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Introduction

The fractal uncertainty principle (Dyatlov-Zahl, 2016)

“No function can be localized in both position and frequency
close to a fractal set.”

Applications to quantum chaos (eigenfunction control and
spectral gaps on hyperbolic surfaces).
Connections to harmonic analysis (additive energy, Fourier

decay, and Fourier restriction estimates; additive combinatorics;
spectral sets).
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Continuous uncertainty principles

Let 7, : L2(R) — L?(R) (0 < h < 1) be the unitary semiclassical
Fourier transform

Fnf(&): e~/ f(z) dw

\/_

Continuous uncertainty principles (Dyatlov-Zahl, 2016)

An h-dependent family of sets {X},}r~0 € P(R) is said to satisfy an
uncertainty principle with exponent g € R if

1L, Frlx, | 2wy r2my = O(RP) as h — 0.

(The subscript on X is typically elided.)
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Continuous uncertainty principles

Example: X = [0, h].
By Holder’s inequality,

I1xFrlxlr2—re < [[Ljopllreo—r2IFall i e 1 Ljo,mll L2
—_ h1/2 . (27Th)_1/2 . h1/2,

so X satisfies an uncertainty principle with exponent %
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Continuous fractal uncertainty principles

For “regular” fractal sets X C [0, 1] of “dimension” ¢ € [0, 1], we have
the basic fractal uncertainty principle (FUP) exponent

Bo = max{O,%—é}.

Can this be improved upon (by obtaining 8 > 3, for §-regular families
of sets)?

Yes — when ¢ < 1, we can obtain g > 0: improvement for § > %
(Bourgain-Dyatlov, 2017).

Yes — when é > 0, we can obtain 5 > % — ¢§: improvement for
é < 3 (Dyatlov-Jin, 2018).
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Ellipsephic sets

An ellipsephic ([,.ip'sef.ik]) set in base M is a set consisting of all
k-digit integers in base M with digits in some nonempty alphabet
AC Zpy :={0,1,...,M — 1}. Such a set is denoted Cx(M, A) (or
simply Ci). In other words,

k—1
C}C—Ck(MA {Zade adEA}
d=0
Note that C;, C Zy for N := M* and |C;,| = | A|F = N'eeum Al
The dimension of C, (M, A) is 0 := log,,|A| € [0, 1].

We will not consider trivial alphabets withd =0 (J4| =1)ord =1
(JA] = M)
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Ellipsephic sets

Example: M =10, A = {2,7}.

Co(M, A) = {22,27,72,77}
0 =log;p2~0.3
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Discrete fractal uncertainty principles

Let F : CN — CN be the unitary discrete Fourier transform

./—"NU : Z —27rzj€/N Z w

ZEZ ZeZ

Discrete fractal uncertainty principles (Dyatlov-Jin, 2017)

A family of ellipsephic sets {C(M, A)}> is said to satisfy an
uncertainty principle with exponent g € R if

1 Le, Fnle,lle @y »e@y) Sma NP
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Discrete fractal uncertainty principles

Example: M =10, A= {2,7}, k= 1.

1 w2~2 w2~7
le, Fnle,ll2 = |12 Fiol =||l—= | % 19]
e Fte, s = 1LpnFiotpale = | o [0 28

2

Example: M =10, A= {0,5}, k = 1.

00 .05 22 27
|1lc, Fnlc, |2 = L [W%oo w%%] . [W% w%(,?]
. F V10 [Wio wWio |||y V10 [wWig wig |y

Notice that {0,5} +2 = {2,7} and
[w%z 52} {ngg wg(}:’} [W%O 25] [wi? 22] = [wi@ wiﬂ :
Wi ] [wip Wiy wig ( ( (
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Discrete fractal uncertainty principles

For ellipsephic sets of dimension ¢ € [0, 1], we have the basic FUP
exponent
1
Bo = ma,x{O,§ —5}.

Can this be improved upon (by obtaining g > 5, for ellipsephic sets of
dimension §)?

Yes —for all 0 < 6 < 1, we can obtain 8 > 5y (Dyatlov-Jin, 2017).
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Discrete fractal uncertainty principles

Proof (basic FUP exponent):

e, Fnlellz < IFnlla=1=N"

|Te, Fnlcll2 < |1c, Fnle,llr = 1/ ICk|?

AN

E‘H

—
%
)
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Discrete fractal uncertainty principles

Let ry = re(M, A) == |1, (ar,4)F N Ley (ar,4)ll2-
Upper bound:
1-96

fs——

Apply 1¢, Fn1lc, to 14,y for some z € Cy.
Alphabet shift: if a € Zyy and A C {0,1,...,(M — 1) — a}, then

re(M, A+ a) =ry(M,A).

Notice that Cx (M, A+ a) = Cx(M, A) + (a---a)p and apply the
shift theorem for the DFT.
Submultiplicativity:
Thythy < ThyThy-
Notice that Cy, 11, = Ck,Ck, (in the sense of concatenation) and
use an FFT-like decomposition.
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Discrete fractal uncertainty principles

log s i
—r

Fekete’'s lemma applied to the subadditive sequence {log,; 7% }r>1
allows us to compute the maximal S as

Let g = —logNrk = —

B = lim B = sup B.
k—o00 k>1
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How does (the maximal) 3 depend on (M, A)?
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Figure: Numerically approximated FUP exponents for all alphabets with M < 10.
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For any ¢ < % the improvement over the basic exponent can be
arbitrarily small, in that there exist sequences {(1/;, A;)} with
5(Mj,Aj) — ¢ and ﬁ(Mj,Aj) — Bo (Dyatlov—Jin, 201 7).

Is this also true for § > 3? (Dyatlov, 2019)
Yes (-, 2021).

For some sequences, the improvement over the basic exponent
might even be (nearly) exponentially small. (We have an upper
bound for 31 so far.)
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Which bases/alphabets attain the upper bound 3 = 12;5?
(Dyatlov-Jin, 2017)

‘Spectral’ alphabets (Dyatlov-Jin, 2017).

Numerical experiments (M < 25; later, M < 39) suggest that
these might be the only ones.
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Thank you for your attention!
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