmer complexes

Let A be D(T) and X be T or A. For v|p, let X;F and X, be respectively T.F or D(T,") and
X/X;f. Let C3(Ly,T) be Cooy (Lo, X;F). For v fp, let CF be (Fr(v), X'*). Let C3(L, X) be the

cont
complex of (co-)finite type S-modules:

C3(L,X) = Cone (Ccom(L X) & @PCHLy, X) — EPCoou L,,,X)) [—1] (2.2.3)
veEX vEX

Let RTf(L,X) be the corresponding object in the derived category and let I{f}(L,X) be the i-
th cohomology group of RT'f(L,X). According to [Nek06, (8.9.6.1)], Matlis duality induces an
isomorphism of complexes

RTf(L,T) — D (RT (L, A(1))) [-3]
inducing isomorphisms in cohomology:
Hi(L,T) = D (ﬁj:*i(L, A(l))) (2.2.4)
If F is finite, the following short sequence is exact:

0— HY(L,A) — H°(L, A) @HO Ly, Ay) — H(L, A) — Selg: (L, A) — 0 (2.2.5)

If in addition H°(L,, A; ) = 0 for all v|p, then (2.2.4) and (2.2.5) show that ﬁ?(L, T) is isomorphic
to Selgt, (L, T).

Proposition 2.8. The complex RT'¢(L, 7) is quasi-isomorphic to the derived object corresponding
to:

C3(L, 7) = Cone | C2,,4(L, 7) © @CHLy, 7) — @Cooni( Lo, T) | [-1] (2.2.6)

v|p veED

In particular, it descends perfectly.
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Proof. Let v be in ¥\{v|p}. According to lemma 2.6, it is enough to show that C}(L,,.7) is
acyclic. By inflation, it is thus enough to show that C? (L, 7)) is acyclic. Let g be an arithmetic
specialization of 7 of parallel weight £ > 4. Let x be a regular sequence such that 7 /x is
isomorphic to V(g). According to lemma 2.6, it is enough to show that C2 . (L., V(g)) is acyclic.

This last statement follows from purity of the G, -representation V(f) as in [Nek06, Proposition
12.4.8.4]. O

We note that the previous proof readily generalizes to S-specializations containing a regular
specialization T' such that C? .(L,,T) is acyclic for all v { p. In keeping with the analogies

cont
recorded in paragraph 2.1.3.5, we note the following proposition.

Proposition 2.9. Let S be RB™ or R and T be F; or T (a). The complex RTf(L,T) is a perfect
complex of S-modules concentrated in degrees 1 and 2.

Proof. As T is a free S-module and as the p-cohomological dimension of G » and G, for all v
are bounded by 2, the complex of S-modules RT'f(L,T) is perfect and concentrated in degrees
[0,3]. If T is equal to T (a), absolute irreducibility of 7 (a)/m and (2.2.4) show that ﬁ}) (L, Ty) and
H J?? (L, Ts) are zero. If T is equal to %, let 2 denote Grothendieck’s duality functor. As RB™ is a
regular ring, () = Hom guin (-, RBM). Proposition 2.8 combined with [Nek06, (8.9.6.3)] show that:

HY(L, 75) = 7 (AL, 2(77)(1)))

Hence ﬁ?(L, Jr) and fI;’(L Ty) are zero. O

3 Control theorems

3.1 The general case

Proposition 3.1. Let V(f) be an arithmetic specialization of ¥. Then the rank of ﬁ}(L, V) is
bounded by the rank of [:I}(L,V(f)) forj=1,2.

Proof. Let P be the arithmetic prime corresponding to V' (f). Then ¥ contains an R%i”—representation
Ty such that 7y /P J; is isomorphic to V(f). As R is a regular ring, there exists a regular se-
quence x = (z1,--- ,z,) generating P. For i > 1, let x; be (z1,--- ,x;), let R; be RF™ /x; and let
T; be I} /x;. According to proposition 2.8, there is an isomorphism of complexes

L ~
RI¢(L,Ti) ® Ri/wit1 Ry — RIp(L, Tit1)
and thus an injection of cohomology groups (which is actually an isomorphism for j = 2 by propo-
sition 2.9): o B o
HY(L,Tj) /@i Hy (L, T;) — Hy(L, Tiva)
So the R;-rank of ﬁ]} (L, T;) bounds below the R;i-rank of T; ;. O

Again, we note that this proof generalizes to S-specializations containing a specialization T" such
that C2, (L, T) is acyclic for all vt p.

cont

11



3.2 The regular absolutely irreducible case

In this subsection, we fix a nearly ordinary eigenform f such that py is irreducible and use the
constructions of paragraph 2.1.3.3. In addition, we assume that the ring R is regular. For any given
nearly ordinary eigenform f, we observe that these conditions are satisfied for sufficiently large p
by [Dim05, Proposition 0.1] and lemma 2.3.

Proposition 3.2. Let P € Spec“”th(R) be an arithmetic prime of R and T(f) be the corresponding
Galois representation. Then:

RT;(L,T)® R/P = RT;(L,T(f)) (3.2.1)

Moreover: R R B

H}(L,T)/PH(L,T) — H;(L,T(f)) (3.2.2)
Proof. As R is a regular ring, there exists an R-regular sequence x generating P. According to
lemma 2.6, in order to prove (3.2.1), it is enough to prove that RT'y(L,7) descends x-perfectly.
Hence it is enough to prove that RI'f(L,,7 ) descends x-perfectly for all v dividing . Fix such a
v. As in the proof of proposition 3.1, let x; be the regular sub-sequence (x1,--- ,z;) and let T; be
T /x;. By lemma 2.5, T'(f), TiI“ and TiI_ﬁl are all free of rank 1. Thus, TiI"’ surjects onto TZ-I_;j1 for
all 4 > 0. The short exact sequence

0— TiIU = TiIU - Tzl+u1 —0
L ~

shows that there is an isomorphism of complexes RT';(L,T;) ® R;/®i+1 — RT (L, Ti4+1). This
concludes the proof of (3.2.1).

The statement (3.2.2) follows from proposition 2.9 and the exact sequence in cohomology corre-
sponding to (3.2.1). O

Corollary 3.3. Under the hypotheses of 3.2, there is an isomorphism
Selstr (L, T (a)) ®r R/Pf — Selsr (L, T(f)) (3.2.3)

at all arithmetic specializations T(f) such that the automorphic representation w(f), is not Steinberg
at v|p. Under the same hypothesis on w(f), the map

Sel(L, 7 (a)) ®r R/Py — Sel(L, T(f)) (3.2.4)
has finite kernel and cokernel.

Proof. Under the hypotheses of 3.2, proposition 3.2 and the isomorphism between Selg, (L, 7) and
H3?(L,T) establish (3.2.3). O

4 Applications

4.1 Examples of torsion Selmer groups

Let J7 be as in paragraph 2.1.3.2 and let ¥ be the associated Frac(R™")-vector space. If there
exists a specialization V' of ¥ such that HJ% (L, V) is zero and such that C(L,, V) is acyclic for

cont

all v { p, proposition 3.1 implies that PN]J% (L, F%) is torsion. The hypotheses are in particular verified

if ¥ admits an arithmetic specialization of parallel weight V' (f)(k/2) such that ﬁfc (L, V(f)(k/2)) is
trivial. Likewise, under the hypotheses of subsection 3.2, if 7 (a) admits an arithmetic specialization
T(f)(k/2) such that H?(L,T(f)(k/?)) is trivial (resp. torsion), then H?(L,’T(a)) is trivial (resp.
torsion).

12



Proposition 4.1. Assume that there exists an arithmetic specialization V(f) of ¥ (resp. of T (a)
if pm 1s @rreducible) such that:

1. The representation 7(f) is of parallel weight (2,---,2) and not Steinbery.

2. There exists a character x of Aj/F* such that x* = w(f)~!.

3. The sign e(m(f),1/2) of the functional equation of L(V(f)(1) ® x,s) is equal to 1.
Then f[}(F, Ts) (resp. ffj%(F, 7 (a))) is torsion.

Proof. Let T be 7 or T (a). Let V(f)T be the self-dual G p-representations V(f)(1)®x. According
to [FH95, Theorem BJ, there exists a quadratic totally complex extension K/F such that the Rankin-
Selberg L-function L(V(f)" ® ng,p, s) vanishes at exact order 1 at s = 1. According to [YZZ08,
Theorem 1.4.1] due to Y.Tian and S.Zhang, this implies that ﬁ[}(KZ/K, V(f)(1)) is of dimension
1. This and hypothesis 3 of the proposition show by [Nek06, Corollary 12.2.3] that the dimension
of ﬁ}(F, V(f)") is even. The vector space ﬁ}(F, V(f)?) is then of even dimension smaller than 1,
and thus trivial. This establishes the proposition if T' is equal to J;. Localizing at Py then shows
the result if T is equal to 7 (a)

O

Corollary 4.2. Under the hypotheses of proposition 4.1 and if py is irreducible, the R-modules
Selstr (L, T (a)) and Sel(F,T (a)) are torsion.

Corollary 4.3. Let T be Ty or T (a). Under the hypotheses of proposition 4.1, RT'¢(L,T) is acyclic
outside 2.

Proof. According to propositions 3.1 and 4.1, I:I}(L,T) is a torsion module while according to
proposition 2.9, it is a submodule of a free module. Hence it vanishes. O

4.2 Iwasawa main conjecture

We assume the hypotheses of subsection 3.2 as well as the hypotheses of proposition 4.1. Then the
complex RT'¢(F,7 (a)) is a perfect complex of torsion R-modules concentrated in degree 2. The
acyclicity of RT'¢(F, 7 (a)) ®g Frac(R) defines a canonical isomorphism:

Cr: Frac(R) > detn' RT4(F, 7 (a)) ®g Frac(R)

Because the ring R is regular, the image of det' RT;(F,7 (a)) inside Frac(R) under (' is the
ideal of R generated by charp ﬁ]% (F, T (a)).

The philosophy recalled in the introduction predicts that there exists a p-adic L-function L, (7 (a))
which is a non-zero element of R interpolating the critical values of L(V (f),0) divided by a suitable
period and modified by Euler factors at v|p. Under our working hypotheses, this p-adic L-function is
constructed in forthcoming work of M.Dimitrov and one of us. The Iwasawa Main Conjecture in this
setting predicts that the image of L, (7 (a)) under (r is a basis of the R-lattice det;' RT't(F, 7 (a))
inside Frac(R), or equivalently that:

charg H}(F, 7T (a)) = (Ly(7 (a))) (4.2.1)

For k an arithmetic point, let C(k)L(V,,0) be the value of k(L,(7 (a))). Let xk be an arithmetic
point with values in S such that x(L,(7 (a))) is non-zero and such that RI';(F,T,) ®g Frac(S) is
acyclic. We note that the set of such xy is infinite under our hypotheses. The Tamagawa Number
Conjecture predicts that (g ®g . S induces an isomorphism

s+ Frac(S) — detg' RT(F,T,) ® Frac(S)

13



such that the image of #(L,(7 (a))) is a basis of the S-lattice detg' RT;(F,T}) inside Frac(S)
identified with detg' RI';(F,Ty) ®g Frac(S).

Proposition 4.4. Assume that the Iwasawa Main Conjecture (4.2.1) is true for T (a). Let k be an
arithmetic specialization such that C'(k)L(V,,0) is non-zero and such that the complex RT ¢ (F,T,)®s
Frac(S) is acyclic. Then the Tamagawa Number Conjecture for T, is true.

Proof. As the image of x(L,(7 (a))) by (s is equal to (g(7 (a)) modker k, the statement of the
proposition is implied by the isomorphism (3.2.1) of proposition 3.2:

L ~
RT¢(F,7(a)) ®r R/kerk — RTf(F,T.)
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