
Math 100/180 - Final Exam Review Problems

Session 1: December 5, 12 - 2 pm, Earth Sciences Building 1013 - Midterm Material
Topics voted in: Taylor Polynomials with Remainders, Intermediate Value Theorem, Exponential
Growth/Decay, Related Rates
Difficulty desired: mean = median = 4/5
Solutions will be posted at http://www.math.ubc.ca/~mlrtlm/review

(1) a i Estimate 614/3 using a second-degree Taylor polynomial approximation.

ii Give an upper bound on your error to part (i).

b Show that f(x) = x2+1

2x3−x4−2
has a vertical asymptote.

(2) An empty plant pot in the shape of a right circular frustum with base diameter 12 inches, top diameter
24 inches, and height 6 inches (see figure below) sits outside during a snowfall. The snowfall rate is
constant, and as the pot fills with snow, the snow in the pot remains level. After 1 hour, the snow
depth is 3 inches. How fast is the snow level rising at this one-hour point? (The volume of a frustum
of height h, top radius R and bottom radius r is π

3h(r2 + rR + R2).)

(3) While flying over shark infested waters, Santa Claus falls out of his sleigh. Because Santa and his
reindeer aren’t on good terms (he forgot to feed them a few days back) it takes them some time to
decide if they want to save him... At one point in his descent, Santa is 300 m above the waters,
falling at 15 m/s, accelerating downwards at 1 m/s/s. Due to his large diameter, his terminal
velocity (maximum downward velocity) is 20 m/s. Suppose that his trajectory can be described by
the acceleration equation ∗

dv

dt
= −k(v − vT )

where v is his vertical velocity, vT is his terminal velocity, and k is a constant of proportionality.

∗ a better air resistance model is m dv
dt

= mg − γ|v|v but for v near vT , this is a reasonable approximation.

a Find the velocity of Santa Claus t seconds from the point he is 300 m above the water.

b The reindeer save Santa at time t = 15. How far had he fallen at this point?

(4) Suppose f and g are continuous functions such that

• f ′(0) = 2,

• −2 < f ′′(x) < 4 for all x ∈ [−1, 1],

• g(1) ≥ 6 and

• g(x) ≤ −3 for all x < −1.

Show that if 0 ≤ f(0) ≤ 2 then y = f(x) and y = g(x) must intersect.
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HINTS/SPOILERS (Try to void looking unless you really need to):

1a,i- The cube root of 64 is 4.

1b- What equation must be satisfied for there to be a vertical asymptote?

- How do you show there is a solution when you can’t find it exactly?

2- How fast is the snow volume increasing? The rate is constant.

- Can you find the snow volume as a function of the depth?

3a- This is just Newton’s Law of cooling in a different form. The difference between v and vT will decay
exponentially.

3b- How would you find v(t) if you knew the height h(t)? How can you go backwards? Note d
dxe

ax = aeax.

4- f − g is continuous. Can you show f(x)− g(x) changes signs?

- What bounds can you give on g(−1), g(1)?

- What bounds can you give on f(−1), f(1)? Think Taylor remainders.
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Session 2: December 9, 12 - 2 pm, Wesbrook 100 - Post Midterm Material
Topics voted in: Optimization, Mean Value Theorem, Newton’s Method, Curve Sketching
Solutions will be posted at http://www.math.ubc.ca/~mlrtlm/review

(1) a Show that x = 0 is the only solution to ex = −x3

3
+ 1.

b Perform one step of Newton’s method to estimate the solution to cot−1 x = x2 + 1
4

starting with an initial guess of x0 = 1. (Note that cot−1 x denotes the inverse function
to cot x = cosx

sinx
).

c At time t = 0 a particle is at position x = 1. Suppose that it moves with acceleration
a(t) = 2t − 1 and it transitions from slowing down to speeding up at t = 1. Find its
position for all t.

(2) Frosty the Snowman lives at the edge of a dirt road running east-west. Everywhere north of
the road is an enchanted forest. He would like to visit the Sugarplum Fairy who lives in the
forest. She lives 10 km east and 10 km north of his home. Right now his mass is 25 kg. He
can travel 3 km/hr along the road and 1 km/h in the forest. He melts at 3 kg/hr on the road
and 2 kg/hr in the forest. Can he make it over for a visit without melting completely? Justify
your answer.

(3) Let f(x) = x2

x+2
.

a Find the equations of all asymptotes. Verify your equations are in fact asymptotes.

b Find the x− and y−intercepts.

c Find all intervals of increase/decrease given that f ′(x) = x(x+4)
(x+2)2

.

d Find all local maxima/minima.

e Find all intervals of concavity.

f Identify the appropriate plot of y = f(x) from the options below.

(4) Show that if f ′′(x) ≤ 1
2

for all x then it is impossible for f(−1) = 0, f(0) = 0 and f(1) = 1 to
all hold.
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HINTS/SPOILERS (Try to void looking unless you really need to):

1a- Think about the function f(x) = ex + x3

3 − 1.

- What would it mean if ex = −x3
3 + 1 were true at two different values of x? Think mean-value

theorem.

1c- How do position x(t), velocity v(t), and acceleration a(t) relate?

- What does the transition at t = 1 tell you about the velocity value v(1)?

2 How much mass does Frosty lose per km on the road and in the forest?

- Can you cast the situation into a minimization problem?

- How far along the road would Frosty travel before travelling straight through the woods to visit
the fairy?

3a- Verifying asymptotes is a statement with limits.

4- The statement if (A is true) then (B is false) is equivalent to if (B is true) then (A is false).

- Try to show if f(−1) = f(0) = 0 and f(1) = 1 then f ′′(x) > 1
2 somewhere.

- If f(−1) = f(0) what does the mean value theorem imply? What does it imply if f(0) = 0 and
f(1) = 1?

- Try to take this just a little further...
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