Problems graded: 2.8.3 (15 points), 3.1.7 (10 points), 3.1.4a (10 points); the
other problems were graded based on completeness to be worth five points each,
for a grand total of 60 points (this is fewer than the earlier assignments because
there were only eight problems.)

Section 2.8

1. Because

¢ = Xfibi,dp = (Xsdfi A 0;) + X (f:db;)

(by Theorem 1.6.4)

= (;df; NO;) + Zi(fi % Xjwi A 0;)
(by the first srtuctural equations)

= Ej(dfj + Eifi * wij) A\ Hj

as desired by the associativity of wedge products.

One notes (by comparing coefficients) that this is the dual formulation of
equation 2.7.5: recall that this problem involved W = X f; E;, whose dual ele-
ment in the space of 1-forms is indeed ¢.

2. In the spherical frame field we first note that because 1 = pcos¢cos¥b,
To = pcos¢sinb, x3 = psin,

dx1 = cos ¢ cosOdp — psin ¢ cos Odp — p cos ¢ sin 6db,
dzxs = cos ¢sinOdp — psin ¢ sin de¢ + p cos ¢ cos 6df, and

dxs = sin ¢dp + p cos pdo.

Also, the attitude matrix has (cos ¢ cos 8, cos ¢ sin 8, sin ¢), (—sin 8, 0, cos ),
and (—sin @ cosf, —sin ¢ sin B, cos @) as its rows Fy, Fy, F3 in order.

This tells us that, letting d¢ be as in the text (i.e. with the ith row of dz;)
and diy be the analogue of d¢ with polar coordinates (first row dp, second row
d¢, third row df), d§¢ = Bdi where the first column of B is Fj, the second
column of B is pF3, and the third column of B is pcos¢Fs.

As 6 = Ad§ = ABdy, where (by orthogonality) AB has first column (1,0, 0),
second column (0,0, p), and third column (0, p cos ¢, 0), one reads off 6; = dp,
02 = pcospdh, 03 = pdo .

One recalls that in Exercise 2.7.4 (from the previous homework), it was
shown w1 = cos ¢df, wis = do, waz = sin @dh.



For the first structural equation, one checks
df, = d(dp) = 0 while

w11 A 01+ wig Al 4+ wiz Afs =0+ cospdf A pcosddf + do A pdp = 0.

Also, one checks
dfs = d(p cos ¢pdf) = cos pdpdf — psin ¢pdpdh while

wo1 A 01 4 was A ba 4+ waes A 03 = — cos ¢pdb N dp + sin ¢df N pdp0

= cos ¢pdpdf — psin ¢pdpdl

(by the alternating nature of wedge products); dfs was developed in the text.
For the second structural equations, as these equations clearly obey the
desired bilinearity, it suffices to consider dwis (done in the text), dwiz, and
dw23.
For dwy3, one gets dd¢ = 0 while

w11W13 + W1awa3 + wiswss = cos @dh A sin ¢df = 0.

For dwss, one gets d(sin ¢df) = cos ¢pdpdf while

W1W13 + Woowas + woswsz = — cos ¢pdl N dp = cos pdpdh

as desired.



3. (a) Because © = rcosf, y = rsinf, z = z, one notes that dr =
cosfdr — rsinfdf, dy = sinfdr + rcosfdf, dz = dz; left-multiplying by the
attitude matrix (whose rows are (cosf,sinf,0), (—sinf,cosf,0), and (0,0,1)
respecitvely) yields a matrix whose ith row is 6;; we conclude

0, = cos® Odr — rsin 6 cos 0d6 + sin? Odr + r sin 0 cos 0dH = dr,

0y = — sin 6 cos Odr + rsin® 0dO + sin 6 cos Odr + r cos® 0d = rdo,

and 03 = dz.
Therefore, El[T] = dT(El) = 91(E1) =1, Eg[e] = dG(Eg) = 7“7192(E2) =
r=1, E3(z] = dz(Es) = 03(E3) = 0, and as for the other possibilities:

|
El[Z] = dZ(El) = 93(E1) = 0,
E2 [’I“] = dT(Eg) = 91 (EQ) = O,
EQ[Z] = dZ(EQ) = 93(E2) = 0,
E3[r] = dr(E3) = 61(E3) = 0, and
E3[9] = d@(E;g) = 7”7192(E3) =0.

(¢) We note that for any vector field V,
VIfl = df (V) = (frdr + fod0 + f.dz)V = £, V[r] + foV[0] + f2V[2],

from which, by (b), we conclude
Elf] = fr =55, Balfl = 17" fo = 155, and Bs[f] = f. = §L.



4.(a) One observes that as E7 = cos U +sin U, Ea = — sinypU; +cos pUs,

the attitude matrix A has rows equal to (cos, siny) and (—sin, cosv),
so dA has rows equal to (—dy sin, di cosvp) and (—dip cos ), —dw) sinp) which
gives that multiplying out dA by A? yields a first row of

(—dap sintp cos1p + dip cos v sin v, dap sin? 1) 4 dap cos® b) = (0, dp)

and a second row of

(—dip cos? p — dip sin? 1, dip cos 1) sintp — dap sin 1) cos ) = (—dap, 0)

from which we can read off (although the results in the past three sections were
written in terms of R®, the proofs go over just as well in R2) that wis = dyp =
Yadr + Pydy (and wo1 = —dy = —Ygdx — ydy, with the others being trivial).
Also, one has 0; = cosvdx+sinpdy, 62 = — sindr+cosydy. (Extending to
a frame field in R® would add a bottom row and bottom column, both (0,0, 1),
to the attitude matrix, and a third equation 03 = dz).
(b) The first structural equations are

dbh = w1101 + w1262,
which holds as both sides equal (¢, sin ¢ + 1, cos ¢)dzdy, and

dfy = w2101 + wa2bs,

which holds as both sides equal (¢, cos @) — ¢, siny)dzdy.

(The structural equation for 3, if considered, would be completely trivial).

For the second structural equation one only needs to check

dwis = wiiwi2 + wWiawag; however, the RHS is trivially zero and the LHS is
zero as wis = di. (Once again, the structural equations involving an index of 3
would be trivial as well.)



Section 3.1

7. Composition of functions sends isometries to isometries by Lemma 1.3.
The associative law holds because composition of functions is associative. For
the identity, let e denote the identity map on R? sending every point to itself;
clearly eog(p) = goe(p) = g(p) for each g € E(3),p € R* so eog = goe = g and
e is unique because if g € E(3) is another identity element then e = eo g = g.
For inverses, if ¢ is an isometry let ¢! be the inverse map sending p € R? to
the point z € R® with g(z) = p (this is well-defined because G is one-to-one
and onto by Theorem 1.7); note that g—! is an isometry because for p,q € R?,
d(p.q) =d(gog~'(p),g09 (a)) = d(g~(p).g~ " (q))-

8. Translations forms a subgroup because if g, h are translations (say, by v
and w respectively), go h(p) = g(p + w) = p+ v+ w so g o h is translation by
v+ w and also, g~ is translation by —v.

Orthogonal transformations form a subgroup by their matrix representa-
tions: if g,h are orthogonal transformations represented by matrices A, B re-
spectively, goh is multiplication by the matrix AB (which is orthogonal because
(ABv e ABw) = Bv e Bw = vew for v,w € R*) and ¢g~! is multiplication by
A~ (which is orthogonal because for p,q € R®, pegq = (AA1p) e (AA™1q) =
A pe A7 1g.

If g is both a translation and an orthogonal transformation, it fixes the
origin (being orthogonal) and therefore translates by 0 — 0 = 0 (the zeroes refer
to vectors in R3); this means that it must be the identity transformation which
is clearly in both subgroups.



Section 3.2

1. If T is a translation, its decomposition (as in Theorem 3.1.7) is T' = T']
(where I is the identity mapping), i.e. its ’orthogonal part’ is I, so Theorem
3.2.1 says that for a given tangent vector vy, Ts(vp) = I(v)r, = vF, by definition
of I. In other words, T4 (v,) and v, both have the Euclidean coordinates of v.

4. (a) An arbitrary point in R? can be written in the form p + w; it is in
the plane through p orthogonal to ¢ iff w e ¢ = 0. Now,

Flp+w)=TC(p+w)=T(Cp+ Cw) =Cp+Cw+ 2

(where z is the vector such that T'(r) = r + z for each vector r; note that
C(p + w) = Cp+ Cw by linearity)

=(Cp+2z)+Cw=T(C(p)) + Cw = F(p) + C(w);

as C(w) e C(q) = weq (by orthogonality of C'), p+w is in the plane through
p orthogonal to q if and only if its image under F' is in the plane orthogonal to
C(q), i.e. (as F is surjective), F' indeed carries the plane through p orthogonal
to ¢ to the plane through F(p) orthogonal to C(q).



