Problems graded: 1.1.4(a) (10 points), 1.2.5 (20 points; 10 for each part),
1.3.1(c) (10 points), 1.4.9 (10 points); all other problems were worth 5 points
each for completion (except that 1.2.3bde and 1.3ef were 10 points each for

completion)

Section 1.1

1. (c) As f = 2%y and g = ysinz, fg = 2?y?sin z so 5(6)029) = 22y2 cos z and
therefore

0%(fg) _ 8(°L) 2
= Z = 2 .
5yoz 3 T Yy cos z

4. (a) By the Chain Rule,

Of _ Oh og1 , Oh dg2 | Oh 093
Sz 0gy dx  Ogp dx  Og3 Ox

=201 %1 —g3*0—goxl=2(x4y)*x1—y*x1=2x+2y— >

(note h(g1, g2, 93) = g7 — g2 * g3 while g1 =z +y, g2 = ¥, and g3 = = + 2.)

Section 1.2

3. (b) (plap37p1a 0) - pl(]-a 0; 0)p+(p37p1)(0a ]-7 0)P+0(0ﬂ 07 1)p = plUl (p)+
(p3 — p1)Uz2(p) + 0U3(p).

(d) At a given point p, V(p) = (1 + p1,pap3, p2) — (P1,p2,p3) = (1,p2p3 —
p2,p2 — p3) = 1U1(p) + (p2p3 — p2)(p) + (p2 — p3)Us(p).

(e) As the vector from p to the origin is simply —p, we have that V(p) =
(=p1, —p2, —p3) = —p1U1(p) + (—p2)U2(p) + (—p3)Us(p)-

5. (a) Suppose Vi(p), Va(p)Vs(p) were linearly dependent at a point p =
(x,y,z). Then there would exist scalars a,b, ¢ (not all zero) with

0=aVi +bVa + V5 = a(U; — zUs) + bUs + ¢(2U;y + Us)

which implies that a + cx = 0, b = 0, and —az + ¢ = 0. Multiplying the
first equation by a, multiplying the third equation by ¢, and adding tells us
a? + c® =050 a = ¢ = 0 contradicting the assumption of linear independence;
therefore, these vectors are indeed linearly independent.

(b) We note that U; = ﬁVﬁr#Vg, Uy = V5, and Uz = %Vﬁrﬁ‘/}g

s0 2Uy +yUs + 2Us = £22 V3 + yVa + £22V3,



Section 1.3
1. (c) We note that

up(f) = %(f(’u +tp))|t=0 = %f(? +2t,0—1¢,—1 4 3t)|¢=0

= %(e“% cos(—t))]i=0 = 2¢%.

3. (e) We note that V[f2 + ¢%] = 2fV|[f] + 2gV|g] (by Corollary 3.4; note
that V{](p) = L((+152)9)lemo = ° while Vg](p) = £ (:— )10 = —322?)

= 2zy * y> + 227 * —3x22 = 22y* — 62°.

(f) As V[f] = y* we have that V[V[f]}(p) = V[*)(p) = £4*li=o = 0.

4. Suppose V # XV [x;]U;. By the linear independence of Ui (p), Uz(p), and
Us(p) at each point, there exists a point p such that writing V(p) = Xa,;U;(p)
where a; is a scalar for i = 1,2, 3 there exists an ¢ € {1,2,3} with a; # V[z;](p).
However, by Lemma 3.2, we have that for each such i, V]z;](p) = Vplz:] = a;
producing a contradiction so we indeed have V' = XV [z;]U;.

5. This follows directly from 4: if V[f] = W|[f] for every function f, V]z;] =
Wiz;] for i =1,2,3 so V = XV [x;|U; = XW [ )U; = W.

Section 1.4

2. In order for o/(t) = (t?,t,e') we need a(t) = (%,%,et) + «(0); as
a(0) = (1,0,5) we conclude a(t) = (% +1, %,et +5).

3. If 0 < s < 1, we know from the identity sin?z + cos’z = 1 that
sin(cos™'s) = v/1 —s2. Also, from the identity cos2z = 1 — 2sin®z (which

l—coszx
=) =5°. From

this, because a(t) = (1 + cost,sint,2sin ) and h(s) = cos™(s) on (0,1), we
conclude

gives us that sin?(z/2) =

we know that sin(cos;s) =,/

B(s) =aoh(s)=(1+s,V1—52v2—2s).

6. Suppose « is a curve with a(0) = p and &’(0) = v, and (3 is the straight
line with B(t) = p + tv,. Because o/(0) = 3'(0) as tangent vectors, Lemma
4.6 tells us that W(O) = %(0). As the RHS is the definition of the
directional derivative of f at p in the direction of vy, the LHS (which is the
same thing with the straight line 3 replaced by «) evaluates to the same value
so we can indeed replace the straight line § with a.

9. Because a(t) = (2cost,2sint,t) and o/(t) = (—2sint, 2 cost, 1), the tan-
gent line to the helix «(t) at a fixed a(to) is simply (2 costg — 2usinty, 2sinty +
2u costo, o + up). At top = 0 this becomes (2,2u,u); at ty = 7 this becomes

(V2 - uv3 V3 +uv3, § +u).



