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Introduction

Consider the semilinear wave equation

(8 — A )u(t, ) = F(u(t,z)), (t,z) € R x R
U(O’ : ) = Ug;
Oyu(0, - ) = uy.

When the initial data (ug, u,) is “small”, the solution to this equation

will “behave in the distant future or past” like the solution to a linear
wave equation

(att - Az)u(ta‘r) = Oa (tal‘) € R x Rg;

6tu(07 . ) = 'LLT.

This phenomenon is called “(small-data) scattering”.
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Introduction

A commonly asked question in the study of nonlinear dispersive PDEs
(e.g., NLS, NLW, Klein—-Gordon) is:

“Is the nonlinearity determined by how it scatters solutions?”
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Introduction

Strong assumptions on the nonlinearity (e.g., analyticity) are
often made to obtain a positive answer.

(Sa Barreto—Uhlmann-Wang, 2020): quintic-type nonlinearities
(|F(u)| ~ |u|”) for the NLW equation in 3D; complicated argument
with many assumptions on the nonlinearity.
(Killip-Murphy-Visan, 2023): power-type nonlinearities for the
NLS equation in 2D; much simpler argument with few
assumptions on the nonlinearity!

We adapt the techniques of Killip, Murphy, and Visan to the
setting considered by Sa Barreto, Uhlmann, and Wang.
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Introduction: admissible nonlinearities

Definition (Admissible nonlinearity)

A nonlinearity F' : R — R is considered admissible if:

F(0)=0
|F(w) = FO)I S (jul* + o[ lu = vl (50 |[F(u)| S Jul)
F(—u) = —F(u)

The archetypal admissible nonlinearity is F'(u) = :|:|u|4u. The

corresponding equation is known as the defocusing/focusing
energy-critical NLW equation because the rescaling u(t, z) —
Au(A’t, \2z) (for A > 0) preserves the energy of solutions,

1 1
E(u) = §/ngvu(t,x>|2 +10ult, 2)? de + E/RByu(t, )% da.
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Introduction: solutions of the NLW equation

The NLW equation can be written as

% o] = Lﬁﬂ ot * L)

A
SO

Hence

(< astn]) = L)

Integrating and rearranging, we obtain

[aﬁ)t)] - [a?z(f()c)»} ! /o o [F@?(s»} -
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Introduction: solutions of the NLW equation

The propagator for the linear wave equation is

0 t] B cos(t|V|)
—|Vsin(t|V])

where |V| = —A.

We therefore have the Duhamel formula

[aﬁ)w] =u) [6?5?3)} * /ot” t=2) [F@
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Introduction: solutions of the NLW equation

Definition (Solution)

A function u : R x R® — R is said to be a (strong) global solution of
the NLW equation if (u, d,u) € CYHL(K x R*) x CPL2(K x R®) and
ue LPL(K x R?) for all compact sets K C R and if u satisfies the
Duhamel formula

oth] =40 [12] + ot“ =9 | rutey)

Theorem (Strichartz estimates)

Ifu:R x R® — R s a global solution of the NLW equation, then

H(uvatu)HLt‘x’Hifo"Li + HUHLt5L10 S H(u07u1)HH1><L2 + HF(U)HLtlLi :

a
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Introduction: small-data scattering

Theorem (Small-data scattering)

Let F be an admissible nonlinearity for the NLW equation. Then there
exists an n > 0 such that the NLW equation has a unique global
solution u satisfying

” (u, atu) HL,?OH;XLtOOLi + ”uHLfL;O S ” (ug,uy) HHle2

whenever (uy,u,) € B,, where

By = {(ug,u1) € H'(R®) x L*(R®) : || (g, w1) |l 1 p2 < m}-

(Continued on the next slide.)
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Introduction: small-data scattering

Theorem (Small-data scattering, continued)

This solution scatters in H'(R®) x L*(R?) as t — +oo, meaning that

there exist (necessarily unique) asymptotic states (uoi, uli) € H' x L*

for which
flie] -0 2]

In addition, for all (uq ,uy ) € B,, there exists a unique global solution

u to the NLW equation and a unique asymptotic state (ug ,uy ) €
H' x L? for which the above holds.

—0 ast— f+oo.
Hl><L2
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Introduction: small-data scattering

The map

(ug,uy) = (U(J)rauf)
implicitly defined by this theorem (on some open ball B, C H' % Lz)
will be referred to as the wave operator and will be denoted 17/...
The map

(ug,ur ) = (ug ,uy)

is known as the scattering operator and will be denoted Sy..
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Introduction: determination of the nonlinearity

Theorem (Determination of the nonlinearity)

Suppose that F and F are admissible nonlinearities for the NLW
equation and that B, and B are corresponding balls given by the
small-data scattering theorem. If W, and Wz, or S;, and S, agree on

I8, (1 4B (that is, the smaller of the two balls), then F = F.

(We will only discuss the case where the wave operators agree as the case where the
scattering operators agree can be treated similarly.)
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Introduction: determination of the nonlinearity

Proof (outline)

Small-data scattering and asymptotics for the wave (and
scattering) operators

W, = [formula] = [approximate formula] 4 [error]
Reduction to a convolution equation
W,=Ws = Hxw=Hxw
Deconvolutional determination of the nonlinearity

Hsw=H+w — H=H — F=F
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Small-data scattering
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Small-data scattering

Theorem (Small-data scattering)

Let F be an admissible nonlinearity for the NLW equation. Then there

exists an n > 0 such that the NLW equation has a unique global
solution u satisfying

”(’LL, 8tu)”Lf°H;><Lt°°Li + ”uHLfL;O 5 H(u07u1)HHlXL2

whenever (uy,u,) € B,, where

B, = {(ug,uy) € H'(R®) x L*(R?) : || (g 1)l 1, ;2 < m}-

Nicholas Hu (UCLA) Determination of the nonlinearity for NLW 2023-08-09



Small-data scattering

Proof (sketch)

Consider the nonempty complete metric space (X, d), where

X ={u:RxR*>R:
(u,0u) € CYHy x CYL2, u e LYLY,
[ (u, Dpu) 10 < 20 (ug, uy)

“LfoH;fooLi + H“”Lsz 2}

for some constant C > 0 and

d(u, v) = H(u,@tu) - (’U, 8tU)HLt°°Hi><Lf°L§ + ”u - UHL?LiO :

Define a map ® on X using the Duhamel formula,

[(((9%“3%)] =U(1) [Zﬂ + /0 Uit s) [F (f(s))] ds.
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Small-data scattering

Proof (sketch)

Show that @ is a contraction on (X, d) whenever (ug,u;) € B, and n is
sufficiently small. By the Banach fixed point theorem, we then have

[31:5(33] B [(g%t&)} =u) {Zﬂ * /ot”(t =) [F(S(S))] s

for some unique u € X, meaning that « is a solution!
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Small-data scattering

Theorem (Small-data scattering, continued)

This solution scatters in H'(R®) x L*(R®) as t — j:oo meanmg that
there exist (necessarily unique) asymptotic states (uo , U7 ) eH'xL?

for which
o] -]

In addition, for all (ug ,u; ) € B,, there exists a unique global solution

u to the NLW equation and a unique asymptotic state (ug ,u]) €

H' x L? for which the above holds.

—0 ast— too.
I-'11><L2
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Small-data scattering

Proof (sketch)

WLOG, consider t — +oo. We want to show that
(u(t), 0,u(t)) ~ U@ (ug ,ui) in H x L* as t — +oo.

Since U(t) is unitary on H' x L? for all t and ¢(t) " = U(—t), this is
equivalent to

U(—t)(u(t). du(t)) ~ (ug ,u) in H' x L* as t — +oo.
We found that

[OZ%J — U(1) [Zﬂ + /O Ut —s) [F (5(8))] ds,

so we expect (and indeed, it can be shown) that
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Small-data scattering

This argument shows that the wave operator is given by
W,

F ([Z?D B [Zﬂ +/OOOU(—75) [F(B(t))] dt,

where u is the solution of the NLW equation with initial data (ug, u;).

The Born approximation to 1. is

Wi (B?D ~ [Z?] * /OOO“ =) [wan(t))} "

[6?5111(12)] =u() [Zﬂ |

where
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Small-data scattering

Corollary (Small-data asymptotics for the wave operator)

Suppose that F is an admissible nonlinearity for the NLW equation and
that B, is a corresponding ball given by the small-data scattering
theorem. If uy;,, denotes the solution of the linear wave equation with
initial data (ug,u,) € B,, then (in H' x L*) we have

Al

Uq Hl x L2 ’

e (]) =[]+ [ 0[] @+
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Small-data scattering

Proof

Comparing the formula for the wave operator to that of its Born
approximation, we see that we need to prove that

Uo

Uy

| e [F(u(t)) —OF(Ulin(t))] dtHH1XL2 <

which we will do by duality.

9

)

H'xr?
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Small-data scattering

Proof

Fix some (vg,v,) € H' x L* and let vy, denote the solution of the
linear wave equation with initial data (vg,v;). Then

< [Cui [F(u(t)) —OF<uhn<t>>] " [zi’] >H1XL2

N /ooo < [F(U(t)) —OF(uhn(t))] U@ [Z(l)] >H1><L2 “
<

0 Ugin ()
Fu(t)) - F(ulin(t))] ’ [(‘%vhn(t)} >H1XL2 dt
_ /0 (F(u(t)) — Flupn (), dpoun (1)) 2 dt.
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Small-data scattering

Proof

By Hélder’s inequality, the properties of F, the estimates for u, and
the Strichartz estimates, we have

[ 0) = Pl ). (1) 2t

< ||F(u) — F(uhn)HLtlLi N Ovrinl oo 2

4 4
S (HUHL;?L;O + HulinHLi’LiO)“u - ulinHLfL;O ’ Hatvlin”LfoLi ’

where
IIUHL5 05 ||(U07U1)||21X,}7
IIUhnHL5 03 II(UO,ul)IIi,le%

5 5
||’LL— ulinHLfLiO S/ ||F(u)||LiLi S ”u”L?LiO 5 ||(u07u1)||1'{1><L2 ’

100nal 202 < |1 ms Do)l 2| = 100, 00l
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Reduction to a convolution equation
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Reduction to a convolution equation

Proposition (Reduction to a convolution equation)

Suppose that F and F are admissible nonlinearities for the NLW
equation. For T € R, define

and define H(r) analogously. Then H, H € L™(R), and under the
hypotheses of the main theorem, we have

H*w:ﬁ*w,

where
w(r) := [some function in L' (R)].
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Reduction to a convolution equation

The proof of this proposition involves considering a specific solution
uy;, Of the linear wave equation with initial data (ug,u;) € H' x L*.

For a,e > 0, we define
u (t, x) = gy ((o/e)’t, (afe)’x),
which solves the linear wave equation with initial data
(ug =, uy™?) == (ugy (0), Qpuy (0)).
Under this rescaling,
(g, wd M gy g2 = el (uo, wa) gy g2 -

In particular, if F'is an admissible nonlinearity for the NLW equation
and B, is a corresponding ball given by the small-data scattering
theorem, then (ug™®,ui"") € B, forall e < 7.
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Reduction to a convolution equation

This solution will also have the property that
ulin(ta ‘T) = 8tvlin(ta 117),

where vy, is itself a solution of the linear wave equation with initial
data (vg,v;) € H' x L*.

For a,e > 0, we define v so that
up (¢, ) = g = (b, x).
Then v);" solves the linear wave equation with initial data
(v5™"v1™%) = (v (0), Dy (0))-
Under this rescaling,

; , -2
15" 01" g1 2 = (a/e) el (wo, va)ll a2 -
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Reduction to a convolution equation

Proof (of the reduction)

Observe that
/ (B (i (6)), iy (1)) 12 dt
- [t ). 0050
b <[F<ufgf<t>>] e [ Z]}H e
= (0 e (]
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Reduction to a convolution equation

Proof

Since Wy.((ug, ui™)) = Wa((ug®, ui™®)) (for all e < n,7), we have
o 0
f; 40 pgeen]
9
H1><L2)‘

- [ ue [lmoJ“+OO
i

a,e
a,e
Uy

H'xL?
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Reduction to a convolution equation

Proof

On the other hand, if G(u) := F(u)u, then

/OO<F(uhn (), ugy (£)) 2 dt

/ / G( uhn )) dx dt

uhn (t)
/ / / A) dA\dz dt
= /0 G ()\) /0\ /1%3 1{)\<uﬁ¢f(t7w)}(t, xZ, )\) dx dt d)

:/ G/()\)/ /3 1{/\<ulm(t,:1:)}((a/5)2t7 (a/e)’x, N ) da: dt dA.
0 o Jr
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Reduction to a convolution equation

Proof

Thus, if
m(X) == |{(t,z) € (0,00) x R® : uyy, (t, ) > A},

then
/ooo<F(“ﬁf(t))7 U (1)) 2 di
- /ooo G'(N(a/z) “m(r/a) dx
— 2_88/_: G (€ ) m(e™ 18 dr e
. 16me®

== (H * w)(log 2a),

Where H(T) — G/(eT)e—E)T and w(T) — %6_6Tm(6_(T_10g2)).
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Reduction to a convolution equation

Proof

Finally, given a 7y € R, let o := 3™ so that 7y = log 2a. Combining the
above, we deduce that

(H s« w)(ry) = (H *w)(r) + O(eh).

Taking € — 0, we arrive at the conclusion.
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Reduction to a convolution equation

Task

Find a solution uy;, of the linear wave equation with initial data
(ug,uy) € H' x L* for which:

Ui (t, ) = Opuy, (¢, ) (Where vy, is a solutlon of the linear wave
equation with initial data (vy, v,) € H' x L%

w(r) = 17r—2e_6Tm(e (= l"g2)) is computable/analyzable (where

m(\) = [{(t,x) € (0,00) x R : upy, (t,2) > A}])

Approach

Consider radially symmetric solutions, whose radial rescalings
satisfy a 1D linear wave equation.

Use d’Alembert’s formula to write the general solution of this
equation and search for a suitable particular solution.
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Reduction to a convolution equation

The radially symmetric solution

upnlt,) = LD ZIUED

formed from the triangular function f(s) := max {1 — |s|,0} works.

After some computation, we find that

—67
w(r) = <€_3T - #) 1(0,00) (7).

e +1)°
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Deconvolutional determination of the nonlinearity
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Deconvolutional determination of the nonlinearity

Now that we have H * w = H * w, we seek to formally “deconvolve”
with w to conclude that H = H, from which it will follow that F = F.

The tool that will enable us to do so is the following formulation of
Wiener’s L' Tauberian theorem.

Theorem (Wiener’s Tauberian theorem)

‘

Let f € L' (R)and g € L™(R). If f x g = 0 and f has no zeroes, then
g=0.

Let w be as defined previously. Then w has no zeroes.
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Deconvolutional determination of the nonlinearity

For the solution w,;;,, found previously, ensure that @ has no zeroes.
In our case,

46767'

w(T) = <6_3T — m) L(0,00) (7).

Approach

Decompose w as w = wy + w; (since w does not seem to be
explicitly computable).

Compute wy, which has no zeroes, and show that w; remains
sufficiently small.
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Deconvolutional determination of the nonlinearity

Proof (of main theorem)

We know that H xw = H % w. Wiener’s Tauberian theorem and the
nonvanishing of w imply that H = H.

Retracing the definitions of H and H, we conclude that F = F (recall
that H(7) = G'(e")e ", where G(u) = F(u)u).
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Future work
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Consider the Schrodinger equation in 1D with a (Schwartz) potential
and a cubic-type nonlinearity:

{i@tu(t,x) = (=A, + V(2)ult,z) + F(u(t,z)), (t,z) € RxR;
u(0, - ) = ug.

Can the potential be determined from the scattering behaviour?
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Future work: background

Let us first consider the linear Schrédinger equation

i0uu(t,x) = (—A, + V(z))u(t, z). The stationary states of this
equation are functions of space that solve the time-independent
Schrédinger equation

(~=A+V)f=kf forsomek.
H

For k € R\ {0}, let fi(-;k) and f5( - ; k) denote the solutions of the
latter that satisfy f; (z; k) e % as x — 400 and fy(z; k) ~ e * as
x — —oo (called Jost solutlons). Then there exist functions T', R,

and R, (called transmission and reflection coefficients) such that

fi(z; k) ~ ﬁeﬂlm + T((k)) ke as x — —oo,
folx; k) ~ ﬁ —the | (( )) ik as z — +o0.
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Future work: background

In this setting, scattering behaviour is encoded by the scattering

matrix TR Ry(K)
S0):= |y T

It is known that the scattering matrix is determined by R := R, (or
R,) and the eigenvalues 62 - < 61 < 0 of H. These together
with the constants || f; (x; zﬁJ)H 2 defmed by the corresponding

eigenfunctions determine the potentlal (Faddeev, 1958).

However, S alone does not determine the potential (when H has
eigenvalues) (Deift, 1978)!
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Future work: background

Theorem (Deift-Trubowitz, 1979)

Let 5 > 3, and define g, := fi(-;i8) + afo( - ;if) for a > 0. Then the
reflection coefficient for the potential

V, =V — 2(logga)”

is R, (k) := — 35 R(k) and the eigenvalues of
H,=-A+V,
are -8 < -2 < ... < —f2<0.

In particular, starting from the “vacuum potential” V' = 0, one can
construct a family of “reflectionless potentials”.
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Future work: ideas

The nonlinearity might actually allow us to glean more
information about the potential because, for instance, varying
the amplitude of the initial data changes the solution nonlinearly.

In the focusing cubic case (F(u) = —|ul*u), we have access to
soliton solutions. By scaling these so that they are sufficiently
tall/narrow/fast, we might be able to “probe” the potential.
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Thank you for your attention!
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